The Last Excluded Case of Dirac’s Map-Color Theorem for Choosability

Daniel Král’^a Riste Škrekovski^{a,b,∗}

January 2004

a Department of Applied Mathematics and Institute for Theoretical Computer Science (ITI)^1 Charles University, Malostranské náměstí 25, 118 00, Prague, Czech Republic {kral,skreko}@kam.mff.cuni.cz

b Department of Mathematics, University of Ljubljana, Jadranska 19, 1111 Ljubljana, Slovenia

Abstract

In 1890, Heawood established the upper bound H(ε) = ⌊_{7+√24ε+1} 2 ⌋ on the chromatic number of every graph embedded on a surface of Euler genus ε ≥ 1. Almost 80 years later, the bound was shown to be tight by Ringel and Youngs. These two results has became known under the name of the Map-Color Theorem. In 1956, Dirac refined this by showing that the upper bound H(ε) is obtained only if a graph G contains K_{H(ε)} as a subgraph with except of three surfaces. Albertson and Hutchinson settled these excluded cases in 1979. This result is nowadays known as Dirac’s Map-Color Theorem.

Böhme, Mohar and Stiebitz extended Dirac’s Map-Color Theorem to the case of choosability by showing that G is (H(ε) − 1)-choosable unless G contains K_{H(ε)} as a subgraph for ε ≥ 1 and ε ≠ 3. In the present paper, we settle the excluded case of ε = 3.

∗Supported in part by Research Project Z1-3129 of the Ministry of Science and Technology of Slovenia.

1Institute for Theoretical Computer Science is supported by Ministry of Education of Czech Republic as project LN00A056.

1 Introduction

We study list colorings of graphs embedded on surfaces without boundary. Such surfaces are orientable surfaces Σ_g, the sphere with g handles, and non-orientable surfaces Π_h, the sphere with h cross-caps. The surface Π_1 is the projective plane, Π_2 is the Klein bottle, Σ_1 is the torus, etc. The Euler genus ε of the surface Σ_g is 2g and the Euler genus of the surface Π_h is h. The Euler genus of a graph is the smallest Euler genus of a surface on which the graph can be embedded.

Euler’s formula for a graph G embedded on a surface of Euler genus ε states that n − m + f ≥ 2 − ε where n, m and f is the number of vertices, edges and faces of G, respectively. Moreover, the equality holds if and only if G is connected and every face of the embedding is a 2-cell. Therefore, the number of edges of an n-vertex simple graph G which can be embedded on the surface of Euler genus ε is at most 3n − 6 + 3ε. For ε ≥ 1, this implies that every graph embedded on a surface of Euler genus ε contains a vertex of degree at most H(ε) − 1 where H(ε) is a so-called Heawood number defined as follows: H(ε) = ⌊ 7 + √ 24ε + 1 2 ⌋ . Hence, the chromatic number of a graph embedded on a surface of Euler genus ε is at most H(ε). Let us remind that the chromatic number χ(G) of a graph G is the least number of colors needed to color the vertices of G so that no two adjacent vertices receive the same color. The above bound was conjectured to be tight by Heawood [15]. Indeed, Ringel [22] and Ringel and Youngs [24] showed that it is possible to embed the complete graph K_{H(ε)} on each surface of Euler genus ε with an exception of the Klein bottle Π_2. This result became known as the Map-Color Theorem.

In 1956, Dirac extended the Map-Color Theorem by showing that the chromatic number of a graph G embedded on a surface of Euler genus ε ≥ 1, ε ≠ 3, is equal to H(ε) if and only if G contains K_{H(ε)} as a subgraph. Almost 25 years later, Albertson and Hutchinson [1] completed the three missing cases. Thus, we have the following theorem which is nowadays known under the name of Dirac’s Map-Color Theorem:

Theorem 1 Let G be a graph embedded on a surface of Euler genus ε ≥ 1. If G does not contains K_{H(ε)} as a subgraph, the chromatic number of G is at most H(ε) − 1.

The chromatic number of a graph embedded on the Klein bottle Π_2 is at most six and there are 6-chromatic graphs which can be embedded on Π_2 and which do not contain K_6 as a subgraph [1, 13]. Let us remark that complete graphs K_{H(ε)−1} (and in some cases also the join of the graphs K_{H(ε)−4} and C_5) are the only critical (H(ε) − 1)-colorable graphs embeddable on a surface of Euler genus ε [25]. We refer the reader for a more detailed introduction to embeddings of graphs on surfaces to [14, 21].

In this paper, we focus on list colorings of graphs embedded on surfaces. A list assignment is a function L which assigns each vertex v ∈ V (G) a list L(v) of available colors. For a given graph G and a given list assignment L, a coloring c of the vertices of G is called an L-coloring if c(v) ∈ L(v) for every vertex v ∈ V (G). If the size of the list L(v) for every vertex v ∈ V (G) is k, the list assignment is said to be a list k-assignment. The choice number, sometimes called also the list chromatic number, of a graph G is the smallest integer k such that the graph G can be colored from the lists of any list k-assignment. Such a graph G is said to be k-choosable. The choice number of a graph is clearly at least its chromatic number but the inequality might be strict. See the surveys [19, 27] for more details on this concept.

As in the case of the chromatic number, the choice number of a graph G embedded on a surface of Euler genus ε ≥ 1 is at most H(ε). The following extension of Theorem 1 was proved by Böhme, Mohar and Stiebitz [2]:

Theorem 2 If G is a graph embedded on a surface of Euler genus ε ≥ 1, ε ≠ 3, then the choice number of G is at most H(ε) and the equality holds if and only if G contains K_{H(ε)} as a subgraph.

As in the case of ordinary colorings, the cases ε = 0, 1, 3 turned out to need a special approach than the others. In the case of planar graphs, Thomassen [26] proved that the choice number of each planar graph is at most five and Voigt [28] constructed non-4-choosable planar graphs. The case of the projective plane required to be handled separately in [2] and the case of the surface Π_3 was left open. In this paper, we show that Theorem 1 holds also for the surface Π_3 (see Theorem 31). This completes the excluded case of Theorem 1. We remark that our result already found an application in coloring face hypergraphs of graphs embedded on the surface Π_3 [10].

We follow a standard graph theoretic notation (the reader is welcomed to see [6, 29] for missing definitions). Let us recall some less common notation which we use. If G is a graph and W is a subset of its vertices, then G[W ] denotes the subgraph of G induced by the vertices of W . Graphs which we consider need not to be simple graphs unless explicitly stated that they are simple, i.e., some vertices can be joined by parallel edges. Hence, we distinguish the degree deg(v) of a vertex v which is the number of edges incident with v and the simple degree of a vertex v which is the number of distinct vertices adjacent to v.

2 List colorings of graphs

In our considerations, we often work with list assignments in which the sizes of the lists are not the same but they are related to degrees of the vertices of a graph. So-called Gallai trees play a prominent role in this setting. A connected graph is said to be a Gallai tree if each of its blocks is a complete graph or an odd cycle. Let us remind that a block B of a graph G is its maximal 2-connected subgraph. A vertex of a block is said to be an internal vertex of B if it is not a cut vertex, i.e., B is the only block of G which contains it. A Gallai forest is a graph whose all components are Gallai trees. The following two theorems were independently proved by Borodin [3] and Erdős, Rubin and Taylor [11]:

Theorem 3 Let G be a connected graph with a list assignment L. If |L(v)| ≥ deg_G(v) for every vertex v of G and the inequality is strict for at least one vertex of G, then G has an L-coloring.

Theorem 4 Let G be a connected graph with a list assignment L such that |L(v)| = deg_G(v) for every vertex v. If G does not have an L-coloring, then G is a Gallai tree. Moreover, if G is 2-connected and it does not have an L-coloring, then the lists L(v) of all the vertices v of G are the same.

We remark that Theorems 3 and 4 have been extended to generalized colorings with respect to hereditary properties [4, 5], to list colorings of hypergraphs [17], the channel assignment problem [18, 20] and the list T - coloring [12].

A graph G is said to be critical non-k-choosable if it is not k-choosable and each proper subgraph of G is k-choosable. Note that such a graph G must have minimum degree at least k. We now state an extension of Dirac’s inequality for the number of edges in color critical graphs [8] to list colorings which was proved by Kostochka and Stiebitz [16]:

Theorem 5 If G ≠ K_{k+1} is a critical non-k-choosable graph of order n, then the number of edges of G is at least (kn + k − 2)/2.

At the end of this section, we prove three specific lemmas for list assignments with only two kinds of lists which we later apply in Section 6:

Lemma 6 Let G be a 6-colorable graph with a 6-list assignment L. Suppose that there exist two lists L_1 and L_2 such that the list L(v) of every vertex v ∈ V (G) is L_1 or L_2. Then, G has an L-coloring.

Proof: Let α_1, . . . , α_6 be the colors of the list L_1 and β_1, . . . , β_6 the colors of the list L_2. Let k be further the number of colors which the lists L_1 and L_2 have in common. We may assume that α_1 = β_1, . . . , α_k = β_k. Fix now a 6-coloring c_0 of G using the numbers 1, . . . , 6 as colors. We define an L-coloring c of G based on the coloring c_0: c(v) = { α_{c0(v)} if L(v) = L_1, β_{c0(v)} otherwise.

Clearly, c(v) ∈ L(v) for every vertex v ∈ V (G). If two adjacent vertices were assigned the same color, then they would be colored with the same number by c_0. Hence, c is a desired L-coloring.

The proof of Lemma 6 can be easily altered to a proof of each of the next two lemmas:

Lemma 7 Let G be a 6-colorable graph with a 6-list assignment L. Suppose that there exist two lists L_1 and L_2 such that the list L(v) of every vertex v ∈ V (G) is L_1 or L_2. Let v_0 be a vertex of G and let γ ∈ L(v_0). Then, G has an L-coloring c with c(v_0) = γ.

Proof: Let us keep the notation used in the proof of Lemma 6 and assume without loss of generality that γ ∈ L_1 and γ = α_i. Consider now a 6- coloring c_0 : V (G) → {1, . . . , 6} of G with c_0(v) = i and proceed as in the proof of Lemma 6.

In the previous lemma, we found a list coloring which assigns a prescribed color to a particular vertex. In the next lemma, we find a list coloring which avoids assigning a prescribed color to some of the vertices:

Lemma 8 Let G be a 6-colorable graph with a 6-list assignment L. Suppose that there exist two lists L_1 and L_2 such that the list L(v) of every vertex v ∈ V (G) is L_1 or L_2. Let V_0 be a set consisting of at most five vertices of G and let γ be an arbitrary color. Then, G has an L-coloring c with c(v) ≠ γ for every v ∈ V_0.

Proof: Let us keep the notation used in the proof of Lemma 6 and assume that γ ∈ L_1 and γ = α_i. Similarly as in the proof of the previous lemma, consider first a 6-coloring c_0 : V (G) → {1, . . . , 6} of G with c_0(v) ≠ i for all (at most five) vertices v ∈ V_0 and proceed next as in the proof of Lemma 6.

Let us remark that Lemmas 6–8 can be straightforwardly generalized to k-colorable graphs with k-list assignments.

3 Minimal non-6-choosable graphs on Π_3

In this section, we show that regarding our main result, Theorem 31, we can restrict our attention to triangulations of the surface Π_3 with minimum simple degree six and establish several properties which such triangulations do have. From now on, we allow triangulations to have parallel edges but we always forbid bigon faces. A bigon is a face whose boundary is formed by a single cycle of length two. If G is a triangulation with minimum simple degree six, its vertex v is said to be small if deg_G(v) = 6 and it is called big otherwise. Note that no small vertex can be incident with two parallel edges; we use this fact later in the proofs without explicitly mentioning it. In a triangulation, we refer to the faces containing a vertex v as to the neighborhood of v. Subwalks of the boundary walk of the only non-triangular face of G \ v are called segments.

Lemma 9 Suppose that there is a non-6-choosable graph of Euler genus three which does not contain K_7 as a subgraph. Then, there exists a non- 6-choosable triangulation of the surface Π_3 with minimum simple degree six which does not contain K_7 as a subgraph such that its small vertices induce a Gallai forest.

Proof: Let G be a critical non-6-choosable graph of Euler genus at most three which does not contain K_7 as a subgraph such that the order n of G is the smallest possible. In particular, G is a simple graph with minimum degree (at least) six. By Theorem 2, the graph G cannot be embedded on a surface of Euler genus two or less. Fix now an embedding of G on the surface Π_3. By Theorem 5, the graph G contains at least 3n + 2 edges. By Euler’s formula, the number of edges of an n-vertex simple graph embedded on the surface Π_3 is at most 3n + 3 and the equality holds if and only if the graph is a triangulation. Note that this implies that the minimum degree of G is actually six.

In what follows, we first construct a non-6-choosable triangulation G^′ of Π_3 from the graph G. If the number of edges of G is 3n + 3, the graph G itself is a triangulation of Π_3 and we set G^′ = G. In the rest, we deal with the case that the number of edges of G is 3n + 2. Since the graph G cannot be embedded on a surface of Euler genus two or less, each face of the embedding of G on Π_3 is a 2-cell [30]. In addition, all the faces of the embedding of G are triangles except for a single quadrangular face by Euler’s formula. Let abcd be the 4-cycle which bounds the quadrangular face. Since G is a simple graph with minimum degree six, all the four vertices a, b, c and d are distinct. We now prove the following claim:

Claim 9.1 Let G + ac and G + bd be the graphs obtained from G by adding edges ac and bd, respectively, to the interior of the face abcd. Then, G + ac or G + bd does not contain K_7 as a subgraph.

Suppose that the claim is false. Let W_{ac} be the set of the vertices of a subgraph of G + ac isomorphic to K_7 and W_{bd} the set of the vertices of a subgraph of G + bd isomorphic to K_7. Since G does not contain K_7 as a subgraph, the vertices a and c must be contained in W_{ac} and the vertices b and d in W_{bd}. In addition, G contains neither an edge ac nor an edge bd. Otherwise, K_7 would be a subgraph of G. Finally, let W = W_{ac} ∪ W_{bd}.

Let k denote the number of vertices contained in both the sets W_{ac} and W_{bd}, i.e., k = |W_{ac} ∩W_{bd}|. Observe that |W | = |W_{ac} ∪W_{bd}| = 14−k because each of the sets W_{ac} and W_{bd} contains exactly seven vertices. Consider the embedding of the graph G[W ] on Π_3 induced by the embedding of the graph G. Since this embedding of G[W ] contains at least one nontriangular face, namely the face abcd, the number of edges of G[W ] is at most 3(14 − k) + 2 = 44 − 3k by Euler’s formula. In addition, the equality holds if and only if all the faces except for the face abcd are triangular.

The number of edges of each of the graphs G[W_{ac}] and G[W_{bd}] is 20 because both of them are isomorphic to the graph K_7 without a single edge. The number of edges of the graph G[W ] is thus at least 40−m^′ where m^′ is the number of edges of the graph G[W_{ac} ∩ W_{bd}]. Clearly, m^′ ≤ (_k 2 ) . Hence, the graph G[W ] contains at least 40 − (_k 2 ) edges. This leads to an immediate contradiction for k = 2, 3, 4, 5. Thus, it remains to consider the cases k = 0, 1, 6, 7. We consider them separately.

If k = 0, then the sets W_{ac} and W_{bd} are disjoint. Hence, the edge set of the graph G[W ] consists of 40 edges of the graphs G[W_{ac}] and G[W_{bd}] and at least additional four edges forming the 4-cycle abcd. As noted above, the graph G cannot have more than 44 edges. Therefore, G[W ] has exactly 44 edges and each edge of G[W ] is either an edge of the 4-cycle abcd or it is contained in one of the subgraphs G[W_{ac}] and G[W_{bd}]. In addition, all the faces except for the face bounded by the 4-cycle abcd are triangular. Consider now the face abv of G[W ] incident with the edge ab. Since the vertices a and c are not adjacent, we have v ≠ c. The edge av must be contained in the subgraph G[W_{ac}], and hence v ∈ W_{ac}. Similarly, we conclude that v ∈ W_{bd}. But this is impossible since the sets W_{ac} and W_{bd} are disjoint.

If k = 1, then at least two edges of the cycle abcd are contained neither in the graph G[W_{ac}] nor in the graph G[W_{bd}]. Hence, G[W ] contains at least 42 edges, namely 40 edges of the graphs G[W_{ac}] and G[W_{bd}], and at least two additional edges of the cycle abcd. But this is impossible because G[W ] can contain at most 44 − 3 · 1 = 41 edges by Euler’s formula.

If k = 7, then W_{ac} = W_{bd}. Since the graph G + ac contains a clique on the vertex set W_{ac} and b, d ∈ W_{ac}, we infer that the vertices b and d are joined by an edge in the graph G which we already argued not to be the case.

Let us consider the final case that k = 6. Since |W_{ac} ∩ W_{bd}| = 6, at least one of the vertices b and d is contained in the set W_{ac}. If both b and d are contained in the set W_{ac}, then they are adjacent in G which is not the case. Similarly, the set W_{bd} contains precisely one of the vertices a and c. Since G[W_{ac}] + ac and G[W_{bd}] + bd are cliques, all the eight vertices of G[W ] are mutually adjacent except for the two pairs of vertices a, c and b, d. Insert now the edge ac inside the face bounded by the 4-cycle abcd. In this way, we obtain an embedding of K^−_8 (the complete graph K_8 without an edge) on the surface Π_3 but Ringel [23] showed that such an embedding does not exist.

We excluded all the cases k = 0, . . . , 7. Thus, G + ac or G + bd does not contain K_7 as a subgraph and so Claim 9.1 is established.

If G is a triangulation, we set G^′ to be the triangulation G itself. Otherwise, let G^′ be one of the triangulations G + ac or G + bd which does not contain K_7 as subgraph (at least one of them has this property by Claim 9.1). Note that G^′ may have a pair of parallel edges. The triangulation G^′ has obviously minimum simple degree at least six and it follows from Euler’s formula that it is precisely six.

In the rest, we show that the small vertices of G^′ induce a Gallai forest. Assume the opposite. We show that G^′ is 6-choosable which contradicts the fact that G, which is a subgraph of G^′, is not 6-choosable. Fix a list 6-assignment L of G. Let H be a component of the subgraph induced by small vertices of G^′ which is not a Gallai tree. Since G is a critical non-6- choosable graph, the graph G \ V (H) is 6-choosable. Color now its vertices by colors from the lists L. In particular, all the big vertices of G^′ are colored. For every v ∈ V (H), let L^′(v) be a subset of L(v) with the colors assigned to the big neighbors of v being removed. Since H consists solely of the small vertices, the size of a list L^′(v) is at least deg_H (v). By Theorem 4, the graph H has an L^′-coloring. The L-coloring of the vertices of G \ V (H) and the L^′-coloring of H form an L-coloring of G — contradiction.

In the next lemma, we show that a triangulation of Π_3 with minimum simple degree six can contain only few big vertices:

Lemma 10 If G is a triangulation with minimum simple degree six of the surface Π_3, then G contains at most six big vertices. In particular, each big vertex is adjacent to at least one small vertex. Moreover, if G contains precisely six big vertices, then the degree of each big vertex is seven.

Proof: Let n be the number of vertices of the graph G. By Euler’s formula, the number of edges of G is precisely 3n + 3. Hence, the sum of degrees of the vertices of G is precisely 6n + 6. Therefore, the triangulation G can contain at most six big vertices (recall that the minimum simple degree of G is six). In particular, each big vertex is adjacent to a small vertex. If G contains six big vertices, then the degree of each big vertex is seven.

In the following three lemmas, we study more specific properties of triangulations with minimum simple degree six:

Lemma 11 Let G be a triangulation with minimum simple degree six of the surface Π_3. Suppose that G contains a small vertex v which is adjacent only to big vertices. Then, the graph G contains exactly six big vertices and each big vertex has degree seven.

Proof: Since the minimum simple degree of G is six, all the six big neighbors of v must be distinct. The rest of the statement of the lemma now readily follows from Lemma 10.

Lemma 12 Let G be a triangulation with minimum simple degree six of the surface Π_3. Suppose that the small vertices of G induce a Gallai forest F . Let v be a big vertex of G and let w_1w_2w_3 be a segment contained in its neighborhood. If w_1 and w_3 are big vertices and w_2 is a small vertex, then the component H of F which contains the vertex w_2 is not isomorphic to K_5.

Proof: Since the vertex w_2 of H is adjacent to three distinct big vertices in the triangulation G (recall that the simple degree of w_2 is six), namely the vertices v, w_1 and w_3, its degree in H is at most three. Hence, the Gallai tree H cannot be a clique of order five.

Lemma 13 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. If the small vertices induce a Gallai forest F in G, then each small vertex is adjacent to at least two big vertices. In particular, the maximum degree of F is at most four and no component of F is isomorphic to K_6.

Proof: Let v be an arbitrary small vertex contained in a component H of F . By the assumption, H is a Gallai tree. If v is adjacent only to small vertices, then the vertex v and all its six small neighbors must be in the same block of H. Hence, the Gallai tree H must contain a clique of order seven. But this is impossible because G does not contain K_7 as a subgraph. Hence, each small vertex has at least one big neighbor.

Assume now for the sake of contradiction that v has a single big neighbor v^′. In particular, deg_H (v) = 5. Since G is a triangulation, then the vertex v is in the same block of H as its five small neighbors. Because each small vertex is adjacent to at least one big vertex, the maximum degree of H is at most five and H is 2-connected. Hence, the vertex v and its five neighbors are the only vertices of H and so H is isomorphic to K_6. In particular, each vertex of H is adjacent to exactly one big vertex and thus there are exactly six edges between the vertices of H and the big vertices of G.

Figure 1: Notation used in the proof of Lemma 13.

Let w and w^′ be the neighbors of v such that the triangulation G contains the faces vv^′w and vv^′w^′ (cf. Figure 1). Each big vertex which is adjacent to a vertex of H must be adjacent to at least three vertices of H since G is a triangulation and each vertex of H is adjacent to exactly one big vertex. Hence, either there is a single big vertex adjacent to all the vertices of H, which is isomorphic to K_6, or there are two big vertices, each having exactly three neighbors in H. Since G does not contain K_7 as a subgraph, the former is impossible. Thus, the latter holds and v, w and w^′ are the only neighbors of the big vertex v^′ in H.

Let u be a common neighbor of w and v^′ different from v so that the triangulation G contains a face v^′wu (cf. Figure 1). Since the only neighbors of v^′ in H are the vertices v, w and w^′, we conclude that u is a big vertex. However, then the vertex w of H has two big neighbors u and v and so its degree in H is at most four — contradiction.

In the last lemma of this section, we show that if each component induced by small vertices in a triangulation consists of at most five vertices, then the minimum degree of a subgraph induced by the big vertices is at least two:

Lemma 14 Let G be a triangulation with minimum simple degree six of the surface Π_3. If each component of the subgraph of G induced by the small vertices of G consists of at most five vertices, then each big vertex of G is incident with at least two edges joining it to other big vertices.

Proof: Suppose that the claim is false, i.e., there is a big vertex v of G incident with at most one edge leading to another big vertex. Let k be the number of distinct small vertices adjacent to v. Since no small vertex is incident with parallel edges, k ≥ 6. All the k small neighbors of v are contained in the same component H of the subgraph of G induced by the small vertices because G is a triangulation. Hence, the number of vertices of H is also at least six which contradicts the assumption of the lemma.

4 Gallai trees in triangulations with minimum simple degree six

In the previous section, we have observed that we can restrict our attention to triangulations of the surface Π_3 in which small vertices induce a Gallai forest with maximum vertex degree at most four. In this section, we define a weight and an extended weight of a Gallai tree with maximum degree at most four. This concept is used in the next section to show that the small vertices of triangulations can induce only Gallai forests of a restricted type. This concept is defined and it can be used for all surfaces.

Fix a triangulation G of a surface such that the minimum simple degree of G is six. Let H be a component of the subgraph of G induced by the small vertices. Suppose that H is a Gallai tree. The weight of H in the triangulation G, denoted by w_G(H), is equal to |∂_GH| where ∂_GH is the set of edges between the vertices of H and the rest of G. Notation ∂_GH is also used for other subgraphs H of G. It is easy to observe that the following equality holds: w_G(H) = ∑ v∈V (H) (6 − deg_H (v)). (1)

In particular, the weight of the Gallai tree H does not depend on a considered triangulation G. Thus, we can define the weight w(H) of H, independently of a triangulation G, as the sum in (1).

We say that a face f of a triangulation is big if exactly one vertex of f is small, i.e., exactly two vertices of f are big. The extended weight w^+_G(H) of H in the triangulation G is equal to the weight of H increased by the number of big faces containing a vertex of H. Note that the extended weight of the Gallai tree H could depend on the triangulation G. We now define the extended weight of H, denoted by w^+(H), to be the minimum of the extended weights w^+_G(H) for all triangulations G with minimum simple degree six which contain H and do not contain K_7 as a subgraph.

Figure 2: Possible neighborhoods (upto symmetry) of a small vertex of degree zero, one, two, three and four. The small vertices are depicted by full circles and the big vertices by empty ones. The types of neighborhoods are labeled by pairs consisting of the number of its small neighbors and a letter.

Next, we establish some lower bounds on the extended weight of Gallai trees with maximum vertex degree at most four. All our lower bounds will just depend on the structure of a Gallai tree, i.e., neither of them will be related to a considered triangulation. Our first lower bound (which will be later improved) is presented in the following proposition:

Proposition 15 Let G be a triangulation with minimum simple degree six and let H be a component of the subgraph of G induced by the small vertices. Suppose that H is a Gallai tree with maximum degree at most four. The extended weight of H in G is at least w^⊕_1 (H) where

w^⊕_1 (H) := w(H) + ∑ v∈V (H) d^+_{degH (v)}

with d^+_0 = 6, d^+_1 = 4, d^+_2 = 2 and d^+_3 = d^+_4 = 0.

Proof: Possible neighborhoods of a small vertex of degree zero, one, two, three and four are depicted in Figure 2. It is easy to verify that a vertex v of a Gallai tree H with deg_H (v) = k must be contained in at least d^+_k big faces. The statement of the proposition now readily follows from the definition of the extended weight.

The label of a neighborhood in Figure 2 is said to be the type of the neighborhood of a small vertex v. This notion is to be used in the proof of the next proposition in which we improve the lower bound from Proposition 15 by realizing that certain types of neighborhoods cannot appear next to each other:

Proposition 16 Let G be a triangulation with minimum vertex simple degree six and let H be a component of the subgraph induced by the small vertices. Suppose that H is a Gallai tree with maximum degree at most four. Then, the extended weight of H is at least w^⊕_2 (H) where

w^⊕_2 (H) := w^⊕_1 (H) + 2ℓ^1_3 + ℓ^2_3 + 4ℓ^1_4 + 2ℓ^2_4

with ℓ^i_j being the number of blocks of H which are cliques of order j, which contain precisely i cut-vertices in H and at least one of these cut-vertices has degree exactly four in H.

Proof: Let d^+_0 = 6, d^+_1 = 4, d^+_2 = 2 and d^+_3 = d^+_4 = 0 as defined in Proposition 15. Consider a fixed block B of the Gallai tree H which is a clique of order j, which contains exactly i cut-vertices and such that at least one cut-vertex v of B has degree four in H. The statement of the proposition is implied by the definitions of w^+(H) and w^⊕_1 (H) and by Claims 16.1–16.4 which follow:

Claim 16.1 If i = 1 and j = 3, then the internal vertices of the block B are contained in at least 2d^+_2 + 2 big faces.

Since v is a cut-vertex and B is a clique of order four, the neighborhood of v must of type (4c). Then, the neighborhood of each of the remaining two vertices of B is of type (2a). Hence, the internal vertices of B are contained in at least 6 = 2d^+_2 + 2 big faces.

Claim 16.2 If i = 2 and j = 3, then the internal vertex of the block B is contained in at least d^+_2 + 1 big faces.

The type of the neighborhood of v must again be (4c). Then, the neighborhood of the only internal vertex of B is of type (2a) and it is contained in exactly 3 = d^+_2 + 1 big faces.

Claim 16.3 If i = 1 and j = 4, then the internal vertices of the block B are contained in at least 3d^+_3 + 4 big faces.

Since v is a cut-vertex, its neighborhood must be of type (4b). Then, the neighborhood of none of the remaining three vertices of B is of type (3c) and at least one is of type (3a). Hence, the internal vertices of B are contained in at least 4 = 3d^+_3 + 4 big faces.

Claim 16.4 If i = 2 and j = 4, then the internal vertices of the block B are contained in at least 2d^+_3 + 2 big faces.

The type of the neighborhood of v must again be (4b). Then, the neighborhoods of the two internal vertices of B can be only of types (3a) and (3b). Hence, the internal vertices of B are contained in at least 2 = 2d^+_3 + 2 big faces.

Finally, we define w^⊕(H) for a Gallai tree H with maximum degree at most four as follows:

w^⊕(H) =

16 if H = K_4, 13 if H = K_5 and w^⊕_2 (H) otherwise.

The weights w(H) and the bounds w^⊕(H) of all Gallai trees H with maximum degree at most four and with w^⊕(H) ≤ 32 can be found in Figure 3 (it is straightforward to verify that all Gallai trees with this property are depicted in the figure; we avoid this verification in order to keep the paper short). In the next lemma, we show that w^⊕(H) is a lower bound on the extended weight of a Gallai tree H:

Lemma 17 For each Gallai tree H with maximum degree at most four, the following inequality holds:

w^⊕(H) ≤ w^+(H).

Proof: Let G be an arbitrary triangulation with minimum simple vertex degree six which does not contain K_7 as a subgraph such that one of the components of the subgraph of G induced by the small vertices is isomorphic to H. We show that w^⊕(H) ≤ w^+_G(H) which implies the statement of the lemma.

Figure 3: The weights w(H) and the values of the bound w^⊕(H) of all Gallai trees H with maximum degree at most four and with w^⊕(H) ≤ 32.

If the Gallai tree H is isomorphic to neither K_4 nor K_5, then w^⊕(H) = w^⊕_2 (H) ≤ w^+_G(H) by Proposition 16. So, we can assume that H is a clique of order four or five. Let n be this order. Consider the (embedded) graph G^′ obtained from the triangulation G by removing the vertices of H and let f be the face of G^′ in which H was embedded. Note that since G is a triangulation, the face f is uniquely determined. The degree of each big vertex of G can be decreased by at most n because the minimum simple degree of G is six and only n small vertices of G were removed. The face f is incident with at least 7 − n big vertices because each vertex of H is adjacent to six distinct vertices. If the face f is incident with precisely 7 − n big vertices, then the n vertices of H are adjacent to the same 7 − n big vertices and they altogether form a copy of K_7 in G. Therefore, f is incident with at least 8 − n big vertices. Hence, the sum of the lengths of all the facial walks of f is at least 8 − n. Each edge of a facial walk of f is contained in a big face of G which contains a small vertex of H (recall that G is a triangulation of the surface and we removed only some of its small vertices). We can now conclude that w^+_G(H) ≥ w_G(H) + (8 − n) = w(H) + 8 − n. In particular, if n = 4, then w^+_G(H) ≥ 12 + 8 − 4 = 16 and if n = 5, then w^+_G(H) ≥ 10 + 8 − 5 = 13.

In the next lemma, we describe a relation between the number of big vertices and the weights and the extended weights of the components of a Gallai forest induced by small vertices:

Lemma 18 Let G be a triangulation with minimum simple degree six of the surface Π_3 such that G does not contain K_7 as a subgraph. Suppose that the small vertices of G induce a Gallai forest F with maximum degree at most four which consists of k components H_1, . . . , H_k. If b is the number of big vertices of G, then w^⊕(H_1) + · · · + w^⊕(H_k) ≤ 6b + 6. In addition, if each component H_i, 1 ≤ i ≤ k, contains at most five vertices, then w(H_1) + · · · + w(H_k ) ≤ 4b + 6.

Proof: Let m_S be |∂_GF |, i.e., the number of edges between the big vertices and the small vertices, and let m_B be the number of edges between the big vertices. By Euler’s formula, the sum of degrees of the big vertices of G is m_S + 2m_B = 6b + 6.

The sum of |∂_GF | and the number of big faces of G is exactly w^+_G(H_1) + · · ·+w^+_G(H_k), i.e., the sum of extended weights of the Gallai trees H_1, . . . , H_k in G. By Lemma 17, this sum is at least w^⊕(H_1) + · · · + w^⊕(H_k ). On the other hand, the number of big faces is at most 2m_B because each big face is incident with an edge joining two big vertices and an edge joining two big vertices can be incident with at most two big faces. Therefore:

w^⊕(H_1) + · · · + w^⊕(H_k) ≤ w^+_G(H_1) + · · · + w^+_G(H_k ) ≤ m_S + 2m_B = 6b + 6.

In order to prove the second part of the claim, assume that each Gallai tree H_i, 1 ≤ i ≤ k, contains at most five vertices. Each big vertex is incident with at least two edges joining it to other big vertices by Lemma 14. Consequently, the number |∂_GF | of edges between the small vertices and the big vertices is at most 6b + 6 − 2b = 4b + 6. Since |∂_GF | is equal to the sum of the weights of the Gallai trees H_1, . . . , H_k, we conclude that w(H_1) + · · · + w(H_k ) ≤ 4b + 6.

5 Triangulations of the surface Π_3

As we have already noted, we can restrict our attention to triangulations of the surface Π_3 with minimum simple degree six in which the small vertices induce a Gallai forest. In this section, we study a possible structure of such triangulations and their Gallai forests.

Lemma 19 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. Suppose that the small vertices induce a Gallai forest F in G. Then, F has at most three components.

Proof: By Lemma 13, the maximum degree of of F is at most four. Note that w^⊕(H) ≥ 12 for each component H of F (cf. Figure 3). The triangulation G contains at most six big vertices by Lemma 10. Therefore, we can infer from Lemma 18 that the sum of w^⊕(H) for all components H of F is at most 42. Hence, F can have at most three components.

In the next lemma, we describe a structure of Gallai forests with two components in triangulations which we are interested in:

Lemma 20 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. Suppose that the small vertices induce a Gallai forest F in G with two components H_1 and H_2. Then, at least one of the following holds:

• H_1 or H_2 is isomorphic to K_1,

• both H_1 and H_2 are cliques of order between two and five, or

• H_1 is a clique of order between two and five, H_2 contains a vertex of degree one (or vice versa) and G has precisely six big vertices.

Proof: Each of the Gallai trees H_1 and H_2 has maximum degree at most four by Lemma 13. If H_1 or H_2 is isomorphic to K_1, then the lemma clearly holds. Let us assume in the rest that neither H_1 nor H_2 is isomorphic to K_1. Note that by Lemma 10 there are at most six big vertices. Hence, Lemma 18 implies the inequality w^⊕(H_1) + w^⊕(H_2) ≤ 42. Since the extended weight of a Gallai tree with maximum degree at most four which is not a clique is at least 24 (cf. Figure 3), we conclude that at least one of H_1 and H_2 is a clique.

If both H_1 and H_2 are cliques, the forest F is of the desired form. Hence, assume that H_1 is a clique but H_2 is not. Since H_1 is a clique of order 2, 3, 4 or 5, we infer that w^⊕(H_1) ≥ 13 and hence w^⊕(H_2) ≤ 29. Thus, w^⊕(H_2) = 24 and so H_2 must contain a vertex of degree one (cf. Figure 3). Since w^⊕(H_1) + w^⊕(H_2) ≥ 37, there are exactly six big vertices by Lemmas 10 and 18. This completes the proof of the lemma.

Finally, we show that if a Gallai forest induced by the small vertices has exactly three components, then at least two of them are isomorphic to K_1:

Lemma 21 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. Suppose that the small vertices induce a Gallai forest F in G with three components H_1, H_2 and H_3 and that G contains a vertex with a simple degree at least seven. Then, at least two of H_1, H_2 and H_3 are isomorphic to K_1.

Proof: The maximum degree of each of the Gallai trees H_1, H_2 and H_3 is at most four by Lemma 13 and thus each of w^⊕(H_1), w^⊕(H_2) and w^⊕(H_3) is at least twelve (cf. Figure 3). Since the number of big vertices of G is at most six by Lemma 10, we can infer from Lemma 18 that the sum of w^⊕(H_1), w^⊕(H_2) and w^⊕(H_3) can be at most 42. Therefore, each of w^⊕(H_1), w^⊕(H_2) and w^⊕(H_3) is at most 42 − 2 · 12 = 18. Hence, all the Gallai trees H_1, H_2 and H_3 must be cliques of order at most five (cf. Figure 3).

In the rest of the proof, we show in a series of claims that at least two of the cliques H_1, H_2 and H_3 are of order one. This will establish the lemma.

Claim 21.1 If none of the cliques H_1, H_2 and H_3 is of order one, then all of them have order five.

Assume that the order of each of the cliques H_1, H_2 and H_3 is distinct from one. Note first that the weights of the cliques K_2 and K_5 are equal to 10 and the weights of the cliques K_3 and K_4 are equal to 12. Since each of H_1, H_2 and H_3 has at most five vertices, the sum of their weights can be at most 30 by Lemmas 10 and 18. Hence, each of the cliques H_1, H_2 and H_3 is isomorphic to K_2 or K_5. Recall that w^⊕(K_2) = 18 and w^⊕(K_5) = 13. If at least one of the cliques is of order two, then the sum w^⊕(H_1) + w^⊕(H_2) + w^⊕(H_3) is at least 18 + 13 + 13 = 44 > 42 — contradiction. Hence, all the cliques H_1, H_2 and H_3 are isomorphic to K_5.

Claim 21.2 The order of at least one of the cliques H_1, H_2 and H_3 is not five.

Assume for contradiction that orders of all the cliques H_1, H_2 and H_3 are five. Then, w(H_1) + w(H_2) + w(H_3) = 30. In other words, |∂_GF | = 30. By Lemmas 10 and 18, the graph G contains exactly six big vertices and thus the degree of each big vertex is seven. Let further H_B be the subgraph of G induced by the big vertices. By Lemma 14, the degree of each vertex in H_B is at least two, i.e., each big vertex is adjacent to at most five small vertices. Since the number of edges between the small and big vertices is 30, each big vertex is adjacent to exactly five small vertices and thus the multigraph H_B is 2-regular, i.e., H_B is a union of cycles.

Since G is a triangulation and the small vertices induce a Gallai forest with three components, the embedding of H_B on Π_3 obtained from the triangulation G by removing the cliques H_1, H_2 and H_3 has at least three faces, namely the faces which originally contained embeddings of H_1, H_2 and H_3. Hence, H_B must consist of at least two disjoint cycles because it is 2-regular. The graph H_B cannot consist of more than three cycles because it has six vertices. If H_B consists of exactly three cycles, then it is formed by three cycles of length two. Since the degree of each big vertex in G is seven, its simple degree is six. This contradicts the assumption of the lemma that G contains a vertex with simple degree at least seven. Hence, we can conclude that H_B consists of exactly two cycles. Moreover, it consists of either two cycles of length three or a cycle of length two and a cycle of length four.

The embedding of H_B can have at most three faces. Recall that the subgraph induced by the small vertices has three components. So, the embedding of H_B has exactly three faces. Observe that the cliques H_1, H_2 and H_3 were drawn in different faces of H_B because G is a triangulation. Let f_i, i = 1, 2, 3, be the face of H_B in which the clique H_i was drawn.

If H_B consists of a cycle of length two and a cycle of length four, the boundary of one of the faces of H_B , say the face f_1, is formed by two big vertices b_1 and b_2 which are joined by two parallel edges. The vertices of the clique H_1 drawn in the face f_1 can be adjacent only to the vertices b_1 and b_2 and since the minimum simple degree of G is six, each vertex of H_1 is adjacent to both b_1 and b_2 (recall that H_1 is a clique of order five). Then, the vertices of H_1 together with the vertices b_1 and b_2 form a subgraph of G which is isomorphic to K_7, a contradiction. Hence, the graph H_B must consist of vertex-disjoint two cycles of length three.

Let b_1b_2b_3 and b^′_1b^′_2b^′_3 be the two cycles of H_B . We can assume without loss of generality that the boundary of f_1 is formed by the 3-cycle b_1b_2b_3, the boundary of f_2 by the 3-cycles b_1b_2b_3 and b^′_1b^′_2b^′_3 and the boundary of f_3 by the 3-cycle b^′_1b^′_2b^′_3.

Let n^1_i , i = 1, 2, 3, be the number of neighbors of the vertex b_i in the clique H_1 and n^2_i the number of neighbors of b_i in H_2. Observe that n^1_i +n^2_i = 5 for each i = 1, 2, 3 because the degree of b_i in G is seven. Since the face f_1 contained the clique H_1, the face f_2 contained the clique H_2 and G is a triangulation, each of the numbers n^1_i and n^2_i is non-zero. By Lemma 12, we have n^1_i ≠ 1 and n^2_i ≠ 1. Hence, each of them is either 2 or 3. In particular, n^1 +n^1_2 +n^1_3 ≤ 9. But this is impossible because the sum n^1 +n^1_2 +n^1_3 should be equal to the weight w(K_5) = 10 of the clique H_1 — contradiction.

Claim 21.3 At least one of the cliques H_1, H_2 and H_3 is isomorphic to K_1.

The above claim directly follows from Claims 21.1 and 21.2.

Claim 21.4 At least two of the Gallai trees H_1, H_2 and H_3 are isomorphic to K_1.

Figure 4: Notation used in Claim 21.4.

By Claim 21.3, we can assume that H_1 consists of a single small vertex v_0. Assume for contradiction that both H_2 and H_3 are cliques of order at least two. Then, the weights w(H_2) and w(H_3) are at least 10. Since G is a triangulation, the big neighbors b_1, . . . , b_6 of the vertex v_0 form a 6-cycle C, say C = b_1b_2b_3b_4b_5b_6. Let w_1, . . . , w_{24} be the other neighbors of the big vertices so that w_{4i−3}, w_{4i−2}, w_{4i−1}, w_{4i} are the neighbors of the big vertex b_i in the order depicted in Figure 4. Note that the vertices w_1, . . . , w_{24} are not necessarily all distinct, e.g., w_1 = w_{24}, and some of them could be neighbors of the vertex v_0.

In the rest of the proof, edges which join two big vertices and which are not included in the cycle C are called diagonals. The big vertices b_1, . . . , b_6 are joined to the small vertices of H_2 and H_3 by precisely w(H_2) + w(H_3) edges. Hence, besides the edges of the cycle C, there are (24 − w(H_2) − w(H_3))/2 diagonals. Hence, there are at most two diagonals. On the other hand, there is at least one diagonal: Otherwise, since G is a triangulation, all the vertices w_1, . . . , w_{24} are small and thus they are contained in the same component of the Gallai forest F . Then, F has only two components.

We first consider the case that there is exactly one diagonal. Hence, there are exactly two indices i and i^′, 1 ≤ i < i^′ ≤ 24, such that w_i and w_i′ are big vertices. Then, the vertices w_{i+1}, . . . , w_i′_{−1} are small vertices

Figure 5: Possible configurations from the proof of Claim 21.4 in the case that there is a single diagonal. Edges joining two big vertices are drawn as bold.

of the same Gallai tree, say H_2, and w_i′_{+1}, . . . , w_{24}, w_1, . . . , w_{i−1} are small vertices of the other Gallai tree H_3. In addition, the weight of one of H_2 and H_3 is 12 and the weight of the other one is 10. We may assume that w(H_2) = 12 and w(H_3) = 10. In particular, both H_2 and H_3 are cliques and i^′ − i − 1 = w(H_2) = 12 (modulo 24).

There are three possible configurations (upto symmetry) of the edges between the small vertices and the big ones in the neighborhood of the vertex v_0 which are depicted in Figure 5. Note that the vertex b_2 in each configuration is adjacent to four vertices of H_2 and thus H_2 is a clique of order at least four. Since the weight of H_2 is 12, the clique H_2 has order four. Similarly, the vertex b_5 in each configuration is adjacent to four vertices of H_3 and thus H_3 must be a clique of order five. The left and the middle configurations depicted in Figure 5 cannot appear in a triangulation: In order to see this, consider the face b_1b_6w_1 = b_1b_6w_{24} where the vertex w_1 = w_{24} should be simultaneously big and small. The right configuration cannot appear in G by Lemma 12 because the neighbor w_1 of the big vertex b_1 cannot be contained in the Gallai tree isomorphic to K_5.

Let us consider now the remaining case that there are two diagonals. Hence, each of H_2 and H_3 has weight 10, in particular, each of them is isomorphic to K_2 or K_5.

In this paragraph, we show that there cannot be two big vertices such that each of them has four neighbors in H_2 (the analogous statement also holds for H_3). Assume for contradiction that there are such two big vertices b_i and b_i′ . Since the clique H_2 has at least four vertices, its order must be five. Recall now that w(H_2) = 10. By Lemma 12, the two edges which join the vertices of H_2 and the big vertices and which are incident neither with b_i nor b_i′ must be incident with the same big vertex. Let b_i′′ be this big vertex. By symmetry, we can assume that i = 1. Since G is a triangulation, each of the big vertices b_6 and b_2 is adjacent to a vertex of H_2 (note that w_{24} = w_1 and w_4 = w_5). Thus, {i^′, i^{′′}} = {2, 6}. By symmetry, we can assume that i^{′′} = 6 and i^′ = 2. Again, since G is a triangulation, the big vertex b_3 is adjacent to a vertex of H_2 (note that w_8 = w_9). But this is impossible because b_i = b_1, b_i′ = b_2 and b_i′′ = b_6 are the only big vertices adjacent to a vertex of H_2.

Since there are only two diagonals, at least two big vertices b^2 and b^3 are adjacent to four small vertices different from the vertex v_0. As we have shown in the previous paragraph, the big vertices b^2 and b^3 cannot be adjacent to vertices of the same clique. Hence, we can assume that b^2 is adjacent to four vertices of the clique H_2 and b^3 is adjacent to four vertices of the clique H_3. Since each of the cliques H_2 and H_3 has at least four vertices, the order of both of them is five (recall that we showed that each of H_2 and H_3 is isomorphic to K_2 or K_5).

By Lemma 12, no big vertex has a single neighbor in H_2. Thus, each big vertex has either no neighbor in H_2 or it has at least two neighbors in H_2. Since there cannot be two big vertices with four neighbors in H_2, only the following two configurations can appear:

• There is a big vertex, namely the vertex b^2, adjacent to precisely four vertices of the clique H_2 and there are other two big vertices each adjacent to precisely three vertices of the clique H_2.

• There is a big vertex, namely the vertex b^2, adjacent to precisely four vertices of the clique H_2 and there are other three big vertices each adjacent to precisely two vertices of the clique H_2.

We show that the latter is impossible: Let b, b^′ and b^{′′} be the three big vertices adjacent to two vertices of H_2. Since G is a triangulation, each of the vertices b, b^′ and b^{′′} must be incident with at least one diagonal. If it is incident with just a single diagonal, then it is adjacent to precisely one vertex of H_3 which is impossible by Lemma 12. Hence, each of the vertices b, b^′ and b^{′′} is incident with two diagonals and consequently, there must be at least three diagonals. But we assumed that there are only two diagonals. So, the big vertex b^2 is adjacent to four vertices of the clique H_2 and there are other two big vertices each adjacent to three vertices of the clique H_2. Similarly, the big vertex b^3 is adjacent to four vertices of the clique H_3 and

Figure 6: The only possible configuration from the proof of Claim 21.4 in the case that there are two diagonals. The diagonals are drawn as bold.

there are other two big vertices each adjacent to three vertices of the clique H_3.

Since G is a triangulation, the two big vertices adjacent to three vertices of H_2 must be neighbors of the vertex b^2 in the 6-cycle C. An analogous statement holds for H_3 and the vertex b^3. By symmetry, we can assume that the vertex b^2 is the big vertex b_1 and the two big vertices adjacent to precisely three vertices of H_2 are the big vertices b_6 and b_2. Then, b^3 must coincide with the big vertex b_4 and each of the vertices b_3 and b_5 is adjacent to three vertices of H_3. This configuration is depicted in Figure 6. Since G is a triangulation, the bold edges incident with the vertices b_2 and b_3 in Figure 6 must lead to the same big vertex, but there is no big vertex in G incident with two such edges — contradiction. This completes the proof of Claim 21.4.

6 List colorings of triangulations of Π_3

As we have already seen, in order to prove our choosability result, it is enough to restrict our attention to triangulations of the surface Π_3 with minimum simple degree six in which small vertices induce a Gallai forest of a certain special type and which does not contain K_7 as a subgraph. In this section, we prove that graphs of this type embedded on the surface Π_3 are 6-choosable. In Section 7, we combine the results of Section 5 and the results of this section to conclude that if a graph embedded on the surface Π_3 does not contain K_7 as a subgraph, then it is 6-choosable.

In some of our proofs, we first color big vertices of the triangulation and then we try to extend this coloring to small vertices. The following four proposition will help us in this task:

Proposition 22 Let G be a graph with minimum simple degree six, L a list 6-assignment of G and S the vertex set of a component of the subgraph of G induced by the small vertices. Suppose that some of the big vertices are precolored so that there is a big vertex b adjacent to a small vertex s_0 ∈ S such that b is colored with a color α ∉ L(s_0). Then, the precoloring of the big vertices can be extended to all the vertices of S.

Proof: Let L^′(s) for each s ∈ S be the list of the colors of L(s) which are not used to color the big neighbors of s. Note that |L^′(s)| ≥ deg_{G[S]}(s) for each vertex s ∈ S and |L^′(s_0)| > deg_{G[S]}(s_0). Hence, there exists an L^′-coloring of G[S] by Theorem 3. This L^′-coloring is the sought extension of the precoloring to S.

Similarly as Proposition 22, one can prove the following two propositions:

Proposition 23 Let G be a graph with minimum simple degree six, L a list 6-assignment of G and S the vertex set of a component of the subgraph of G induced by the small vertices. Suppose that some of the big vertices are precolored so that there is a small vertex s_0 ∈ S adjacent to two big vertices which are colored with the same color. Then, the precoloring of the big vertices can be extended to all the vertices of S.

Proposition 24 Let G be a graph with minimum simple degree six, L a list 6-assignment of G and S the vertex set of a component of the subgraph of G induced by the small vertices. Suppose that some of the big vertices are precolored so that there is a small vertex s_0 ∈ S adjacent to a big vertex b so that b is not colored. Then, the precoloring of the big vertices can be extended to all the vertices of S.

The last of our propositions requires a different proof:

Proposition 25 Let G be a graph with minimum simple degree six, L a list 6-assignment of G and S the vertex set of a component of the subgraph of G induced by the small vertices. Suppose that G[S] is a clique and there exist two vertices s_1 and s_2 of S and a color α such that α ∈ L(s_1), α ∉ L(s_2) and no big neighbor of s_1 is colored with α. Then, the precoloring of the big vertices can be extended to all the vertices of S.

Proof: Let L^′(s) for each s ∈ S be the list of the colors of L(s) not used to color all the big neighbors of s. Note that |L^′(s)| ≥ deg_{G[S]}(s) for each vertex s ∈ S and L^′(s_1) ≠ L^′(s_2). Hence, there exists an L^′-coloring of G[S] by Theorem 4. This L^′-coloring is the desired extension of the precoloring.

Let us remark that Propositions 22–25 can be easily reformulated for list k-assignments for any k ≥ 1. We keep them in the above form in order to make more clear their applications in the proofs of Lemmas 26–30.

In the rest of this section, we prove Lemmas 26–30 in which we deal with all types of triangulations of Π_3 which were described in Section 5. The course of the proofs of these lemmas is more or less the same: We fix a 6-list assignment L of a triangulation G of Π_3 and assume that G has no L-coloring. In the rest of each of the proofs, we proceed in a series of claims. We first show L(s) = L(b) for most pairs of a small vertex s and a big vertex b which are adjacent. Then, we deduce that G contains precisely six big vertices and they can be grouped into three pairs so that the vertices of each pair have the same list. Based on the structure of the triangulation and the list assignment, we eventually find an L-coloring of G which contradicts our original assumption that there is no L-coloring. Although it might seem at the first sight that the proofs of the lemmas are essentially the same, the arguments used to establish the claims are different.

The first case which we consider is that small vertices induce a Gallai tree:

Lemma 26 Let G be a triangulation with minimum simple degree six of the surface Π_3 such that G does not contain K_7 as a subgraph. If the vertices of degree six induce a Gallai tree in G, then G is 6-choosable.

Proof: Suppose that the claim of the lemma is false. Fix a triangulation G, which has the properties described in the statement of the lemma, and a list 6-assignment L such that G has no L-coloring. Let S be the set of small vertices of G and B the set of big vertices of G. Note that |B| ≤ 6 by Lemma 10.

Claim 26.1 Let s ∈ S and b ∈ B be two adjacent vertices in G. Then, L(s) = L(b). Assume the opposite and let s ∈ S and b ∈ B be two adjacent vertices with L(s) ≠ L(b). Color first the vertex b with a color α ∈ L(b) \ L(s). Then, color properly the remaining (at most five) big vertices by colors from their lists. This is possible because each vertex has a list of six available colors. By the choice of the color of the vertex b, the coloring of the big vertices can be extended to an L-coloring of G by Proposition 22 — contradiction.

Claim 26.2 Let b be a big vertex. Then, there exists a big vertex b^′ ≠ b with L(b) = L(b^′).

Since the minimum simple degree of G is six and there are at most six big vertices, the vertex b is adjacent to a small vertex s. Since each small vertex is adjacent to at least two big vertices by Lemma 13, there exists a big vertex b^′ ≠ b which is adjacent to s. Then, L(b) = L(s) = L(b^′) by Claim 26.1.

Claim 26.3 There exist three big vertices whose lists are mutually distinct.

Assume the opposite and let L_1 and L_2 be two lists such that the list of each big vertex is L_1 or L_2. Since each small vertex s is adjacent to a big vertex, the list of s must be L_1 or L_2 by Claim 26.1. Hence, the list of each vertex of G is L_1 or L_2. By Theorem 1, the triangulation G is 6-colorable. Therefore, G has an L-coloring by Lemma 6 — contradiction.

Claim 26.4 The graph G contains precisely six big vertices. Moreover, there is an ordering of the big vertices b_1, b_2, b_3, b_4, b_5 and b_6 so that L(b_1) = L(b_2), L(b_3) = L(b_4) and L(b_5) = L(b_6) and the lists of any other pair of the big vertices are distinct.

The claim directly follows from Claims 26.2 and 26.3 and the fact that |B| ≤ 6. Claim 26.5 Each small vertex is adjacent to precisely two big vertices. In particular, the graph G[S] must be a clique of order five.

Each small vertex is adjacent to at least two big vertices by Lemma 13. By Claims 26.1 and 26.4, it can be adjacent to at most two big vertices. Hence, each small vertex is adjacent to precisely two big vertices and it is adjacent to exactly four small vertices. Since the only 4-regular Gallai tree is K_5, the graph G[S] must be a clique of order five.

Claim 26.6 The graph G has an L-coloring.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices ordered as in Claim 26.4. Let s_1 and s_3 be small neighbors of the vertices b_1 and b_3, respectively. Such vertices s_1 and s_3 exist because the minimum simple degree of G is six. By Claim 26.1, L(s_1) = L(b_1) and L(s_3) = L(b_3). So, L(s_1) ≠ L(s_3). Choose a color α ∈ L(s_3) \ L(s_1). Color properly the two big neighbors b_3 and b_4 of s_3 by colors from their lists different from the color α and the remaining big vertices by arbitrary colors from their lists. Since G[S] is a clique of order five by Claim 26.5, no big neighbor of the vertex s_3 is colored with the color α and α ∉ L(s_1), it follows that the coloring of the big vertices can be extended to an L-coloring of G by Proposition 25.

The second case which we consider is that small vertices induce a Gallai forest with two components such that at least one of the components is a single vertex:

Lemma 27 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. If the small vertices induce a Gallai forest in G with precisely two components such that at least one of them is isomorphic to K_1, then the graph G is 6-choosable.

Proof: Suppose that the statement of the lemma is false. Fix a triangulation G of Π_3, which satisfy the assumptions of the lemma, and a list 6-assignment L such that G has no L-coloring. Let B be the set of big vertices of G and S the set of small vertices of G. Let s_0 be further an isolated vertex of G[S] and let S_0 = S \ {s_0}. Finally, let B_0 ⊆ B be the set of big vertices adjacent to at least one vertex of S_0. By Lemma 11, there are precisely six big vertices and thus each big vertex is adjacent to the vertex s_0. On the other hand, there are also two non-adjacent big vertices: Otherwise, G[B] is a clique and so G[B ∪ {s_0}] is a clique of order seven.

Claim 27.1 If s ∈ S_0 and b ∈ B_0 are adjacent vertices, then L(s) = L(b).

Assume the opposite and let s ∈ S_0 and b ∈ B_0 be two adjacent vertices with L(s) ≠ L(b). Color first the vertex b by a color α ∈ L(b) \ L(s). Let b^′ ≠ b be a vertex of G[B] which is not adjacent to all the big vertices. Such a vertex exists as explained above. Color properly the vertex s_0 by a color from its list and then the remaining big vertices one by one by colors from their lists so that the vertex b^′ is colored as the last one. This is possible since when we color each of these vertices, at most five of its neighbors are previously colored. By the choice of the color of the vertex b, this coloring can be extended to an L-coloring of the vertices of S_0 by Proposition 22. So, we obtain an L-coloring of G — contradiction.

Claim 27.2 There are three vertices of B_0 whose lists are mutually distinct.

Assume the opposite and let L_1 and L_2 be two lists such that the list of each vertex of B_0 is L_1 or L_2. By Claim 27.1 and Lemma 13, the list of each vertex of S_0 is also L_1 or L_2.

We first consider the case that all the vertices of S_0 ∪ B_0 have the same list, say L_0, i.e., L_0 = L_1 or L_0 = L_2. If L(s_0) ≠ L_0, then color the vertices of G[S_0 ∪B_0] by colors from their lists so that at least one big neighbor of s_0 is colored with a color α ∈ L_0 \ L(s_0). Lemma 7 implies that this is possible because G[S_0 ∪ B_0] is 6-colorable by Theorem 1 and all vertices of S_0 ∪ B_0 has the same list L_0. Next, color properly the remaining big vertices by colors from their lists (note that the colored neighbors of each vertex from B \ B_0 are only big vertices and hence it is adjacent to at most five colored vertices). Since one of the neighbors of the vertex s_0 is colored with a color α ∉ L(s_0), we can now color the vertex s_0 by a color from its list. Thus, we obtain an L-coloring of G — contradiction.

If L(s_0) = L_0, then s_0 has a big neighbor b with L(b) ≠ L(s_0): Otherwise, all the vertices of G have the same list and thus G has an L-coloring by Theorem 1. It follows from our assumption that the lists of all the vertices of S_0 ∪ B_0 are the same that b ∉ B_0. Fix a color α ∈ L(b) \ L(s_0). Since all the vertices of S_0 ∪ B_0 have the same list L_0 and the graph G[S_0 ∪ B_0] is 6-colorable by Theorem 1, we can color the vertices of G[S_0 ∪ B_0] by colors from their lists. Afterwards, color the vertex b by α (recall that α ∉ L_0 and L_0 = L(s_0)). Next, color properly the remaining big vertices by colors from their lists. Note that the colored neighbors of each vertex from B \ B_0 are only big vertices and hence it is adjacent to at most five colored vertices. Finally, color the vertex s_0. This is possible because a neighbor of s_0 in G is colored with a color α ∉ L(s_0). Thus, we obtain an L-coloring of G — contradiction.

The final case to consider is that the lists of all the vertices of S_0 ∪ B_0 are not the same, in particular L_1 ≠ L_2. Assume without loss of generality that L(s_0) ≠ L_1. Let α ∈ L_1 \ L(s_0) and let b_1 ∈ B_0 be a big vertex with L(b_1) = L_1. The existence of a vertex b_1 follows from Claim 27.1. Fix a coloring of G[S_0 ∪ B_0] such that the color of the vertex b_1 is α. Such a coloring exists by Lemma 7. Next, color the remaining big vertices by colors from their lists. This is possible because the colored neighbors of each vertex from B \ B_0 are only big vertices and hence it is adjacent to at most five colored vertices. Since the vertex b_1, which is a neighbor of the vertex s_0, is colored with a color α ∉ L(s_0), we can now color the vertex s_0. In this way, we obtain an L-coloring of G — contradiction.

Claim 27.3 There is an ordering b_1, b_2, b_3, b_4, b_5 and b_6 of the six big vertices of G such that L(b_1) = L(b_2), L(b_3) = L(b_4) and L(b_5) = L(b_6) and the lists of any other pair of the big vertices are distinct. Moreover, B_0 = B.

By Claim 27.2, there are three vertices of B_0 whose lists are mutually distinct. Since each vertex of B_0 is adjacent to a vertex of S_0 (the set B_0 was defined to be the set of such big vertices) and each vertex of S_0 is adjacent to at least two big vertices by Lemma 13, it follows that there are exactly six big vertices and thus B_0 = B. The statement now readily follows from Claim 27.1.

Claim 27.4 The graph G has an L-coloring.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices ordered as in Claim 27.3. By Claims 27.1 and 27.3, each vertex of S_0 can be adjacent to at most two big vertices. Since it must be adjacent to at least two big vertices by Lemma 13, we conclude that the Gallai tree G[S_0] is 4-regular and hence G[S_0] is a clique of order five.

Since G[B] is not a complete graph, there is a big vertex, say b_3 ∈ B, which is not adjacent to all the big vertices. Let s_1 and s_3 be vertices of S_0 adjacent to the big vertices b_1 and b_3, respectively. By Claim 27.1, L(b_1) = L(s_1) and L(b_3) = L(s_3). In particular, L(s_1) ≠ L(s_3).

Fix a color α ∈ L(s_1) \ L(s_3). Color first the vertices b_1 and b_2 by colors from their lists which are distinct from the color α. Next, color s_0 by a color from its list and then the remaining big vertices by colors from their lists so that the vertex b_3 is colored as the last one. Again, it is possible to color all the big vertices because when we color each of them at most five of its neighbors are already colored.

This coloring can be extended to the clique G[S_0] by Proposition 25 because of the choice of the colors of the vertices b_1 and b_2 and the facts that α ∈ L(s_1) and α ∉ L(s_3). In this way, we obtain an L-coloring of G — contradiction.

The third case to consider is that the Gallai forest consists of two cliques:

Lemma 28 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. If the graph induced by small vertices consists of two components, each of them being a clique of order at least two, then the graph G is 6-choosable.

Proof: Suppose that the lemma is false. Fix a triangulation G with the properties from the statement of the lemma and a list 6-assignment L of G such that there is no L-coloring of G. Let B be the set of big vertices of G and let S_1 and S_2 be the vertex sets of the two cliques of the subgraph of G induced by the small vertices. Note that the orders of both the cliques G[S_1] and G[S_2] are at most five by Lemma 13.

Claim 28.1 Let b_1 be an arbitrary big vertex of G. It is possible to order the big vertices b_1, b_2, . . ., b_{|B|} so that each big vertex b_i is adjacent to at most four big vertices b_j with j < i.

The claim is clear if |B| ≤ 5 or if |B| = 6 and G[B] contains two nonadjacent vertices. Assume for contradiction that |B| = 6 and all the vertices of G[B] are mutually adjacent. Since the degree of each vertex of B is seven by Lemma 10, each of them is adjacent to at most two small vertices. Hence, there are at most 12 edges between the big vertices and the small vertices. However, since the weights of G[S_1] and G[S_2] are at least ten, there are at least ten edges between S_1 and B as well as between S_2 and B — contradiction.

Claim 28.2 Let s ∈ S_1 ∪S_2 and b ∈ B be two adjacent vertices in G. Then, L(s) = L(b). Assume the opposite and let s_1 ∈ S_1 and b ∈ B be two adjacent vertices with L(s_1) ≠ L(b) (the case that such a small vertex is contained in S_2 is symmetric). Fix a color α ∈ L(b) \ L(s_1). For every vertex s ∈ S_2, let L^′(s) = L(s)\{α} if s is adjacent to the vertex b and L^′(s) = L(s) otherwise.

Let us consider first the case that there are two small vertices s^1 and s^2 of S_2 with L^′(s^1) ≠ L^′(s^2). We can assume without loss of generality that |L^′(s^1)| ≥ |L^′(s^2)|. Fix a color β ∈ L^′(s^1) \ L^′(s^2). Color the vertex b by α and the remaining big vertices properly by arbitrary colors from their lists so that each of them is colored with a color different from β. This is clearly possible: Just color the big vertices in the order from Claim 28.1 with b_1 = b.

The coloring of the big vertices can be extended to S_1 by Proposition 22. Afterwards, it can be extended to S_2 by Proposition 25 (note that β ∈ L^′(s^1) and no neighbor of s^1 is colored with β and β ∉ L^′(s^2)). This yields an L-coloring of G — contradiction.

Next, we consider the case that there is a vertex v ∈ S_2 adjacent to b with α ∉ L(v). In this case, we color the big vertices arbitrarily so that the vertex b is colored with α. However, the precoloring of the big vertices can be extended to both S_1 and S_2 by Proposition 22 — contradiction.

In the rest, we assume that all the lists L^′(v) of the vertices of v ∈ S_2 are the same and the list of each vertex of S_2 adjacent to b contains α. Hence, either no vertex of S_2 is adjacent to the vertex b or all the vertices of S_2 are adjacent to the vertex b and the lists of all of them contain the color α. Let N_B (s) be further the set of big neighbors of a vertex s ∈ S_2. Recall that, by our assumption, the vertex b is contained either in all the sets N_B (s), s ∈ S_2, or in no set N_B(s), s ∈ S_2.

We now consider the case that there exist two small vertices s^1 and s^2 of S_2 with N_B (s^1) ≠ N_B (s^2). Color the vertex b by α and the remaining big vertices by colors from their lists so that no two big vertices are colored with the same color (recall that there are at most six big vertices). The coloring of the big vertices can be extended to S_1 by Proposition 22. For each small vertex s ∈ S_2, let L^{′′}(s) be the subset of the list L(s) which contains the colors of L(s) not assigned to the big neighbors of s. Note that |L^{′′}(s)| ≥ deg_{G[S2]}(s) for every vertex s ∈ S_2. In addition, L^{′′}(s^1) ≠ L^{′′}(s^2) because L^′(s^1) = L^′(s^2), N_B (s^1) ≠ N_B (s^2) and all the big vertices are colored with mutually distinct colors. By Theorem 4, there exists an L^{′′}- coloring of G[S_2]. The L^{′′}-coloring of G[S_2] and the coloring of the big vertices and S_1 form an L-coloring of G — contradiction.

The final case is that the lists L^′(s) of all the small vertices s ∈ S_2 are the same list, say L_0, and the small vertices of S_2 are adjacent to the same set N_B of big vertices, i.e., N_B (s) = N_B for every s ∈ S_2. Note that |N_B | = 7 − |S_2|. Let b_1 and b_2 be two non-adjacent vertices of N_B. Such two vertices b_1 and b_2 exist: Otherwise, the graph G[N_B ∪ S_2] would be a clique of order seven.

In this paragraph, we carefully color at least two of the vertices b, b_1 and b_2. Afterwards, we extend this precoloring to an L-coloring of G. Note that b may coincide with b_1 and b_2. Color first the vertex b by the color α. If b_1 = b, then |L_0| = 5, in particular |L_0| < |L(b_2)|, and we color the vertex b_2 by a color β ∈ L(b_2) \ L_0. If b_2 = b, we proceed analogously. Assume now that the vertex b is neither b_1 nor b_2. Color the vertex b_1 by a color β ∈ L(b_1)\(L_0 ∪{α}). This is possible unless b_1 is adjacent to b and α is the only color contained in L(b_1) \ L_0. If b_1 was not colored, then color b_2 by a color β ∈ L(b_2) \ (L_0 ∪ {α}). We can color the vertex b_2 in this way unless b_2 is adjacent to b and α is the only color contained in L(b_2) \ L_0. If both b_1 and b_2 are not colored, then both the lists L(b_1) and L(b_2) contain at least five colors (possibly distinct) common with the list L_0. Hence, there is a color β ∈ L(b_1) ∩ L(b_2) ∩ L_0 and we can color both b_1 and b_2 by β. Some of the big vertices are now colored so that each vertex of S_2 is adjacent to a vertex colored with a color not contained in L_0 or to two vertices colored with the same color.

Extend now the obtained coloring to all the big vertices (recall again that there are at most six big vertices). The coloring can be further extended to the vertices of S_1 by Proposition 22 (the vertex b is colored with α) and to the vertices of S_2 by Propositions 22 or 23 because each vertex of S_2 is adjacent to a vertex colored with a color not contained in the list L_0 or to two vertices colored with the same color, respectively. This yields an L-coloring of G — contradiction.

Claim 28.3 Let b be an arbitrary big vertex. Then, there exists a big vertex b^′ ≠ b with L(b) = L(b^′).

Since the minimum simple degree of G is six and there are at most six big vertices, the vertex b is adjacent to a small vertex s. And, since each small vertex is adjacent to at least two big vertices by Lemma 13, there exists another big vertex b^′ ≠ b which is adjacent to s. Then, L(b) = L(b^′) by Claim 28.2.

Claim 28.4 There exist three big vertices whose lists are mutually distinct.

Assume the opposite and let L_1 and L_2 be two lists such that the list of each big vertex is L_1 or L_2. Since each small vertex s is adjacent to a big vertex, the list of the vertex s must be L_1 or L_2 by Claim 28.2. Hence, the list of each vertex of G is L_1 or L_2. By Theorem 1, G is 6-colorable. Therefore, G has an L-coloring by Lemma 6 — contradiction.

Claim 28.5 There are exactly six big vertices. In addition, there is an ordering b_1, b_2, b_3, b_4, b_5 and b_6 of the big vertices with L(b_1) = L(b_2), L(b_3) = L(b_4) and L(b_5) = L(b_6) and the lists of any other pair of the big vertices are distinct.

The above claim directly follows from Claims 28.3 and 28.4 and Lemma 10.

Claim 28.6 Each small vertex is adjacent to precisely two big vertices. In particular, both G[S_1] and G[S_2] are isomorphic to K_5.

Each small vertex is adjacent to at least two big vertices by Lemma 13. By Claims 28.2 and 28.5, it can be adjacent to at most two big vertices. Hence, each small vertex is adjacent to precisely two big vertices and so it is adjacent to precisely four small vertices. Since K_5 is the only 4-regular Gallai tree, it follows that both G[S_1] and G[S_2] must be cliques of order five.

Claim 28.7 There are two vertices of S_1 whose lists are different. Similarly, there are two vertices of S_2 whose lists are different.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices of G ordered as in Claim 28.5. Since G contains six big vertices, each big vertex has degree seven. Suppose that the claim is false, i.e., the lists of all the vertices of S_1 are the same, say the list L(b_1). Since all the five vertices of the clique G[S_1] are adjacent to both b_1 and b_2 by Claim 28.2, the vertices b_1 and b_2 are not adjacent: Otherwise, G[S_1 ∪ {b_1, b_2}] would be a clique of order seven. By Lemma 14, the five vertices of S_1 are the only small vertices which are adjacent to the vertices b_1 and b_2. Fix a color α ∈ L(b_1). Color the graph G[S_2 ∪ {b_3, b_4, b_5, b_6}] so that none of the vertices b_3, b_4, b_5 and b_6 is colored with the color α. This is possible by Lemma 8 because the list of each vertex of G[S_2 ∪ {b_3, b_4, b_5, b_6}] is L(b_3) or L(b_5) and G[S_2 ∪ {b_3, b_4, b_5, b_6}] is 6- colorable by Theorem 1. Color now both b_1 and b_2 by the color α and the five vertices of S_2 properly by the remaining five colors from their lists. In this way, we obtain an L-coloring of G — contradiction. An analogue argument yields the second part of the claim.

Claim 28.8 There are three vertices of S_1 whose lists are mutually distinct. Similarly, there are three vertices of S_2 whose lists are mutually distinct.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices ordered as in Claim 28.5. Assume that the claim is false, e.g., that the list of each vertex of S_1 is either L(b_1) or L(b_3). Since the vertex b_5 is adjacent to at least one small vertex and it is adjacent to no vertex of S_1, it must be adjacent to a vertex of S_2. By Claim 28.7, there are two vertices s^1 and s^2 of S_2 whose lists L(s^1) and L(s^2) are different. By symmetry, we can assume that L(s^1) = L(b_1) and L(s^2) = L(b_5).

Fix a color α ∈ L(s^1) \ L(s^2). Color now the vertices of G[S_1 ∪ {b_1, b_2, b_3, b_4}] so that the color of each of the vertices b_1, b_2, b_3 and b_4 is different from α. This is possible by Lemma 8 because G[S_1 ∪ {b_1, b_2, b_3, b_4}] is 6-colorable by Theorem 1. Color now the remaining two big vertices b_5 and b_6. Note that neither b_5 nor b_6 is adjacent to a vertex of S_1 by Claim 28.2 (recall that α ∉ L(s^2)). The coloring of the big vertices can be extended to G[S_2] by Proposition 25 because of α ∈ L(s^1), α ∉ L(s^2) and the choice of the colors of the big vertices — contradiction.

Claim 28.9 The graph G has an L-coloring.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices ordered as in Claim 28.5. By Claims 28.2 and 28.8, the set S_1 contains two vertices s^1 and s^2_1 with L(s^1) = L(b_1) and L(s^2_1) = L(b_3). Similarly, S_2 contains two vertices s^1_2 and s^2 such that L(s^1_2) = L(b_1) and L(s^2) = L(b_3). Fix a color α ∈ L(b_1)\L(b_3). Color now the vertices b_1 and b_2 by colors from their lists which are different from the color α. Afterwards, color the remaining four big vertices. The coloring of the big vertices can be extended to both G[S_1] and G[S_2] by Proposition 25 because of α ∈ L(s^1), α ∈ L(s^1_2), α ∉ L(s^2_1), α ∉ L(s^2) and the choice of the colors of the big vertices. In this way, we eventually obtain an L-coloring of G.

We now consider the fourth possible type of the triangulation:

Lemma 29 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. Suppose that G contains six big vertices and that the small vertices induce a Gallai forest in G with two components whose vertex sets are S_1 and S_2. In addition, suppose that G[S_1] is isomorphic to K_2, K_3, K_4 or K_5 and that the minimum degree of G[S_2] is one. Then, the graph G is 6-choosable.

Proof: Suppose that the statement of the lemma is false. Fix a triangulation G, which has the properties described in the statement of the lemma, and a list 6-assignment L such that G has no L-coloring. Let B be the set of the six big vertices of G and let s_0 be a vertex of degree one in G[S_2].

Claim 29.1 There are two big vertices b^1 and b^2 adjacent to the vertex s_0 such that each of them has at least two neighbors in S_1.

We distinguish four cases regarding to the order of the clique G[S_1]. If G[S_1] is a clique of order two, then at least four big vertices are adjacent to both the vertices of S_1. Since only one big vertex is not adjacent to the vertex s_0, there are at least three big vertices adjacent to s_0 and simultaneously adjacent to both the vertices of S_1.

If G[S_1] is a clique of order three, then there are twelve edges between the vertices of S_1 and B (recall that w(K_3) = 12). Since |S_1| = 3, at most three of these edges can lead to the big vertex which is not adjacent to the vertex s_0. Hence, at least nine of these edges join the big neighbors of s_0 and the vertices of S_1. If four out of the five big neighbors of the vertex s_0 has at most one neighbor in S_1, then there exists a big neighbor of s_0 adjacent to at least five vertices of S_1 which is clearly impossible (recall that |S_1| = 3). Therefore, there are two big neighbors of s_0 with at least two neighbors in S_1.

The third case is that the order of G[S_1] is four. Hence, there are again twelve edges between the vertices of S_1 and the vertices of B. At most four of these edges (recall that the order of S_1 is four) can lead to the big vertex b_0 which is not adjacent to s_0 and thus at least eight of them lead to the big neighbors of s_0. Hence, the claim is true unless all the four vertices of S_1 are adjacent to b_0, all the four vertices of S_1 are adjacent to a big neighbor b_1 of the vertex s_0 and each of the remaining big vertices b_2, b_3, b_4 and b_5 has exactly one neighbor in S_1. In that case, the neighborhoods of the vertices of S_1 contain the segments b_0b_2b_1, b_0b_3b_1, b_0b_4b_1 and b_0b_5b_1 because G is a triangulation. In particular, the vertex b_0 is adjacent to all the four vertices of S_1 and to the big vertices b_2, b_3, b_4 and b_5. This is impossible because the degree of b_0 is seven by Lemma 10.

The final case to consider is that G[S_1] is a clique of order five. Each big vertex adjacent to a vertex of S_1 is adjacent to at least two vertices of S_1 by Lemma 12. Hence, it is enough to show that at least two big neighbors of s_0 are also adjacent to a vertex of S_1. Each vertex of S_1 must be adjacent to at least one big neighbor of the vertex s_0 because there is only one big vertex non-adjacent to the vertex s_0. On the other hand, each big neighbor of s_0 can be adjacent to at most four vertices of S_0 since its degree in G is seven by Lemma 10. Thus, there are at least two big neighbors of s_0 which are adjacent to a vertex of S_1 as desired. This completes the proof of Claim 29.1.

Claim 29.2 If s ∈ S_1 and b ∈ B are adjacent vertices, then L(s) = L(b).

Assume the opposite for the sake of contradiction and let s ∈ S_1 and b ∈ B be two adjacent vertices with L(s) ≠ L(b). Let b^′ be further a big vertex different from b which is simultaneously adjacent to s_0 and to at least two vertices of S_1. Such a vertex exists by Claim 29.1. Color the vertex b by a color α ∈ L(b) \ L(s) and the remaining big vertices except the vertex b^′ properly by arbitrary colors from their lists. We can extend the coloring of the big vertices to S_2 by Proposition 24 because the vertex b^′ is not colored. Color now b^′ by a color from its list. This is possible because b^′ has at most five colored neighbors (recall that b^′ is adjacent to at least two vertices of S_1). Finally, we can extend this coloring to G[S_1] by Proposition 22 because of the choice of the color of the vertex b. Thus, we obtain an L-coloring of G — contradiction.

Claim 29.3 Suppose that there exist two lists L_1 and L_2 such that the list of each vertex of S_1 is L_1 or L_2. Then, L(s) = L(b) for every adjacent vertices s ∈ S_2 and b ∈ B.

Assume the opposite and let s ∈ S_2 and b ∈ B be two adjacent vertices with L(s) ≠ L(b). Let B_1 be the set of big vertices adjacent to a vertex of S_1. By Claim 29.2, the list of each vertex of S_1 ∪ B_1 is L_1 or L_2. In the rest, we consider two cases regarding whether the vertex b is contained in the set B_1 or not.

If b ∈ B_1, then consider a coloring of G[S_1 ∪B_1] which assigns the vertex b a color α ∈ L(b) \ L(s). Such a coloring exists by Lemma 7. Color now the remaining big vertices properly by arbitrary colors from their lists. This is possible because each big vertex contained in B \ B_1 is adjacent only to the vertices of B ∪ S_2 and thus each big vertex from B \ B_1 is adjacent to at most five colored (big) vertices.

If b ∉ B_1, then consider a coloring of G[S_1 ∪ B_1] such that no vertex of B_1 is colored with a color α ∈ L(b) \ L(s). Such a coloring exists by Lemma 8 because |B_1| < |B| = 6. Color now the vertex b by α and the remaining big vertices properly by arbitrary colors from their lists.

In both the cases considered above, the coloring can be extended to S_2 by Proposition 22 because of the choice of the color of the vertex b — contradiction.

Claim 29.4 There exist three vertices of S_1 with mutually distinct lists.

Suppose that the claim is false, i.e., there exist two lists L_1 and L_2 such that the list of each vertex of S_1 is L_1 or L_2. Then, the lists of all the five big vertices adjacent to the vertex s_0 are the same by Claim 29.3. Let b be the big vertex which is not adjacent to s_0. Since the minimum degree of G is six, the vertex b is adjacent to a small vertex s. By Lemma 13, the vertex s is adjacent to at least two big vertices and they must have the same list either by Claim 29.2 or by Claim 29.3. Hence, all the big vertices have the same list. By Claims 29.2 and 29.3, the lists of all the vertices are the same. Then, G has an L-coloring by Theorem 1 — contradiction.

Claim 29.5 There exists an ordering b_1, b_2, b_3, b_4, b_5 and b_6 of the big vertices of G so that L(b_1) = L(b_2), L(b_3) = L(b_4) and L(b_5) = L(b_6) and the lists of any other pair of the big vertices are distinct.

Let s, s^′ and s^{′′} be three vertices of G[S_1] with mutually distinct lists. They exist by Claim 29.4. Each of the vertices s, s^′ and s^{′′} is adjacent to at least two big vertices by Lemma 13 and its big neighbors must have the same list by Claim 29.2. The claim now readily follows.

Claim 29.6 The graph G has an L-coloring.

Let b_1, b_2, b_3, b_4, b_5 and b_6 be the big vertices ordered as in Claim 29.5 and let s_1, s_2 and s_3 be three vertices of G[S_1] with mutually distinct lists (they exist by Claim 29.4). By symmetry, we can assume that L(s_1) = L(b_1), L(s_2) = L(b_3) and L(s_3) = L(b_5) and that the vertex s_0 is adjacent to the vertices b_1, b_2, b_3, b_4 and b_5. By symmetry, we can assume that L(s_0) ≠ L(b_i) for i ∈ {1, 2, 5}.

Fix colors α ∈ L(b_i)\L(s_0) and β ∈ L(b_3)\L(b_5). Color the vertex b_i by the color α and the vertices b_3 and b_4 properly by colors from their lists which are different from the color β. Finally, color properly the remaining big vertices by arbitrary colors from their lists. The coloring of the big vertices can be extended to S_1 by Proposition 25 and to S_2 by Proposition 22. In this way, we construct an L-coloring of G — contradiction.

The final case to consider is that the Gallai forest induced by small vertices consist of three components:

Lemma 30 Let G be a triangulation with minimum simple degree six of the surface Π_3 which does not contain K_7 as a subgraph. If the small vertices induce a Gallai forest in G with three components such that at least two of the components are isomorphic to K_1, then the graph G is 6-choosable.

Proof: Suppose that the lemma is false. Fix a triangulation G, which satisfies the assumptions of the lemma, and a list 6-assignment L such that G has no L-coloring. Let B be the set of big vertices of G and let S be the set of small vertices of G. Note that |B| = 6 and each big vertex has degree seven by Lemma 11. By the assumption of the lemma, G[S] contains two isolated vertices s_1 and s_2. Let S_0 be the set of the remaining small vertices. Note that each big vertex is adjacent to both s_1 and s_2. Since G is a triangulation, the graph G[B] contains a cycle of length six (consider e.g., a cycle around the vertex s_1).

Claim 30.1 There are at least four big vertices with a neighbor in the set S_0.

If G[S_0] is isomorphic to K_1, then each big vertex is adjacent to the only vertex of S_0 and the claim obviously holds. Assume in the rest that G[S_0] is not isomorphic to K_1. Each big vertex is adjacent to both the small vertices s_1 and s_2 and to at least two other big vertices since G[B] contains a 6-cycle. Hence, each big vertex can be adjacent to at most three vertices of S_0. By Lemma 13, G[S_0] is a Gallai tree with maximum degree at most four. Therefore, the weight of G[S_0] is at least 10 (cf. Figure 3). So, there are at least ten edges joining the vertices of S_0 to the big vertices. Since each big vertex is adjacent to at most three vertices of S_0, then there are at least four big vertices with a neighbor from S_0.

Claim 30.2 There exists a big vertex b_1 adjacent to the small vertex s_1 with L(s_1) ≠ L(b_1). Similarly, there exists a big vertex b_2 adjacent to the small vertex s_2 with L(s_2) ≠ L(b_2).

Assume the opposite, e.g., that all the big vertices adjacent to s_1 have the list L(s_1) (the other part of the claim is symmetric). Since s_1 is adjacent to all the big vertices, all the big vertices have the same list. Let b and b^′ be two non-adjacent big vertices (they exist because the vertex s_1 is adjacent to all the six big vertices and G does not contain K_7 as a subgraph). Note that L(b) = L(b^′). Let b_0 be a big vertex different from the vertices b and b^′ which has a neighbor in S_0 (such a vertex b_0 exists by Claim 30.1).

Color now the vertices b and b^′ by the same color α ∈ L(b) = L(b^′). Extend this coloring to S_0; such an extension exists by Proposition 24 (recall that b_0 is yet uncolored). Color properly the remaining four big vertices by colors from their lists. Note that this is possible since each big vertex has degree seven and it is adjacent to both the vertices s_1 and s_2 which are not colored. Finally, color properly the vertices s_1 and s_2 from their lists. We can do this because the vertices s_1 and s_2 have degree six and two of their neighbors, namely the vertices b and b^′, are colored with the same color. Therefore, we obtain an L-coloring of G — contradiction.

Claim 30.3 There exists exactly one big vertex b_1 adjacent to the small vertex s_1 with L(s_1) ≠ L(b_1). Similarly, there exists exactly one big vertex b_2 adjacent to the small vertex s_2 with L(s_2) ≠ L(b_2).

Assume for contradiction that the vertex s_1 is adjacent to at least two big vertices with their lists different from the list L(s_1) (the other part of the claim is symmetric). Let b_2 be a big vertex adjacent to the small vertex s_2 with L(s_2) ≠ L(b_2) (such a big vertex exists by Claim 30.2). By our assumption, there exists a big vertex b_1 ≠ b_2 adjacent to the small vertex s_1 with L(s_1) ≠ L(b_1). By Claim 30.1, there exists a big vertex b_0 which is different from the vertices b_1 and b_2 and which is adjacent to a vertex of S_0.

Color the vertex b_2 by a color α_2 ∈ L(b_2) \ L(s_2). Let α_1 ∈ L(b_1) \ L(s_1). If α_1 ≠ α_2, then color the vertex b_1 by the color α_1. If α_1 = α_2, color the vertex b_1 by any color from its list different from α_1. Note that both s_1 and s_2 are adjacent to a big vertex colored with the color not contained in the lists L(s_1) and L(s_2), respectively. By Proposition 24 (note that the vertex b_0 is still not colored), we can extend this coloring to the vertices of S_0.

Color now properly the remaining four big vertices by colors from their lists. This is possible since each big vertex has degree seven and it is adjacent to both the vertices s_1 and s_2 which are not colored. Finally, color properly the vertices s_1 and s_2 from their lists. Note that the vertices s_1 and s_2 have degree six and each of them has a neighbor colored with a color not contained in its list. In this way, we obtain an L-coloring of G — contradiction.

Claim 30.4 The graph G has an L-coloring.

By Claim 30.3, the vertices s_1 and s_2 are adjacent to exactly one big vertex with a list different from L(s_1) and L(s_2), respectively. Hence, L(s_1) = L(s_2). Let b be now the unique big vertex with L(b) ≠ L(s_1). Let b_0 be a big vertex different from the vertex b which is adjacent to a vertex of S_0 (such a vertex b_0 exists by Claim 30.1).

Color the vertex b with the color α ∈ L(b) \ L(s_1) = L(b) \ L(s_2). By Proposition 24 (the vertex b_0 is still not colored), we can extend this coloring to the vertices of S_0. Color properly the remaining five big vertices by colors from their lists. Note that this is possible since each big vertex has degree seven and it is adjacent to both the vertices s_1 and s_2 which are not colored yet. Finally, color properly the vertices s_1 and s_2 from their lists. We can do this because both the vertices s_1 and s_2 are adjacent to the vertex b colored with the color α ∉ L(s_1) and L(s_1) = L(s_2). In this way, we obtain a proper L-coloring of G — contradiction.

7 Dirac’s Map-Color Theorem for Choosability for the surface Π_3

We are now ready to prove the main theorem of this paper:

Theorem 31 Let G be a graph of Euler genus three which does not contain K_7 as a subgraph. Then, G is 6-choosable.

Proof: By Lemma 9, it is enough to prove the theorem for triangulations of the surface Π_3 with minimum simple degree six which do not contain K_7 as a subgraph and in which the small vertices induce Gallai forests. Let us consider an arbitrary triangulation G of Π_3 with these properties. By Theorem 4, G contains a vertex with simple degree at least seven because G is a triangulation, in particular, it is 2-connected.

Let F be the Gallai forest induced by the small vertices in G. By Lemma 19, the number k of the components of F is at most three. If k = 0, the graph G contains no small vertices and the number of its vertices is at most six. Hence, G is 6-choosable. If k = 1, then G is 6-choosable by Lemma 26. If k = 3, then two of the components of F are isomorphic to K_1 by Lemma 21 and so G is 6-choosable by Lemma 30. It remains to consider the case that F consists of precisely two components, say H_1 and H_2. By Lemma 20, at least one of the following holds:

• H_1 or H_2 is isomorphic to K_1,

• both H_1 and H_2 are cliques of order between two and five, or

• H_1 is a clique of order between two and five, H_2 contains a vertex of degree one (or vice versa) and G contains precisely six big vertices.

In the first case, G is 6-choosable by Lemma 27, in the second case, it is 6- choosable by Lemma 28 and in the last case, it is 6-choosable by Lemma 29. This completes the proof of Theorem 31.

We can combine Theorems 2 and 31 to get the following:

Theorem 32 If G is a graph embedded on a surface of Euler genus ε ≥ 1, then the choice number of G is at most H(ε) and the equality holds if and only if G contains K_{H(ε)} as a subgraph.

References

[1] M. O. Albertson, J. P. Hutchinson: The three excluded cases of Dirac’s map-color theorem, Ann. New York Acad. Sci. 319 (1979), 7–17.

[2] T. Böhme, B. Mohar, M. Stiebitz: Dirac’s map-color theorem for choosability, J. Graph Theory 32 (1999), 327–339.

[3] O. V. Borodin: Criterion of chromaticity of a degree prescription, in:

Abstracts of IV All-Union Conf. on Theoretical Cybernetics, Novosibirsk, 1977, 127–128 (in Russian).

[4] M. Borowiecki, E. Drgas-Burchardt, P. Mihók: Generalized list colouring of graphs, Discuss. Math. Graph Theory 15 (1995), 185–193.

[5] M. Borowiecki, P. Mihók: Hereditary properties of graphs, in: Advances in Graph Theory (V. R. Kulli, ed.), Vishwa International Publication, Gulbarga, 1991, 42–69.

[6] R. Diestel: Graph Theory, Graduate texts in Mathematics Vol. 173, Springer-Verlag, 2000, New York.

[7] G. A. Dirac: Map colour theorems related to the Heawood colour formula, J. London Math. Soc. 31 (1956), 460–471.

[8] G. A. Dirac: A theorem of R. L. Brooks and a conjecture of H. Hadwiger, Proc. London Math. Soc. 7(3) (1957), 150–164.

[9] G. A. Dirac: Short proof of a map-colour theorem, Canad. J. Math. 9 (1957), 225–226.

[10] Z. Dvořák, D. Král’, R. Škrekovski: Coloring face hypergraphs on surfaces, to appear in European Journal on Combinatorics.

[11] P. Erdős, A. L. Rubin, H. Taylor: Choosability in graphs, Proc. West Coast Conf. on Combinatorics, Graph Theory and Computing, Congr. Numer. XXVI (1979), 125–157.

[12] J. Fiala, D. Král’, R. Škrekovski: A Brooks-type Theorem for the Generalized List T -Coloring, submitted. A preliminary version available as ITI report 2003-165.

[13] P. Franklin: A six-color problem, J. Math. Phys. 13 (1934), 363–369.

[14] J. L. Gross, T. W. Tucker: Topological graph theory, John Wiley & Sons, 1987, New York.

[15] P. J. Heawood: Map colour theorem, Quart. J. Pure Appl. Math. 24 (1890), 332–338.

[16] A. V. Kostochka, M. Stiebitz: A list version of Dirac’s theorem on the number of edges in colour-critical graphs, J. Graph Theory 39(3) (2002), 165–177.

[17] A. V. Kostochka, M. Stiebitz, B. Wirth: The colour theorems of Brooks and Gallai extended, Discrete Math. 162 (1996), 299–303.

[18] D. Král’, R. Škrekovski: A theorem about channel assignment problem, SIAM J. Discrete Math. 16(3) (2003), 426–437.

[19] J. Kratochvíl, Z. Tuza, M. Voigt: New trends in the theory of graph colorings: Choosability and list coloring, in: Contemporary Trends in Discrete Mathematics (from DIMACS and DIMATIA to the future), DIMACS Series in Discrete Mathematics and Theoretical Computer Science, vol. 49, Providence, 1999, 183–197.

[20] C. McDiarmid: On the span in channel assignment problems: bounds, computing and counting, Discrete Math. 266 (2003), 387–397.

[21] B. Mohar, C. Thomassen: Graphs on surfaces, The Johns Hopkins University Press, 2001, Baltimore.

[22] G. Ringel: Bestimmung der Maximalzahl der Nachbargebiete von nichtorientierbaren Flächen, Math. Ann. 127 (1954), 181–214.

[23] G. Ringel: Wie man die geschlossenen nichtorientierbaren Flächen in möglichst wenig Dreiecke zerlegen kann, Math. Ann. 130 (1955), 317– 326.

[24] G. Ringel, J. W. T. Youngs: Solution of the Heawood map-coloring problem, Proc. Nat. Acad. Sci. U.S.A. 60 (1968), 438–445.

[25] R. Škrekovski: A theorem on map colorings, Bull. Inst. Comb. Appl.

35 (2002), 53–60.

[26] C. Thomassen: Every planar graph is 5-choosable, J. Combin. Theory Ser. B 62 (1994), 180–181.

[27] Z. Tuza: Graph colorings with local constraints — a survey, Discuss.

Math. Graph Theory 17 (2) (1997), 161–228.

[28] M. Voigt: List colorings of planar graphs, Discrete Math. 120 (1993), 215–219.

[29] D. B. West: Introduction to Graph Theory, Prentice Hall (1996).

[30] J. W. T. Youngs: Minimal imbeddings and the genus of a graph, J.

Math. Mech. 12 (1963), 303–315.