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Abstra
t

We analyze a randomized pivoting pro
ess involving one line and n

points in the plane. The pro
ess models the behavior of the Random-

Edge simplex algorithm on simple polytopes with n fa
ets in dimen-

sion n�2. We obtain a tight O(log

2

n) bound for the expe
ted number

of pivot steps. This is the �rst nontrivial bound for Random-Edge

whi
h goes beyond bounds for spe
i�
 polytopes. The pro
ess itself


an be interpreted as a simple algorithm for 
ertain 2-variable lin-

ear programming problems, and we prove a tight �(n) bound for its

expe
ted runtime.
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1 Introdu
tion

Let S be a set of n points in general position in the plane (i.e., no three on

a 
ommon line), and let ` be a verti
al line whi
h is disjoint from S and

from all interse
tions of segments 
onne
ting pairs of points in S. We use

e 2

�

S

2

�

for a pair of points and e for the segment 
onv e.

1

e is 
alled an

`-edge if ` separates its endpoints.

For a non-verti
al line �, below(�) denotes the set of points from S below

�. For an edge e, we use below(e) for the set of points in S that lie below

the line 
arrying e. In fa
t, we will frequently use `below e' short for `below

the line 
arrying e'. Given an `-edge e and p 2 below(e), we use pivot(e; p)

for the unique `-edge fp; qg, q 2 e (see Figure 1(a)).

(a)

a

b

p

below(�)

�

pivot(e; p)

(b)

a

b

Figure 1: (a) The setup and (b) a pivoting sequen
e.

We are interested in the randomized pro
ess given in Figure 2 whi
h we

will 
all fast pro
ess. It �nds the unique `-edge e su
h that below(e) = ;,

given some initial `-edge fa; bg.

2

Figure 1(b) shows a possible sequen
e of edges that may arise during

the pro
ess.

The signi�
an
e of this pro
ess be
omes apparent when we interpret

it in terms of the simplex method for linear programming. It models the

1

Given a set of points S, 
onv S denotes the 
onvex hull of S.

2

\p 

random

S;" means p is 
hosen uniformly at random from the set S.
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e fa; bg;

while below(e) 6= ; do

p 

random

below(e);

e pivot(e; p);

Figure 2: Fast pro
ess.

behavior of the Random-Edge simplex algorithm on any linear program

whose feasible region is a simple n-fa
et polytope in dimension n� 2. Here,

a pivot step 
orresponds to a move from one vertex to an adja
ent vertex

along an in
ident edge 
hosen at random among the ones that improve the

obje
tive fun
tion. (Cf. the appendix for a detailed explanation.)

Despite the fa
t that Random-Edge is the most natural randomized

variant of the simplex method, and that it has re
eived 
onsiderable atten-

tion ([11℄, [16, Exer
ise 8.10

�

℄, [15, Se
tion 9.10℄, [1℄, [5℄, [13℄), nontrivial

bounds for its expe
ted performan
e 
ould only be derived for spe
i�
 in-

stan
es [5℄. In parti
ular, the 
ase of general n-fa
et polytopes in dimension

d 
ould only be handled for n = d+1 (when the polytope is a simplex|we


ome ba
k to this 
ase at the beginning of the next se
tion). If n = d+2, as

in our s
enario, only the trivial O(n

2

) bound|obtained from the maximum

number of verti
es a polytope with these parameters 
an have|was known.

In this paper, we obtain two new results. First, we prove a tight bound of

O(log

2

n) for the number of pivot steps needed by the randomized pro
ess

of Figure 2 (equivalently, by Random-Edge on an n-fa
et polytope in

dimension n � 2). This is an exponential improvement over the previous

bound.

Se
ond, we analyze a variant of this pro
ess whi
h we 
all the slow

pro
ess. Here, ea
h round 
hooses a random point among all points and

only performs a pivot step if the 
hosen point is below the 
urrent edge

(Figure 3).

From the analysis of the fast pro
ess, we get an O(n log

2

n) bound for the

expe
ted number of iterations of the slow pro
ess. We 
an prove that the

bound is a
tually �(n), making the slow pro
ess an ultimately simple and

asymptoti
ally optimal algorithm for 2-variable LP that 
an be transformed

to the following linear program (LP) in two variables k; d:

maximize d

subje
t to y

i

� kx

i

+ d; i = 1 : : : n:

(1)
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e fa; bg;

while below(e) 6= ; do

p 

random

S;

if p below e then

e pivot(e; p);

Figure 3: Slow pro
ess.

If ` is the y-axis, this is just the problem of �nding the lowest `-edge

determined by points p

i

= (x

i

; y

i

); i = 1; : : : ; n. (Every feasible solution of

the LP (1) 
orresponds to a line with all points above. The 
orresponding

value d is the height of the interse
tion point of this line with `. It follows

that the optimal line supports the unique edge of the lower 
onvex hull

interse
ting ` whi
h, therefore, must be an `-edge.) An alternative way to

look at the fast pro
ess is due to Dantzig ([3℄): he used it as the geometri


interpretation of the dual of the LP (1), 
alling it the 
olumn geometry.

Finally, we want to mention that one 
an interpret both pro
esses as

random walks on the dire
ted graph whose nodes are the `-edges, and whose

ar
s are the pairs (e; pivot(e; p)), for all `-edges e and points p below e. The

underlying undire
ted graph is what we 
all a grid graph with n

L

rows and

n

R


olumns, where n

L

(n

R

, resp.) is the number of points to the left (right,

resp.) of ` (see Figure 4(a)).

(a) (b)

Figure 4: (a) A grid graph with 3 rows and 4 
olumns and (b) the for-

bidden subgraph.

After pairing rows (
olumns) with points on the left (right) of ` in an

arbitrary fashion, every node 
orresponds to some `-edge, and the graph

re
eives its orientation. G�artner et.al. observed ([6℄, [7℄) that if su
h a grid

4



orientation is indu
ed by a line and n points, then it is a
y
li
, every sub-

grid

3

has a unique sink, and no subgrid is isomorphi
 to the graph shown

in Figure 4(b).

On the other hand, a grid orientation is 
alled admissible if it has these

properties. As shown in [7℄, any admissible grid orientation is indu
ed by a

line ` and n points in the sense that we �nd pseudolines through the pairs of

points whose relative orders along ` determine the orientation, see Figure 5.

Note that the arguments used in the proofs below are also valid in this

general setting. In fa
t, one 
an translate the proofs into pure 
ombinatorial

arguments on admissible grid orientation ([17℄).

p

1

p

2

p

3

p

5

p

6

p

1

p

2

p

3

p

5

p

6

Figure 5: A grid orientation and its realization.

2 Upper Bounds

Here we analyze the expe
ted number of pivots in the pro
ess des
ribed in

Figure 2.

Warm-up. It is instru
tive to �rst have a look at the 1-dimensional 
oun-

terpart as given in Figure 6. For that we are given a set M of real numbers,

and a 2 M . As above, this pro
ess 
an be interpreted in terms of the

simplex algorithm; this time, it models the behavior of the Random-Edge

variant on n-fa
et polytopes in dimension n� 1, hen
e on simpli
es.

It is not diÆ
ult

4

to show that the expe
ted number of while-loops

performed is exa
tly the Harmoni
 number H

m�1

, where m is the rank,

3

A graph indu
ed by all the nodes in some of the rows and 
olumns.

4

For m 2 N, let f

m

denote the expe
ted number of iterations when starting with an

element of rank m. Then f

1

= 0 and f

m+1

= 1+

1

m

P

m

i=1

f

i

. Now f

m

= H

m�1

follows.

5



r  a;

while r 6= min(M) do

r  

random

fx 2M j x < rg;

Figure 6: 1-dimensional fast pro
ess.

1+ jfx 2M j x < agj, of a in M . But we want to provide a rough estimate

in the spirit of the later analysis instead. Let X

i

, i 2 N

0

, be the random

variable for the number of iterations of the while-loop with

2

i

� jfx 2M j x < �gj < 2

i+1

(2)

for � the value of r at the beginning of the respe
tive iteration of the while-

loop. Form � 2, the random variable Z =

P

blog

2

(m�1)


i=0

X

i

gives the overall

number of exe
utions of the while-loop. E(X

i

) � 2 for all i 2 N

0

, sin
e,

whenever (2) holds, we have a 
han
e of at least

1

2

to 
hoose an element of

rank 2

i

or smaller.

Hen
e, E(Z) � 2(1 + blog

2

(m� 1)
) = O(logm).

The obvious extension of that analysis to the 2-dimensional pro
ess fails,

sin
e the number of points below edges appearing in the pro
ess os
illates.

In fa
t, the number of points below the 
urrent edge is no measure of

progress at all. This number may be 1, we pivot, and the number be
omes

as large as n� 3 (see Figure 7).

Figure 7: We thought we were so 
lose!

k-Lines as Milestones. Here is the 
ru
ial de�nition that will allow us

to measure progress. Given k 2 N

0

, a non-verti
al line � is 
alled a k-line

of S and ` if on both sides of ` there are exa
tly k points from S below �.

6



It is easy to see that every point x 2 ` is 
ontained in a k-line for some

k 2 N

0

, as long as x is disjoint from all segments 
onne
ting two points in

S. Start with a line through x that has large slope so that all points on the

right side of ` are below, and all on the left side are above. Now rotate the

line by de
reasing its slope. Eventually, we will rea
h the situation opposite

to what we started with: No points below to the right, all below to the left.

All transitions in between 
hange the number of points below on exa
tly one

side by �1. Somewhere in between we must have had a transition where

the numbers of points below were the same on both sides.

A k-line disjoint from S exists for all k,

0 � k � m := minfn

L

; n

R

g,

n

L

the number of points in S left of `, and n

R

:= n � n

L

. For ea
h i,

0 � i � blog

2

m
, �x some 2

i

-line �

i

disjoint from S. Line �

0

has to be


hosen, so that the only edge interse
ting ` below �

0

is the edge " with

below(") = ;. Moreover, let �

blog

2

m
+1

be some m-line that interse
ts `

above all `-edges (and above

5

�

blog

2

m


). The line �

i

interse
ts ` below �

j

for 0 � i < j � blog

2

m
+ 1.

�

2

�

0

�

1

�

3

Figure 8: Setting milestones.

We de�ne the random variable X

i

, i = 0; 1; : : : ; blog

2

m
, as the number

of exe
utions of the while-loop (in Figure 2) where the 
urrent segment "

interse
ts ` below �

i+1

but not below �

i

(" is the value of e at the begin-

ning of the respe
tive iteration of the while-loop). The sequen
e of these

exe
utions we 
all phase i of the pro
ess

6

. The 
areful 
hoi
e of �

0

ensures

that 
ompletion of phase 0 entails 
ompletion of the whole pro
ess. Hen
e,

Z =

P

blog

2

m


i=0

X

i

is the random variable whose expe
tation we want to

analyze.

5

This is automati
ally satis�ed, unless m is a power of 2.

6

Note that phases 
ount down during the pro
ess.
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We will show that E(X

i

) = O(log n) for all i and, hen
e,

E(Z) = O((logn)(1 + logm)) = O(log

2

n).

Analysis of a Single Phase. Fix some i, 0 � i � blog

2

m
, set k = 2

i

,

�

0

= �

i

and � = �

i+1

. So �

0

is a k-line, and there are at most 4k points below

� (a
tually exa
tly, unless i = blog

2

m
). We have an edge interse
ting ` not

below �

0

but below �, and the phase starts. The phase ends whenever we

rea
h an edge that interse
ts ` below �

0

. Note that for every edge o

urring

in the phase, one endpoint has to be below � (sin
e the edge interse
ts `

below �) and there is an endpoint above �

0

(sin
e otherwise, we are already

in a new phase).

A few words on what we are heading for. We further split phase i into

strokes. A stroke starts after we have sampled a point in below(�)[below(�

0

)

(or at the very beginning of the phase) and it �nishes after another point in

below(�)[below(�

0

) is 
hosen (this in
ludes the event that the phase ends);

thus, any stroke in the phase terminates with a point in below(�)[below(�

0

).

If N is the number of strokes, then we 
an write X := X

i

as

X = Y

1

+ Y

2

+ � � �+ Y

N

where Y

j

is the number of iterations of the jth stroke. Note that N itself is

a random variable. (For j > N we set Y

j

= 0.) We will show that

(i) E(Y

j

jj � N) = O(log n) for all j, and

(ii) E(N) = O(1).

It follows that E(X) = O(log n):

E(X) =

1

X

j=1

O(log n)

z }| {

E(Y

j

jj � N) Pr(j � N)

= O(log n)

1

X

j=1

Pr(j � N)

= O(log n) E(N) : (3)

As for the points sampled from below(�) [ below(�

0

) we distinguish

several 
ases depending on where the respe
tive new point pivoted into the

8




urrent edge lies. We will see that ea
h of these situations is more or less

promising in our goal to es
ape this phase.

Here are the steps in our reasoning: At any time during the phase, the

following four 
laims hold.

Claim 1. The expe
ted number of pivots until we sample a new point in

below(�)

is at most 2 log

2

n.

Proof. At least one of the two endpoints of the 
urrent edge has to be

below �. So in a 
ontiguous subsequen
e where the new point is always


hosen above �, the other endpoint below stays the same throughout this

sequen
e. We denote this point by q. If we order the points on the other

side of ` a

ording to their visibility from q, we get almost the situation as

in the one-dimensional pro
ess des
ribed in Figure 6. In fa
t, there are two

di�eren
es whi
h 
an only improve our expe
tations: We terminate not only

in the lowest point but also in k� 1 other points. In ea
h step we may also

sample on q's side of `, in whi
h 
ase we immediately terminate (we have

surely sampled below �). Hen
e, the expe
ted length of su
h a subsequen
e

is at most

7

2 log

2

n.

Sin
e any new point sampled in below(�) starts a new stroke, this also

establishes our 
laim (i) from above: the expe
ted number of iterations

during a stroke is O(log n).

Claim 2. Conditioned on the event that we sample a point in

below(�) [ below(�

0

) ;

the point will be in

below(�

0

)

with probability at least

1

5

.

Proof. Sin
e all edges in this phase interse
t ` not below �

0

it follows: For

one side of `, all k points below �

0

must also lie below the line through the


urrent edge. That is, at least k points below �

0

are also below the line

through the 
urrent edge. On the other hand, at most 5k points are below

� or �

0

. This holds, sin
e jbelow(�)j � 4k, jbelow(�

0

)j = 2k, and on one

side of `, all k points below �

0

are also below �.

7

Even H

n�m�1

is true.
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Claims 1 and 2 
ombined assure that we rea
h a point below �

0

within

an expe
ted number of at most 10 log

2

n steps.

So what happens after we see su
h a point p below �

0

? Two 
ases have

to be distinguished, depending on whether p is also below � or not.

q

p

�

�

0

Figure 9: p 2 below(�

0

) n below(�):

Claim 3. If an endpoint p of the 
urrent edge is in

below(�

0

) n below(�) ;

then the next point sampled below � or �

0

will be in

below(�) \ below(�

0

)

with probability at least

1

5

.

Proof. Two relevant 
on
lusions right away (see Figure 9): (i) Sin
e p is

not below � and below �

0

, while �

0

interse
ts ` below �, the lines � and �

0

must interse
t on p's side. (ii) Sin
e p is not below �, the other endpoint q

of the 
urrent edge has to be below �.

Before q 
an be substituted by a point not below �, the other endpoint

has to be below �. That is, when we �rst sample a point below � or �

0

,

point q is still in the edge. Therefore, the 
urrent edge 
onne
ts q to a point

below the edge fp; qg, above �

0

. So the line 
arrying this edge must interse
t

�

0

on p's side. But then, on q's side, all k points below �

0

are also below

the then 
urrent edge.

Moreover, on q's side, all points below �

0

are also below � (sin
e these

lines interse
t on the other side). So, summing up, the k points below �

0

are

both below the 
urrent edge and below �, and they are at disposal, when

we sample a point below � or �

0

. The 
laim follows.

10



Claim 4. If an endpoint p of the 
urrent edge is in

below(�) \ below(�

0

) ;

then the next point sampled below � or �

0

will be in

below(�

0

) on the side opposite to p

with probability at least

1

5

.

Proof. If p is substituted in a pivot, it must be substituted by a point below

� or �

0

. This holds, sin
e on p's side of `, everything below the 
urrent edge

has to be below � or �

0

(see Figure 10). As a 
onsequen
e, until the �rst

’λ ’λ ’λ
p p

p

λ λλ

Figure 10: p 2 below(�

0

) \ below(�):

pivot with a point below � or �

0

, point p is still an endpoint of the edge.

But sin
e p is below �

0

, on the opposite side everything below �

0

is also

below the 
urrent edge. So there are at least k good 
hoi
es, and at most

5k 
hoi
es of points below � or �

0

.

Claim 4 entails that on
e we have 
hosen a point below �

0

and �, then

{ with probability at least

1

5

{ the next point 
hosen below � or �

0

will

terminate the phase.

To 
omplete the argument, we look at the sequen
e of points from

below(�) [ below(�

0

) that are pivoted into the 
urrent edge. Re
all that

these are exa
tly the points that terminate the strokes of a phase (ex
ept

for the last one). If we 
an show 
laim (ii) from above, i.e. that the expe
ted

length of this sequen
e is at most some 
onstant 
, then the expe
ted length

of the whole sequen
e is at most 2
 log

2

n due to Equation 3. Ea
h point in

11



this sequen
e is 
lassi�ed depending on whether it lies in

Class 0: below(�) n below(�

0

)

Class 1: below(�

0

) n below(�)

Class 2: below(�

0

) \ below(�)

Every point in the sequen
e 
onsidered is in Class 0, 1, or 2. If we have a

point in Class 0, the next will be in Class 1 or 2 with probability at least

1

5

(by Claim 2). If we have a point in Class 1, the next will be in Class 2

with probability at least

1

5

(by Claim 3). (All of this of 
ourse 
onditioned

on the event that a next point exists at all, i.e. the phase hasn't stopped

already.) Finally, if we are in Class 2, it is the last point in the sequen
e

with probability at least

1

5

(by Claim 4).

Now we estimate the expe
ted length of the sequen
e by the Markov


hain

8

depi
ted in Figure 11, with four states

start = 0; 1; 2; and 3 = stop;

and the indi
ated transition probabilities.

1/51/51/5
4/5 start stop

4/5

4/5

1 20 3

Figure 11: A pessimisti
 Markov 
hain.

On one hand, it is easy to 
al
ulate that the expe
ted number of steps

from start to stop is 155. On the other hand, the 
hain and our sequen
e


an be 
oupled so that whenever the 
hain is in state s 2 f0; 1; 2; 3g, then

the 
orresponding point in the sequen
e in Class t � s, or the sequen
e has

ended already. Hen
e, we have shown that the expe
ted number of pivots

in a single phase is bounded by 310 log

2

n, and the theorem follows.

Theorem 1 The expe
ted number of pivots in the pro
ess de�ned in Fig-

ure 2 is at most

O((log n)(1 + logm)) = O(log

2

n);

where n is the number of points, and m is the smaller of the numbers of

points on the two sides of the line.

8

It simulates a biased 
oin with su

ess probability

1

5

and 
ounts the number of

experiments until we have three 
onse
utive su

esses.

12



The Slow Pro
ess. If we 
onsider the pro
ess in Figure 2 as an algo-

rithm, it remains to spe
ify how to sample from below(e). It is perhaps

worthwhile to mention on the side, that if we 
an sample eÆ
iently (say in

time logarithmi
 in n), then the pro
ess gives a polynomial time algorithm

even for exponential size sets. If we sample in the obvious way in O(n) time,

then this gives us an O(n(log n)

2

) algorithm. On that we 
an improve by

looking at the alternative slow pro
ess

9

in Figure 3. The number of pivots

has the same distribution as the pro
ess in Figure 2. Here we analyze the

number of iterations of the while-loop. To that end, de�ne phases as previ-

ously done. Re
all that in phase i, the 
urrent edge interse
ts ` not below

the 2

i

-line �

i

.

Claim 5. For ea
h i, the expe
ted number of iterations in phase i is at

most O(

n

2

i

).

Proof. Divide phase i into strokes as we did it before. That is, a stroke is

ended, whenever we sample a point in

(below(�

0

) [ below(�)) \ below(");

(" the 
urrent value of e), or when the phase ends.

In phase i, there are always at least 2

i

points from below(�

0

) that lie

below the 
urrent edge (on some side of `, all points below �

i

are also below

the 
urrent edge). That is, at any point, we sample a point resulting in

the termination of the stroke with probability at least

2

i

n

. Therefore, the

expe
ted number of iterations in a stroke is at most

n

2

i

. The number of

strokes is, of 
ourse, the same as in the slow pro
ess; its expe
tation is


onstant. The 
laim follows.

Theorem 2 The expe
ted number of iterations of the pro
ess de�ned in

Figure 3 is

�(n)

where n is the number of points, unless the starting edge fa; bg is already

the lowest `-edge.

Proof.

P

blog

2

m


i=0

n

2

i

< 2n and so the upper bound follows from Claim 5. If

fa; bg is disjoint from the lowest `-edge, a lower bound of

3

2

n is obvious, sin
e

9

The `below(e) 6= ;'-test 
an be made on
e in n rounds only, thus 
ausing amortized


onstant 
ost. Or, after every pivot, we 
an go through all points in random order

(without repla
ement) until we �nd the �rst point in below(e); if no su
h point is found,

we are done. Compared to the `pure version', this 
an only speed up the pro
edure.

13



on the average it takes that long until we have sampled both endpoints of

the lowest edge at least on
e. Even if fa; bg 
ontains exa
tly one of the two

endpoints of the lowest `-edge, we still need n steps on the average before

we meet the other endpoint for the �rst time. The lower bound follows.

The 
oupon 
olle
tor analysis (
f. [9, Exer
ise 3.13℄) tells us that it

takes �(n logn) iterations until we expe
t to have sampled ea
h point at

least on
e. The pro
ess analyzed �nds the lowest `-edge mu
h before all

points have been seen at least on
e.

3 A Lower Bound

We prove a lower bound on the expe
ted number of pivot steps for 
ertain


on�gurations in the pro
ess of Figure 2. This is our 
onstru
tion: Let

` be the y-axis. We pla
e 4n points p

0

; : : : ; p

2n�1

; q

0

; : : : ; q

2n�1

onto the

lines x = �1 and x = �n in su
h a way that fp

k

jk � ng � below(fp

i

; q

j

g)

whenever j < i < n, and fq

k

jk � ng � below(fp

i

; q

j

g), whenever i < j < n;


f. Figure 12. Finally, to get general position, we slightly perturb the points.

p

1

p

2

p

n�1

p

0

q

1

q

2

q

n�1

`

q

0

p

n

p

n+1

p

n+2

p

2n�1

q

n

q

n+1

q

n+2

q

2n�1

Starting edge

Final edge

Figure 12: Instan
e for the lower bound.

Again, we divide the sequen
e of pivots into distin
t phases. We are in

phase a as long as min(i; j) = a, where i; j are the indi
es of the points

14



de�ning the 
urrent edge e.

10

We de�ne the random variables X

i

; i = 0; : : : ; n � 1, as the number

of pivots during the phase i, Z shall denote the total number of pivots

under the assumption that we start with the edge fp

n�1

; q

n�1

g. We aim to

bound the expe
ted value of Z from below, but a dire
t approa
h E(Z) =

P

n�1

i=0

E(X

i

) seems not suitable.

Conditioned on the event of 
hoosing the �rst point in fp

0

; : : : ; p

i

g [

fq

0

; : : : ; q

i

g, p

i

and q

i

are equally likely 
hosen with probability

1

2(i+1)

. This

implies that

Pr(Phase i is entered) =

�

1

i+1

for all i; 0 � i < n� 1

1 for i = n� 1:

(4)

Thus, denoting the event that phase i is entered by Ph

i

, we get

E(Z) =

n�1

X

i=0

E(X

i

) =

n�1

X

i=0

E(X

i

j Ph

i

) Pr(Ph

i

)

= E(X

n�1

j Ph

n�1

) +

n�2

X

i=0

E(X

i

j Ph

i

)

i+ 1

: (5)

Re
all that a new phase is entered whenever we 
hoose a point whose

index sets a new minimum. We say that the phase is on the left (right,

respe
tively) of ` whenever its de�ning minimum point is on the left (right,

respe
tively).

To estimate the expe
tations of the X

i


onditioned on the event that

phase i is a
tually entered we distinguish two 
ases. If phase i is on the

same side as the previous phase, we have to assume the worst: Possibly, it

is over after just one 
ip! But if the minimum swit
hed to the other side

with the beginning of phase i then n points (p

n

; : : : ; p

2n�1

or q

n

; : : : ; q

2n�1

)

are put ba
k into the game.

Using the same argument as for Equation 4, we see that the probability

that phase i does not lie on the same side with respe
t to ` as the previous

phase is

1

2

.

Let r and s denote the number of points on the left and on the right of

` below the 
urrent edge; it is easy to see that we are in phase min(r; s).

The missing pie
e is to 
ompute t

r;s

, the expe
ted number of 
ips until

we leave the 
urrent phase min(r; s). Clearly, t

r;s

= t

s;r

, so w.l.o.g. assume

10

Note that we follow the general trend: Phases 
ount down during the pro
ess.
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s � r. Then t

r;s

is monotone in r. For s < r (i.e. in parti
ular, at the

beginning of a new phase), we have at least s+ n points below the 
urrent

edge on the side of r.

The simple re
ursion

t

0;0

:= 0 ; t

r;s

= 1 +

1

r + s

r�1

X

r

0

=s

t

r

0

;s

(r + s > 0)

gives us

t

r;s

=

�

H

r

whenever s = 0

H

r+s

�H

2s

+ 1 otherwise:

Applying these observations to 5 we 
an therefore dedu
e that

E(Z) �

n�2

X

i=0

E(X

i

j Ph

i

)

i+ 1

�

n�2

X

i=0

E

�

X

i

j Ph

i

^

side of minimum


hanged

�

i+ 1

Pr

�

side of minimum


hanged

�

�

n�2

X

i=0

min

j�0

(t

i+n+j;i

)

1

2(i+ 1)

=

n�2

X

i=0

t

i+n;i

2(i+ 1)

=

H

n

2

+

n�2

X

i=1

H

n+i

�H

2i

+ 1

2(i+ 1)

�

1

2

 

n�2

X

i=0

H

n

i+ 1

�

n�2

X

i=1

H

2i

i+ 1

!

�

1

2

�

H

n�1

H

n

�

1

2

H

2

2n�3

�

where we used the simple observation

P

n�2

i=1

H

2i

i+1

�

P

2n�3

i=1

H

i

i

�1 as well

as the equality

m

X

i=1

H

i

i

=

1

2

(H

2

m

+

m

X

i=1

1

i

2

);

for a proof see [8, Equation 6.71℄.

Re
alling the well-known estimate lnn < H

n

< lnn+ 1 we 
on
lude

E(Z) �

1

4

ln

2

n+O(log n): (6)
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Theorem 3 There exist instan
es of one line and n points in general po-

sition in the plane su
h that the expe
ted number of pivot steps for the fast

pro
ess des
ribed in Figure 2 satis�es the following bound:

E(Z) �

1

4

ln

2

n+O(log n):

As an en
ore we would like to des
ribe (without proof) another notewor-

thy instan
e for whi
h the same asymptoti
 lower bound holds: Let ` be the

y-axis. We pla
e 2n points p

0

; : : : ; p

n�1

; q

0

; : : : ; q

n�1

onto the graph of the

fun
tion y = f(x) = log jxj su
h that x

p

i

< x

p

j

< 0 < x

q

j

< x

q

i

for any i <

j < n. Furthermore, and most importantly, fp

j

jj 6= ig � below(fp

i

; q

i

g),

and fq

j

jj 6= ig � below(fp

i+1

; q

i

g), 
f. Figure 13.

Note that there exists a sequen
e of pivots whi
h visits all possible `-

edges! That is, there are simple (n � 2)-polytopes with n fa
ets where we


an pivot through all verti
es in a monotone fashion (w.r.t. some linear

fun
tion).

p

2

p

1

p

0

p

3

q

2

q

1

q

0

`

q

3

Figure 13: Another instan
e for the lower bound.
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APPENDIX: The relationship between Random-Edge

and the Fast Pro
ess

We want to show that there is a one-to-one 
orresponden
e between the

verti
es of a simple n�2-polytope with n fa
ets and the `-edges of a suitable

point 
on�guration in the plane, with the properties that

(i) the order of the verti
es (a

ording to a given generi
 linear fun
tion)

mat
hes the order of the 
orresponding `-edges along `, and

(ii) any pair of adja
ent verti
es 
orresponds to a pair of `-edges that share

one endpoint.

Theorem 4 below establishes su
h a 
orresponden
e. (A
tually, it will more

generally relate n-fa
et polytopes in dimension d to point 
on�gurations in

n� d-spa
e).

Under this 
orresponden
e, a Random-Edge pivot step on the polytope

be
omes a pivot step in the fast pro
ess applied to the point 
on�guration


orresponding to the polytope, and vi
e versa. In parti
ular, the expe
ted

runtime (number of pivot steps) of Random-Edge, starting at some vertex

v, equals the expe
ted length of the fast pro
ess, starting from the `-edge


orresponding to v.

Consider the following generalisation of the pro
ess de�ned in Figure 2

to arbitrary dimensions:

Let S be a set of n points in general position in R

d

(i.e. no d+ 1 on a


ommon hyperplane), and let ` be a verti
al line whi
h is disjoint from S

and from all interse
tions of hyperplanes indu
ed by points of S.

The 
onvex hull of a d-tuple s 2

�

S

d

�

de�nes a d� 1-simplex, denoted by

s. below(s) denotes the set of points from S that lie below the hyperplane

spanned by s.

We are only 
on
erned with the simpli
es interse
ted by `, whi
h we 
all

`-simpli
es. Note, that given some `-simplex s and a point p 2 below(s),

there is a unique point q 2 s, su
h that the simplex t given by the d�tuple

s [ p n q is a
tually an `-simplex, and we de�ne pivot(e; p) := t.

So the Fast Pro
ess given in Figure 2 
an be generalized to the random-

ized pro
ess below. It �nds the unique `-simplex s with below(s) = ;, given

some initial `-simplex fp

1

; : : : ; p

d

g.

Consider a simple polytope P of dimension d with n � d + 1 fa
ets,

along with a generi
 linear fun
tion x ! 


T

x, where 
; x 2 R

d

. We will

now show that Random-Edge on P is equivalent to the pro
ess given in

20



s fp

1

; : : : ; p

d

g;

while below(s) 6= ; do

p 

random

below(s);

s pivot(s; p);

Figure 14: The fast pro
ess generalized.

Figure 14 on some 
on�guration of n points and one line in dimension n�d.

The problem of maximizing 


T

x over P 
an be written as

(LP) maximize 


T

x

subje
t to Ax � b;

(7)

where A is an n � d-matrix, b an n-ve
tor, and fAx � bg a bounded set

with some interior point.

Lemma 1 There exists a stri
tly positive n-ve
tor ~y su
h that ~y

T

A = 0.

Proof. From the fa
t that fAx � bg is bounded, it follows that the linear

program

(LP') maximize �

1

+ � � �+ �

n

subje
t to Ax � b�

0

B

�

�

1

.

.

.

�

n

1

C

A

�

i

� 0; i = 1; : : : ; n

(8)

is bounded; be
ause (LP') is also feasible (set �

i

= 0; i = 1; : : : ; n), it has

an optimal solution.

Then, by the LP duality theorem (
f. [2, Chapter 9℄), the dual problem

(LP'

�

) minimize b

T

y

subje
t to A

T

y = 0;

y

i

� 1; i = 1; : : : ; n

(9)

has an optimal solution, in parti
ular a feasible solution. Any su
h feasible

solution ~y is a ve
tor with the required properties.

Assumption 1. For A; b in (7), we 
an assume the following without loss

of generality (in parti
ular, without 
hanging the behavior of Random-

Edge on (7)):
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(i) The rows of A sum up to 0. This is a
hieved via Lemma 1, by a

suitable s
aling of the 
onstraints in (7) by positive multiples.

(ii) Any set of d rows of A is linearly independent. For this, we apply a

slight perturbation to A.

(iii) b > 0. This is obtained by translating P in su
h a way that 0 is an

interior point.

Lemma 2 Consider the (n+ 1)� (d+ 1)-matrix

H :=

�

A �b




T

0

�

: (10)

There exists an (n� d) � (n + 1)-matrix B of full row rank with BH = 0,

su
h that the 
olumns of B are in general position when interpreted as points

in R

n�d

.

(We will spe
ify our general position requirements below.)

Proof. The 
olumns of H are ve
tors in R

n+1

, spanning a subspa
e of di-

mension at most d+ 1. The orthogonal dual of this subspa
e has therefore

dimension at least n� d. Choose n� d linearly independent ve
tors in the

orthogonal dual to obtain the rows of B. The prior perturbation of A (we

may even perturb H) also lets us 
hoose B in su
h a way that it assumes

any desired general position.

11

We need some terminology. For a matrix M and index set I , M

I

(M

I

,

respe
tively), denotes the submatrix 
onsisting of all rows (
olumns, respe
-

tively) with indi
es in I . For B as above, let p

i

2 R

n�d

denote the point


orresponding to the i-th 
olumn of B, and de�ne

�

I

:= fp

i

; i 2 Ig:

Theorem 4 Let A; b;B be as above, 
onsider I � [n℄; jI j = d and set

�

I :=

[n℄ n I. Moreover, let ~x := A

�1

I

b

I

(whi
h exists by Assumption 1(ii)) and


hoose 
 2 R.

The following two statements are equivalent.

(i) ~x is a vertex of P with obje
tive fun
tion value 
.

11

Essentially, we apply the Gale dual transform (
f. [14℄, [18℄) to the verti
es of the

polar dual of the polytope P adjoined by the ve
tor 
 de�ning the obje
tive fun
tion.
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(ii) The relative interior of 
onv�

�

I

interse
ts the line ftp

n+1

g in a unique

point, at value t = 
=

P

i

b

i

.

Proof. Using Lemma 2, we 
an �rst argue that

0 = BH

�

~x

1

�

= B

I

(A

I

j � b

I

)

�

~x

1

�

| {z }

0

+B

�

I

(A

�

I

j � b

�

I

)

�

~x

1

�

+B

fn+1g

(


T

j0)

�

~x

1

�

= B

�

I

(A

�

I

j � b

�

I

)

�

~x

1

�

+ 


T

~xp

n+1

:

With

� =

0

B

�

�

1

.

.

.

�

n

1

C

A

:= �(A j � b)

�

~x

1

�

it follows that




T

~xp

n+1

=

X

i2

�

I

�

i

p

i

; (11)

where

X

i2

�

I

�

i

= (�1; : : : ;�1)(A j � b)

�

~x

1

�

= (0 j

X

i

b

i

)

�

~x

1

�

=

X

i

b

i

> 0:

The se
ond equality is Assumption 1(i), and the �nal inequality follows from

Assumption 1(iii). So, we may s
ale (11) by 1=

P

i

b

i

, obtaining




T

~x

P

i

b

i

p

n+1

=

X

i2

�

I

�

i

p

i

;

X

i2

�

I

�

i

= 1; (12)

where �

i

=

�

i

P

i

b

i

. If statement (i) of the theorem holds, i.e. ~x is a vertex

with 


T

~x = 
, then

(A

�

I

j � b

�

I

)

�

~x

1

�

< 0
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by simpli
ity of P , whi
h implies �

i

> 0 in (11) and �

i

> 0 in (12). Hen
e,

the point




T

~x

P

i

b

i

p

n+1

=




P

i

b

i

p

n+1

is a 
onvex 
ombination of the points in �

�

I

as des
ribed by (12). Statement

(ii) follows when we assume that p

n+1

6= 0 and that the line ftp

n+1

g is

disjoint from all aÆne spa
es spanned by less than n � d of the points in

�

[n℄

. In fa
t, these are requirements on the `general position' in Lemma 2.

Now assume that statement (ii) holds and that the set �

�

I

is aÆnely

independent (our �nal general position requirement). In this 
ase, there are

unique values �

i

> 0 su
h that




P

i

b

i

p

n+1

=

X

i2

�

I

�

i

p

i

;

X

i2

�

I

�

i

= 1:

Be
ause the line spanned by p

n+1

interse
ts 
onv�

�

I

in a single point, there

is no other value of 
 for whi
h the previous equation 
an be satis�ed.

Therefore, there are unique values 
; �

i

> 0 with


p

n+1

=

X

i2

�

I

�

i

p

i

;

X

i2

�

I

�

i

=

X

i

b

i

: (13)

On the other hand, by the above 
omputations, the values


 := 


T

~x;

�

i

:= �(A

i

j � b

i

)

�

~x

1

�

satisfy equation (13), so they are the desired unique values. It follows that

(A

�

I

j � b

�

I

)

�

~x

1

�

< 0;

and ~x is a vertex with 


T

~x = 
, proving (i).

It is easy to see that for d = n�2 the 
orresponden
e ~x$ �

�

I

established

by the theorem satis�es properties (i) and (ii) from the beginning of this

appendix, thus 
ompleting the argument.
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