
Antisymmetri
 
ows on planar graphs

T.H.Marshall

�

Abstra
t

We prove that every oriented planar graph admits a homomor-

phism to the Paley tournament P (271) and hen
e that every oriented

planar graph has an antisymmetri
 
ow number and a strong oriented


hromati
 number of at most 271.

1 Introdu
tion

Let G = (V;E) be an oriented graph (that is a digraph with no opposite

edges) and M an abelian group. An M -antisymmetri
 
ow (M -ASF) on G

is a 
ow f : E ! M for whi
h no two ar
s e and e

0

take opposite values

f(e) = �f(e

0

). In parti
ular, setting e = e

0

gives that every M -ASF is a

nonzero 
ow. This notion arose initially as a dual 
on
ept to that of oriented


olorings or the equivalent idea of orientation preserving homomorphisms.

[3℄, [5℄ (the exa
t duality is given in Theorem 3 below).

Two 
onditions are evidently ne
essary for the existen
e of an M -ASF

on G; G 
annot have an isthmus (whi
h ex
ludes any nonzero 
ow) or an

oriented 2-
ut (a 2-
ut in whi
h both ar
s are oriented in the same dire
tion),

sin
e on su
h a 
ut every 
ow must takes opposite values on the two ar
s.

These 
onditions are also suÆ
ient and in fa
t we have

Theorem 1 ([1℄) Every oriented graph without an isthmus or an oriented

2-
ut has a ZZ

3

3

� ZZ

6

6

-ASF.

The antisymmetri
 
ow number of an oriented graph G is the least jM j

for whi
h G admits an M -ASF. Thus the above shows that every oriented

�
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graph without obvious obstru
tions has antisymmetri
 
ow number at most

3

3

� 6

6

= 157464. It is known that for oriented planar graphs this bound


an be redu
ed to 672 [4℄. This is a 
onsequen
e of more general results

bounding the antisymmetri
 
ow number in terms of the a
y
li
 
hromati


number. Here we prove

Theorem 2 Every oriented planar graph without an isthmus or an oriented

2-
ut has a ZZ

271

-ASF.

This result is a 
onsequen
e of the next two theorems. If M is an abelian

group and B � M with B \ �B = ; we de�ne an oriented graph C

B

by

letting V (C

B

) be the group generated by B and E(C

B

) = f(v; w)j w � v 2

Bg. Thus C

B

is an oriented Cayley graph. Our de�nitions ensure that C

B

has no loops or opposite ar
s.

The following result is a straightforward 
onsequen
e of the de�nitions

and the standard proof of 
ow-
oloring duality

Theorem 3 An oriented planar graph G has an M-ASF if and only if its

dual G

?

admits a homomorphism to C

B

for some B �M with B\�B = ;.

If M = ZZ

p

with p � 3 mod 4 and B is the set of nonzero quadrati


residues mod p, then C

B

is the Paley tournament P (p). In the remainder

of the paper we prove

Theorem 4 Every planar graph admits a homomorphism to P (271),

whi
h, together with Theorem 3, gives Theorem 2. This theorem also gives

dire
tly a bound of 271 for the strong oriented 
hromati
 number of a planar

graph [3℄.

2 R

k

graphs

Although we will be 
on
erned with oriented graphs, the terms in this se
-

tion for are de�ned for general digraphs. Let G = (V;E) be a digraph. For

A � V , we de�ne in

G

(A) (resp. out

G

(A)) to be the set of verti
es whi
h

have an ar
 from (resp. to) every vertex of A. In parti
ular observe that

(va
uously) in

G

(;) = out

G

(;) = V . For v 2 V , d

G

(v) denotes the degree of

v in G (ignoring orientations). For a digraph G and vertex sets A and B

we de�ne a fun
tion � by

�

G

(A;B) = jin(A) \ out(B)j:
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We will usually omit the subs
ript G in these notations when the digraph

G is 
lear from 
ontext. De�ne an digraph G to be n-tuply R

k

if

�(A;B) � n 8A;B � V with A \ B = ;; jAj+ jBj � k; (1)

When jGj � k, the last inequality in (1) 
an be repla
ed by an equation.

We do not use the following result in the sequel.

Lemma 5 If n � 1 and G is n-tuply R

k

, then it is (n+ k)-tuply R

k�1

.

Proof:- Suppose that G is n-tuply R

k

and let A;B be disjoint subsets of

V with jAj + jBj � k � 1. Let W be a subset of in(A) \ out(B) 
hosen to

have either k or the maximum possible number of elements, whi
hever is

smaller.

Sin
e G is n-tuply R

k

, there is some vertex v 2 out(W ). Again by the

n-tuple R

k

property, in(A) \ out(B [ fvg) has at least n elements and this

set is disjoint fromW . Hen
e jW [(in(A)\out(B[fvg)j � jW j+n, When
e

jW j = k and jin(A) \ out(B)j � n+ k. �

Remarks: If G is n-tuply R

k

then 
learly V (G) must have some subset

S of k elements and, for ea
h partition S = S

1

[S

2

, jin(S

1

)\ out(S

2

)j � n.

Sin
e these sets are disjoint from ea
h other and from S we 
on
lude jGj �

k+n2

k

. In 
onjun
tion with the above lemma this shows that an R

k

graph

has at least k� 1+ (k+1)2

k�1

verti
es. For k = 2; 3; 4; 5 we get bounds of

7, 18, 43 and 100 respe
tively. The �rst of these is sharp (P (7) is R

2

). The

graph P (19) is R

3

and we 
an show that there is no 4-tuply R

2

(and hen
e

no R

3

) graph of order 18. If su
h a graph existed then the matrix obtained

from its in
iden
e matrix by substituting ones on the diagonal would be a

Hadamard matrix of order 18, whi
h is impossible.

Sopena [5℄ has introdu
ed a very similar notion to (1-tuple) R

k

. He

de�nes a graph to be T

k

if, in our terminology, �(A;B) > 0 for every pair

of disjoint sets (A;B) for whi
h A[B indu
es a 
lique. Of 
ourse these two

de�nitions 
oin
ide for tournaments.

We de�ne

E

k;n

= f(A;B) j A;B � V; A \ B = ;; jAj+ jBj = k; �(A;B) < ng;

so that (if jGj � k) G is n-tuply R

k

exa
tly when E

k;n

= ;. It is useful

to 
onsider graphs for whi
h are \almost" n-tuply R

k

, that is when E

k;n

is

small.
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For a sequen
em

1

; : : :m

i

of nonnegative integers, we de�ne E

k;n

[m

1

; : : :m

i

℄

(0 � i � k) indu
tively by E

k;n

[ ℄ = E

k;n

and, for i > 0,

E

k;n

[m

1

;m

2

; : : :m

i

℄ = f(A;B) j A;B � V; A \ B = ;; jAj+ jBj = k � i;

max[ jfx 2 V n (A [ B) j (A [ fxg; B) 2 E

k;n

[m

1

;m

2

; : : :m

i�1

℄gj;

jfx 2 V n (A [ B) j (A;B [ fxg) 2 E

k;n

[m

1

;m

2

; : : :m

i�1

℄gj ℄ � m

i

g

In the next se
tion we prove

Lemma 6 For G = P (271), E

4;9

= E

5;1

[3℄ = E

5;2

[5℄ = ;,

and investigate the set E

5;1

[2; 2℄.

3 Computations

The 
omputations ne
essary to prove our results are greatly redu
ed by the

symmetry of the Paley tournaments. If G is an oriented graph, A � V (G)

and  is a permutation of V (G), then we de�ne  (A) = f (v)j v 2 Ag.

If su
h a permutation preserves (reverses) the dire
tion of ar
s then it is

an (anti-) automorphism of G. If, for some for some automorphism  ,

B =  (A), then we say that A and B are equivalent and write A � B.

Similarly for ordered pairs of vertex sets we de�ne (A

0

; B

0

) � (A;B) to

mean A

0

=  (A) and B

0

=  (B) for some automorphism  .

If  is an automorphism and � is an antiautomorphism of G then 
learly

�(A;B) = �( (A);  (B)) = �(�(B); �(A)):

An easy indu
tion then gives

Lemma 7 If  is an automorphism and � is an antiautomorphism of G,

then

(A;B) 2 E

k;n

[m

1

;m

2

; : : :m

i

℄

() ( (A);  (B)) 2 E

k;n

[m

1

;m

2

; : : :m

i

℄

() (�(B); �(A)) 2 E

k;n

[m

1

;m

2

; : : :m

i

℄:

In P (p) the map �(v) = av + b, where a; b 2 ZZ

p

, a 6= 0 is an (anti)

automorphism if a is a (non) quadrati
 residue. The automorphism group

is ar
 transitive and so, in parti
ular, there is an automorphism mapping

any two distin
t verti
es to f0; 1g.
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It follows from this and Lemma 7 that, when G = P (271) and k �

i � 3, every (A;B) 2 E

k;n

[m

1

;m

2

; : : :m

i

℄ is equivalent to either (A;B) or

(�B;�A) where jAj � jBj and f0; 1g � A. Thus to prove the �rst equation

of Lemma 6 (E

4;9

= ;), it suÆ
es to show that �(A;B) � 9 for disjoint pairs

(A;B) of the form (f0; 1g; fx; yg), (f0; 1; xg; fyg) and (f0; 1; x; yg; ;). This

is readily veri�ed by a ma
hine 
omputation.

We now de�ne subsets

~

E

5;n

[m

1

; : : :m

i

℄ of ea
h E

5;n

[m

1

; : : :m

i

℄ with 0 �

i � 2 by

~

E

5;n

[m

1

; : : :m

i

℄ = f(A;B) j (A;B) 2 E

5;n

[m

1

; :;m

i

℄; jAj � jBj��; f0; 1g � Ag;

where � = 1 for i = 0, � = 0 for i > 0. We set

~

E

5;n

=

~

E

5;n

[ ℄. Every (A;B) 2

E

5;n

[m

1

; :;m

i

℄ with jAj � jBj is thus equivalent to a pair in

~

E

5;n

[m

1

; : : :m

i

℄.

For i = 1; 2,

~

E

5;n

[m

1

; : : :m

i

℄ is 
learly just the set of pairs of disjoint

vertex sets (A;B) for whi
h jAj+ jBj = 5� i, jAj � jBj, f0; 1g � A and at

least one of the sets

fx j (A [ fxg; B) 2

~

E

5;n

[m

1

; : : :m

i�1

℄g

or

fx j (A;B [ fxg) 2

~

E

5;n

[m

1

; : : :m

i�1

℄g

has m

i

or more elements.

For G = P (271), a routine ma
hine 
al
ulation gives

~

E

5;1

. It 
ontains

20, 60, 138 and 10 pairs with jAj = 2; 3; 4 and 5, respe
tively. Similarly

~

E

5;2


ontains 258, 774, 912 and 480 pairs with jAj = 2; 3; 4 and 5, respe
tively.

Now

~

E

5;n

[m℄ is given expli
itly as the union of the sets

1. f(f0; 1g; fa; bg) j fa; bg � B for m or more pairs (A;B) in

~

E

5;n

with

jAj = 2 or for m or more pairs (A;B) in

~

E

5;n

with jAj = 3

2. f(f0; 1; bg; fag) j a 2 B and b 2 A for m or more pairs (A;B) in

~

E

5;n

with jAj = 3 or for m or more pairs (A;B) in

~

E

5;n

with jAj = 4

3. f(f0; 1; a; bg; ;) j fa; bg � A for m or more pairs (A;B) in

~

E

5;n

with

jAj = 4 or for m or more pairs in

~

E

5;n

with jAj = 5

Using this, a further ma
hine 
omputation shows that

~

E

5;1

[3℄ =

~

E

5;2

[5℄ =

; and hen
e that E

5;1

[3℄ = E

5;2

[5℄ = ;. This 
ompletes the proof of Lemma

6.

We �nish the se
tion by 
al
ulating

~

E

5;1

[2; 2℄, whi
h we will use in the

proof of Lemma 10 in the next se
tion. Firstly, a 
omputation shows that

~

E

5;1

[2℄ 
ontains the following 32 pairs.
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1. (f0; 1g; f104; 232g), (f0; 1g; f186; 222g).

2. (f0; 1; xg; fyg) for ea
h of the following (x; y): (14,149),(15,253),

(19,219), (26,59), (29,104), (29,203), (29,265), (50,117),(51,124),

(56,5), (58,18), (65,24), (86,243), (94,207), (103,127), (106,21),

(121,63), (147,73), (168,203), (192,246), (199,30), (202,5),

(213,30), (248,59).

3. f(f0; 1; 14; 262g; ;), f(f0; 1; 28; 192g; ;), f(f0; 1; 106; 147g; ;),

f(f0; 1; 123; 242g; ;), f(f0; 1; 142; 248g; ;), f(f0; 1; 213; 251g; ;).

when
e in turn

~

E

5;1

[2; 2℄ = f(f0; 1; 29g; ;)g[ f(f0; 1g; fxg) j x 2 f5; 30; 59; 203gg : (2)

The four pairs in the se
ond set are equivalent to

(f276; 277g; f0g); (f241; 242g; f0g); (f212; 213g; f0g); (f68; 69g; f0g); (3)

respe
tively, and any pair of the form (fx; yg; f0g) in E

5;1

[2; 2℄ must be a

nonzero quadrati
 multiple of one of these. In the �rst pair neither of the

residues in the �rst set are quadrati
 and in the other pairs both are. We

will use these observations later.

4 Redu
ible Con�gurations

A 
on�guration is an unoriented graph C together with a fun
tion � from a

subset of its verti
es to IN. An oriented graph G 
ontains a 
on�guration C

if for some orientation

~

C of C, there is an imbedding � of

~

C into H for whi
h

d

H

(�(v)) = �(v) for all v in the domain of �. When de�ning 
on�gurations,

the term degree of a vertex v will always refer to �(v).

A 
on�guration is redu
ible with respe
t to an oriented graphH if, when-

ever oriented graph G 
ontains it and maps homomorphi
ally to H , then

there is a smaller oriented graph G

0

whi
h also maps homomorphi
ally to

H .

Lemma 8 Let m;m

1

;m

2

� 1 and let H be an oriented graph for whi
h

jH j � 5 and E

4;m

= E

5;1

[m

1

℄ = E

5;2

[m

2

℄ = ;.

Let W be the 
on�guration 
onsisting of a wheel with 
entral vertex v of

degree n having mutually disjoint vertex sets V

i

, (4 � i � 6), not all empty,
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none of whi
h 
ontain v, su
h that the verti
es in V

i

have degree i, no two

verti
es of V

6

are adja
ent, every vertex in z 2 V

6

is adja
ent to a vertex

w = w(z) 6 2V

4

[ fvg of degree 4, the mapping z ! w(z) is inje
tive,

jV

4

j+m

1

jV

5

j+m

2

jV

6

j � m� 1 (4)

and

jV

4

j+ jV

5

j+ 2jV

6

j � n� 4; (5)

then W is redu
ible with respe
t to H.

Proof:- Let G be a planar graph 
ontaining the 
on�guration W . We

suppose for a 
ontradi
tion that G is of smallest order not admitting a

homomorphism to H . Let V

0

4

= fw(z) j z 2 V

6

g. By assumption, every

z 2 V

6

is adja
ent to w(z). We assume temporarily that, apart from this,

no two verti
es of V

4

[ V

5

[ V

6

[ V

0

4

are adja
ent.

We �x some notation. Throughout the proof, x, y and (w; z) will denote,

respe
tively, verti
es in V

4

, verti
es in V

5

and adja
ent pairs z 2 V

6

and,

w = w(z). We let V

4;6

denote the set of all su
h pairs. For x 2 V

4

we let

v, x

1

, x

2

, x

3

be the neighbors of x taken in order around x. For y 2 V

5

we let v, y

1

, y

2

, y

3

, y

4

be the neighbors of y taken in order around y. For

(w; z) 2 V

4;6

we let v, z

1

, z

2

, z

3

, z

4

, w be the neighbors of z taken in order

around z and w

1

be the neighbor of w opposite z.

We 
onstru
t a new planar graph G

0

by deleting the verti
es in V

4

[V

5

[

V

0

4

[ V

6

and adding new ar
s as follows. For ea
h x 2 V

4

add an ar
 (in

either dire
tion) between x

1

and x

3

. For ea
h y 2 V

5

add ar
s between y

1

and y

4

in su
h a way that the 
ir
uit y

1

y

2

y

3

y

4

in
ludes a dire
ted path of

length 3 (it is easy to 
he
k that this is always possible), and between y

1

and y

3

, oriented to make the path vy

1

y

3

dire
ted. For ea
h (w; z) 2 V

4;6

add ar
s between z

1

and z

4

, and z

1

and z

3

so that the paths z

2

z

1

z

4

and

vz

1

z

3

are dire
ted.

Sin
e the V

i

are not all empty, jG

0

j < jGj and so there is a homomorphism

' : G

0

! H . Observe that two verti
es must have di�erent images under

' if they are joined by an ar
 or by a dire
ted path of length 2. Thus,

our pla
ement of our ar
s ensures that '(v) di�ers from '(y

3

) (8y 2 V

5

)

and (sin
e one of the paths vz

1

z

2

, vz

1

z

4

is dire
ted) at least two of ea
h

f'(z

2

); '(z

3

); '(z

4

)g ((w; z) 2 V

4;6

). Also ' takes distin
t values on ea
h

of the sets fx

1

; x

2

; x

3

g (x 2 V

4

), fy

1

; y

2

; y

3

; y

4

g (y 2 V

5

) and fz

1

; z

2

; z

3

; z

4

g

((w; z) 2 V

4;6

). In addition we will require that

'(v) 6= '(x

2

) (x 2 V

4

) (6)
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'(v) 6= '(y

2

) (y 2 V

5

) (7)

'(v) 6 2f'(z

2

); '(z

3

); '(z

4

)g ((w; z) 2 V

4;6

) (8)

These 
onditions guarantee that ' takes distin
t values on ea
h of the sets

fv; x

1

; x

2

; x

3

g (x 2 V

4

), fv; y

1

; y

2

; y

3

; y

4

g (y 2 V

5

) and fv; z

1

; z

2

; z

3

; z

4

g

((w; z) 2 V

4;6

). We will then further require that

(f'(u) ju 2 in

G

(y)g; f'(u) ju 2 out

G

(y)g) 6 2E

5;1

8y 2 V

5

(9)

�

f'(u) ju 2 in

(Gnfwg)

(z)g; f'(u) ju 2 out

(Gnfwg)

(z)g

�

6 2E

5;2

8(w; z) 2 V

4;6

(10)

Sin
e, for H , E

5;1

[m

1

℄ = E

5;2

[m

2

℄ = ;, and in view of the above dis
us-

sion, the 
onditions (6-10) ex
lude at most jV

4

j+ jV

5

j+ jV

6

j+(m

1

�1)jV

5

j+

(m

2

�1)jV

6

j = jV

4

j+m

1

jV

5

j+m

2

jV

6

j � m�1 possible values of '(v). Sin
e

also E

4;m

= ; and, by (5), d

G

0

(v) � 4, we 
an 
hoose '(v) to satisfy (6-10).

Now we extend ' ba
k to G. First we de�ne ' on ea
h z ((w; z) 2 V

4;6

).

By (10), there are at least two 
hoi
es for '(z) so we 
hoose so that '(z) 6=

'(w

1

). Now, sin
e E

4;m

= ; and ' takes distin
t values on the neighbors of

w, ' 
an be de�ned on w. Similarly ' 
an be extended to the x 2 V

4

and

(using (9)) to the y 2 V

5

. This gives the required 
ontradi
tion.

The restri
ted result that we have proved so far shows that two adja
ent

verti
es of degree � 5 and a vertex of degree 6 with 2 neighbors of degree

� 5 are both redu
ible. If we now relax the non-adja
en
y assumptions

made at the beginning of the proof, we �nd that W must 
ontain one of

these 
on�gurations, hen
e the lemma holds in general. �

Corollary 9 If H satis�es the hypotheses of Lemma 8, then the follow-

ing 
on�gurations are redu
ible with respe
t to H. In parti
ular, they are

redu
ible with respe
t to P (271).

1. a vertex of degree 2 or 3.

2. two adja
ent verti
es of degree � 5.

3. a vertex of degree 6 with 2 neighbors of degree � 5.

4. a vertex of degree 7 with 2 neighbors of degree � 5. and a third of

degree 4.

5. a vertex of degree 6 with adja
ent neighbors of degree 4 and 6.

8



6. a vertex of degree 7 with adja
ent neighbors of degree 4 and 6 and

another neighbor of degree � 5.

Proof: It is easy to prove that verti
es of degree 2 or 3 are redu
ible.

The other 
ases follow from Lemmas 6 and 8 with m = 9, m

1

= 3 and

m

2

= 5. �

Lemma 10 A vertex of degree 5 with 3 
onse
utive neighbors of degree 6

is redu
ible with respe
t to P (271).

Proof: Let G be an oriented graph 
ontaining a vertex of degree 5 with

3 
onse
utive neighbors of degree 6. We suppose G to be of minimal order

admitting no homomorphism to P (271). Let a be the vertex of degree 5 and

b its middle neighbor of degree 6. Let the neighbors of b be, in order, a, v,

�, �, �

0

and v

0

. Thus v and v

0

are both neighbors of a of degree 6. Let the

remaining neighbors of a be 
 and 


0

, adja
ent to v and v

0

respe
tively. If

� : G! P (271) is homomomorphism, then so is �� : �G! P (271),, where

�G is obtained from G by reversing ar
s and (��)(v) = ��(v). Thus, by

substituting �G for G if ne
essary, we may assume that at least two of the

verti
es fv; 
; 


0

g are in out(a).

Now 
onsider G n fa; bg. This graph has a 7-gonal fa
e bounded by the

path v���

0

v

0




0


. Let G

0

be the planar graph obtained by then adding ar
s

between � and �

0

, 
 and �

0

, � and 
 and �

0

and 


0

so that v

0

�

0

� and v
�

0

are dire
ted and �
 (resp. �

0




0

) has the same orientation as b� (resp. b�

0

)

in G. Sin
e jG

0

j < jGj, there is a homomorphism  : G

0

! H .

We �rst 
hange the value of  (v), if ne
essary, so that

 (v) 6=  (�);  (


0

) (11)

and, given this, that

(f (u) ju 2 in

G

(a) \ fv; 
; 


0

gg; f (u) ju 2 out

G

(a) \ fv; 
; 


0

gg) 6 2E

5;1

[2; 2℄:

(12)

The �rst 
ondition ex
ludes at most two values of  (v). We show that

(12) ex
ludes at most six more. Suppose �rst that 
 2 in

G

(a), when
e

fv; 


0

g � out

G

(a). We may assume by symmetry that  (
) = 0 and  (


0

) =

�1. If  (


0

) = 1 then, by (3) and the remarks after it, (12) fails for six values

of  (v) (namely (241=242)

�1

, (212=213)

�1

and (68=69)

�1

). If  (


0

) = �1,

then (12) fails only if  (v) = �(276=277)

�1

. The same argument applies if

the roles 
 and 


0

are inter
hanged.
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Finally we suppose that f
; 


0

g � out

G

(a), in whi
h 
ase we may assume

that f (
);  (


0

)g = f0; 1g. Now (2) shows that (12) fails only if  (v) = 29

when v 2 out

G

(a) and only if  (v) 2 f5; 30; 59; 203g when v 2 in

G

(a).

Thus, in all 
ases, (12) ex
ludes at most 6 possible values of  (v), so that

(11) and (12) together ex
lude at most 8. Sin
e d

G

0

(v) = 4 and E

4;9

= ; for

P (271), we 
an 
hoose  (v) to satisfy both these 
onditions.

We next want to 
hange, if ne
essary, the value of  (v

0

) so that

 (v

0

) 6=  (v);  (�);  (
): (13)

The pla
ement of ar
s guarantees  (v) 6=  (�

0

) and  (v

0

) 6=  (�) so that,

by (11) and (13),  takes distin
t values on the sets in

G

(a) [ out

G

(a) n fbg

and in

G

(b) [ out

G

(b) n fag. We then further require that

(f (u)j u 2 in

G

(a) n fbgg; f (u)j u 2 out

G

(a) n fbgg) 6 2E

5;1

[2℄ (14)

and

(f (u)j u 2 in

G

(b) n fagg; f (u)j u 2 out

G

(b) n fagg) 6 2E

5;2

(15)

In view of (12), and the fa
t that E

5;2

[5℄ = ;, (13-15) ex
lude at most

3 + 1 + 4 < 9 possible values of  (v

0

) and so 
an be satis�ed.

We now remove the ar
s we have added and extend  ba
k to G n fag.

By (15), we have at least two 
hoi
es for  (b) and the ar
s between � and


 and between �

0

and 


0

ensure that neither of these is in f (
);  (


0

)g.

Hen
e, by (14) we may 
hoose  (b) so that

(f (u)j u 2 in(a)g; f (u)j u 2 out(a)g) 6 2E

5;1

:

Finally, by de�nition of E

5;1

, we 
an extend  to G, 
ontradi
ting our as-

sumption. �

Lemma 11 Every planar triangulation 
ontains a 
on�guration redu
ible

with respe
t to P (271).

Proof: Throughout this proof we will refer to verti
es of degree at most 5

as small and of degree at least 7 as large.

Suppose, for a 
ontradi
tion, that some triangulation G 
ontained none

of the 
on�gurations listed in Corollary 9. We give ea
h vertex v of G a


harge of 6 � d(v) and then dis
harge by the rule that ea
h large vertex

v whi
h has k � 1 small neighbors re
eives a 
harge of (d(v) � 6)=k from

10



ea
h of them. This immediately gives that the new 
harge on any non-small

vertex is at most zero. We now prove that the same is true of small verti
es.

Let v be small. By Corollary 9(1), 4 � d(v) � 5. Let w be a neighbor of v

of degree n � 7 whi
h has s (0 � s � 2) neighbors of degree 6 in 
ommon

with v. Using Corollary 9(2, 3), w has s + 3 
onse
utive neighbors whi
h

in
lude v but no other small vertex. Hen
e, by Corollary 9(2), it has at

most b(n � s � 1)=2
 small neighbors and so re
eives 
harge of at least

(n� 6)b(n� s� 1)=2


�1

from v. When d(v) = 4 and n = 7, Corollary 9(4,

6) gives the better result that w has at most two small neighbors when s = 0

and at most one when s > 0, when
e v gives w a 
harge of at least 1=2 and

1, respe
tively.

Hen
e, when d(v) = 5, v gives w a 
harge of at least 1=3 in all 
ases and

at least 1=2 unless n = 7, s = 0. When d(v) = 4, v gives w a 
harge of at

least 1=2 in all 
ases, at least 2=3 ex
ept when n = 7, s = 0 and at least 1

when s = 2 or s = 1 and n 6= 8.

If d(v) = 5. By Corollary 9(2) and Lemma 10, v has at least two large

neighbors, and when there are exa
tly two these must both share a neighbor

of degree 6 with v. Thus, in any 
ase, v gives a total 
harge of at least 1 to

it neighbors

If d(v) = 4, then by Corollary 9(5), v has at most two neighbors of

degree 6 and, if there are two, then these must be opposite. Hen
e v loses a


harge of at least two unless it has a single neighbor u of degree 6, 
anked

by two neighbors w;w

0

of degree 8 and a neighbor x of degree 7 opposite u.

In this 
ase, if the 
ommon neighbor of x and w is not small then w has

5 
onse
utive neighbors whi
h in
lude v but no other small vertex and so,

as above, has at most two small neighbors altogether and re
eives 
harge of

at least 1 from v. We are thus �nished in this 
ase and similarly when the


ommon neighbors of x and w

0

is not small. Thus the 
ommon neighbors

of x and w and of x and w

0

are both small, but this 
ontradi
ts Corollary

9 (4), when
e, in all 
ases, the new 
harge on ea
h vertex is at most zero,

whi
h 
ontradi
ts Euler's formula. �

This lemma implies Theorem 4 sin
e there 
an be no smallest 
ounterex-

ample.

5 Con
luding Remarks

The methods used here may generalize to primes p < 271 but are liable to

be mu
h more diÆ
ult; for 200 < p < 271, E

4;9

and E

5;2

[6℄ are nonempty.
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The smallest oriented graph known whi
h admits a homomorphism from

every oriented planar graph has order 80. This is not a Cayley graph so

it implies nothing about antisymmetri
 
ow numbers but it does suggest

that the upper bound of 271 is still a 
onsiderable overestimate. In the

other dire
tion, the oriented planar graph 
onstru
ted in [2℄ has an oriented


hromati
 number of at least 17, hen
e its dual has antisymmetri
 
ow

number at least 17. No graph (planar or otherwise) is known to have an

antisymmetri
 
ow number greater than this.
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