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Abstra
t. We present an algebrai
 treatment of the 
orresponden
e

of gaps and dualities in partial ordered 
lasses indu
ed by the mor-

phism stru
tures of 
ertain 
ategories whi
h we 
all Heyting (su
h are

for instan
e all 
artesian 
losed 
ategories, but we present examples of

others, too). This allows to extend the results of [12℄ to a wide range

of more general stru
tures. Also, we introdu
e a notion of 
ombined

dualities and dis
uss the relation of their stru
ture to that of the plain

ones.

Introdu
tion

The obje
t of the theory of homomorphism duality is to 
hara
terise a

family C of obstru
tions to the existen
e of a homomorphism into a given

stru
ture B. In a large sense, su
h a 
lass C always exists; for instan
e,

the 
lass of all the stru
tures not admitting a homomorphism to B has

this property. However, it is desirable to seek a more tra
table family of

obstru
tions to make this 
hara
terisation meaningful.

When the family C of obstru
tions is �nite (or algorithmi
ally \well be-

haved") then su
h theorems 
learly provide an example of good 
hara
teri-

sations (in the sense of Edmonds [2℄). Any instan
e of su
h good 
hara
ter-

isation is 
alled a homomorphism duality. This 
on
ept was introdu
ed by

Ne�set�ril and Pultr [10℄ and applied to various graph-theoreti
al good 
har-

a
terisations (see [9℄ and referen
es there). The simplest homomorphism

dualities are those where the family of obstru
tions 
onsists of just one

stru
ture. In the other words su
h homomorphism dualities are des
ribed

by a pair A, B of stru
tures as follows.

(Singleton) Homomorphism Duality S
heme:

C admits a homomorphism into B if and only if A does not admit

a homomorphism into C.
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The (singleton) homomorphism duality may 
apture general theorems su
h

as Farkas Lemma (see [3℄) and Menger-type theorems ([4℄). For undire
ted

graphs there is only one singleton duality (Ne�set�ril and Pultr [10℄), but

there are many in the dire
ted 
ase (Kom�arek [6℄, and Ne�set�ril and Tardif

[11℄ present a 
omplete list). In [12℄ the problem is solved in a surprising

generality for all �nite relational stru
tures. In view of the s
ar
ity of ex-

amples that arise in the 
ategory of undire
ted graphs, and in view of the

diÆ
ulty of the di
hotomy problem even for dire
ted graphs it seemed un-

likely that the framework for su
h a generalisation would be found in this


ontext. Yet, paradoxi
ally, this is pre
isely what happened. The absen
e of

good 
hara
terisations for undire
ted graphs is explained by an apparently

unrelated result, that is, the density theorem of Welzl ([13℄), whi
h states

that the 
lass of undire
ted non-bipartite graphs is dense with respe
t to

the homomorphism order.

The arguments in [12℄, formulated in terms of �nite relational stru
tures,

have a mu
h more general range. One 
onsiders the partially ordered 
lass

(in fa
t, latti
e) obtained from the preorder

A � B i� there exists a morphism f : A! B

on the 
lass of obje
ts of the 
ategory in question; then, all the reasoning is

based on the latti
e stru
ture and its two spe
ial properties, namely that

(1) there is a Heyting operation (that is, an operation adjoint to the

meet), and

(2) the elements are suprema of systems of 
onne
ted ones.

In 
ategories we are usually 
on
erned with (they are typi
ally su
h that the


oprodu
ts are disjoint unions) the se
ond property is ubiquitous. The �rst

(\Heyting") 
ondition is somewhat more spe
ial; still, it is being satis�ed

quite frequently. For instan
e, trivially, it holds true whenever the original


ategory is 
artesian 
losed. But 
artesian 
losedness is not ne
essary and we


an present non-trivial examples of Heyting 
ategories that are not 
artesian


losed.

The paper is divided into �ve se
tions. In Preliminaries we re
all the

ne
essary (very simple) fa
ts about the Heyting operations and about 
at-

egories, and introdu
e the notion of Heyting 
ategory. Se
tion 2 is devoted

to the fa
ts from [12℄ proved now more generally in the latti
e-theoreti
al


ontext. In Se
tion 3 we de�ne 
ombined dualities (as an extension of �ni-

tary dualities) and prove an analogy of the 
orresponden
e from Se
tion

2. In Se
tion 4 we dis
uss a number of 
artesian 
losed 
ategories of 
om-

binatorial 
hara
ter, and in Se
tion 5 we present some Heyting 
ategories
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that are not 
artesian 
losed (for instan
e, transitive relations with stri
tly

monotone maps, or partial unary algebras).

1. Preliminaries

1.1. In our 
ontext, a latti
e L 
an be a proper 
lass.

A Heyting algebra is a latti
e with an additional operation ! satisfying

a ^ b � 
 i� a � b!
:

Sin
e b ^ a � b we have

(1.1.1) b � a!b

and sin
e a!b � a!b we have

(1.1.2) a ^ (a!b) � b (modus ponens),

and 
ombining these two formulas we obtain

(1.1.3) a ^ (a!b) = a ^ b:

1.2. An element a 6= ? of a latti
e is 
onne
ted if

a = a

1

_ a

2

implies a = a

i

for some of the i:

We will say that a Heyting algebra L has 
onne
ted de
ompositions (brie
y,

CD) if

(CD) every x 2 L is a supremum of a set of 
onne
ted elements.

1.3. We shall use only basi
 notions from 
ategory theory (su
h as 
an

be found in the introdu
tory 
hapters of [8℄): 
ategory, fun
tor, (natural)

transformation, natural equivalen
e (this last will be indi
ated by

�

=

, and

the reader will mostly need only know that it is a one-one 
orresponden
e).

If C is a 
ategory, the symbol C(A;B) will be used for the set of all

morphisms f : A! B in C.

Re
all that a produ
t of two obje
tsX

1

; X

2


onsists of an obje
tX (often

indi
ated asX

1

�X

2

) and morphisms p

i

: X ! X

i

su
h that for every 
ouple

of morphisms f

i

: Y ! X

i

there is a unique f : Y ! X su
h that p

i

f = f

i

.

Dually, a 
oprodu
t (or sum) of two obje
ts X

1

; X

2


onsists of an obje
t

X (often indi
ated as X

1

+X

2

) and morphisms �

i

: X

i

! X su
h that for

every 
ouple of morphisms f

i

: X

i

! Y there is a unique f : X ! Y su
h

that f�

i

= f

i

.
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1.4. For a 
ategory C de�ne a partially ordered 
lass

b

C as the set of

obje
ts of C ordered by

A � B i� 9f : A! B

fa
torized by the relation A � B i� A � B � A. If there is no danger

of 
onfusion, the 
lass 
onsisting of A only is usually denoted by the same

symbol.

If the 
ategory C has produ
ts then A

1

�A

2

is the meet (in�mum) of A

1

and A

2

in

b

C, and if C has 
oprodu
ts, A

1

+ A

2

is the join (supremum) of

A

1

; A

2

. Thus, if C has produ
ts and 
oprodu
ts,

b

C is a latti
e.

Note. In the 
ategories relevant for our purposes (graphs, spe
ial graphs,

relational systems, hypergraphs, unary algebras, et
.) the 
oprodu
ts are

typi
ally disjoint unions and we easily see that

b

C has CD.

1.5. A 
ategory with produ
ts is said to be 
artesian 
losed if there is a

fun
tor [�;�℄ : C

op

� C ! C (the supers
ript \op" indi
ates that [�;�℄ is


ontravariant in the �rst variable) su
h that

C(A�B;C)

�

=

C(A; [B;C℄):

The fun
tor [�;�℄ will be 
alled the exponentiation in C.

1.6. A 
ategory C is said to be Heyting if the partially ordered 
lass

b

C is

a Heyting latti
e.

Note that a 
artesian 
losed 
ategory is Heyting, with the Heyting opera-

tion A!B = [A;B℄. This should not be 
onfused with the notation A! B

(denoting the existen
e of a morphism) insome of the papers mentioned in

the Introdu
tion: there it is the order of the

b

C and here it will be indi
ated

by A � B).

2. Gaps and dualities

Throughout this se
tion, L is a Heyting algebra (possibly 
arried by a

proper 
lass) with 
onne
ted de
ompositions.

2.1. A gap in L is a 
ouple (
; d) su
h that 
 < d and 
 � x � d implies

that either x = 
 or x = d. We will usually say \
 < d is a gap" instead of

\(
; d) is a gap".
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2.1.1. Lemma. Let a < b be a gap and let a � 
 < 
_ b. Then 
 < 
_ b

is a gap.

Proof. Let 
 � x � 
 _ b. Then a � x ^ b � b and hen
e either a = x ^ b

and x = x ^ (
 _ b) = (x ^ 
) _ (x ^ b) = 
 _ a = 
, or x ^ b = b, hen
e x � b

and sin
e also x � 
 we 
on
lude x � 
 _ b. �

2.1.2. Lemma. Let 
 < d be a gap. Then there is pre
isely one 
on-

ne
ted b su
h that d = 
 _ b.

Proof. Let d =

W

i2J

d

i

with d

i


onne
ted and let b = d

i

be some of the

summands su
h that b � 
. Then 
 � 
 _ b � d and hen
e 
 _ b = d. Now

let also 
_ b

0

= d with b

0


onne
ted. Then b = b^ (
_ b

0

) = (b^ 
)_ (b^ b

0

)

and sin
e b 6= b ^ 
 we have b = b ^ b

0

and b � b

0

. Similarly b

0

� b. �

2.2. A duality in L is a 
ouple (a; b) su
h that

a � x i� x � b:

2.2.1. Observation. If (a; b) is a duality then a is 
onne
ted.

(Indeed, if a = a

1

_ a

2

� a

i

, i = 1; 2, then a = a

1

_ a

2

� b and a � a.)

2.3.1. Lemma. Let 
 < d be a gap and let a be the unique 
onne
ted

element su
h that d = 
 _ a. Then (a; a!
) is a duality. Consequently, if d

is 
onne
ted, (d; d!
) is a duality.

Proof. If a � x we 
annot have x � a!
 sin
e else a = a^ 
 � 
. On the

other hand, if x � a!
 then x^ a � 
, and sin
e 
 < (x^ a)_ 
 � d = a_ 


we have (x ^ a) _ 
 = a _ 
. Thus, (x ^ a) _ (
 ^ a) = (a _ 
) ^ a = a and

sin
e a is 
onne
ted and a 6= 
 ^ a, a = x ^ a and a � x. �

2.3.2. Lemma. Let (a; b) be a duality. Then (a ^ b; a) is a gap.

Proof. Let a^ b � x � a. If a � x we have x � b and x � a^ b � x. �

2.4. Proposition. The formulas

�(a; b) = (a ^ b; a); �(
; d) = (d; d!
)


onstitute a one-one 
orresponden
e between dualities and gaps with 
on-

ne
ted d.

Proof. By 2.3.2 and 2.2.1, (a ^ b; a) is a gap with 
onne
ted a, and by

2.3.1, (d; d!
) is a duality. Further, ��(a; b) = (a; a!(a ^ b)). Trivially,

b � a!(a ^ b); if a!(a ^ b) � b we have a � a!(a ^ b) and a � a ^ b, that

is, a � b and a � a. Thus, ��(a; b) = (a; b). Finally, ��(
; d) = (d ^ (d!


); d) = (d ^ 
; d) = (
; d) by (1.1.3). �
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2.4.1. Note. The existen
e of the Heyting operation (whi
h for �nite

latti
es is equivalent to distributivity) is essential. It is not just that la
king

! we 
ould not have the simple formula: for instan
e, in the Chinese lantern

f? < 1; 2; : : : ; n < >g with n � 3 there is no duality while we have n gaps

? < i with 
onne
ted i. The relation of distributivity to the links between

(
onne
ted) gaps and dualities in �nite latti
es is not quite 
lear and may

be of some interest.

2.5. Proposition. Let 
 < d be a gap and let a be the unique 
onne
ted

element su
h that d = 
 _ a. Then e = 
 ^ a forms a gap e < a su
h that

e � 
 � a!e.

Proof. By 2.3, (a; a!
) is a duality and hen
e, by 2.4, a ^ (a!
) < a is

a gap. By (1.1.3), a ^ (a!
) = a ^ 
. �

2.6. Proposition. The gaps in L are exa
tly the 
ouples 
 < d su
h

that for some duality (a; b),

a ^ b � 
 � b and d = a _ 
:

Proof. If 
 < d is a gap 
onsider the duality (a; a!
) as in 2.5. Then

a ^ (a! 
) � 
 � (a! 
). On the other hand, let for a duality (a; b),

a ^ b � 
 � b and d = a _ 
. Let 
 � x � d = a _ 
. If a _ 
 � x then a � x

and hen
e x � b; 
onsequently x = x ^ (
 _ a) � 
 _ (a ^ b) = 
. �

3. Combined dualities

3.1. A 
ombined duality is a 
ouple ((a

i

)

i2J

; b) su
h that

(1) if i 6= j then a

i

� a

j

,

(2) (8i; a

i

� x) i� x � b.

Note. Suppose we have a system satisfying just the 
ondition (2). If J

is �nite, it 
an be easily modi�ed, omitting some of the a

i

, to a 
ombined

duality with equivalent (2). If J is in�nite, however, the �rst assumption is

essential.

3.2. Lemma. Let ((a

i

)

i2J

; b) be a 
ombined duality. Then all the a

i

are


onne
ted.

Proof. Let a

i

0

= 
 _ d with a

i

0

� 
; d. Then for all i, a

i

� 
; d, hen
e


; d � b and �nally a

i

0

= 
 _ d � b 
ontradi
ting a

i

0

� a

i

0

. �
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3.3. Proposition. I. Let ((a

i

)

i2J

; b) be a 
ombined duality. Let either

J be �nite or L admit in�ma of sets of the size of the J . Then there are

dualities (a

i

; b

i

), i 2 J , su
h that b =

V

i2J

b

i

.

II. On the other hand, if (a

i

; b

i

), i 2 J , are dualities and b =

V

i2J

b

i

and

a

i

� a

j

for i 6= j then ((a

i

)

i2J

; b) is a 
ombined duality.

Proof. I. By 3.2 a

i

are 
onne
ted. We have a

i

� b (else a

i

� a

i

) and

hen
e a

i

< b _ a

i

. Now ea
h of these a

i

< b _ a

i

is a gap. Indeed, let

b � x � b _ a

i

. If x � b there is a j su
h that a

j

� x. If j 6= i we had a

non-trivial de
omposition a

j

= (b ^ a

i

) _ (a

i

^ a

j

) so that ne
essarily i = j.

Thus, a

i

� x and b � x and we have b _ a

i

� x. Hen
e by 2.5 there are

gaps 


i

< a

i

su
h that 


i

� b � a

i

!


i

. By 2.3, (a

i

; a

i

!


i

) are dualities and

hen
e

8i a

i

� x i� 8i x � a

i

!


i

i� x �

^

(a

i

!


i

):

II. The se
ond statement is obvious. �

4. Some 
artesian 
losed 
ategories

This se
tion 
ontains several examples of 
artesian 
losed 
ategories rel-

evant for 
ombinatori
s. The 
artesian stru
ture in these 
ategories is often

well-known (for the exponentiations from 4.1 and 4.2 see, e.g., [7℄); we de-

s
ribe just the exponentiation me
hanisms and leave the 
he
king to the

reader.

4.1. Systems of binary relations. In Rel(n), the 
ategory of sets

(X;R), R = (R

1

; : : : ; R

n

) with n binary relations, with the standard (all

relations preserving) homomorphisms, one has the exponentiation

[(X;R); (Y; S)℄ = (f' j ' : X ! Y all mapsg; T )

with (';  ) 2 T

i

i� (x; y) 2 R

i

) ('(x);  (y)) 2 S

i

.

For maps one de�nes [f; g℄(�) = g�f . We have this formula also in most

of the following examples; it will not be unne
essarily repeated.

4.1.1. Symmetri
 relations. The sub
ategory SymRel(n) gener-

ated by the (X;R) where all the R

i

are symmetri
 is obviously 
losed in

Rel(n) under produ
t and the exponentiation and hen
e inherits the 
arte-

sian stru
ture.

4.1.2. Note that Rel(1) is the 
ategory of oriented (dire
ted) graphs,

and that SymRel(1) is the 
ategory of graphs with loops allowed. Observe,
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however, that if the relations in the paragraphs above are antire
exive, so are

the produ
ts and exponentiations, so that we obtain the 
artesian stru
tures

also on the loop-free graphs, more usual in 
ombinatori
s.

4.2. The 
ategory

A-Graph

of A-graphs is de�ned as follows:

the obje
ts X are 
ouples (V(X);E(X)) where V(X) is a set, and E(X)

is a subset of V(X)

A

;

the morphisms f : X ! Y are maps f : V(X) ! V(Y ) su
h that for

every � 2 E(X) the 
omposition f � � is in E(Y ).

The 
ategory SymA-Graph is the full sub
ategory of A-Graph gener-

ated by the X su
h that for every � 2 E(X) and every permutation � of A,

�� is in E(X).

We obviously have the produ
t given by the formula

V(X

1

�X

2

) = V(X

1

)� V(X

2

);

E(X

1

�X

2

) =

f(�

1

� �

2

) �� j �

i

2 E(X

i

); � the diagonal A! A�Ag:

For A-graphs Y; Z de�ne an A-graph [Y; Z℄ by setting

V([Y; Z℄) = f' : V(Y )! V(Z) j (all maps)g;

' 2 E([Y; Z℄) i� for ea
h � 2 E(Y )

(a 7! '(a)(�(a))) : A! Z is in E(Z):

This 
artesian 
losedness stru
ture restri
ts to SymA-Graph.

Note. Of 
ourse, this example 
an be generalized for systems of relations

of various arities.

4.3. Hypergraphs. The 
ategory HGraph of hypergraphs is de�ned

as follows:

the obje
ts (hypergraphs) X are 
ouples (V(X);E(X)) where V(X) is a

set (the set of verti
es of X) and E(X), the set of hyperedges of X , is any

subset of P(V(X));

the morphisms f : X ! Y are maps f : V(X) ! V(Y ) su
h that for

every U 2 E(X) the image f [U ℄ is in E(Y ).
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The produ
t in HGraph is given by the formula

V(X

1

�X

2

) = V(X

1

)� V(X

2

);

E(X

1

�X

2

) = fU j p

i

[U ℄ 2 E(X

i

)g:

The exponentiation [Y; Z℄ is de�ned by setting

V([Y; Z℄) = f' : V(Y )! V(Z) j (all maps)g;

� 2 E([Y; Z℄) i� for any B 2 E(Y )

and any two surje
tions � :M � �; � :M � B 2 E(Y );

f�(m)(�(m)) j m 2Mg 2 E(Z):

4.3.1. Hypergraphs with bounded hyperedges. Let � be an in�nite


ardinal. Denote by HGraph

�

the full sub
ategory of HGraph generated

by the hypergraphs X su
h that for ea
h A 2 E(X), jAj < �. Thus,

HGraph

!

0

=HGraph

�n

is the 
ategory of hypergraphs with �nite hyperedges.

Obviously,

(1) if X , Y are in HGraph

�

then so is the produ
t X � Y , and

(2) if we set, for a general hypergraph X ,

X

<�

= (V(X); fA 2 E(X) j jAj < �g)

then for any Y 2 HGraph

�

and any X , the morphisms Y ! X


oin
ide with the morphisms Y ! X

<�

.

Consequently

The 
ategoryHGraph

�

is 
artesian 
losed with the exponentiation [X;Y ℄

<�

.

Note. This is, of 
ourse, a spe
ial 
ase of the general 
ategori
al fa
t

that if A is 
artesian 
losed and B a 
ore
e
tive sub
ategory 
losed under

�nite produ
ts, then B is 
artesian 
losed.

Here we have su
h a 
ore
e
tion given by the system (X

<�

! X)

X


arried by the identities.

4.4. The 
ategories of fun
tors Set

A

. A mu
h stronger fa
t, namely

that these 
ategories are topoi (see, e.g., [5℄), is well known and widely used.

Sin
e, however, the me
hanism di�ers from the previous 
ases, we will be

more expli
it.

Let A be a small 
ategory. For fun
tors F;G : A! Set denote by

hF;Gi

9



the set of all transformations F ! G. For obje
ts a 2 A de�ne A(a)(
) =

A(a; 
), the set of all morphisms a! 
 in A, and for a morphism ' : 
! d

de�ne A(a)(') : A(a)(
) ! A(a)(d) by setting A(a)(')(�) = '�. Obviously

ea
h A(a) is a fun
tor A! Set.

Further, if f : b ! a is a morphism in A, de�ne a transformation A(f) :

A(a)! A(b) by setting A(f)

a

(�) = �f .

For fun
tors G;H : A! Set de�ne

[G;H ℄(a) = hA(a)�G;Hi for obje
ts a 2 A; and

[G;H ℄(f)(�) = � � (A(f)� id) for morphisms f : a! b:

If we de�ne, for a transformation � : F �G! H , a transformation

e� : F ! hA(�)�G;Hi = [G;H ℄

by setting, for x 2 F (a), (e�

a

(x))

b

(�; y) = �

b

(F (�)(x); y) (one has to prove,

of 
ourse, that ea
h individual e�

a

(x) is a transformation A(a)�G! H , and

that e� is a transformation as a whole), and if we de�ne for � : F ! [G;H ℄

a transformation � : F � G ! H by setting �

a

(x; y) = (�

a

(x))

a

(id; y) we

�nd that e� = � and

e

� = � and that the 
orresponden
es � 7! e� and � 7! �


onstitute a natural equivalen
e. Thus,

the fun
tors [G;H ℄ 
onstitute a 
artesian exponentiation in Set

A

.

4.4.1. A parti
ular 
ase is for instan
e the 
ategory of multigraphs with

A 
onstituted by two obje
ts a; b and non-identi
al morphisms �; � : a! b.

Other examples are arbitrary varieties of unary algebras, obtained from

suitable monoids A. For instan
e, in the simplest 
ase of sets with single

unary operations the exponentiation is very transparent: we have (N is the

set of natural numbers endowed with the su

essor operation (i 7! i+ 1))

[(Y; �); (Z; 
)℄ = (f' j ' : N � (Y; �)! (Z; 
)g; �)

with �(')(i; y) = '(i+ 1; y).

4.5. Note. The reader may have observed that none of our examples

had the exponentiation [A;B℄ given as the set of the morphisms A ! B

(endowed by suitable stru
tures). Cartesian 
ategories with su
h exponen-

tiations are not rare (for instan
e, the 
ategories of re
exive relations have

the property). They are not very interesting in our 
ontext, though. We

have

10



Fa
t. Let C be a 
artesian 
losed 
ategory and let there be a forgetful

fun
tor U : C ! Set su
h that G 2 C for some obje
t G, U(X)

�

=

C(G;X)

and that we have U([A;B℄) = C(A;B). Then the partially ordered 
lass

b

C

has at most two elements.

Proof. We have C(A;B)

�

=

U([A;B℄)

�

=

C(G; [A;B℄)

�

=

C(G � A;B).

Thus, there is always a morphism A ! G � A (take B = G � A and the

morphism 
orresponding to the identity G�A! G�A), and 
onsequently

also A ! G � A ! G. On the other hand, unless U(A) is void (whi
h, by

the faithfulness, 
an happen at most for one isomorphism type), we have

also G! A. �

5. Some more Heyting 
ategories

5.1. A Heyting 
ategory is not ne
essarily 
artesian 
losed: for instan
e

every 
onne
ted C (that is, a C with trivial

b

C) is Heyting. To obtain a

less trivial example 
onsider the obvious fa
t that a produ
t of Heyting


ategories is Heyting; take a 
artesian 
losed C

1

and a 
onne
ted C

2

, and

form C

1

� C

2

.

5.2. A more interesting example. Consider the 
ategory C of tran-

sitive relations with (stri
tly) monotone maps. It is obvious that

b

C is iso-

morphi
 to the ordinal ! + 1 (also it is a spe
ial 
ase of the simpli
ial sets,

see([8℄) The poset !+1 is Heyting, but we will show that C is not 
artesian


losed.

Suppose there is an exponentiation [Y; Z℄ with a natural equivalen
e " :

C(X � Y; Z)

�

=

C(X; [Y; Z℄): Consider

P = (f0g; ;); A = (f0; 1g; f(0; 1)g);

B = (f0; 1; 2g� f0; 1g; f(0; 0); (1; 1)); ((1; 0); (2; 1))g;

and the morphisms

�

i

: P ! A; �

i

(0) = i;

'

i

: A�A! B; '

(

j; k) = (j + i; k):

Then '

0

(�

1

� id) = '

1

(�

0

� id) and hen
e we 
an de�ne, for i = 0; 1; 2,

�

i

= '

j

(�

k

� id) with i = j + k:

11



Set x

i

= "(�

i

(0). Then

"('

i

)(j) = ("('

i

� �

j

)(0) = C(�

j

; id)("('

i

))(0) =

= "(C(�

i

� id; id)('

i

))(0) = "('

i

� (�

j

� id))(0) = x

i+j

so that x

0

< x

1

< x

2

. Hen
e x

0

< x

2

and there is a  : A ! [A;B℄ su
h

that  (0) = x

0

, that is,  ��

0

= "(�

0

), and  (1) = x

2

, that is,  ��

1

= "(�

2

).

Then

"

�1

( )(0; 0) = ("

�1

(�

0

� id))(0; 0) = "

�1

( � �

0

)(0) = �

0

(0; 0) = (0; 0)

and

"

�1

( )(1; 1) = ("

�1

(�

1

� id))(0; 1) = "

�1

( � �

1

)(0) = �

2

(0; 1) = (2; 1);

while (0; 0) � (2; 1).

5.3. Another 
lass of examples of Heyting 
ategories that are not 
arte-

sian 
losed is provided by the following trivial fa
t.

Proposition. Let A be a 
artesian 
losed 
ategory with the exponentia-

tion [X;Y ℄ and let B be a full sub
ategory 
losed under produ
t. Let there

be a fun
tor F : A ! B su
h that

(a) for ea
h A in A there is a morphism F (A)! A, and

(b) for ea
h B in B there is a morphism B ! F (B).

Then B inherits the Heyting stru
ture by way of F ([X;Y ℄).

Proof. If B is in B and A is general we have B ! A i� B ! F (A) ()

be
ause of

B ����! F (B)

F (f)

����! F (A)

using (b), and ( immediately from (a).) Thus, B

1

� B

2

! B

3

i� B

1

!

[B

2

; B

3

℄ i� B

1

! F ([B

2

; B

3

℄). �

5.4. Partial unary algebras. Denote by

PA(n� 1)

the full sub
ategory of Rel(n) generated by the partial unary algebras

(X;R) (that is, the (X;R) su
h that for any i, if xR

i

y and xR

i

y

0

then

y = y

0

; we then write y = R

i

(x)).

Proposition. The 
ategory PA(n� 1) is Heyting.

Proof. Denote by T

n

the system of all �nite words in 1; 2; : : : ; n, in
luding

the empty word ;. For an obje
t (X;R) of Rel(n) set

f

T

R

= ft : T

n

* X j partial maps satisfying (1) and (2)g;

12



where

(1) if t is de�ned for vw then it is de�ned for v, and

(2) t(j

1

� � � j

k

)R

i

t(ij

1

� � � j

k

).

On

f

R

n

de�ne the relational system

e

R = (

e

R

1

; : : : ;

e

R

n

) by setting

t

e

R

i

� i� �(i

1

� � � i

k

) = t(i

1

� � � i

k

i):

Obviously, (

g

X

R

;

e

R) is in PA(n� 1).

De�ne p = p

(X;R)

: (

g

X

R

;

e

R) ! (X;R) by setting p(t) = t(;) (if t

e

R

i

� we

have in parti
ular �(;) = t(i) and hen
e p(t) = t(;)R

i

t(i) = p(�)).

For a homomorphism f : (X;R) ! (Y; S) de�ne

e

f : (

g

X

R

;

e

R) ! (

f

Y

S

;

e

S)

by setting

e

f(t) = f � t. Obviously this is a homomorphism and we see that

we have obtained a fun
tor Rel(n)! PA(n� 1): If (X;R) is in PA(n� 1)

we 
an de�ne q : (X;R)! (

g

X

R

;

e

R) by setting

q(;) = x; q(x)(i

1

i

2

� � � i

k

) = R

i

1

R

i

2

� � �R

i

k

(x) whenever de�ned:

(The 
ondition (1) is obviously satis�ed, and q(x)(iw) = R

i

(q(x)(w)), hen
e

also (2). Now if xR

i

y, that is, y = R

i

(x), we have q(y)(i

1

� � � i

k

) = R

i

1

� � �R

i

k

R

i

(x) =

q(x)(i

1

� � � i

k

i) so that q is a homomorphism.)

Thus, by 4.3, PA(n� 1) is Heyting. �

However

the 
ategory PA(n� 1) is not 
artesian 
losed.

Indeed, 
onsider A = (f0g; ;), B = (f0; 1g � f0; 1g; R

j

= f((0; i); (1; i));

i = 0; 1gj j = 1; : : : ; ng and C = (f0; 1g; S

j

= f(0; 1)g; j = 1; : : : ; ; n), and

the maps f

i

: A ! B sending 0 to (0; i). Then the 
oequalizer of f

1

; f

2

is

the homomorphism g : B ! C de�ned by g(i; j) = i while g � id

A

is not

the 
oequalizer of f

i

� id

A

.
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