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Abstra
t. Let P be a 
on�guration, i.e., a �nite poset with top

element. Let Forb(P ) be the 
lass of bounded distributive latti
es L

whose Priestley spa
e P(L) 
ontains no 
opy of P . We show that the

following are equivalent: Forb(P ) is �rst-order de�nable, i.e., there

is a set of �rst-order senten
es in the language of bounded latti
e

theory whose satisfa
tion 
hara
terizes membership in Forb(P ); P is


oprodu
tive, i.e., P embeds in a 
oprodu
t of Priestley spa
es i� it

embeds in one of the summands; P is a tree. In the restri
ted 
ontext

of Heyting algebras, these 
onditions are also equivalent to Forb

H

(P )

being a variety, or even a quasivariety.

Introdu
tion

Some properties of a distributive latti
e L 
an be expressed in terms of


on�gurations forbidden in the order stru
ture of the 
orresponding Priest-

ley dual P(L), i.e., 
on�gurations forbidden in the poset of prime ideals on

L. Thus for instan
e, L is Boolean if and only if P(L) 
ontains no non-trivial


hain, whi
h is to say that the order of P(L) is trivial. Among several more

involved, but also well-known, results of this type, we mention the 
hara
-

terization of relative normality in [7℄, or the treatment of the question of

n-
hains in [1℄.
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In [3℄ we have shown that if P is a tree then the prohibition of a 
opy

of P in P(L) 
an be 
hara
terized by a �rst-order 
ondition on L. Further-

more, we have presented some formulas, 
ontaining an unspe
i�ed number

of variables and therefore not �rst-order, for some other 
onne
ted 
on�g-

urations, for instan
e, for the diamond. The question naturally arises as

to whether one 
an repla
e these formulas by �rst-order ones, and if not,

to determine whi
h 
on�gurations have the feature that their prohibition

in P(L) 
an be 
hara
terized by �rst-order formulas on L. In this arti
le

we prove that, among the �nite posets with top, these 
on�gurations are

pre
isely the trees.

This turns out to be 
losely 
onne
ted with the problem of 
on�gurations

in 
oprodu
ts. Coprodu
ts in Priestley spa
es are not quite transparent


ompa
ti�
ations of the disjoint sums. Can a 
on�guration embed in a


oprodu
t without embedding in a summand? A part of the result above

is that a tree 
annot, while any other 
on�guration, i.e., any 
on�guration

with a 
y
le, 
an.

Although we have restri
ted ourselves to the 
on�gurations with top, the

results are in fa
t more general. It is only that the general situation is tied

up with several other issues (to whi
h we intend to devote a spe
ial study)

so that an adequate treatment would multiply the size of this arti
le.

1. Preliminaries

1.1. If M is a subset of a poset (X;6) we write #M for fx j x 6 m 2Mg

and "M for fx j x > m 2 Mg; we abbreviate #fxg (resp. "fxg) to #x

(resp. "x).

If #M = M (resp. "M = M) we say that M is a down-set (resp. up-set).

The fa
t that Q is isomorphi
 to a subposet of P will be indi
ated by

Q ,! P . For the negative we use the symbol Q,!j P .

1.2. Re
all that a Priestley spa
e X is a 
ompa
t ordered spa
e su
h that

whenever x 
 y there is a 
lopen down-set U � X su
h that x =2 U 3 y.

The 
ategory of Priestley spa
es and monotone 
ontinuous maps (Priestley

maps) will be denoted by PSp.
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Further re
all (see, e.g., [4℄, [8℄, [9℄) the Priestley duality between PSp

and the 
ategory DLat of bounded distributive latti
es and 01-latti
e ho-

momorphisms; the equivalen
e fun
tors are usually given as

(1:2)

P(L) = fx j L 6= x � L prime idealg; P(h)(x) = h

�1

[x℄;

D(X) = fU j U = #U � X 
lopen g; D(f)(U) = f

�1

[U ℄;

P(L) is endowed with a suitable topology and ordered by in
lusion.

If latti
es L;M are Heyting algebras, the Heyting homomorphisms be-

tween them 
orrespond to the Priestley maps h su
h that, moreover,

h( #x) = #h(x):

Su
h maps will be referred to as h-maps.

A one-point spa
e f�g will be indi
ated as � and the unique map X ! �

will be denoted by �

X

.

1.3. For a given family of Priestley spa
es X

i

, i 2 J , we view the


oprodu
t X �

`

J

X

i

as P(

Q

J

D(X

i

)). Denoting D(X

i

) by A

i

and

Q

J

A

i

by A, an element x 2 X is then a proper prime ideal of A. For i 2 J , the

insertion map �

i

: X

i

! X , dual to the proje
tion map A! A

i

, is given by

the rule

x

i

7! fa 2 A j x

i

=2 a(i)g; x

i

2 X

i

:

A parti
ular 
oprodu
t will play an important role in our analysis. A

one-point spa
e will be denoted �, for whi
h P(�) is the two-element latti
e

2 � f0 < 1g. The 
oprodu
t of a family of one-point spa
es, indexed by J ,


onsists therefore of all proper prime ideals of the latti
e 2

J

; we denote it

J

�.

Of 
ourse, the proper prime ideals of 2

J

are all maximal and so trivially

ordered. Therefore 2

J

is PSp-isomorphi
 to �J , the Stone-

�

Ce
h 
ompa
t-

i�
ation of the dis
rete spa
e J . For our purposes, the points of �J are

the ultra�lters on J , and this set of points is regarded as a Priestley spa
e

under its usual 
ompa
t topology and trivial order. More 
on
retely, the

map � :

J

� ! �J de�ned by

x 7! fJ rK j �

K

2 xg; x 2

J

�;

provides the PSp-isomorphism. Here �

K

is the 
hara
teristi
 fun
tion of

the subset K � J .

1.4. Now 
onsider a family of Priestley spa
es X

i

, i 2 J , and assume the

notation of 1.3. For ea
h i 2 J let �

i

: X

i

! � be the unique PSp-map, with

dual inje
tion Æ

i

: 2! A

i

. If we let Æ �

Q

J

Æ

i

: 2

J

! A, then the 
oprodu
t

map � �

`

J

�

i

: X !

J

� is given simply by the rule �(x) = Æ

�1

(x), x 2 X .
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Cru
ial for our purposes is the map " � �� : X ! �J . If we abbreviate

Æ(�

K

) to a

K

for K � J , so that

a

K

(i) �

(

1

A

i

= X

i

if i 2 K

0

A

i

= ; if i =2 K

;

we get a simple formula for ":

"(x) = fJ rK j �

K

2 Æ

�1

(x)g = fJ rK j a

K

2 xg:

Now we have the 
oprodu
t X represented as the disjoint union

S

u2�J

X

u

,

where

X

u

� "

�1

(u) = fx j fJ rK j a

K

2 xg � ug:

This viewpoint brings to the surfa
e several important fa
ts.

� Be
ause the order in �J is trivial, all the X

u

's are order indepen-

dent.

� Hen
e an embedding of a 
onne
ted poset P into the 
oprodu
t has

to embed P into one of the X

u

's.

� For ea
h i 2 J , �

i

provides a PSp-isomorphism from X

i

onto X

e

i

,

where

e

i � fZ j i 2 Zg 2 �J , and X

e

i

is 
lopen in X .

�

S

i2J

X

e

i

is a dense open subset of X .

1.5. By a result from [5℄,

the Priestley duals D(X

u

) of X

u

are the ultraprodu
ts

Q

u

D(X

i

).

1.6. A 
on�guration is a �nite poset (�nite Priestley spa
e) with a top

element. For a 
on�guration P denote by

Forb(P ) resp. Forb

H

(P )

the 
lass of distributive latti
es L (resp. Heyting algebras L) su
h that

P ,!j L.

A 
on�guration P is said to be 
oprodu
tive if it 
annot be embedded

into a 
oprodu
t

`

i2J

X

i

unless it is embeddable into one of the X

i

's.

1.7. By  Lo�s's Theorem (see, e.g., [6℄), a system that 
an be 
hara
terized

by �rst order formulas in a �rst order theory is 
losed under ultraprodu
ts.

In 
onsequen
e we have

Proposition. If the 
lass Forb(P ) is 
hara
terized by �rst order formulas

in the theory of distributive latti
es then the 
on�guration P is 
oprodu
tive.

Proof. Suppose we have P ,!

`

i2J

X

i

. Sin
e P is 
onne
ted, we have

P ,! X

u

for an ultra�lter u 2 �J . Now by 1.5 the ultraprodu
t

Q

u

D(X

i

)
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is not in Forb(P ) and hen
e there is an i 2 J su
h that D(X

i

) =2 Forb(P ),

that is, P ,! X

i

. �

2. A spe
ial 
oprodu
t

2.1. Conventions. Immediate pre
eden
e in a poset will be indi
ated

by �.

A generalized diamond is a poset that is obtained from a tree that is not

a 
hain by augmenting it with an extra bottom point.

A point x in �nite poset P (not ne
essarily with top) is said to be 
on
u-

ent if there are in
omparable y; z su
h that x 6 y; z. The set of all 
on
uent

points of P , resp. maximal 
on
uent points of P , will be denoted by

Cf(P ) resp. maxCf(P ):

We have the obvious

2.1.1. Observations. 1. If f : P ! Q is an embedding then

f [Cf(P )℄ � Cf(Q); and(2.1.a)

f [Cf(P ) nmaxCf(P )℄ � Cf(Q) nmaxCf(Q)(2.1.b)

2. If p is in maxCf(P ) then "p is a generalized diamond.

2.2. If P is a 
on�guration that is not a tree then obviously Cf(P ) 6= ;.

Choose an r 2 maxCf(P ) su
h that

(2:2:1)

the number k of the immediate su

essors

of r is smallest possible:

The generalized diamond "r will be denoted by D, and the notation

P; r; k; D

will be observed in the sequel; we will write j : D ! P for the embedding.

2.3. The posets D

n

and P

n

. The posets D

n

: In the set M of the

elements minimal above r 
hoose a �xed s. This symbol will also be retained

in the sequel. Set

D

n

= D � f1; 2; : : : ; ng
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(we will write pi for (p; i)) and order it by

(!!) ri � sj i� i 6= j;

ri � pj i� i = j for p 2M; p 6= s; and

pi � qj i� p � q and i = j for p 6= r:

The posets P

n

are obtained from P by repla
ing the subset D by D

n

and

leaving the other points alone; the order among the elements of P nD is kept

as in P , and the p and qi are put in the same order as p and q. Note that

P

n

in general does not have a top. The natural maps de�ned by p 7�! p for

p 2 P rD and pi 7�! p for p 2 D will be denoted by

f

n

: P

n

! P:

Note that

(2.3.1.) f

n

( #z) = #f

n

(z) for any z:

2.4. Proposition. There is no embedding P ,! P

n

.

Proof. We leave the demonstration for n = 1 to the reader, and assume

n � 2. Suppose ' is su
h an embedding. Considering a longest path

p

0

< p

1

< � � � < > and its image '(p

0

) < '(p

1

) < � � � < '(>) we see that

'(>) = >i

0

for some i

0

. Consequently we have

'[P ℄ � Q = #>i

0

:

Sin
e n � 2,

Q = (P nD) [ ((D n frg)� fi

0

g) [ (frg � f1; 2; : : : ; ng)

with the relation in P n D as in P , pi

0

6 qi

0

for p; q 2 D n frg i� p 6 q,

p 6 qi i� p 6 q, and ri < qi

0

for any i and any q 6= s su
h that r < q.

Thus

Cf(Q) = (Cf(P ) n frg) [ fri j i = 1; : : : ; ng

and the ri are maximal and have only k � 1 immediate su

essors in Q.

By the 
hoi
e (2.2.1), ri 6= '(p) for p 2 Cf(P ). By (2.1.b) they 
annot

be '(p) for any other p 2 Cf(P ) either, whi
h yields, using also (2.1.a),

'[Cf(P )℄ � Cf(P ) n frg. This 
annot be, sin
e ' is one-one. �
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3. The fibers in the 
oprodu
t of the P

n

's

3.1. We apply the notation and formula from 1.4 to the family P

n

, n 2 N.

To reiterate, X = P(A), where A =

Q

N

A

n

and A

n

= D(P

n

), n 2 N. We

then have for the fun
tion " : X ! �N the formula

"(x) = fN rK j a

K

2 xg

where

a

K

(n) =

(

1

A

n

= P

n

if n 2 K

0

A

n

= ; if n =2 K

:

In 
onsequen
e we have

(3.2) P

u

= "

�1

(u) = fx 2 X j fa

NrK

j K 2 ug � xg:

3.3. Re
all the maps f

n

: P

n

! P from 2.3. De�ne f : X ! P by

f � �

n

= f

n

, n 2 N. In order to express f 
on
retely, let A

P

� D(P ),

h

n

� D(f

n

) : A

P

! A

n

, and h �

Q

n2N

h

n

: A

P

! A. Then

f = �

�1

� D(h) = �

�1

h

�1

;

where � : P

�

=

P(D(P )) is the duality equivalen
e given by

�(p) = fa 2 A

P

j p =2 ag; p 2 P:

Be
ause P is �nite, the ideal �(p) 
ontains the largest element a

p

= fq j q �

pg, and we have

�(p) = fa 2 A

P

j a 6 a

p

g:

Similarly, the �lter F

p


omplementary to �(p) 
ontains the smallest element

b

p

= #p, and we have F

p

= fa 2 A

P

j a > b

p

g. Set

ea

p

= h(a

p

) = (f

�1

n

(a

p

))

n

;

e

b

p

= h(b

p

) = (f

�1

n

(b

p

))

n

:

Take a prime ideal x, and let y be the 
omplementary �lter. Then h

�1

(x) =

�(p) i� h

�1

(y) = F

p

. Thus

f(x) = p i� h

�1

(x) = �(p) i�

e

b

p

= h(b

p

) =2 x 3 h(a

p

) = ea

p

:

We have the formula

(3.3) f

�1

(p) = fx j

e

b

p

=2 x 3 ea

p

g; p 2 P:

3.4. Proposition. For ea
h u 2 �N and p 2 P ,

P

u

\ f

�1

(p) = fx j

e

b

p

=2 x � fa j fn j f

�1

n

(p) \ a(n) = ;g 2 ugg:
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Proof. Let Z label the set displayed on the right. Consider x 2 P

u

\

f

�1

(p). To show that x 2 Z, �rst note that

e

b

n

=2 x by (3.3). Let a 2 A

be su
h that K � fn j f

�1

n

(p) \ a(n) = ;g 2 u. Sin
e x 2 P

u

then by

(3.2) a

NrK

2 x, and sin
e x 2 f

�1

(p) then by (3.3) ea

p

2 x; 
onsequently

a

NrK

_ ea

p

2 x. To 
on
lude x 2 Z we need only establish the 
laim that

a 6 a

NrK

_ea

p

. If n 2 K then f

�1

n

(p)\a(n) = ; and hen
e a(n) 6 f

�1

n

(a

p

) =

ea

p

(n), for otherwise there would be a z

0

2 a(n) su
h that f

n

(z) > p and

by 2.3.1 we would have z 6 z

0

su
h that f

n

(z) = p. On the other hand, if

n =2 K then a(n) 6 1

A

n

= a

NrK

(n). This proves the 
laim.

Now let x 2 Z. Trivially, for any K � N, fn j f

�1

n

(p)\a

NrK

(n) = ;g = K

and hen
e by (3.2) our x is in P

u

. Finally, f

�1

n

(p)\ea

p

(n) = f

�1

n

(fpg\a

p

) = ;

for all n and hen
e ea

p

2 x and x 2 f

�1

(p) by (3.3). �

3.5. Proposition. For ea
h u 2 �N and p 2 P r D, P

u

\ f

�1

(p)


ontains exa
tly one element, namely

fa j fn j p =2 a(n)g 2 ug:

Proof. For p =2 D, f

�1

n

(p) = fpg and hen
e

fa j fn j f

�1

n

(p) \ a(n) = ;g 2 ug = fa j fn j p =2 a(n)g 2 ug:

Denote this set by x. It is easy to 
he
k that x is a prime ideal; trivially it

does not 
ontain

e

b

p

. Now let x

0

) x be a prime ideal. Choose a 2 x

0

r x.

Then K � fn j p =2 a(n)g =2 u, hen
e N rK 2 u, and by (3.2), a

K

2 x, and

hen
e a _ a

k

2 x

0

. The proof will be 
omplete if we 
an establish the 
laim

that

e

b

p

6 a

K

_ a. Certainly for n 2 K we have

e

b

p

(n) = #p 6 P

n

= 1

A

n

=

a

K

(n). But also for n =2 K we have p 2 a(n), so that

e

b

p

(n) = #p 6 a(n).

This proves the 
laim and the proposition. �

4. Trees, 
oprodu
tivity, and first order

4.1. Re
all from [3℄ that

if T is a tree then L is in Forb(T ) i� every a : T ! L has a T -


omplement in L

where a T -
omplement of a map a : T ! L is a map 
 : T ! L su
h that

� for t 2 minT , a(t) ^ 
(t) � a

0

(t) where a

0

(t) =

W

t��

a(�),

� a(t) ^ 
(t) �

W

��t


(�) _ a

0

(t) otherwise,

� and a(>

T

) = 1,

and that
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Forb

H

(P ) is a variety of Heyting algebras i� Forb

H

(P ) is a quasi-

variety of Heyting algebras i� P is a tree.

4.2. We return to the notation of Se
tion 3. Fix u 2 �N r N. Our

obje
tive is to de�ne a fun
tion g

u

: P ! P

u

whi
h we will show is an

embedding in Proposition 4.3. For that purpose we need an auxiliary index

set I = f(n; j) j 1 � j � ng, and an (arbitrary) ultra�lter v on I 
ontaining

the proper �lter base

F � fJ � I j 9m (fn j jfj j (n; j) =2 Jgj � mg 2 u)g:

For ea
h p 2 D let

g

u

(p) = fa j f(n; j) j pj =2 a(n)g 2 vg:

Clearly g

u

(p) is a prime ideal on A =

Q

A

n

. For p 2 P rD de�ne

g

u

(p) = fa j fn j p =2 a(ng 2 ug:

4.2.1. Observation. For any p,

e

b

p

=2 g

u

(p) 3 ea

p

.

Indeed,

f(n; j) j pj =2 f

�1

n

(b

p

)g = f(n; j) j p 
 pg = ; and

f(n; j) j pj =2 f

�1

n

(a

p

)g = f(n; j) j p > pg = I:

4.2.2. Lemma. If q 
 p then ea

q

=2 g

u

(p).

Proof. p =2 ea

q

(n) resp. pj =2 ea

q

(n) implies q 6 p. Thus, in both the 
ases,

the sets that should be in the ultra�lters are void. �

4.3. Proposition. For ea
h u 2 �N r N there is an embedding g

u

:

P ! P

u

su
h that

f � g

u

= id

P

:

Proof. We will show that the formula g

u

de�ned in 4.2 
onstitutes an

embedding. By 4.2.2, q 
 p implies that g

u

(q) * g

u

(p), so that it suÆ
es

to prove that g

u

is monotone. Thus, let p 6 q.

If p; q 2 P rD, g

u

(p) � g

u

(q) sin
e fn j p =2 a(n)g � fn j q =2 a(n)g.

Suppose p 2 P r D and q 2 D, and 
onsider a 2 g

u

(p), so that J �

fn j p =2 a(n)g 2 u. Then L � f(n; j) j n 2 J; 1 6 j 6 ng 2 F by de�nition.

Sin
e p 6 qj for all j in any P

n

,

f(n; j) j qj =2 a(n)g � L 2 F � v:

It follows that a 2 g

u

(q) and that g

u

(p) � g

u

(q).

The 
ase p; q 2 D, (p; q) 6= (r; s) (re
all 2.2, 2.3) is mu
h the same.
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It remains to prove that g

u

(r) � g

u

(s). Thus, let a 2 g

u

(r) so that J �

f(n; j) j rj =2 a(n)g 2 v; we seek to show that K � f(n; j) j sj =2 a(n)g 2 v.

First, observe that

L � fn j jfj j (n; j) 2 Jgj > 2g 2 u:

Indeed, if not then fn j jfj j (n; j) =2 I r Jgj 6 1g 2 u and I r J 2 F � v.

Now note that (n; j) 2 K for all n 2 L and 1 � j � n, for every point of

a(n)\f

�1

n

(s) lies above a point of a(n)\f

�1

n

(r) as long as there are at least

two points of the latter type. We have

K � f(n; j) j n 2 L; 1 � j � ng 2 F � v:

This 
ompletes the proof. �

4.4. Theorem. The following statements on a 
on�guration P are

equivalent

(1) P is a tree,

(2) P is 
oprodu
tive,

(3) Forb(P ) 
an be 
hara
terized by �rst order formulas.

Proof. (1))(3) by 4.1, (3))(2) by 1.7, and (2))(1) by 2.4 and 4.3. �

4.5. Re
alling the se
ond statement in 4.1, and using the fa
t that

the produ
ts in the 
ategory of Heyting algebras are as in the 
ategory of

distributive latti
es, we obtain, in the Heyting 
ontext,

Theorem. The following statements on a 
on�guration P are equivalent

(1) P is a tree,

(2) P is 
oprodu
tive,

(3) Forb

H

(P ) 
an be 
hara
terized by �rst order formulas,

(4) Forb

H

(P ) is a quasivariety,

(5) Forb

H

(P ) is a variety.
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