
Group 
oloring is �

P

2

-
omplete

Daniel Kr�al'

�

Abstra
t

The group 
hromati
 number of a graph G is the smallest integer k

su
h that for ea
h Abelian groupA of order at least k, ea
h orientation

of G and ea
h edge-labeling ' : E(G) ! A, there exists a vertex-


oloring 
 : V (G) ! A with 
(v) � 
(u) 6= '(uv) for all oriented

edges uv of G. We show that the de
ision problem whether a given

graph has group 
hromati
 number at most k is �

P

2

-
omplete for ea
h

integer k � 3.

1 Introdu
tion

Group 
olorings of graphs have been introdu
ed by Jaeger, Linial, Payan and

Tarsi [4℄. For plane graphs, this 
on
ept is dual (in the usual sense) to group


onne
tivity whi
h generalizes the intensively studied 
on
ept of nowhere-

zero 
ows in graphs. For an Abelian group A, a graph G is said to be A-


olorable if for every orientation of G and for every edge-labeling ' : E(G)!

A, there is a vertex 
oloring 
 : V (G) ! A su
h that 
(w) � 
(v) 6= '(vw)

for ea
h oriented edge vw 2 E(G). Note that the 
hoi
e of an orientation of

edges of G is not essential sin
e reversing the orientation of the edge e 
an be

repla
ed by 
hanging the forbidden di�eren
e '(e) to �'(e). A plane graph

is A-
olorable i� its dual is A-
onne
ted [4℄. We remark that it is unknown

whether the property of being A-
olorable (A-
onne
ted) depends on the

stru
ture or only on the order of the group A (like in the 
ase of nowhere-

zero 
ows [12℄). The least number �

g

(G) su
h that G is A-
olorable for ea
h

�
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Abelian group A of order at least �

g

(G) is the group 
hromati
 number of

G.

Group 
olorings have attra
ted a lot of attention from the 
ombinatorial

point of view. Some theorems for ordinary 
olorings, e.g., Brooks' theo-

rem, 
an be translated to group 
olorings [6℄, some 
annot. However, the


on
ept of group 
oloring is 
loser to the 
on
ept of list-
oloring [5℄: The

group 
hromati
 number of a graph G with the average degree d is at least


(d= log d). Hen
e, as in the 
on
ept of list 
oloring, the group 
hromati


number, the 
hoi
e number, respe
tively, of graphs with large average de-

gree is large. Lai and Zhang [7℄ proved that the group 
hromati
 number of

planar graphs is bounded by �ve and the author with Pangr�a
 and Voss [5℄


onstru
ted a planar graph with the group 
hromati
 number �ve. This is

the same bound as in the 
ase of list-
oloring [11℄. Planar graphs without

3-
y
les and 4-
y
les have the group 
hromati
 number at most three and

planar graphs without 4-
y
les at most four [5℄ mat
hing the same bounds

for 
hoosability [8, 10℄. On the other hand, the 
hoi
e number of planar

bipartite graphs is at most three [1℄ but there is a planar bipartite graph

with the group 
hromati
 number equal to four [5℄.

In this paper, we address the 
omplexity of group 
oloring. We show that

for ea
h Abelian group A of order at least three it is �

P

2

-
omplete to de
ide

whether a given graph G is A-
olorable. The problem to de
ide whether

the group 
hromati
 number of a graph G is at most k is also �

P

2

-
omplete

for ea
h integer k � 3.

2 De�nitions and notation

All groups 
onsidered in this paper are �nite and Abelian. The neutral

element is always denoted by 0. Elements of the group are sometimes also

referred to as 
olors. If an orientation and edge-assignment ' of a graph G

is given, then a vertex 
oloring 
 is proper if 
(v) � 
(u) 6= '(uv) for every

oriented edge uv of G. Hen
e, a graph G is A-
olorable if there is a proper


oloring for ea
h orientation of it and ea
h edge-assignment ' : E(G)! A.

An edge uv with 
(v)� 
(u) 6= '(uv) is said to be properly 
olored. On the

other hand, if 
(v) � 
(u) = '(uv), the 
olors of u and v 
on
i
t with ea
h

other.

Let us state a simple lemma about group 
oloring whi
h is used later in

this paper:
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Lemma 1 Let G be a graph and v a �xed vertex of it. If a graph G is

A-
olorable, then for ea
h orientation and ea
h edge-labeling, there exists a

proper 
oloring 
 of G with 
(v) = 0.

We �rst show that a variant of group 
oloring where sizes of lists are not

the same for all verti
es of a graph is �

P

2

-
omplete and then we derive the

�

P

2

-
ompleteness of the original problem. A list-size-assigning fun
tion is a

mapping  : V (G) ! f1; : : : ; jAjg. An A-list- -assignment for a graph G

and an Abelian group A is a mapping L : V (G) ! 2

A

with jL(v)j =  (v)

for every vertex v 2 V (G). If the group A is 
lear from the 
ontext, the list

assignment L is just said to be a list- -assignment. The graphG is said to be

A- -
hoosable if for ea
h orientation of G, ea
h edge-labeling ' : E(G)! A

and ea
h list- -assignment L, there is a vertex 
oloring 
 : V (G)! A su
h

that 
(v) 2 L(v) for every vertex v 2 L(v) and 
(w)�
(v) 6= '(vw) for every

oriented edge vw 2 E(G). We also say that G 
an be 
olored from lists L

or that it is A-L-
olorable in su
h a situation. If  is a 
onstant fun
tion

equal to `, then the list assignment L is said to be list-`-assignment and the

graph G is said to be A-`-
hoosable. Note that a graph is A-jAj-
hoosable

i� it is A-
olorable. Group 
hoosability has sometimes a somewhat strange

behavior, e.g., a 
y
le of even length is A-2-
hoosable for every group A of

odd order and it is not A-2-
hoosable for any group A of even order.

The 
omplexity 
lass �

P

2

is de�ned to be the 
lass of the 
omplements of

problems whi
h 
an be solved by non-deterministi
 algorithms running in

polynomial time whi
h have a

ess to the ora
le solving problems from the


lass NP [2, 9℄. Only very few natural 
ombinatorial problems are known to

be �

P

2

-
omplete, e.g., the problem to de
ide whether a graph is 3-
hoosable

is �

P

2

-
omplete [3℄, to 
ompute the generalized Ramsey number [2℄. Sim-

ilarly as ordinary satis�ability of formulas is the basi
 NP-
omplete prob-

lem, the de
ision problem whether a given �

2

-formula is true is the basi


�

P

2

-
omplete problem. A formula 	 is a �

2

-3CNF-formula if it is of the

following form:

	 = 8x

1

� � � 8x

m

9y

1

� � � 9y

n

	

0

(x

1

; : : : ; x

m

; y

1

; : : : ; y

n

)

where 	

0

is a 3CNF-formula with variables x

1

; : : : ; x

m

; y

1

; : : : ; y

n

, i.e., a

formula 	

0

is in the 
onjun
tive normal form (CNF) and ea
h 
lause of it

has size exa
tly three. Formulas 	 where 	

0

is of this restri
ted form are


alled �

2

-3CNF-formulas. The size of a �

2

-3CNF-formula is the number

of its 
lauses. We remind that o

urren
es of variables in 
lauses of 	

0

are 
alled literals. A literal is positive if it is of the form x

i

, i = 1; : : : ;m,
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or y

i

, i = 1; : : : ; n. Similarly, a literal is negative if it is of the form :x

i

,

i = 1; : : : ;m, or :y

i

, i = 1; : : : ; n.

3 Group 
hoosability is hard

In this se
tion, we 
onstru
t, for a given �

2

-3CNF-formula 	 and an integer

k, a graph G whi
h is A- -
hoosable for a 
ertain list-size-assigning fun
tion

 for ea
h Abelian group A of order k if 	 is true and for no Abelian group

A of order k if 	 is false. This shows that A-
hoosability is �

P

2

-
omplete if

sizes of lists for verti
es form a part of the input. In the next se
tion, these

results are used to dedu
e that the de
ision problem whether a given graph

is A-
olorable is �

P

2

-
omplete.

3.1 Preliminary results on group 
hoosability

First, let us prove a simple lemma on group 
hoosability whi
h later helps

us to simplify some of our arguments:

Lemma 2 Let G be a dire
ted graph, T a spanning tree of G, A a �xed

Abelian group and  a list-size-assigning fun
tion. Then, the graph G is

A- -
hoosable if and only if G 
an be 
olored from every A- -lists for every

edge-labeling ' : E(G)! A with '(uv) = 0 for all uv 2 E(T ).

Proof: Clearly, it is enough to prove that if G 
an be 
olored from any

A- -lists for ea
h edge-labeling ' : E(G) ! A with '(uv) = 0 for all

uv 2 E(T ), then G is A- -
hoosable. Fix an orientation, an edge-labeling

' : E(G) ! A and an A- -list assignment L of G. We 
an assume that T

is a bran
hing, i.e., T has a root r and all edges of T are oriented in the

dire
tion from the root. We modify the edge-labeling ' so that the resulting

edge-labeling is equal to 0 on the edges of the tree T . In order to do this,

we pro
ess one edge after another in the order determined by their distan
e

from the vertex r. The edges in
ident with the root r are pro
essed �rst.

Let us 
onsider an edge uv of the tree T and modify the edge-labeling

' and the list assignment L as follows:

� De
rease the label of ea
h edge e leading to the vertex v by '(uv) and

in
rease the label of ea
h edge e going out from the vertex v by '(uv).

Observe that the label of the edge uv after the modi�
ation is equal

to 0.
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Figure 1: The graphs P

3

4

and P

4

4

.

� De
rease ea
h element in the list L(v) of the vertex v by '(uv).

It is easy to see that there is a proper vertex-
oloring 
 : V (G) ! A with

respe
t to the original edge-labeling and list assignment if and only if there is

a proper vertex-
oloring with respe
t to the modi�ed ones. The modi�
ation

does not 
hange edge-labels of edges 
loser to the root r in the tree T than

the edge uv and hen
e after all edges are pro
essed, the edge-labeling ' has

been modi�ed so that '(uv) = 0 for all edges uv 2 E(T ).

The 
ore of our gadgets is the following graph denoted as P

k

4

: Consider k


opies of the four-vertex path P

4

. Let �

i

�

i




i

Æ

i

, i = 1; : : : ; k, be these paths.

We identify all the verti
es �

1

; : : : ; �

k

to a single vertex � and the verti
es

Æ

1

; : : : ; Æ

k

to a single vertex Æ. Next, de�ne the list-size-assigning fun
tion

 as follows:  (�) =  (�

1

) = : : : =  (�

k

) =  (


1

) = : : : =  (


k

) = 2 and

 (Æ) = k. The graphs P

3

4

and P

4

4

are depi
ted in Figure 1. A property

of the graph P

k

4

whi
h is 
ru
ial for our 
onstru
tion is stated in the next

proposition:

Proposition 3 Let k � 2 be an integer and A an Abelian group of order

k. The graph P

k�1

4

is A- -
hoosable.

Proof: Fix an orientation, an edge-labeling ' and a list- -assignment L.

In parti
ular, the size of the list jL(Æ)j of the vertex Æ is k � 1. We may

assume that the edges are oriented so that the edges ��

i

are oriented from

� to �

i

, the edges �

i




i

from �

i

to 


i

and 


i

Æ from 


i

to Æ for i = 1; : : : ; k�1.

By Lemma 2, we 
an also assume that '(��

i

) = 0 and '(�

i




i

) = 0 for every

i = 1; : : : ; k � 1.
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In the proof, we distinguish two 
ases. The �rst 
ase is that there is an

edge ��

i

with L(�) 6= L(�

i

) or an edge �

i




i

with L(�

i

) 6= L(


i

) for some

i = 1; : : : ; k � 1. Assume that there is su
h an edge ��

i

. Color the vertex

� by a 
olor from its list whi
h is not 
ontained in the list L(�

i

). Color

now all the verti
es �

i

0

for i

0

6= i by 
olors from their lists whi
h do not


on
i
t with the 
olor of the vertex � and then 
olor all the verti
es 


i

0

for

i

0

6= i by 
olors from their lists whi
h do not 
on
i
t with the 
olor of the

vertex �

i

0

. The vertex Æ has now k� 2 
olored neighbors and thus it 
an be


olored by a 
olor from its list whi
h 
on
i
ts with the 
olor of no vertex




i

0

with i

0

6= i. Color now the vertex 


i

by a 
olor from its list whi
h does

not 
on
i
t with the 
olor of the vertex Æ and then the vertex �

i

by a 
olor

from its list whi
h does not 
on
i
t with the 
olor of the vertex 


i

. By the


hoi
e of the 
olor of the vertex �, the edge ��

i

is also properly 
olored.

An analogous argument applies if there is an edge �

i




i

with L(�

i

) 6= L(


i

).

The se
ond (and last) 
ase to deal with is that the lists of all the verti
es

�; �

1

; : : : ; �

k�1

; 


1

; : : : ; 


k�1

are the same. Let �

1

and �

2

be the two elements

of A 
ontained in these lists. We now 
onsider the following two 
olorings




1

and 


2

of all the verti
es of P

k�1

4

ex
ept for the vertex Æ: 


`

(�) = �

`

,




`

(�

i

) = �

3�`

and 


`

(


i

) = �

`

for ` = 1; 2 and i = 1; : : : ; k � 1. De�ne now

a set B

`

for ` = 1; 2 to be the set 
ontaining all the elements �

`

+ '(


i

Æ)

for i = 1; : : : ; k � 1. If the graph G does not have a proper 
oloring from

the list-assignment L with respe
t to the orientation and the edge-labeling

', both the sets B

1

and B

2

are equal to L(Æ). In parti
ular, all the labels

'(


1

Æ); : : : ; '(


k�1

Æ) are mutually distin
t. Let � be the only element of

A missing in the list L(Æ). By the de�nition of B

1

, the equality implies

B

1

= L(Æ) that none of the labels '(


1

Æ); : : : ; '(


k�1

Æ) is equal to � � �

1

.

Similarly, none of the labels '(


1

Æ); : : : ; '(


k�1

Æ) is equal to � � �

2

. Sin
e

the labels '(


1

Æ); : : : ; '(


k�1

Æ) are mutually distin
t, it must hold that

���

1

= ���

2

. This implies �

1

= �

2

whi
h is impossible. Hen
e, B

1

6= L(Æ)

or B

2

6= L(Æ) and the graph G 
an be properly 
olored from the lists L with

respe
t to the orientation and the edge-labeling '.

3.2 Overview of the 
onstru
tion

We aim to 
onstru
t a graph G and a list-size-assigning fun
tion  for a

given �

2

-3CNF-formula 	 and a given integer k � 3 su
h that G is A- -


hoosable for ea
h group A of order k if 	 is true and G is A- -
hoosable
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for no group A of order k if 	 is false. The stru
ture of the graph G

depends on the order of the group A but not on its stru
ture. The graph

G will be glued from several types of gadgets. The gadget is a graph with

several (usually two) distinguished 
onta
t verti
es together with a list-

size-assigning fun
tion de�ned for all verti
es in
luding the 
onta
t ones.

Conta
t verti
es are always non-adja
ent and verti
es of the gadget whi
h

are not 
onta
t are 
alled inner verti
es of the gadget.

On
e the Abelian group A, the orientation of the edges of the gadget,

the edge-labeling and the list-assignment for inner verti
es are 
hosen, there

exist one or more proper vertex-
olorings of the gadget. Su
h a proper

vertex-
oloring is said to be 
onsistent with the given orientation, the edge-

labeling and the list-assignment. If the orientation, the edge-labeling and

the list-assignment are 
lear from the 
ontext, the vertex-
oloring is just

said to be 
onsistent. A 
onta
t vertex is pre
olored if it is 
olored with

a 
olor from its list. If all but one 
onta
t verti
es are pre
olored, the

remaining 
onta
t vertex is said to be rigid if only a single 
olor from its

list 
an be used to 
olor it, i.e., every 
onsistent 
oloring whi
h extends the

pre
oloring assigns this vertex the same 
olor. The 
onta
t vertex is said to

be free if there are at least two 
olors in its list with whi
h it 
an be 
olored.

Finally, the 
onta
t vertex is said to be 
olorable if it is rigid or free. In our


onstru
tion, free verti
es 
orrespond to true literals and rigid verti
es to

false ones.

3.3 Transfer gadget

First, we 
onstru
t a so-
alled transfer gadget whi
h is used to transfer the

truth value of a literal throughout the 
onstru
ted graph. The gadget has

two 
onta
t verti
es IN and OUT. For an Abelian group A of order k, the

transfer gadget is obtained from the graph P

k�1

4

by adding a new vertex

OUT and joining it to the verti
es �

1

and 


1

of P

k�1

4

. The other 
onta
t

vertex IN is the vertex � of the graph P

k�1

4

. The list-size-assigning fun
tion

 is the same as for the graph P

k�1

4

ex
ept for the verti
es � = IN, �

1

and




1

. For these three verti
es and the vertex OUT, the fun
tion  is set

to be three. The transfer gadgets for k = 3 and k = 4 
an be found in

Figure 2. In the rest the transfer gadget is denoted by a bold double arrow

joining the vertex IN to the vertex OUT (as in Figure 3). We des
ribe

some properties of the transfer gadget essential for our 
onstru
tion in the

following propositions:
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1

Æ

OUTOUT

Figure 2: The transfer gadgets for k = 3 and k = 4.

Proposition 4 Let A be an Abelian group of order k � 3, � 2 A and B � A

with jBj = 3 and 0 2 B. There exist an orientation, an edge-labeling and a

list-assignment L of the transfer gadget with L(OUT) = B su
h that if the


onta
t vertex IN is pre
olored with �, then the 
onta
t vertex OUT is rigid

and it must be 
olored with 0.

Proof: Let B = f0; �

1

; �

2

g and let �

0

be an element of A di�erent from

both � and �

2

� �

1

. Let R be a set of k � 2 elements of A su
h that 0 62 R.

Orient the edges ��

i

from � to �

i

, �

i




i

from �

i

to 


i

and 


i

Æ from 


i

to Æ

for i = 1; : : : ; k� 1, the edge �

1

OUT from �

1

to OUT and the edge 


1

OUT

from 


1

to OUT. Next, we de�ne the edge-labeling ': The edges ��

2

, . . . ,

��

k�1

are assigned �� by ' and the edges �

1




1

, �

2




2

, . . . , �

k�1




k�1

are

assigned 0 by '. The edges 


2

Æ, . . . , 


k�1

Æ are labeled by mutually distin
t

elements from the set R. The labels of the remaining six edges are de�ned

as follows: '(��

1

) = �

0

, '(


1

Æ) = ��

0

and '(�

1

OUT) = '(


1

OUT) =

�

1

. Finally, we de�ne the list-assignment L. The lists of all the verti
es

�

2

; : : : ; �

k�1

and 


2

; : : : ; 


k�1

are the same and they are equal to f0; �

1

g.

The lists of the remaining four verti
es are the following: L(Æ) = R [ f0g,

L(�

1

) = L(


1

) = f0; �

2

� �

1

; �

0

g and L(OUT) = B = f0; �

1

; �

2

g. If the

vertex IN= � is pre
olored with �, all the verti
es �

2

; : : : ; �

k�1

must be


olored with the 
olor �

1

and the verti
es 


2

; : : : ; 


k�1

with the 
olor 0.

This for
es the vertex Æ to be 
olored with the 
olor 0 be
ause of the 
hoi
e

of the edge-labeling ' for the edges 


2

Æ; : : : ; 


k�1

Æ. Then, the 
olors of the

verti
es �

1

and 


1

must be 0 and �

2

� �

1

(the 
olor �

0


on
i
ts with the


olors of the verti
es � and Æ, respe
tively). The 
olor of the vertex OUT

is for
ed to be neither �

1

nor �

2

as desired.
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Proposition 5 Let A be an Abelian group of order k � 3. The following

holds for ea
h orientation, ea
h edge-labeling and ea
h list-assignment of

the transfer gadget: If the 
onta
t vertex OUT is pre
olored, then the vertex

IN is free.

Proof: Assume for the sake of 
ontradi
tion that the statement is false.

Fix an orientation, an edge-labeling �, a list-assignment L of the transfer

gadget and a pre
oloring of the OUT vertex. Assume that there exist two


olors �

1

and �

2

in the list L(IN) 
on
i
ting with any 
onsistent 
oloring.

We now 
reate a list-assignment L

0

for the verti
es of the 
opy P

k�1

4

based

on a list-assignment L and the 
olor of the vertex OUT. The lists L

0

(�

1

) and

L

0

(


1

) are the lists L(�

1

) and L(


1

) without 
olors 
on
i
ting with the 
olor

of the vertex OUT. The list L

0

(v) for the remaining verti
es v ex
ept for �

is the same as the list L

0

(v). The list L

0

(�) is f�

1

; �

2

g. By our assumption,

the graph P

k�1

4


annot be 
olored from the lists L

0

for the restri
tion of

the orientation and the edge-labeling � to it. But this is impossible by

Proposition 3.

Proposition 6 Let A be an Abelian group of order k � 3. The following

holds for ea
h orientation, ea
h edge-labeling and ea
h list-assignment of

the transfer gadget: If the 
onta
t vertex IN is pre
olored, the vertex OUT

is 
olorable.

Proof: Fix an orientation, an edge-labeling, a list-assignment of the trans-

fer gadget and a pre
oloring of the vertex IN. Color the remaining verti
es

in the order �

2

, �

3

, . . . , �

k�1

, �

2

, �

3

, . . . , �

k�1

, Æ, �

1

, �

1

and OUT. Ob-

serve that ea
h time a vertex of the gadget is to be 
olored, it always has

at least one available 
olor in its list and hen
e it 
an be 
olored.

Proposition 7 Let A be an Abelian group of order k � 3. Fix an orien-

tation, an edge-labeling and a list-assignment of the transfer gadget. There

is at most one 
olor � in the list of the vertex IN su
h that if the vertex IN

is pre
olored with �, the vertex OUT is rigid. In parti
ular, for any other


olor �

0

6= � from the list of the vertex IN, if IN is pre
olored with �

0

, the

vertex OUT is free.

9
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Figure 3: The existential gadget for k = 4. The numbers represent sizes of

lists and the letters their names. The gadget is in the left part of the �gure

and its simpli�ed diagram is in the right part.

Proof: If the vertex IN is pre
olored, then the vertex OUT is always


olorable by Proposition 6. Assume for the sake of 
ontradi
tion that there

are two di�erent 
olors �

1

and �

2

in the list of the vertex IN su
h that if

the vertex IN is pre
olored with �

1

or �

2

, then the vertex OUT is rigid. Let

�

1

, �

2

, be the 
olors for
ed to the vertex OUT if the vertex IN is pre
olored

with the 
olor �

1

, �

2

, respe
tively, and let �

3

be the remaining element of

the list of the vertex OUT. If the vertex OUT is pre
olored with �

3

, the

vertex IN is rigid sin
e it 
an be 
olored neither with �

1

nor with �

2

. But

this is impossible by Proposition 5.

3.4 Existential gadget

The existential gadget is obtained from two transfer gadgets by identifying

their IN verti
es. The vertex obtained by identifying these two verti
es is


alled the middle vertex of the existential gadget. The list-size-assigning

fun
tion of the gadgets is modi�ed by assigning the middle vertex two in-

stead of three (the remaining verti
es preserve their original sizes of lists).

The 
onta
t verti
es of the existential gadgets are the two OUT verti
es

of the transfer gadgets and they are denoted by T and F . The existential

gadget for groups of order k = 4 
an be found in Figure 3. The following

two propositions summarize properties of the existential gadget whi
h will

be needed later:

Proposition 8 Let A be an Abelian group of order k � 3. The following

holds for ea
h orientation, ea
h edge-labeling, ea
h list-assignment L of the

10



existential gadget: There are 
olors �

F

2 L(F ) and �

T

2 L(T ) su
h that if

F is pre
olored with �

F

, then the vertex T is free and, on the other hand,

if T is pre
olored with �

T

, then the vertex F is free.

Proof: Fix an orientation, an edge-labeling and a list-assignment of the

existential gadget. Let �

1

and �

2

be the 
olors 
ontained in the list of the

middle vertex. Let us �rst 
onsider the following 
ase: If the middle vertex

is pre
olored with the 
olor �

1

, then both the verti
es T and F are free.

Let t

0

and f

0

be 
olors with whi
h the verti
es T and F , respe
tively, 
an

be 
olored. Set �

T

= t

0

and �

F

= f

0

. If T is pre
olored with �

T

= t

0

,

then pre
olor the middle vertex with the 
olor �

1

and 
onsider a 
onsistent


oloring of the transfer gadget 
ontaining T whi
h 
on
i
ts neither with the


olor of the middle vertex nor with the 
olor of T . The vertex F is now

free. A symmetri
 argument applies when F is pre
olored with the 
olor

�

F

= f

0

.

The next 
ase to 
onsider is the following: If the middle vertex is pre
ol-

ored with the 
olor �

2

, then both the verti
es T and F are free with respe
t

to their transfer gadgets. However, this 
ase is analogous to the previous


ase.

The �nal 
ase is the following: If the middle vertex is pre
olored with

either of the 
olors �

1

and �

2

, then one of the verti
es T and F is rigid. By

Proposition 7, we may assume that if the middle vertex is pre
olored with

the 
olor �

1

, then the vertex T is rigid and if the middle vertex is pre
olored

with the 
olor �

2

, then the vertex F is rigid. Let �

1

2 L(T ), �

2

2 L(F ),

be the 
olor whi
h the vertex T , F , is for
ed to get, if the middle vertex is

pre
olored with �

1

, �

2

, respe
tively. Set now �

T

= �

1

and �

F

= �

2

. If T is

pre
olored with �

T

= �

1

, then pre
olor the middle vertex with the 
olor �

1

and 
onsider a 
onsistent 
oloring of the transfer gadget 
ontaining T whi
h


on
i
ts neither with the 
olor of the middle vertex nor with the 
olor of

T . The vertex F is now free. A symmetri
 argument applies when F is

pre
olored with the 
olor �

F

= �

2

.

Proposition 9 Let A be an Abelian group of order k � 3. There exist an

orientation, an edge-labeling and a list-assignment of the existential gadget

su
h that in every 
onsistent 
oloring one of the verti
es T and F is rigid

and for
ed to be 
olored with 0.

Proof: Let �

0

be any element of A di�erent from 0. Set the list of the

middle vertex of the existential gadget to be the set f0; �

0

g and 
hoose

11
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Figure 4: The universal gadget. The letters represent the names of the

verti
es.

the orientation, the edge-labeling and the list-assignment of ea
h of the

two transfer gadget as in Proposition 4 with � = 0 for the transfer gadget


ontaining the vertex F and with � = �

0

for the transfer gadget 
ontaining

the vertex T . The middle vertex must 
learly be 
olored either with the


olor 0 or with the 
olor �

0

. In the �rst 
ase, the vertex F is rigid and it

must be 
olored with 0. In the latter 
ase, the vertex T is rigid and it must

be 
olored with 0.

3.5 Universal gadget

We 
onstru
t a so-
alled universal gadget in this subse
tion. The gadget is

obtained by identifying the verti
es IN of eight 
opies of the transfer gadget

to a single vertex ". Let �

T

, �

T

, 


T

, Æ

T

, �

F

, �

F

, 


F

and Æ

F

be the 
onta
t

verti
es OUT of the transfer gadgets. Introdu
e two new verti
es T and

F . Join the vertex T by an edge to ea
h of the verti
es �

T

, �

T

, 


T

and Æ

T

and the vertex F to ea
h of the verti
es �

F

, �

F

, 


F

and Æ

F

. The 
onta
t

verti
es of the universal gadget are the two verti
es T and F . Both T and F

are assigned three by the list-size-assigning fun
tion while the other verti
es

preserve their original values. The universal gadget is depi
ted in Figure 4.

We now state and prove two properties of the universal gadget needed in

the rest:

Proposition 10 Let A be an Abelian group of order k � 3. Fix an orien-

tation, an edge-labeling and a list-assignment of the universal gadget. It is

12



possible to pre
olor the vertex T by a 
olor from its list so that the vertex

F is free or it is possible to pre
olor the vertex F by a 
olor from its list so

that the vertex T is free.

Proof: Let f�

1

; �

2

; �

3

g be the list of the vertex ". Pre
olor the vertex

" by �

1

and let t

1

be the number of verti
es of �

T

, �

T

, 


T

and Æ

T

whi
h

are rigid. Similarly, let f

1

be the number of verti
es of �

F

, �

F

, 


F

and

Æ

F

whi
h are rigid. Analogously, let t

2

and f

2

be the number of su
h rigid

verti
es if the vertex " is pre
olored with �

2

and t

3

and f

3

if it is pre
olored

with �

3

. By Proposition 7, we have t

1

+ t

2

+ t

3

� 4 and f

1

+ f

2

+ f

3

� 4.

Sin
e t

1

+ t

2

+ t

3

+ f

1

+ f

2

+ f

3

� 8, there exists i 2 f1; 2; 3g su
h that

t

i

+ f

i

� 2. Assume that t

i

� 2 and f

i

� 1. The 
ase that t

i

� 1 and f

i

� 2

is symmetri
.

Pre
olor the vertex " by i. At most two of the verti
es �

T

, �

T

, 


T

and

Æ

T

are rigid with respe
t to the transfer gadgets, i.e., at most two of them

are for
ed to get a 
ertain 
olor. We may assume that these verti
es are

�

T

are �

T

. Pre
olor now the vertex T so its 
olor 
on
i
ts neither with

the 
olor of �

T

nor with the 
olor of �

T

. Sin
e the verti
es 


T

and Æ

T

are

free by Proposition 7 and the 
hoi
e of i, we 
an 
olor ea
h them by a 
olor

whi
h does not 
on
i
t with the 
olor of T and then we 
an extend this


oloring to inner verti
es of their transfer gadgets.

We show that vertex F is free (note that the vertex T is now pre
olored).

By the 
hoi
e of i, at most one of the verti
es �

F

, �

F

, 


F

and Æ

F

is rigid.

We may assume that this vertex is the vertex �

F

. Color the vertex F by

any of the two 
olors whi
h do not 
on
i
t with the 
olor of the vertex �

F

.

Sin
e the verti
es �

F

, 


F

and Æ

F

are free by Proposition 7 and the 
hoi
e

of i, we 
an 
olor ea
h of them by a 
olor whi
h does not 
on
i
t with the


olor of F and then we 
an extend this 
oloring to inner verti
es of their

transfer gadgets. Sin
e the vertex F 
an be 
olored by (at least two) 
olors

from its list whi
h do not 
on
i
t with the 
olor of the vertex �

F

, the vertex

F is free as desired.

Proposition 11 Let A be an Abelian group of order k � 3. There exist an

orientation, an edge-labeling and a list-assignment of the universal gadget

su
h that the vertex T is rigid and for
ed to be 
olored with 0. Similarly,

there exist an orientation, an edge-labeling and a list-assignment of the uni-

versal gadget su
h that the vertex F is rigid and for
ed to be 
olored with

0.
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Proof: We 
onstru
t an orientation, an edge-labeling and a list-assignment

whi
h for
es the vertex T to get the 
olor 0. The 
ase of the vertex F is


ompletely symmetri
. Let us �x two elements �

1

6= �

2

of A di�erent from

0. First we �x orientations, edge-labelings and list-assignments for transfer

gadgets as in Proposition 4 with � = 0 for the transfer gadgets 
ontaining

�

F

, �

F

, 


F

and Æ

F

, with � = �

1

for the gadgets 
ontaining �

T

and �

T

and with � = �

2

for the gadgets 
ontaining 


T

and Æ

T

. The edges not


ontained in transfer gadgets are oriented to the verti
es T and F and the

edge-labeling ' is extended to these edges as follows:

'(�

F

F ) = 0 '(�

F

F ) = �

1

'(


F

F ) = �

2

'(Æ

F

F ) = 0

'(�

T

T ) = �

1

'(�

T

T ) = �

2

'(


T

T ) = �

1

'(Æ

T

T ) = �

2

Finally, the lists of the verti
es ", T and F are set to be f0; �

1

; �

2

g.

We now show that the vertex T is for
ed to get the 
olor 0. If the vertex "

is 
olored with 0, then the verti
es �

F

, �

F

and 


F

must be 
olored with 0 by

the 
hoi
e of the orientations, the edge-labelings and the list-assignments

in the 
orresponding transfer gadgets. But then the vertex F 
annot be


olored be
ause of the edges �

F

F , �

F

F and 


F

F . Hen
e, the vertex " must

be 
olored with �

1

or �

2

. If the vertex " is 
olored with �

1

, then the verti
es

�

T

and �

T

must get the 
olor 0 by the 
hoi
e the orientations, the edge-

labelings and the list-assignments in the 
orresponding transfer gadgets.

Thus, the edges �

T

T and �

T

T for
e the vertex T to be 
olored with the


olor 0. Similarly, if the vertex " is 
olored with �

2

, then the verti
es 


T

and Æ

T

must get the 
olor 0 and the edges 


T

T and Æ

T

T for
e the vertex T

to be 
olored with the 
olor 0. In either of the 
ases, the vertex T must be


olored with the 
olor 0 as desired.

3.6 Literal gadget

The `-literal gadget is formed by ` 
opies of the transfer gadget and ` new

verti
es denoted by OUT

1

, . . . , OUT

`

. Let �

i

and �

i

be the verti
es IN and

OUT of the i-th 
opy of the transfer gadget. The `-literal gadget has `+ 1


onta
t verti
es whi
h are the verti
es OUT

1

, . . . , OUT

`

and the vertex �

1

denoted further as the vertex IN. In addition to the edges of the transfer

gadget, the `-literal gadget 
ontains edges �

i

�

i+1

for i = 1; : : : ; ` � 1 and

edges �

i

OUT

i

for i = 1; : : : ; `. The list-size-assigning fun
tion  is modi�ed

so that  (�

2

) = : : : =  (�

`

) = 2 and extended to the new verti
es OUT

1

,
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Figure 5: The 5-literal gadget.

. . . , OUT

`

so that  (OUT

1

) = : : : =  (OUT

`

) = 2. An example of the

`-literal gadget with list sizes for ` = 5 
an be found in Figure 5. Some

properties of the `-literal gadget whi
h are essential for our 
onstru
tion are

stated in the following three propositions:

Proposition 12 Let A be an Abelian group of order k � 3 and ` a positive

integer. There exist an orientation, an edge-labeling and a list-assignment

of the `-literal gadget su
h that if the 
onta
t vertex IN is pre
olored with 0,

then all 
onta
t verti
es OUT

1

, . . . , OUT

`

must be 
olored with 0.

Proof: Fix orientations, edge-labelings and list-assignments in ea
h of the

` 
opies of the transfer gadget as in Proposition 4 for � = 0. Let ' be the

resulting partial edge-labeling and L the list-assignment. Next, orient the

remaining edges so that there are leading from the verti
es �

i

to OUT

i

for

i = 1; : : : ; `. De�ne '(�

i

OUT

i

) = � for i = 1; : : : ; ` where � 6= 0 is an

element of A. In addition, set '(�

i

�

i+1

) = � for i = 1; : : : ; ` � 1. The

edge-labeling ' is now de�ned for all edges of the `-literal gadget. Next,

de�ne L(�

i

) = f0; �g for i = 2; : : : ; ` and L(OUT

i

) = f0; �g for i = 1; : : : ; `.

The list assignment L is now de�ned for all verti
es of the `-literal gadget,

too. In the next paragraph, we show that if the vertex IN is pre
olored with

0, then all the 
onta
t verti
es OUT

1

, . . . , OUT

`

must be 
olored with 0.

If the vertex IN = �

1

is pre
olored with 0, then the vertex �

1

must

also get the 
olor 0 by the 
hoi
e the orientation, the edge-labeling and the

list-assignment inside the �rst transfer gadget. Be
ause '(�

1

�

2

) = � and

L(�

2

) = f0; �g, the vertex �

2

must get the 
olor 0, too. Again, the 
hoi
e of

the orientation, the edge-labeling and the list-assignment inside the transfer

gadget for
es the vertex �

2

to get the 
olor 0 and 
onsequently the vertex �

3

to get the 
olor 0. In this way, we derive that all the verti
es �

2

; : : : ; �

`

and

�

1

; : : : ; �

`

must get the 
olor 0. Then, none of the 
onta
t verti
es OUT

1

,

. . . , OUT

`


an be 
olored with the 
olor � and hen
e they all must get the


olor 0.
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Proposition 13 Let A be an Abelian group of order k � 3 and ` a positive

integer. Fix an orientation, an edge-labeling and a list-assignment of the

`-literal gadget. If the verti
es OUT

1

, . . . , OUT

`

are pre
olored, then the

vertex IN is free.

Proof: It is enough to show that it is possible to 
olor all the inner verti
es

of the `-literal gadget ex
ept for the inner verti
es of the �rst transfer gadget

so that there is no 
on
i
t. On
e we have su
h a 
oloring, then the vertex

OUT (whi
h is the vertex �

1

) of the �rst transfer gadget is pre
olored and

by Proposition 6, the vertex IN is free.

Color �rst the vertex �

`

by a 
olor from its list whi
h does not 
on
i
t

with the 
olor of the vertex OUT

`

. If the vertex �

`

is pre
olored, then the

vertex �

`

would free by Proposition 6 if its list had size three. Sin
e its list

has size two, it 
an be 
olored with a 
olor from its list so that there is a


onsistent 
oloring not 
on
i
ting with the 
olors assigned to the verti
es

�

`

and �

`

. The verti
es OUT

`�1

and �

`

forbid at most two 
olors at the

vertex �

`�1

and hen
e it is possible to 
olor the vertex �

`�1

with a 
olor

from its list. The same argument as applied to the `-th transfer gadget

yields that the vertex �

`�1


an be 
olored with a 
olor from its list. If we

pro
eed in this way, all the inner verti
es of the `-literal gadget ex
ept for

the inner verti
es of the �rst transfer gadget are pre
olored so that there is

no 
on
i
t.

Proposition 14 Let A be an Abelian group of order k � 3 and ` a positive

integer. Fix an orientation, an edge-labeling and a list-assignment of the

`-literal gadget. If the vertex IN is pre
olored, then there exists a 
onsistent


oloring of the gadget.

Proof: By Proposition 6, the �rst transfer gadget 
an be 
olored and this

gives a 
olor to the vertex �

1

. Color now the vertex �

2

by a 
olor from its

list not 
on
i
ting with the 
olor of the vertex �

1

. By Proposition 6, we 
an


olor the se
ond transfer gadget together with the vertex �

2

. Then, assign


olor to the vertex �

3

, 
olor the third transfer gadget and the vertex �

3

, et
.

In this way, a 
onsistent 
oloring of the inner verti
es not 
on
i
ting with

the 
olor of the vertex IN is obtained. Finally, 
olor the 
onta
t verti
es

OUT

1

, . . . , OUT

`

by 
olors from their lists not 
on
i
ting with the 
olors

of their neighbors �

1

; : : : ; �

`

.
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3.7 The 
onstru
tion

Finally, we 
an present the 
onstru
tion of the desired graph G:

Theorem 15 Let 	 be a given �

2

-3CNF-formula and k � 3 an integer.

There exists a graph G with a list-size-assigning fun
tion  with the follow-

ing property: If 	 is true, then G is A- -
hoosable for ea
h Abelian group

A of order k. If 	 is false, then G is A- -
hoosable for no Abelian group

A of order k. Moreover, the graph G and the list-size-assigning fun
tion  


an be 
onstru
ted in time polynomial in k and in the size of the formula

	.

Proof: Let x

1

; : : : ; x

m

be the variables of 	 whi
h are universally quanti-

�ed and y

1

; : : : ; y

n

the variables whi
h are existentially quanti�ed. Let us


onsider a variable x

i


ontained in `

T

positive and `

F

negative literals in

	. The graph G 
ontains a 
opy of the universal gadget, the `

T

-literal gad-

get and the `

F

-variable gadget where the 
onta
t vertex T of the universal

gadget is identi�ed with the 
onta
t vertex IN of the `

T

-literal gadget and

the 
onta
t vertex F of the universal gadget is identi�ed with the 
onta
t

vertex IN of the `

F

-literal gadget. Ea
h of the 
onta
t verti
es OUT

j

of

the `

T

-literal gadget 
orrespond to one of positive literals 
ontaining the

variable x

i

and ea
h of the 
onta
t verti
es OUT

j

of the `

F

-literal gadget


orrespond to one of negative literals 
ontaining the variable x

i

. Similarly,

for a variable y

i


ontained in `

T

positive and `

F

negative literals, the graph

G 
ontains a 
opy of the existential gadget, the `

T

-literal gadget and the

`

F

-literal gadget where the 
onta
t vertex T of the existential gadget is

identi�ed with the 
onta
t vertex IN of the `

T

-literal gadget and the 
on-

ta
t vertex F of the existential gadget is identi�ed with the 
onta
t vertex

IN of the `

F

-literal gadget. Again, ea
h of the 
onta
t verti
es OUT

j

of

the `

T

-literal gadget 
orrespond to one of positive literals 
ontaining the

variable y

i

and ea
h of the 
onta
t verti
es OUT

j

of the `

F

-literal gadget


orrespond to one of negative literals 
ontaining the variable y

i

. Finally,

for ea
h 
lause C of 	, add a new vertex w

C

to the graph G and join it

to three verti
es 
orresponding to literals 
ontained in the 
lause C. This

�nishes the 
onstru
tion of the graph G. The list-size-assigning fun
tion  

is the same as the list-size-assigning fun
tion for the gadgets used in our


onstru
tion extended to the 
lause verti
es by assigning all of them the

number three.

Let A be an Abelian group of odd order k � 3. First, we show that if 	

is true, then G is A- -
hoosable. Fix an orientation, the edge-labeling and

17



the list- -assignment of the graph G. By Proposition 10, for ea
h universal

gadget, it is possible to pre
olor the vertex T of it so the vertex F is free

or it is possible to pre
olor the vertex F so the vertex T is free. In the �rst


ase, pre
olor the vertex T and set the 
orresponding variable x

i

to be false.

In the latter 
ase, pre
olor the vertex F and set the 
orresponding variable

x

i

to be true. Sin
e 	 is true, there exists a truth-assignment for variables

y

i

su
h that ea
h 
lause of 	 is satis�ed. Fix su
h a truth assignment for

variables y

i

. If y

i

is true, pre
olor the vertex F of the existential gadget


orresponding to the variable y

i

so that its vertex T is free. If y

i

is false,

pre
olor the vertex T so that the vertex F is free. This is always possible

by Proposition 8.

If the vertex IN of the literal gadget is now pre
olored, then extend the


oloring to the whole literal gadget and 
olor all its verti
es OUT

i

. This

is possible by Proposition 14. In this way, 
onta
t verti
es of exa
tly half

of the literal gadgets (those 
orresponding to false literals) are pre
olored.

We 
olor now the 
lause verti
es. Let us 
onsider a 
lause C of the formula

	. The size of the list of the vertex w

C

is three and it has at most two

pre
olored neighbors (otherwise all the three literals 
ontained in the 
lause

C are false). Hen
e, it is possible to 
olor the vertex w

C

by a 
olor from its

list. On
e, the vertex w

C

is 
olored, 
olor also its neighbors 
orresponding

to true literals by 
olors from their lists (this is possible sin
e ea
h of them

has a list of size two and w

C

is its only 
olored neighbor). In this way,

all the 
onta
t verti
es of literal gadgets 
orresponding to true literals are

pre
olored. By Proposition 13, the verti
es IN of these variable gadgets are

free and sin
e they are also free in their universal/existential gadgets and

their lists have sizes three, they 
an be 
olored so that the 
oloring 
an be

extended to inner verti
es of the in
ident gadgets. In this way, we have

obtained a proper 
oloring of the whole graph G.

Next, we show that if 	 is false, then G is not A- -
hoosable. By our

assumption, there exists a truth assignment for x

1

; : : : ; x

m

su
h that for

any truth assignment for y

1

; : : : ; y

n

, there is a 
lause C of 	 whi
h is not

satis�ed. Consider the orientation, the edge-labeling and the list-assignment

for existential gadgets, universal gadgets and literal gadgets 
ontained in the

graph G as in Propositions 9, 11 and 12. In the 
ase of universal gadgets,


hoose the orientation, the edge-labeling and the list-assignment so the 
olor

of the vertex T , F , is for
ed to be 0 if the 
orresponding variable x

i

is false,

true, respe
tively. At this moment, the only non-oriented edges and the

edges without a label are the edges in
ident with the 
lause verti
es. Let

�

1

, �

2

and �

3

be any three distin
t elements of A. Orient all these edges in
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the dire
tion to the 
lause verti
es and extend the edge-labeling  so that

ea
h 
lause is in
ident with exa
tly one edge labelled with �

0

, one edge with

�

1

and one edge with �

2

. Finally, assign all the 
lause verti
es the same

list f�

1

; �

2

; �

3

g. We show that G 
annot be 
olored with respe
t to this

orientation, this edge-labeling and this list-assignment.

Assume that G 
an be properly 
olored and �x su
h a 
oloring. By

Proposition 9, at least one of the verti
es F and T of ea
h existential gadget

is 
olored with 0. Set y

i

to be true if the vertex F of the 
orresponding

existential gadget is 
olored with 0 and set y

i

to be false otherwise. Sin
e

the formula 	 is false, there is a 
lause C for the just 
onstru
ted truth-

assignment whi
h is not satis�ed. Observe that all the three verti
es OUT

j

from literal gadgets whi
h are joined to w

C

must be 
olored with 0 by

Proposition 12 sin
e the verti
es IN of those three literal gadgets are 
olored

with 0 (this is immediately implied by the 
hoi
e of the truth assignment

and the fa
t that C is not satis�ed). But then, the vertex w

C


annot be


olored from its list be
ause all the three elements �

1

, �

2

and �

3

appear on

edges in
ident with it.

4 Group 
oloring is hard

In this se
tion, we prove our main results about 
omplexity of group 
olor-

ing. First, we deal with the 
ase of 3-group 
olorability to demonstrate our

te
hnique. Later we extend our results to groups of larger order:

Theorem 16 Let 	 be a given �

2

-3CNF-formula. There exists a graph G

0

whi
h is Z

3

-
olorable if and only if the formula 	 is true. The graph G

0


an

be 
onstru
ted in time polynomial in the size of the formula 	. Moreover,

the graph G

0

is 3-degenerate.

Proof: Let G be the graph and  the list-size-assigning fun
tion from

Theorem 15 for k = 3 and the formula 	. Observe that  (v) 2 f2; 3g for

ea
h vertex v of G. Add a new vertex w

0

to the graph G and join w

0

to

ea
h vertex v of G with  (v) = 2. Let G

0

be the resulting graph. We 
laim

that G

0

is Z

3

-
olorable if and only if the formula 	 is true.

Assume that 	 is true. Fix an orientation and an edge-labeling of the

graph G

0

. Color the vertex w

0

with the 
olor 0 and 
onsider now the

following list-assignment for the graph G: If  (v) = 3 for v 2 V (G), then
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L(v) = f0; 1; 2g. If  (v) = 2, then L(v) 
onsists of the two 
olors whi
h

do not 
on
i
t with the 
olor of w

0

. Observe that L is a list- -assignment.

Consider now a restri
tion of the orientation and the edge-labeling of G

0

to the graph G together with the list-assignment L. The graph G has a

proper 
oloring with respe
t to this orientation, this edge-labeling and the

list-assignment L be
ause it is Z

3

- -
hoosable by Theorem 15. This proper


oloring extended to w

0

by assigning the 
olor 0 to it is a proper 
oloring

of the whole graph G

0

.

Assume now that 	 is false. Fix an orientation, an edge-labeling and

a list- -assignment L of G for whi
h G 
annot be properly 
olored (they

exist by Theorem 15). Extend the orientation of G to G

0

so that ea
h

edge in
ident with w

0

is oriented from the vertex w

0

. The edge-labeling is

extended so that the label of the edge w

0

v is � where � is the element of

Z

3

missing in the list L(v) (note that the sizes of lists of verti
es v in
ident

with w

0

in G

0

are two in G and hen
e there exists a unique element of Z

3

with this property). Assume for the sake of 
ontradi
tion that G

0


an be


olored with respe
t to this orientation and this edge-labeling and �x su
h a


oloring 
. We may assume that 
(w

0

) = 0 by Lemma 1. Then, the 
oloring


 restri
ted to the graph G is a proper 
oloring of G su
h that 
(v) 2 L(v)

be
ause at ea
h vertex v with L(v) 6= Z

3

the 
olor 
on
i
ting with the 
olor

of the vertex w

0

is exa
tly the 
olor missing in the list L(v). But there is

no proper 
oloring of G from the lists L | a 
ontradi
tion.

In order to 
omplete the proof, we have to show that G

0

is 3-degenerate.

Observe �rst that degrees of all inner verti
es (the verti
es �

1

, �

2

, 


1

, 


2

and Æ in Figure 2) of transfer gadgets in G

0

are three. Hen
e, remove all

these verti
es. Now, all the remaining verti
es ex
ept for w

0

has degree at

most three. Thus, G

0

is indeed 3-degenerate.

Before 
onsidering groups of larger order, we prove a simple lemma about


oloring of a 
ertain spe
ial graph. This graph is then used in Theorem 18

in the 
onstru
tion of the sought graph G

0

. The graph K

l

n

for n � 2 and

l � 1 is the graph obtained in the following way: Consider l 
opies of the


omplete graph K

n

of order n and 
hoose in ea
h 
opy of the 
omplete

graph a single spe
ial vertex. Add to the graph a new vertex, 
alled the


enter vertex of K

l

n

in the rest, and join it to all the verti
es of the 
omplete

graphs ex
ept for the spe
ial ones. This �nishes the 
onstru
tion of K

l

n

.

The graph K

5

4


an be found in Figure 6.
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Figure 6: The graph K

5

4

.

Lemma 17 Let n � 2 and l � 1 be �xed integers. The group 
hromati


number of a graph K

l

n

is n. If A is an Abelian group of order n, there exist

an orientation and an edge-labeling su
h that in ea
h proper 
oloring, the


enter vertex and all the spe
ial verti
es get the same 
olor.

Proof: Sin
e the graphK

l

n


ontains a 
lique of order n, we have �

g

(K

l

n

) �

n. On the other hand, the graph K

l

n

is (n � 1)-degenerate and hen
e

�

g

(K

l

n

) � n. In order to prove the se
ond part of the statement of the

lemma, 
onsider any orientation of K

l

n

and assign all the edges 0. Clearly,

in ea
h properA-
oloring ofK

l

n

, the 
enter vertex and all the spe
ial verti
es

get the same 
olor.

Theorem 18 Let k � 3 be a �xed integer and 	 a �

2

-3CNF-formula.

There exists a k-degenerate graph G

0

with the following property: If 	 is

true, then G

0

is A-
olorable for ea
h Abelian group of order k and if 	 is

false, then G

0

is A-
olorable for no Abelian group of order k. In addition,

the graph G

0


an be 
onstru
ted in time polynomial in k and in the size of

the formula 	.

Proof: Let G be the graph and  the list-size-assigning fun
tion from

Theorem 15 for k and the formula 	. Note that  (v) 2 f2; : : : ;maxf3; k �

1gg for ea
h vertex v of G. Add a 
opy of the graph K

k�2

k

to G and let

w

1

; : : : ; w

k�2

be the k�2 spe
ial verti
es ofK

k�2

k

. If  (v) = 2 for v 2 V (G),

then join the vertex v to the verti
es w

1

; : : : ; w

k�2

, if  (v) = 3, then join the

vertex v to the verti
es w

1

; : : : ; w

k�3

, et
. Let G

0

be the resulting graph.
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We 
laim that G

0

has all the properties from the statement of the lemma.

In parti
ular, if 	 is true, then G

0

is A-
olorable for ea
h Abelian group

of order k and if 	 is false, then G

0

is A-
olorable for no Abelian group of

order k. Fix an Abelian group A of order k for the rest of the proof.

Assume �rst that 	 is true. Fix an orientation and an edge-labeling of

the graph G

0

. Sin
e the group 
hromati
 of K

k�2

k

is k, it is possible to 
olor

all verti
es of K

k�2

k

. Consider now the following list-assignment for the

graph G: The list L(v) � A of a vertex v of G 
onsists of those elements of

A whi
h 
on
i
t with a 
olor of no neighbor of v among the spe
ial verti
es

w

1

; : : : ; w

k�2

. Observe that jL(v)j �  (v) for every v 2 V (G). Consider

now a restri
tion of the orientation and the edge-labeling of G

0

to the graph

G together with the list-assignment L. The graph G has a proper 
oloring

with respe
t to this orientation, this edge-labeling and the list-assignment

L be
ause it is A- -
hoosable by Theorem 15. This proper 
oloring and the

proper 
oloring of the 
opy of K

k�2

k

form a proper 
oloring of the graph G

0

.

Assume now that 	 is false. Fix an orientation, an edge-labeling and a

list- -assignment L of G for whi
h G 
annot be properly 
olored (they ex-

ist by Theorem 15). Next, �x an orientation and an edge-labeling of K

k�2

k

su
h that in any proper 
oloring all the spe
ial verti
es get the same 
olor

(su
h an orientation and an edge-labeling exist by Lemma 17). Extend the

orientation of G to G

0

so that ea
h edge in
ident with a spe
ial vertex is

oriented from the spe
ial vertex to its neighbor in G. The edge-labeling is

extended so that the labels of the edges w

1

v; : : : ; w

k�jL(v)j

v are pre
isely

those elements of A missing in the list L(v). Assume for the sake of 
on-

tradi
tion that G

0


an be 
olored with respe
t to this orientation and this

edge-labeling and �x su
h a 
oloring 
. We may assume that 
(w

1

) = 0

by Lemma 1. Hen
e, we have 
(w

1

) = : : : = 
(w

k�2

) = 0 by the 
hoi
e of

orientation inside K

k�2

k

. Then, the 
oloring 
 restri
ted to the graph G is

a proper 
oloring of G su
h that 
(v) 2 L(v) be
ause at ea
h vertex v the


olors 
on
i
ting with the 
olors of the verti
es w

1

; : : : ; w

k�2

are exa
tly the


olors missing in the list L(v). But there is no proper 
oloring of G from

the lists L | a 
ontradi
tion.

In order to 
omplete the proof, we have to show that G

0

is k-degenerate.

Observe �rst that degrees of all inner verti
es of transfer gadgets in G

0

are

k. Remove all these verti
es. Now, all the remaining verti
es ex
ept for

the verti
es of the 
opy K

k�2

k

has degree at most k. Thus, we 
an remove

these verti
es. A 
opy of the graph K

k�2

k

remains. Sin
e the graph K

k�2

k
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is k-degenerate, we 
an 
on
lude that the graph G

0

is k-degenerate.

We are now ready to prove the two main theorems of this paper:

Theorem 19 The de
ision problem whether the group 
hromati
 number

of a given graph G is at most k is �

P

2

-
omplete for ea
h integer k � 3.

Proof: Fix an integer k � 3. Let 	 be a given �

2

-3CNF-formula. Consider

the graph G

0

from Theorem 16 if k = 3 and from Theorem 18 if k � 4. Note

that �

g

(G

0

) � k + 1 be
ause G

0

is k-degenerate. Observe that the graph

�

g

(G

0

) � k if and only if 	 is true by Theorems 16 and 18, respe
tively.

Sin
e G

0


an be 
onstru
ted in time polynomial in the size of 	, the de
ision

problem whether the group 
hromati
 number of a given graph G is at most

k is �

P

2

-
omplete.

Theorem 20 The de
ision problem whether a given graph G is A-
olorable

for a �xed Abelian group A of order k � 3 is �

P

2

-
omplete.

Proof: Fix an Abelian group A of order k � 3. Consider the graph G

0

from Theorem 16 if k = 3 and from Theorem 18 if k � 4. By Theorems 16

and 18, respe
tively, the graph G

0

is A-
olorable if and only if 	 is true.

Sin
e G

0


an be 
onstru
ted in time polynomial in the size of 	, the de
ision

problem whether a given graph G is A-
olorable is �

P

2

-
omplete.

5 Con
lusion

We have investigated the 
omplexity of group 
oloring. Some of our results


an be extended to A-`-
hoosability. The 
ase of A-2-
hoosability is easy

sin
e the following holds: A graph G is A-2-
hoosable for a group of even

order i� G is forest. A graph G is A-2-
hoosable for a group of odd order

i� the 
ore of G (de�ned as in [3℄) is a union of vertex-disjoint even 
y
les.

Hen
e, it is possible to de
ide in polynomial time whether a given graph G

is A-2-
hoosable for ea
h Abelian group A. It 
an be shown that graph G

0

from Theorem 16 has the following two properties:
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� If 	 is true, then the graph G

0

is A-3-
hoosable for every group A of

odd order.

� If 	 is false, then the graph G

0

is A-3-
hoosable for no group A of

odd order.

Hen
e, the problem to de
ide whether a given graph is A-`-
hoosable for an

Abelian group A of odd order k � 3 and 3 � ` � k is �

P

2

-
omplete. The 
on-

stru
ted list-size-assigning fun
tion  for groups of order k in Theorem 15

has values 2; : : : ;maxf3; k� 1g. A proof similar to the proof of Theorem 18

yields that the problem to de
ide whether a given graph is A-`-
hoosable is

�

P

2

-
omplete for every Abelian group A of order k � 4 with ` = k � 1; k.

We do not have the proof of �

P

2

-
ompleteness of A-`-
hoosability for groups

A of even order k � 6 and for `, 3 � ` � k � 2. We 
onje
ture that the

problem is �

P

2

-
omplete even in these 
ases:

Conje
ture 21 For ea
h Abelian group A of order k � 3 and ea
h integer

`, 3 � ` � k, the problem to de
ide whether a given graph is A-k-
hoosable

is �

P

2

-
omplete.
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