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Abstra
t

We study the notion of a generalized list T -
oloring whi
h is a 
ommon gen-

eralization of the 
hannel assignment problem and the T -
oloring. An instan
e of

the generalized list T -
oloring is des
ribed by a triple (G;�; t) where G is a graph,

� is a mapping whi
h assigns the verti
es of G lists of numbers (
olors) and t is a

mapping whi
h assigns ea
h edge of G a set of forbidden di�eren
es. We require

that 0 2 t(e) for ea
h edge e of G. The goal is to �nd a labeling 
 of the verti
es of

G with 
(v) 2 �(v) for ea
h vertex v, and j
(u) � 
(v)j 62 t(uv) for ea
h edge uv of

G. An instan
e is balan
ed if the size of the list �(v) for ea
h vertex v is equal to

the sum of the sizes of t(e) for edges e in
ident with v.

We state and prove a Brooks-type theorem for the generalized list T -
oloring

problem. This generalizes and uni�es the previously known Brooks-type theorems

for the 
hannel assignment problem and for the T -
oloring. The theorem 
hara
-

terizes balan
ed instan
es of the generalized list T -
oloring with a good labeling.

As a 
onsequen
e, if G is a 
onne
ted graph di�erent from a Gallai tree, then all

balan
ed instan
es on G have good labelings.
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1 Introdu
tion

In this paper, we study a 
ommon generalization of the graph 
oloring, the list 
oloring,

the T -
oloring and the (list) 
hannel assignment problem. We 
all this 
oloring problem

the generalized list T -
oloring. Our approa
h uni�es several previously known Brooks-

type results, in parti
ular [4, 10, 14, 22℄. This 
oloring problem was suggested by Hale [8℄

under the name of \frequen
y 
onstrained 
hannel assignment problem" as a model for

assigning frequen
ies to radio transmitters. The generalized list T -
oloring is a more


exible model for problems from pra
ti
e 
ompared to the 
hannel assignment problem

be
ause, in addition, you may prevent every two transmitters from assigning frequen
ies

whi
h have 
ertain spe
ial di�eren
es. E.g., the 
hoi
e T = f0; 7; 14; 15g gives a model

for interferen
es for the UHF standard television transmitters [13℄.

An instan
e of the generalized list T -
oloring is des
ribed as a triple (G;�; t) where

G is a graph, � : V (G) ! 2

N

and t : E(G) ! 2

N

where N is the set of all non-negative

integers. We write V (G) and E(G) for the vertex set and the edge set of a graph G,

respe
tively. Elements of the sets �(v) are 
alled 
olors and elements of the set t(e) are


alled forbidden di�eren
es for the edge e. The fun
tion t must satisfy 0 2 t(e) for ea
h

edge e 2 E(G) (this 
ondition is more essential than it might seem at the �rst sight, see

our 
on
luding remarks in Se
tion 6, in parti
ular, an example given in Proposition 1).

An instan
e of the generalized list T -
oloring is also 
alled a generalized list T -
oloring

problem. The goal of the problem is to �nd a mapping 
 : V (G) ! N with 
(v) 2 �(v)

for ea
h v 2 V (G) and j
(x) � 
(y)j 62 t(xy) for ea
h edge xy 2 E(G). Su
h a mapping

is 
alled a good labeling.

The t-degree deg

t

(v) of a vertex v is equal to the sum

P

vw2E(G)

jt(vw)j. An instan
e

(G;�; t) is 
alled balan
ed if j�(v)j = deg

t

(v) holds for ea
h vertex v 2 V (G). The

problem is 
alled overbalan
ed if j�(v)j � deg

t

(v) holds for ea
h v 2 V (G) and at least

at one vertex the inequality is stri
t. The main result of this paper 
an be summarized

as follows: Ea
h overbalan
ed instan
e of the generalized list T -
oloring problem allows

a good labeling (Theorem 1) and we 
ompletely des
ribe all balan
ed instan
es with

no good labelings (Theorem 5). In parti
ular, we show that if G is a 
onne
ted graph

distin
t from a Gallai tree, then all balan
ed instan
es (G;�; t) allow a good labeling.

We now explain how our results dire
tly translate to the other 
oloring 
on
epts

mentioned above:

� The graph 
oloring

Instan
es of the generalized list T -
oloring problem, where � is the fun
tion 
onstantly

equal to f1; : : : ; kg for some integer k and t is the fun
tion 
onstantly equal to f0g at

every edge, is just the usual graph k-
oloring. Theorem 1 translates to the well-known

inequality �(G) � �(G) + 1 and Theorem 5 to Brooks' theorem [4℄. An elegant short

proof of Brooks' theorem was given by Lov�asz [14℄. An extension of Brooks' theorem to
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hypergraphs 
an be found in [9℄.

� The list 
oloring

The list 
oloring is a variant of the graph 
oloring where ea
h vertex has to be assigned

a 
olor from its list [12, 20℄. In our setting, � is just the fun
tion assigning lists of


olors to the verti
es and t is again a 
onstant mapping equal to f0g at every edge.

Theorem 1 translates to the 
laim that ea
h graph G is (�+1)-
hoosable and Theorem 5


oin
ides with Brooks-type theorems for 
hoosability and the list 
oloring from [2, 3, 6,

21℄. Another theorem for the list 
oloring in the spirit of Brooks' theorem 
an be found

in [11℄.

� The T -
oloring and the list T -
oloring

In the T -
oloring, the goal is to assign numbers (
olors) to the verti
es of a graph in

su
h a way that the di�eren
e between the numbers assigned to two adja
ent verti
es

does not belong to a 
ertain �xed set of integers T (the set of forbidden di�eren
es),

see [1, 13, 18, 23℄. It is required that 0 2 T . This 
ondition assures that ea
h T -
oloring

is also a 
oloring in the usual sense. In the list T -
oloring, ea
h vertex is in addition

equipped with a list of available numbers (
olors) and the assigned 
olor must belong to

the pres
ribed list. The generalized list T -
oloring restri
ts to the T -
oloring and the list

T -
oloring when the fun
tion t is a 
onstant fun
tion equal to the set T . Our Theorem 5

for su
h a fun
tion t is just the Brooks-type theorem for the list T -
oloring proved by

Waller [22℄: a 2-
onne
ted graph G is not (jT j ��(G))-T -
hoosable if and only if T is an

arithmeti
 set and G is either a 
omplete graph or an odd 
y
le. A set A of integers is


alled an arithmeti
 set with a di�eren
e d if A = f0; d; 2d; : : : ; (k�1)dg for some integer

k. Note that a set f0g is arithmeti
 for all possible di�eren
es.

� The (list) 
hannel assignment problem

Instan
e of the 
hannel assignment problem are graphs with edges labeled by positive

integers. The numbers assigned to adja
ent verti
es must di�er by at least the weight of

the edge joining them [15℄. The notion of the 
hannel assignment problem also in
ludes

a so-
alled L(p; q)-labeling problem in whi
h numbers assigned to adja
ent verti
es must

di�er by at least p and numbers assigned to verti
es at distan
e two by at least q,

see [5, 7, 19℄. Theorem 1 translates to a 
ounterpart of the equality \� � � + 1" for

the 
hannel assignment problem proven by M
Diarmid [16℄ and Theorem 5 extends the

Brooks-type theorem for the list 
hannel assignment problem from [10℄.

2 Preliminaries

We write A ℄ B for the union of disjoint sets A and B; this notation is used only to

emphasize that the sets A and B are disjoint. Arithmeti
 sets are often 
onsidered in

the paper, so we de�ne Ar

d

(k) = f0; d; 2d; : : : ; d(k � 1)g. For a set A of integer and an
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integer k

0

, let A+k

0

denote the set fk+k

0

j k 2 Ag. If 
onvenient, we use k

0

+A instead

of A+ k

0

. Similarly, A� k

0

denotes the set fk � k

0

j k 2 Ag and k

0

�A denotes the set

fk

0

� k j k 2 Ag.

Let (G;�; t) be a generalized list T -
oloring problem, v a vertex of a graph G and �

an element of �(v). We say that the problem (G

0

;�

0

; t

0

) = (G;�; t)[v ! �℄ is obtained

from the problem (G;�; t) by assigning the 
olor � to the vertex v. Formally, (G

0

;�

0

; t

0

)

is the following problem:

� G

0

= G n v is the subgraph of G indu
ed by the vertex set V (G) n fvg, i.e., V (G

0

) =

V (G) n fvg and E(G

0

) = fww

0

j ww

0

2 E(G) & w;w

0

2 V (G

0

)g.

� For ea
h vertex w of G

0

, the list �

0

(w) is a subset of �(w) 
onsisting of the 
olors

whi
h do not 
on
i
t with the 
olor assigning to the vertex v. Formally, �

0

(w) =

fk j k 2 �(w) & jk � �j 2 t(vw)g.

� The fun
tion t

0

is the restri
tion of the fun
tion t to E(G

0

), i.e., t

0

(e) = t(e) for all

e 2 E(G

0

).

Clearly, the problem (G

0

;�

0

; t

0

) = (G;�; t)[v ! �℄ has a good labeling if and only if the

original problem (G;�; t) has a good labeling 
 with 
(v) = �. For a generalized list

T -
oloring problem (G;�; t), let �

min

and �

max

denote the minimal and the maximal


olors, respe
tively, 
ontained in the union

S

v2V (G)

�(v) of all lists.

The following lemma illustrates the just introdu
ed notation:

Lemma 1 Let (G;�; t) be a balan
ed generalized list T -
oloring problem, let � be either

�

min

or �

max

and let v be an arbitrary vertex of G with � 2 �(v). Then, the problem

(G;�; t)[v!�℄ is balan
ed or overbalan
ed. In parti
ular, if there is a neighbor v

0

of v

with that � 62 �(v

0

), then (G;�; t)[v!�℄ is overbalan
ed.

Proof: By symmetry, it is enough to prove the lemma for � = �

min

. The assignment of

the 
olor �

min

to the vertex v redu
es the size of the list �(v

0

) of ea
h neighbor v

0

of the

vertex v by at most jt(vv

0

)j. Namely, only the elements of the set t(vv

0

) + �

min


an be

removed. Observe that the t-degree of v

0

in (G;�; t)[v!�℄ is deg

t

(v

0

) � jt(vv

0

)j. Thus,

if (G;�; t) is balan
ed and t(vv

0

) + �

min

� �(v

0

) for ea
h neighbor v

0

of v, then the new

problem is balan
ed, too. If the latter 
ondition is not satis�ed for some neighbor v

0

of

v, then the size of the list of v

0

is de
reased by at most jt(vv

0

)j � 1 and thus the new

problem is overbalan
ed. In parti
ular, this happens if �

min

62 �(v

0

).
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3 The 
ounterpart of the inequality � � �+ 1

In this se
tion, we prove the 
ounterpart of the well-known graph inequality � � �+ 1:

Theorem 1 An overbalan
ed generalized list T -
oloring problem (G;�; t) has a good

labeling whenever G is a 
onne
ted graph.

Proof: The proof is by indu
tion on the number of verti
es of G. If jV (G)j = 1, then

�(v) 6= ; for the single vertex v of G, and hen
e (G;�; t) has a good labeling. Assume in

the rest that jV (G)j � 2. Let V

min

be the set of verti
es v of G su
h that �

min

2 �(v),

and let v

0

be a vertex of G with deg

t

(v

0

) < j�(v

0

)j. In the proof, we distinguish three


ases with respe
t to the vertex v

0

and the set V

min

.

If V

min


ontains a vertex v whi
h is not a 
ut-vertex of G and v 6= v

0

, then assign

the 
olor �

min

to the vertex v in order to obtain an overbalan
ed problem (G

0

;�

0

; t

0

) =

(G;�; t)[v!�

min

℄. Sin
e G

0

is 
onne
ted, the problem (G

0

;�

0

; t

0

) has a good labeling by

the indu
tion hypothesis. Hen
e, the problem (G;�; t) has a good labeling, too.

If jV

min

j � 2, it 
an be easily seen that V

min


ontains a 
ut vertex v, v 6= v

0

, with the

following property: If K is the 
omponent of G n v whi
h 
ontains the vertex v

0

, then

ea
h 
omponent of G n v distin
t from K 
ontains no verti
es of V

min

. Consider now the

problem (G

0

;�

0

; t

0

) obtained by assigning the 
olor �

min

to the vertex v. The problem

(G

0

;�

0

; t

0

) restri
ted to the 
omponent K is overbalan
ed be
ause it 
ontains the vertex

v

0

. The 
orresponding problems obtained by restri
ting to the other 
omponents are

also overbalan
ed; ea
h of the other 
omponents 
ontains a neighbor of v whose list �(v)

does not 
ontain the 
olor �

min

. Ea
h of these restri
ted problems is overbalan
ed with

the underlying graph being 
onne
ted. Hen
e they all have good labelings and thus the

generalized list T -
oloring problem (G;�; t) has also a good labeling.

The remaining 
ase is V

min

= fv

0

g. Consider now the problem (G

0

;�

0

; t

0

) obtained by

assigning the 
olor �

min

to v

0

and its restri
tions to all the 
omponents of G n v

0

. Ea
h

of these restri
tions is overbalan
ed be
ause v

0

is the only vertex whose list 
ontains the


olor �

min

. By the indu
tion hypothesis, all of them have good labelings, and thus the

problem (G;�; t) has a good labeling, too.

4 The 
ase of 2-
onne
ted graphs

In this se
tion, we 
hara
terize for 2-
onne
ted graphs G balan
ed generalized list T -


oloring problems (G;�; t) whi
h have no good labelings. These results are then used in

Se
tion 5 where a 
hara
terization of all balan
ed generalized list T -
oloring problems

with no good labeling is presented.

5



Lemma 2 Let (G;�; t) be a balan
ed generalized list T -
oloring problem su
h that G is

2-
onne
ted. If there is a vertex v su
h that �

min

62 �(v) or �

max

62 �(v), then the

problem (G;�; t) has a good labeling.

Proof: By symmetry, it is enough to prove the lemma for the 
ase that �

min

is not


ontained in all lists. In su
h 
ase, sin
e G is 
onne
ted, there must be adja
ent verti
es

v and w su
h that �

min

62 �(v) and �

min

2 �(w). The problem (G;�; t)[w!�

min

℄

is overbalan
ed by Lemma 1. And sin
e G n w is a 
onne
ted graph, it follows from

Theorem 1 that (G;�; t)[w!�

min

℄ has a good labeling. Thus, the original problem

(G;�; t) must have a good labeling, too.

The following well-known lemma 
an be found in [17, Lemma 1.15℄:

Lemma 3 Every 2-
onne
ted graph G, whi
h is neither a 
y
le nor a 
omplete graph,


ontains three verti
es x, y and z su
h that x and y are neighbors of z, the verti
es x

and y are non-adja
ent, and G n fx; yg is a 
onne
ted graph.

Lemma 3 allows us to 
on
entrate to the problems where G is either an odd 
y
le

or a 
omplete graph. The next lemma deals with balan
ed generalized list T -
oloring

problems whose underlying graphs are 2-
onne
ted but they are neither odd 
y
les nor


omplete graphs. The 
ases of odd 
y
les and 
omplete graphs are later 
onsidered in

separate subse
tions.

Lemma 4 If a balan
ed generalized list T -
oloring problem (G;�; t) does not have a good

labeling and G is 2-
onne
ted, then G is either an odd 
y
le or a 
omplete graph.

Proof: Let us �rst 
onsider the 
ase that G is an even 
y
le. By Lemma 2, the 
olor

�

min

is 
ontained in the list �(v) for every vertex v 2 V (G). Let v

1

; : : : ; v

n

be the verti
es

of the 
y
le G enumerated in a 
y
li
 order. Let k

i

be a 
olor of �(v

i

) n ((t(v

i�1

v

i

) +

�

min

)[ (t(v

i

v

i+1

)+�

min

)) for ea
h 1 � i � n. Sin
e the problem is balan
ed (re
all that

0 2 t(v

i�1

v

i

) \ t(v

i

v

i+1

)), su
h a number k

i

always exists. Then, we 
an de�ne a good

labeling 
 as follows:


(v

i

) =

�

�

min

if i is odd,

k

i

otherwise.

The remaining 
ase is that the graph G is neither a 
omplete graph nor a 
y
le. Let

x, y and z be verti
es of G with the properties as des
ribed in the statement of Lemma 3.

Re
all that the 
olor �

min

is 
ontained in the list �(v) of every vertex v 2 V (G). Consider

now the problem (G

0

;�

0

; t

0

) obtained from (G;�; t) by assigning the 
olor �

min

to the

verti
es x and y. By Lemma 1, the problem (G;�; t)[x!�

min

℄ is balan
ed and the 
olor

6



�

min

for (G;�; t)[x!�

min

℄ is not 
ontained in the list of z. Note that z is a neighbor

of y. Hen
e the problem (G

0

;�

0

; t

0

) = ((G;�; t)[x!�

min

℄)[y!�

min

℄ is overbalan
ed by

Lemma 1. The problem (G

0

;�

0

; t

0

) has a good labeling by Theorem 1, and thus the

original problem (G;�; t) has a good labeling, too.

The following lemma is a 
orollary of the Brooks-type theorem for the T -
oloring

proved by Waller [22, Lemma 7℄. We provide here its 
omplete proof for the sake of


ompleteness:

Lemma 5 Let (K

2

;�; t) be a balan
ed generalized list T -
oloring problem with K

2

= uv.

Then, (K

2

;�; t) admits no good labeling if and only if t(uv) is arithmeti
 and �(u) =

�(v) = �

min

+ t(uv).

Proof: By Lemma 2, it holds �

min

2 L(u) and �

min

2 L(v). If �(u) 6= �

min

+ t(uv),

then there is a good labeling whi
h assigns �

min

to v and a 
olor of �(u) n (�

min

+ t(uv))

to u. Hen
e, �(u) = �

min

+ t(uv) and similarly �(v) = �

min

+ t(uv).

If t(uv) is not arithmeti
, then K

2

has a good labeling from any pair of lists of size

jt(uv)j: Let 0 = i

1

< i

2

< � � � < i

k

be the elements of t(uv) = �(u)��

min

= �(v)��

min

and let k

0

be the largest index su
h that the set fi

1

; : : : ; i

k

0

g is arithmeti
. Sin
e t(uv)

is not arithmeti
, we have 2 � k

0

< k. Observe now that i

k

0

+1

� i

2

62 t(uv) by the 
hoi
e

of k

0

. But, then the labeling 
 de�ned as 
(u) = �

min

+ i

2

and 
(v) = �

min

+ i

k

0

+1

is

good.

4.1 The 
ase of odd 
y
les

Throughout this subse
tion, we 
onsider 
y
les C

n

of odd length n. The verti
es of a 
y
le

C

n

are denoted by v

1

; : : : ; v

n

. In the next lemma, we study a possible stru
ture of sets

t(e) in balan
ed generalized list T -
oloring problems (C

n

;�; t) with no good labelings.

Lemma 6 Let (C

n

;�; t) be a balan
ed generalized list T -
oloring problem su
h that for

some edge e of an odd 
y
le C

n

, the set t(e) is not arithmeti
 or �

max

� �

min

2 t(e).

Then, the problem (C

n

;�; t) has a good labeling.

Proof: We may assume that the 
olors �

min

and �

max

are 
ontained in all the lists

�(v), v 2 V (C

n

) by Lemma 2. Assume that the edge e from the statement of the lemma

is the edge v

1

v

2

. We �rst de�ne a sought good labeling 
 for verti
es v

3

; : : : ; v

n

as follows:


(v

i

) = �

min

for i = 3; 5; : : : ; n and


(v

i

) 2 �(v

i

) n ((�

min

+ t(v

i�1

v

i

)) [ (�

min

+ t(v

i+1

v

i

))) for i = 4; 6; : : : ; n� 1.

7



Note that the set �(v

i

) n ((�

min

+ t(v

i�1

v

i

)) [ (�

min

+ t(v

i+1

v

i

))) is non-empty for ea
h

i = 4; 6; : : : ; n�1 be
ause the problem (C

n

;�; t) is balan
ed and 0 2 t(v

i�1

v

i

)\t(v

i+1

v

i

).

Consider now the problem (G

0

;�

0

; t

0

) obtained by assigning the 
olor 
(v

i

) to every

vertex v

i

for i = 3; : : : ; n. Note that G

0

is isomorphi
 to K

2

(it is just the edge v

1

v

2

)

and the problem (G

0

;�

0

; t

0

) is balan
ed (follow the proof of Lemma 2). If t(e) is not

arithmeti
, then the problem (G

0

;�

0

; t

0

) has a good labeling by Lemma 5. Otherwise,

�

max

� �

min

2 t(e) = t

0

(e) by the assumption of the lemma. Sin
e the verti
es v

3

and

v

n

are 
olored with �

min

, the 
olors 
ontained in the list �

0

(v

1

) and �

0

(v

2

) are integers

between �

min

+ 1 and �

max

. Hen
e, the problem (G

0

;�

0

; t

0

) has a good labeling by

Lemma 5 in this 
ase, too. Thus, the original problem (G;�; t) has a good labeling in

both the 
ases.

The following lemma relates 
ontents of lists �(v) to sets t(e) for balan
ed generalized

list T -
oloring problems (C

n

;�; t) with no good labelings:

Lemma 7 Let (C

n

;�; t) be a balan
ed generalized list T -
oloring problem with no good

labeling. Then, the following equalities hold for ea
h i, 1 � i � n (indi
es are taken

modulo n):

�(v

i

) = (�

min

+ t(v

i�1

v

i

)) ℄ (�

max

� t(v

i

v

i+1

)) (1)

= (�

min

+ t(v

i

v

i+1

)) ℄ (�

max

� t(v

i�1

v

i

)). (2)

Proof: By Lemma 2, ea
h list �(v

i

) 
ontains both the 
olors �

min

and �

max

. In addition,

by Lemma 6, there is no edge e = v

i

v

i+1

with �

max

��

min

2 t(e). Suppose that there is a

vertex v

i

whose list L(v

i

) does not satisfy the equality of (1), i.e., the sets �

min

+t(v

i�1

v

i

)

and �

max

� t(v

i

v

i+1

) are not disjoint or �(v

i

) 6= (�

min

+ t(v

i�1

v

i

)) ℄ (�

max

� t(v

i

v

i+1

)).

Sin
e the problem is balan
ed, the size of the list L(v

i

) is jt(v

i�1

v

i

)j + jt(v

i

v

i+1

)j and

there is a 
olor k su
h that k 2 �(v

i

) n ((�

min

+ t(v

i�1

v

i

)) [ (�

max

� t(v

i

v

i+1

))) in both

the 
ases. Consider now the following labeling 
 (indi
es are taken modulo n):


(v

j

) =

8

<

:

k for j = i,

�

min

for j = i+ 2; i+ 4; : : : ; i� 1,

�

max

for j = i+ 1; i+ 3; : : : ; i� 2.

The labeling 
 is good by the 
hoi
e of the 
olor k and the fa
t that �

max

� �

min

62 t(e)

for all edges e of the 
y
le. The equality (2) 
an be proven analogously.
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v

1

f0g

v

2

f0; 2; 4g

v

3

f0; 3g

v

4

f0g

v

5

f0g

�(v

1

) = f2; 8g

�(v

2

) = f2; 4; 6; 8g

�(v

3

) = f2; 4; 5; 6; 8g

�(v

4

) = f2; 5; 8g

�(v

5

) = f2; 8g

Figure 1: An example of a balan
ed generalized list T -
oloring problem with an un-

derlying graph being C

5

. The sets of forbidden di�eren
es are at the middles of the


orresponding edges and the lists of 
olors for the verti
es are in the right part of the

�gure.

Before stating Theorem 2, we de�ne three spe
ial types of verti
es for the problems

whose underlying graphs are 
y
les. Let (C

n

;�; t) be a balan
ed generalized list T -


oloring problem. We say that the vertex v

i

is of the �rst, se
ond or third type, if it

satis�es the following 
ondition 1, 2 or 3, respe
tively:

1. t(v

i�1

v

i

) = t(v

i

v

i+1

) is arithmeti
 and �(v

i

) = (�

min

+t(v

i�1

v

i

))℄(�

max

�t(v

i�1

v

i

)).

2. The sets t(v

i�1

v

i

) and t(v

i

v

i+1

) are arithmeti
 with the same di�eren
e d but t(v

i�1

v

i

) 6=

t(v

i

v

i+1

). The list �(v

i

) is �

min

+Ar

d

(k) where k = jt(v

i�1

v

i

)j+ jt(v

i

v

i+1

)j. In par-

ti
ular, �

max

� �

min

= d(k � 1).

3. Both sets t(v

i�1

v

i

) and t(v

i

v

i+1

) are arithmeti
 sets with at least two elements and

their di�eren
es d and d

0

are distin
t. Then t(v

i�1

v

i

) = Ar

d

(k) and t(v

i

v

i+1

) =

Ar

d

0

(k

0

) where kd = k

0

d

0

= l
m(d; d

0

). In addition, �

max

� �

min

= l
m(d; d

0

) and

�(v

i

) = (�

min

+Ar

d

(k)) ℄ (�

max

�Ar

d

0

(k

0

)) = (�

min

+Ar

d

0

(k

0

)) ℄ (�

max

�Ar

d

(k)).

Note that both unions in the above expression are disjoint be
ause of the equality

kd = k

0

d

0

= l
m(d; d

0

) = �

max

� �

min

.

As an example, 
onsider the generalized list T -
oloring problem depi
ted in Figure 1.

The verti
es v

1

and v

5

are of the �rst type, the verti
es v

2

and v

4

are of the se
ond type

and the vertex v

3

is of the third type. Note that the problem depi
ted in Figure 1 has

no good labeling.

We �nally 
hara
terize balan
ed generalized list T -
oloring problems (C

n

;�; t) with

no good labelings:
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Theorem 2 A balan
ed generalized list T -
oloring problem (C

n

;�; t) where C

n

is an odd


y
le does not have a good labeling if and only if:

� the 
olors �

min

and �

max

are 
ontained in all the lists �(v), v 2 V (C

n

),

� ea
h vertex is one of the three types des
ribed above, in parti
ular, all the sets t(e),

e 2 E(C

n

), are arithmeti
, and

� there is at least one vertex of the �rst or of the se
ond type.

Proof: We �rst prove that if a balan
ed problem (C

n

;�; t) does not have a good

labeling, then it is of the form des
ribed in the statement. The 
olors �

min

and �

max

are


ontained in all the lists by Lemma 2, and all the sets t(e), e 2 E(C

n

), are arithmeti
 by

Lemma 6. Fix an arbitrary vertex v

i

of C

n

. We �rst show that the vertex v

i

is one of

the three types introdu
ed before this theorem.

If t(v

i�1

v

i

) = t(v

i

v

i+1

), then �(v

i

) = (�

min

+ t(v

i�1

v

i

)) ℄ (�

max

� t(v

i�1

v

i

)) by

Lemma 7. Hen
e the vertex v

i

is of the �rst type.

We may now assume that t(v

i�1

v

i

) 6= t(v

i

v

i+1

). Let t(v

i�1

v

i

) = Ar

d

(k) and t(v

i

v

i+1

) =

Ar

d

0

(k

0

). If k = 1 or k

0

= 1, i.e., the set assigned to the 
orresponding edge in
ident

with v

i

is f0g, then we may assume that the di�eren
es d and d

0

are equal. However, if

d = d

0

, then, by Lemma 7:

�(v

i

) = (�

min

+Ar

d

(k)) ℄ (�

max

�Ar

d

(k

0

)) = (�

min

+Ar

d

(k

0

)) ℄ (�

max

�Ar

d

(k)).

But this is possible only if �

max

� �

min

= d(k + k

0

� 1). Hen
e the vertex v

i

is of the

se
ond type.

The �nal 
ase is that d 6= d

0

, say d < d

0

, and both k and k

0

are at least 2. By

Lemma 7, we have:

�(v

i

) = (�

min

+Ar

d

(k)) ℄ (�

max

�Ar

d

0

(k

0

)) = (�

min

+Ar

d

0

(k

0

)) ℄ (�

max

�Ar

d

(k)).

But this is possible only if �

max

� �

min

= l
m(d; d

0

) = kd = k

0

d

0

. Indeed, the set �(v

i

)


ontains the element �

min

+ d by the middle part of the above equality. Sin
e d < d

0

,

then �

min

+ d must be equal to �

max

� (k � 1)d by the right part of the equality. We

now have �

max

��

min

= kd as desired. Sin
e the unions of the equality are disjoint, we

have also �

max

� �

min

= k

0

d

0

and l
m(d; d

0

) = kd = k

0

d

0

. Hen
e, we have dedu
ed that

the vertex v

i

is of the third type.

In order to 
omplete the proof of the �rst impli
ation of the theorem, it remains

to ex
lude the 
ase that all the verti
es are of the third type. So, assume now that

all the verti
es are of the third type. Let d

i

be the di�eren
e of the arithmeti
 set

t(v

i

v

i+1

). Consider the labeling 
 de�ned as 
(v

i

) = �

min

+ d

i

for ea
h i = 1; : : : ; n.
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Sin
e �

min

+d

i

2 �(v

i

), the labeling 
annot be a good labeling only if there is an index i

su
h that j(�

min

+d

i+1

)� (�

min

+d

i

)j = jd

i+1

�d

i

j 2 t(v

i

v

i+1

). Then, d

i

j(d

i+1

�d

i

) and

d

i

jd

i+1

. Hen
e, l
m(d

i

; d

i+1

) = d

i+1

and t(v

i+1

v

i+2

) = Ar

d

i+1

(1). But then, the vertex

v

i+1

is not of the third type.

We now prove the opposite impli
ation of the theorem, namely, that a balan
ed

generalized list T -
oloring problem of the form des
ribed in the theorem does not have

a good labeling. The proof pro
eeds by 
ontradi
tion whi
h is eventually obtained after

several 
laims are established. Let 
 be a good labeling of su
h a problem (C

n

;�; t) and

let d

i

be the di�eren
e of the arithmeti
 set t(v

i

v

i+1

). We 
onstru
t another fun
tion

� : V (C

n

)! N [ fMin;Maxg based on the labeling 
:

�(v

i

) =

8

>

>

<

>

>

:

Min if 
(v

i

) 2 (�

min

+ t(v

i�1

v

i

)) \ (�

min

+ t(v

i

v

i+1

)),

Max if 
(v

i

) 2 (�

max

� t(v

i�1

v

i

)) \ (�

max

� t(v

i

v

i+1

)),

d

i�1

if 
(v

i

) 2 (�

min

+ t(v

i�1

v

i

)) n (�

min

+ t(v

i

v

i+1

)), (�)

d

i

if 
(v

i

) 2 (�

min

+ t(v

i

v

i+1

)) n (�

min

+ t(v

i�1

v

i

)). (��)

Sin
e all the verti
es are of one of the three types, all the lists �(v

i

) satisfy the equalities

(1) and (2) from Lemma 7. Hen
e, the fun
tion � is well-de�ned. Observe that if v

i

is of

the �rst type (in whi
h t(v

i�1

v

i

) = t(v

i

v

i+1

)), then �

min

+ t(v

i�1

v

i

) = �

min

+ t(v

i

v

i+1

).

Hen
e, �(v

i

) for su
h a vertex v

i

is either Min or Max. In parti
ular, we have:

Claim 1 If �(v

i

) 62 fMin;Maxg, then v

i

is of the se
ond type or the third type.

We now prove the following two 
laims:

Claim 2 If 
 is a good labeling, then no two adja
ent verti
es are assigned by � simul-

taneously both the label Min or both the label Max.

If two adja
ent verti
es v

i

and v

i+1

are both mapped to Min, then 
(v

i

) 2 (�

min

+

t(v

i

v

i+1

)) and 
(v

i+1

) 2 (�

min

+ t(v

i

v

i+1

)) by the de�nition of �. This immediately

yields that j
(v

i

) � 
(v

i+1

)j 2 t(v

i

v

i+1

) (re
all that the set t(v

i

v

i+1

) is arithmeti
). A

similar argument ex
ludes the 
ase that both are mapped to Max.

Claim 3 If the vertex v

i

is assigned by � the di�eren
e d

i�1

, i.e., the 
ondition in (*)

is satis�ed, then d

i�1

j�

max

� �

min

and the following holds:

f�

min

;�

min

+d

i�1

;�

min

+2d

i�1

; : : : ;�

max

g � (
(v

i

)�t(v

i�1

v

i

))[(
(v

i

)+t(v

i�1

v

i

)). (4)

Sin
e v

i

is assigned by � neither Min nor Max, the vertex v

i

is of the se
ond type or

the third type by Claim 1. Hen
e, d

i�1

j�

max

� �

min

. If v

i

is of the third type, then

t(v

i�1

v

i

) = Ar

d

i�1

(k) where k = (�

max

��

min

)=d

i�1

� 1. Sin
e �(v

i

) is neither Min nor

Max, the 
olor 
(v

i

) is neither �

min

nor �

max

. We now infer from 
(v

i

) 6= �

min

;�

max

that
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(v

i

) 2 f�

min

+ d

i�1

;�

min

+2d

i�1

; : : : ;�

max

� d

i�1

g and hen
e the in
lusion (4) indeed

holds. Next, we 
onsider the 
ase that v

i

is of the se
ond type. Let k

i�1

= jt(v

i�1

v

i

)j

and k

i

= jt(v

i

v

i+1

)j. Note that k

i�1

> k

i

by (*) and �

max

� �

min

= (k

i�1

+ k

i

� 1)d

i�1

be
ause v

i

is of the se
ond type. By the 
ondition from (*), the 
olor 
(v

i

) is one of the

numbers �

min

+ k

i

d

i

;�

min

+ (k

i

+ 1)d

i

; : : : ;�

min

+ (k

i�1

� 1)d

i

and thus the in
lusion

(4) holds. This establishes the 
laim.

Similarly as Claim 3, we 
an prove the following 
laim (the details are left to the

reader):

Claim 4 If the vertex v

i

is assigned by � the di�eren
e d

i

, i.e., the 
ondition in (**) is

satis�ed, then d

i

j�

max

� �

min

and the following holds:

f�

min

;�

min

+d

i

;�

min

+2d

i

; : : : ;�

max

g � (
(v

i

)� t(v

i

v

i+1

))[ (
(v

i

)+ t(v

i

v

i+1

)). (44)

Now, some edges of the 
y
le are oriented in the following way: If v

i

is labeled by

� with d

i�1

a

ording (*), then the edge v

i�1

v

i

is oriented from v

i

to v

i�1

. If v

i

is

labeled by � with d

i

a

ording (**), then the edge v

i

v

i+1

is oriented from v

i

to v

i+1

.

Sin
e 
 is a good labeling, ea
h edge is oriented in at most one dire
tion. Indeed, assume

for the sake of 
ontradi
tion that both the vertex v

i

satis�es (**) and the vertex v

i+1

satis�es (*). We 
an now infer from (44) that d

i

j(
(v

i

) � �

min

), in parti
ular, 
(v

i

) 2

f�

min

;�

min

+ d

i

;�

min

+ 2d

i

; : : : ;�

max

g holds. Sin
e the vertex v

i+1

satis�es (4), we


on
lude that j
(v

i+1

)� 
(v

i

)j 2 t(v

i

v

i+1

) | 
ontradi
tion.

The proof of the se
ond impli
ation is 
ompleted by the following four 
laims:

Claim 5 No edge 
an be oriented to a vertex whi
h assigned by � either Min or Max.

Assume the opposite and say, e.g., that the edge v

i

v

i+1

is oriented from v

i

to v

i+1

and

�(v

i+1

) = Min. Then, 
(v

i

) 2 (�

min

+ t(v

i

v

i+1

)) n (�

min

+ t(v

i�1

v

i

)) and the vertex v

i

is

assigned by � the di�eren
e d

i

. In parti
ular, �

max

��

min

is divisible by d

i

and (
(v

i

)+

t(v

i

v

i+1

))[(
(v

i

)�t(v

i

v

i+1

)) � �

min

+Ar

d

i

(k+1) by (44) where k = (�

max

��

min

)=d

i

.

Sin
e the vertex v

i+1

is assigned by � the label Min, the di�eren
e 
(v

i+1

) � �

min

is

divisible by d

i

and thus 
(v

i+1

) 2 �

min

+Ar

d

i

(k+1). Then, j
(v

i

)� 
(v

i+1

)j 2 t(v

i

v

i+1

)

and the labeling 
 is not good | 
ontradi
tion.

Claim 6 All edges of the 
y
le are oriented.

If all the verti
es of the 
y
le are assigned by � one of the labels Min or Max, then the

verti
es of the 
y
le should be assigned the labels Min and Max alternately. But this is

impossible be
ause the length of the 
y
le is odd. Hen
e, there is a vertex v

i

assigned

by � neither Min nor Max. In parti
ular, there is an edge leaving the vertex v

i

and this

12



edge must lead to a vertex whi
h is again assigned by � neither Min nor Max by Claim 5.

There is also an edge leaving this vertex and it again leads to a vertex assigned by �

neither Min nor Max. In this way, we go around the whole 
y
le and show that all the

edges are oriented.

Claim 7 All the verti
es of the 
y
le are of the se
ond type or the third type.

By Claim 6, all edges of the 
y
le are oriented. Sin
e no edge 
an be oriented to a vertex

whi
h assigned by � either Min or Max by Claim 5, all the verti
es are of the se
ond or

the third type by Claim 1.

Claim 8 All the verti
es of the 
y
le are of the third type.

Assume that the vertex v

i

is of the se
ond type. By symmetry, it 
an be assumed that

t(v

i�1

v

i

) � t(v

i

v

i+1

). Sin
e v

i

is assigned by � neither Min nor Max, the edge v

i

v

i+1

is oriented from v

i

to v

i+1

and t(v

i�1

v

i

) � t(v

i

v

i+1

). Let now k

i�1

and k

i

be su
h

integers that t(v

i�1

v

i

) = Ar

d

i�1

(k

i�1

) and t(v

i

v

i+1

) = Ar

d

i

(k

i

). Note that k

i�1

< k

i

and

k

i�1

+ k

i

= (�

max

��

min

)=d

i�1

+1. In parti
ular, k

i�1

< (�

max

��

min

)=d

i�1

. Sin
e all

the edges are oriented, the edge v

i�1

v

i

is oriented from v

i�1

to v

i

. If the vertex v

i�1

were

of the third type, then it would hold that k

i�1

= (�

max

� �

min

)=d

i�1

(by the de�nition

of the third vertex type). However, this does not hold. Hen
e, v

i�1

is of the se
ond type

and t(v

i�2

v

i�1

) = t(v

i

v

i+1

) = Ar

d

i

(k

i

). But, then the edge v

i�1

v

i


annot be oriented

from v

i�1

to v

i

be
ause t(v

i�1

v

i

) � t(v

i�2

v

i�1

). This establishes the 
laim.

By Claim 8, all the verti
es are of the third type, but then the balan
ed generalized list

T -
oloring problem is not as des
ribed in the statement of the theorem. This 
ompletes

the proof of the se
ond impli
ation and so the proof of the whole theorem.

4.2 The 
ase of 
omplete graphs

We �rst formulate a lemma whi
h is an immediate 
orollary of Theorem 2 but whi
h will

be useful in the analysis of the 
ase of 
omplete graphs:

Lemma 8 Let (C

3

;�; t) be a balan
ed generalized list T -
oloring problem whi
h does not

have a good labeling and let V (C

3

) = fx; y; zg. Then, the sets t(xy), t(xz) and t(yz) are

arithmeti
. Moreover, if ea
h of the sets t(xy) and t(xz) 
ontains at least two elements

and the di�eren
es of the arithmeti
 sets t(xy) and t(xz) are distin
t, then t(yz) = f0g.
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Proof: Sin
e the problem (C

3

;�; t) does not have a good labeling, it is of the type

des
ribed in the statement of Theorem 2. Therefore, the sets t(xy), t(xz) and t(yz) are

arithmeti
. The vertex x must be of the third type be
ause ea
h of the arithmeti
 sets

t(xy) and t(xz) 
ontains at least two elements and their di�eren
es are distin
t. At least

one of the verti
es y and z is of the �rst or the se
ond type, again by Theorem 2. Assume

that this vertex is y. Then, the di�eren
e of the arithmeti
 set t(yz) and the di�eren
e of

the arithmeti
 set t(yx) are the same. Let this di�eren
e be denoted by d. Sin
e x is of

the third type, we have t(yx) = Ar

d

((�

max

��

min

)=d) by the de�nition of the third type.

By Lemma 7, the sets �

min

+ t(yx) and �

max

� t(yz) are disjoint. But this is possible

only if t(yz) = f0g (re
all that the di�eren
e of t(yz) is d).

Next, we show that a balan
ed generalized list T -
oloring problem with no good

labeling 
an be redu
ed to a smaller one with the same property:

Lemma 9 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem with no good

labeling. Let U be a subset of V (K

n

) of size n

0

� 2. Then, there is a balan
ed generalized

list T -
oloring problem (K

n

0

;�

0

; t

0

) whi
h does not have a good labeling, V (K

n

0

) = U and

t

0

(uu

0

) = t(uu

0

) for u; u

0

2 U .

Proof: The proof pro
eeds by indu
tion on n � n

0

. If n � n

0

= 0, then the problems

(K

n

;�; t) and (K

n

0

;�

0

; t

0

) are the same.

If n�n

0

= 1, then 
onsider the problem (K

n

;�; t)[v!�

min

℄ where v is the only vertex

of K

n

outside the set U . Sin
e the problem (K

n

;�; t) does not have a good labeling,

it follows that the 
olor �

min

is 
ontained in ea
h list �(v) by Lemma 2. Hen
e, the

problem (K

n

;�; t)[v!�

min

℄ is balan
ed and it does not have a good labeling.

If n� n

0

� 2, 
onsider a set U

0

of the verti
es of K

n

su
h that U � U

0

� V (K

n

). By

the indu
tion hypothesis, for the set U

0

, there is a balan
ed generalized list T -
oloring

problem whi
h does not have a good labeling. Now, by indu
tion applied to this new

problem, there is a balan
ed generalized list T -
oloring problem for the set U whi
h does

not have a good labeling.

As an immediate 
orollary of Lemma 9, we obtain that if a balan
ed generalized list

T -
oloring problem on a 
omplete graph does not have a good labeling, then all sets t(e)

must be arithmeti
:

Lemma 10 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem. If K

n

has

an edge e su
h that t(e) is not arithmeti
, then the problem (K

n

;�; t) allows a good

labeling.

14



Proof: Let u and v be the end-verti
es of the edge e su
h that t(e) is not arithmeti
.

If the problem (K

n

;�; t) does not have a good labeling, then apply Lemma 9 with

U = fu; vg to get a balan
ed generalized list T -
oloring problem (K

2

;�

0

; t

0

) su
h that

t

0

(e) = t(e) is not arithmeti
. But this is impossible by Lemma 5.

We now fo
us on the relation between lists � : V (G) ! 2

N

and forbidden sets

t : E(G) ! 2

N

in generalized list T -
oloring problems on 
omplete graphs with no

good labelings:

Lemma 11 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem whi
h does

not have a good labeling. Let v

1

; : : : ; v

n

be an arbitrary ordering of the verti
es of K

n

.

Then, there exist numbers k

1

< k

2

< � � � < k

n�1

su
h that

�(v

n

) =

℄

1�i�n�1

(t(v

i

v

n

) + k

i

).

Moreover, for ea
h k

i

, i = 1; : : : ; n� 1, and ea
h j = i; : : : ; n:

k

i

= min

0

�

�(v

j

) n

[

1�i

0

<i

(t(v

i

0

v

j

) + k

i

0

)

1

A

.

In parti
ular, k

1

= �

min

.

Proof: The proof pro
eeds by indu
tion on n. The lemma va
uously holds for n = 1.

For n = 2, it follows by Lemma 5.

Suppose now that n � 3 and set k

1

= �

min

. Let (K

n�1

;�

0

; t

0

) = (K

n

;�; t)[v

1

!�

min

℄.

Note that the problem (K

n�1

;�

0

; t

0

) is balan
ed sin
e otherwise the problem (K

n

;�; t)

would have a good labeling. By the indu
tion hypothesis, there are numbers k

2

< � � � <

k

n�1

su
h that:

�

0

(v

n

) =

℄

2�i�n�1

(t

0

(v

i

v

n

) + k

i

).

Moreover, for all i 2 f2; : : : ; n� 1g and j 2 fi; : : : ; ng, it holds:

k

i

= min

0

�

�

0

(v

j

) n

[

2�i

0

<i

(t

0

(v

i

0

v

j

) + k

i

0

)

1

A

.

Sin
e �

0

(v

j

) = �(v

j

) n (t(v

1

v

j

) + �

min

) and t(e) = t

0

(e) for ea
h edge of K

n�1

, we have:

�(v

n

) = �

0

(v

n

) ℄ (t(v

1

v

n

) + k

1

) =

℄

1�i�n�1

(t(v

i

v

n

) + k

i

).
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Similarly, we have for all i with 2 � i � n� 1, and all j with i � j � n:

k

i

= min

0

�

�(v

j

) n

[

1�i

0

<i

(t(v

i

0

v

j

) + k

i

0

)

1

A

.

The �nal equality follows for all 1 � j � n from the 
hoi
e of k

1

:

k

1

= min

0

�

�(v

j

) n

[

1�i

0

<1

(t(v

i

0

v

j

) + k

i

0

)

1

A

= min�(v

j

) = �

min

.

Roughly speaking, if a balan
ed generalized list T -
oloring problem (K

n

;�; t) does

not have a good labeling, all sets t(e) in
ident with the same vertex must share the same

di�eren
e as stated in the next lemma:

Lemma 12 Let (K

n

;�; t), n � 4, be a balan
ed generalized list T -
oloring problem with

no good labeling. Then, all sets t(e) for e 2 E(K

n

) are arithmeti
, and all the sets t(e)

for all edges e in
ident with the same vertex v share the same di�eren
e.

Proof: By Lemma 10, all the sets t(e) are arithmeti
. A

ording to Lemma 9, it is

enough to prove the 
laim for n = 4. Let us assume that n = 4 and v, x, y and z are

the verti
es of K

4

su
h that the sets t(e) for the edges e in
ident with the vertex v do

not share the same di�eren
e. Let d

x

, d

y

and d

z

be the di�eren
es and k

x

, k

y

and k

z

the sizes of the arithmeti
 sets t(vx), t(vy) and t(vz), respe
tively. By our assumption,

at most one of the three numbers k

x

, k

y

and k

z

is equal to one. Hen
e, we may assume

that k

x

� 1, k

y

� 2 and k

z

� 2. The three di�eren
es d

x

, d

y

and d

z

are not all the same

by the 
hoi
e of v. We distinguish three 
ases and eventually derive a 
ontradi
tion in

ea
h of them:

� k

x

= 1, k

y

� 2, k

z

� 2 and d

y

< d

z

(the 
ase d

y

> d

z

is symmetri
)

Note that t(vx) = f0g. Consider the problem (K

4

;�; t)[x ! �

max

℄ obtained by

assigning the 
olor �

max

to the vertex x. This is a balan
ed generalized list T -


oloring problem whi
h does not have a good labeling. Note that its underlying

graph is a triangle. Re
all that the sets of forbidden di�eren
es on its edges are

t(vy) = Ar

d

y

(k

y

) and t(vz) = Ar

d

z

(k

z

). Hen
e, t(yz) = f0g by Lemma 8. By

Theorem 2, the vertex v must be of the third type sin
e d

y

6= d

z

. In addition,

k

y

and k

z

satisfy k

y

d

y

= k

z

d

z

= l
m(d

y

; d

z

). In parti
ular, d

z

is not divisible by

d

y

(re
all that k

y

� 2 and k

z

� 2). Sin
e the vertex v is of the third type in
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(K

4

;�; t)[x! �

max

℄, its list in the new problem (K

4

;�; t)[x! �

max

℄ is equal to the

following set:

(�

min

+Ar

d

y

(k

y

)) [ (�

min

+Ar

d

z

(k

z

)) [ f�

min

+ l
m(d

y

; d

z

)g.

Hen
e, we infer that:

�(v) = (�

min

+Ar

d

y

(k

y

)) [ (�

min

+Ar

d

z

(k

z

)) [ f�

min

+ l
m(d

y

; d

z

);�

max

g. (3)

Similarly, 
onsidering the problem (K

4

;�; t)[x! �

min

℄ yields:

�(v) = (�

max

�Ar

d

y

(k

y

)) [ (�

max

�Ar

d

z

(k

z

)) [ f�

max

� l
m(d

y

; d

z

);�

min

g. (4)

The se
ond largest element of �(v) a

ording to (3) is �

min

+l
m(d

y

; d

z

) and a

ording

to (4) is �

max

� d

y

. Hen
e, �

max

� �

min

= l
m(d

y

; d

z

) + d

y

. On the other hand,

the largest element of �(v) whi
h is not 
ongruent to �

max

modulo d

y

is equal to

�

min

+ l
m(d

y

; d

z

) � d

z

a

ording to (3) and it is equal to �

max

� d

z

a

ording to

(4) (re
all that k

y

d

y

= k

z

d

z

= l
m(d

y

; d

z

)). Hen
e, we infer that �

max

� �

min

=

l
m(d

y

; d

z

) | 
ontradi
tion.

� k

x

� 2, k

y

� 2, k

z

� 2 and d

x

< d

y

< d

z

The problem obtained by assigning the 
olor �

max

to the vertex z does not have a

good labeling. In this new problem, the vertex v must be of the third type des
ribed

in Theorem 2 be
ause di�eren
es on edges in
ident with it are di�erent. We infer

that k

x

d

x

= k

y

d

y

= l
m(d

x

; d

y

). Sin
e k

x

� 2 and k

y

� 2, d

y

is not divisible

by d

x

. And by Lemma 8, it must be t(xy) = f0g. Symmetri
 arguments yield

k

x

d

x

= k

z

d

z

= l
m(d

x

; d

z

), k

y

d

y

= k

z

d

z

= l
m(d

y

; d

z

) and t(xz) = t(yz) = f0g. Let

l be the following number:

l = k

x

d

x

= k

y

d

y

= k

z

d

z

= l
m(d

x

; d

y

) = l
m(d

x

; d

z

) = l
m(d

y

; d

z

). (5)

Consider again the problem (K

4

;�; t)[z ! �

max

℄ obtained by assigning the 
olor

�

max

to the vertex z. Sin
e t(xz) = t(yz) = f0g, the 
olor �

min

remains in the lists

of the verti
es of x and y. Then, the 
olor �

min

must remain also in the list of the

vertex v by Lemma 2. Hen
e, the list of v in the obtained problem is equal to the

following list:

(�

min

+ t(vx)) [ (�

min

+ t(vy)) [ f�

min

+ lg.

The following in
lusion now immediately follows:

(�

min

+Ar

d

x

(k

x

)) [ (�

min

+Ar

d

y

(k

y

)) [ f�

min

+ lg � �(v).
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By symmetry, we have also the following:

(�

min

+Ar

d

x

(k

x

)) [ (�

min

+Ar

d

z

(k

z

)) [ f�

min

+ lg � �(v).

The size of the following set is k

x

+ k

y

+ k

z

� 1 by equation (5):

(�

min

+Ar

d

x

(k

x

)) [ (�

min

+Ar

d

y

(k

y

)) [ (�

min

+Ar

d

z

(k

z

)) [ f�

min

+ lg. (6)

Sin
e the problem (K

4

;�; t) is balan
ed, the size of �(v) is k

x

+ k

y

+ k

z

. We now

have (observe that the missing 
olor in (6) 
an be only �

max

):

�(v) = (�

min

+Ar

d

x

(k

x

))[ (�

min

+Ar

d

y

(k

y

))[ (�

min

+Ar

d

z

(k

z

))[f�

min

+ l;�

max

g.

(7)

A symmetri
 argument based on the problems obtained by assigning the 
olor �

min

to some of the verti
es gives the following equality:

�(v) = (�

max

�Ar

d

x

(k

x

))[ (�

max

�Ar

d

y

(k

y

))[ (�

max

�Ar

d

z

(k

z

))[f�

max

� l;�

min

g.

(8)

Now, the equalities (7) and (8) are 
ompared: The se
ond largest element of �(v)

a

ording to (7) is �

min

+ l and a

ording to (8) is �

max

� d

x

. Hen
e, we 
an infer

that �

max

� �

min

= l + d

x

. The largest element of �(v) whi
h is not 
ongruent to

�

max

modulo d

x

is equal to �

min

+ l� d

y

a

ording to the equalities (5) and (7). But

the largest element whi
h is not 
ongruent to �

max

modulo d

x

is equal to �

max

� d

y

a

ording to the equalities (5) and (8). Hen
e, we have �

max

��

min

= l whi
h is the

desired 
ontradi
tion.

� k

x

� 2, k

y

� 2, k

z

� 2 and d

x

= d

y

6= d

z

As in the previous 
ase, 
onsider the problems (K

4

;�; t)[x! �

max

℄ and (K

4

;�; t)[y !

�

max

℄ and 
on
lude that t(xz) = t(yz) = f0g. In parti
ular, it is possible to de�ne

l = k

x

d

x

= k

y

d

y

= k

z

d

z

= l
m(d

x

; d

y

) and k

x

= k

y

.

Consider again the problem (K

4

;�; t)[y ! �

max

℄. Sin
e t(yz) = f0g, the 
olor �

min

remains in the list of the vertex z. Then, the 
olor �

min

must remain also in the list

of the vertex v by Lemma 2. Hen
e, the list of v in the new problem is equal to the

following set:

(�

min

+ t(vx)) [ (�

min

+ t(vz)) [ f�

min

+ lg.

The way in whi
h the new problem was obtained immediately implies the following

equality:

�(v) = ((�

min

+Ar

d

x

(k

x

)) [ (�

min

+Ar

d

z

(k

z

)) [ f�

min

+ lg) ℄

(�

max

�Ar

d

y

(k

y

)). (9)
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A symmetri
 argument whi
h is based on the problem obtained by assigning the 
olor

�

min

to the vertex y gives the following:

�(v) = ((�

max

�Ar

d

x

(k

x

)) [ (�

max

�Ar

d

z

(k

z

)) [ f�

max

� lg) ℄

(�

min

+Ar

d

y

(k

y

)). (10)

The equalities k

x

= k

y

and d

x

= d

y

implies that �

min

+Ar

d

x

(k

x

) = �

min

+Ar

d

y

(k

y

)

and �

max

�Ar

d

x

(k

x

) = �

max

�Ar

d

y

(k

y

). This 
ombined with the equalities (9) and

(10) yields the following:

(�

min

+d

z

+Ar

d

z

(k

z

�1))℄f�

min

+lg = (�

max

�d

z

�Ar

d

z

(k

z

�1))℄f�

max

�lg. (11)

Sin
e l = k

z

d

z

, we 
an simplify (11) to the following equality:

Ar

d

z

(k

z

) + �

min

+ d

z

= �

max

� d

z

�Ar

d

z

(k

z

).

Hen
e, we 
an infer (by 
onsidering the largest and the smallest element in the sets

above) that �

max

� �

min

= l + d

z

.

Let us 
onsider now the problem (K

3

;�

0

; t

0

) = (K

4

;�; t)[z ! �

max

℄. First, we have by

the equality (10) (the union in the next equality is disjoint be
ause the new problem

must be balan
ed):

�

0

(v) = �(v) n t(vz) = �(v) n (�

max

�Ar

d

z

(k

z

)) =

(�

min

+Ar

d

x

(k

x

)) ℄ (�

max

� d

x

�Ar

d

x

(k

x

)).

Observe that, by Lemma 9, the problem (K

3

;�

0

; t

0

) is a balan
ed generalized list

T -
oloring problem whi
h does not have a good labeling. Let �

0

min

and �

0

max

be the

smallest and the largest element 
ontained in the lists �

0

. Sin
e �

0

min

= �

min

and

�

0

max

= �

max

�d

x

= �

min

+l+d

z

�d

x

are not 
ongruent modulo d

x

, all the verti
es v,

x and y in the problem (K

3

;�

0

; t

0

) must be of the �rst type des
ribed in the statement

of Theorem 2. Hen
e, we infer that t(xy) = t

0

(xy) = Ar

d

x

(k

x

) and:

�

0

(x) = �

0

(y) = �

0

(v) = (�

min

+Ar

d

x

(k

x

)) ℄ (�

max

� d

x

�Ar

d

x

(k

x

)).

In parti
ular:

(�

min

+Ar

d

x

(k

x

)) ℄ (�

max

� d

x

�Ar

d

x

(k

x

)) � �(x). (12)

A symmetri
 argument based on the problem obtained by assigning the 
olor �

min

to the vertex z yields the following in
lusion:

(�

max

�Ar

d

x

(k

x

)) ℄ (�

min

+ d

x

+Ar

d

x

(k

x

)) � �(x). (13)
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By 
omparing the in
lusions (12) and (13), we get the following:

(�

min

+Ar

d

x

(k

x

+ 1)) ℄ (�

max

�Ar

d

x

(k

x

+ 1)) � �(x).

Thus the size of �(x) must be at least 2k

x

+ 2. On the other hand, the t-degree of x

in the problem (K

n

;�; t) is jt(xy)j+ jt(xz)j+ jt(xv)j = 2k

x

+1. This 
ontradi
ts the

fa
t that the problem (K

n

;�; t) is balan
ed.

Now, we extend the argument from the previous lemma and show that all the sets t(e)

must share the same di�eren
e. Note that we 
annot derive immediately this 
on
lusion

from Lemma 12 sin
e there 
ould exist edges e with t(e) = f0g.

Lemma 13 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem with no good

labeling and n � 4. Then, all the sets t(e) for e 2 E(K

n

) are arithmeti
 sets with the

same di�eren
e.

Proof: By Lemma 12, all the sets t(e) are arithmeti
 and the sets t(e) for edges e

in
ident with the same vertex have the same di�eren
e. If there are edges e and e

0

with

jt(e)j; jt(e

0

)j � 2 su
h that t(e) and t(e

0

) do not have the same di�eren
e, then the edges

e and e

0


annot be in
ident. Let e = vw and e

0

= xy. By Lemma 9, it is enough now to

prove the statement for n = 4, i.e., a balan
ed generalized list T -
oloring problem whose

underlying graph is the 
omplete graph of order four 
omprised by the verti
es v, w, x

and y. By Lemma 12, we have t(vx) = t(wx) = t(vy) = t(wy) = f0g. Let k

vw

and k

xy

be the sizes of the sets t(vw) and t(xy), respe
tively. Similarly, let d

vw

and d

xy

be their

di�eren
es. Re
all that we have assumed that d

vw

6= d

xy

.

Consider the problem (G

0

;�

0

; t

0

) = (K

n

;�; t)[y ! �

max

℄. The problem (G

0

;�

0

; t

0

) is

balan
ed and it does not have a good labeling. Theorem 2 implies the following equalities:

�

0

(v) = �

0

(w) = �

min

+Ar

d

vw

(k

vw

+ 1)

�

0

(x) = f�

min

;�

min

+ d

vw

k

vw

g. (14)

Hen
e, �

min

+Ar

d

vw

(k

vw

+1) � �(v). Next, 
onsider the problem (K

n

;�; t)[y ! �

min

℄.

By a similar argument as before, we obtain that �

max

� Ar

d

vw

(k

vw

+ 1) � �(v). Sin
e

j�(v)j = deg

t

(v) = k

vw

+ 2, we 
an infer that �

max

� �

min

= d

vw

(k

vw

+ 1) and �(v) =

�

min

+ Ar

d

vw

(k

vw

+ 2). Similarly, we may determine that the lists of the verti
es w, x

and y are as follows:

�(v) = �(w) = �

min

+Ar

d

vw

(k

vw

+ 2) and

�(x) = �(y) = �

min

+Ar

d

xy

(k

xy

+ 2).
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But we know that �

min

+ d

vw

k

vw

= �

max

� d

vw

2 �(x) by (14). Sin
e �(x) =

�

min

+ Ar

d

xy

(k

xy

+ 2), all the elements of �(x) are 
ongruent with �

max

modulo d

xy

.

In parti
ular, �

max

� d

vw

and �

max

are 
ongruent modulo d

xy

. We 
an now infer that

d

xy

j d

vw

. By symmetry, we also infer that d

vw

j d

xy

. So, we 
on
lude d

xy

= d

vw

|


ontradi
tion.

Finally, we extend our arguments to get some properties of the lists in balan
ed

generalized list T -
oloring problems (K

n

;�; t) with no good labeling:

Lemma 14 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem with n � 3,

whi
h does not have a good labeling, and let v be a vertex of the graph K

n

. Suppose

that all the sets t(e) for edges e in
ident with the vertex v are arithmeti
 with the same

di�eren
e d, but there exist two edges e; e

0

2 E(K

n

) in
ident with v for whi
h t(e) 6= t(e

0

).

Then, all the elements of the list �(v) are 
ongruent modulo d.

Proof: We prove by indu
tion on n that if the elements of �(v) are not 
ongruent

modulo d, then the problem (K

n

;�; t) has a good labeling. This will establish the 
laim

of the lemma. If n = 3, this is true by Theorem 2 be
ause the vertex v must be of the

se
ond type.

Suppose now that n � 4. Let k

min

and k

max

be the minimum and the maximum size

of the lists t(e) for edges e in
ident with the vertex v. By the assumptions of the lemma,

k

min

< k

max

. Let v

min

and v

max

be verti
es of G su
h that t(vv

min

) = Ar

d

(k

min

) and

t(vv

max

) = Ar

d

(k

max

). By Lemma 2, we 
an also assume that the 
olors �

min

and �

max

are 
ontained in the lists of all the verti
es. We 
onsider three 
ases:

� If the number of elements of �(v) 
ongruent with �

min

modulo d is smaller than

k

max

, then �

min

+ t(vv

max

) = �

min

+ Ar

d

(k

max

) 6� �(v). Hen
e, the problem

(K

n

;�; t)[v

max

! �

min

℄ is overbalan
ed. The problem (K

n

;�; t) has then a good

labeling by Lemma 1 and Theorem 1.

� If the number of elements of �(v) 
ongruent with �

min

modulo d is greater than k

max

,

we pro
eed as follows: Let u be a vertex distin
t from v, v

min

and v

max

. The problem

(K

n

;�; t)[u!�

min

℄ is overbalan
ed or the list of the vertex v 
ontain two elements

whi
h are not 
ongruent modulo d. In the former 
ase, it has a good labeling by

Theorem 1. In the latter 
ase, it has a good labeling by indu
tion. Hen
e, the

problem (K

n

;�; t) has a good labeling by Lemma 1.

� The �nal 
ase is that the number of elements of �(v) 
ongruent with �

min

mod-

ulo d is exa
tly k

max

. If there is a vertex u 6= v

min

with jt(vu)j < k

max

, then

(K

n

;�; t)[u!�

min

℄ is overbalan
ed or the list of the vertex v 
ontain two elements
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whi
h are not 
ongruent modulo d. Similarly, as in the previous 
ase, we 
on
lude

that the problem (K

n

;�; t) has a good labeling. The other possibility is that for ea
h

vertex u 6= v

min

, we have t(vu) = t(vv

max

) = Ar

d

(k

max

). Consider now the problem

(K

n�1

;�

0

; t

0

) = (K

n

;�; t)[v

min

! �

min

℄. Sin
e the problem (K

n

;�; t) is assumed not

to have a good labeling, the problem (K

n�1

;�

0

; t

0

) should admit no good labeling as

well. In parti
ular, the problem (K

n�1

;�

0

; t

0

) is balan
ed. By Lemma 11, the number

of elements with the same remainder modulo d 
ontained in the set �

0

(v) is divisible

by k

max

be
ause t

0

(e) = Ar

d

(k

max

) for every edge e in
ident with v. But the set �

0

(v)


ontains exa
tly k

max

� k

min

< k

max

elements 
ongruent modulo d with �

min

(of the

original problem (K

n

;�; t)).

We may now extend the arguments of Lemma 14 to show that all elements of the

lists are 
ongruent modulo d where d is the 
ommon di�eren
e of all the sets t(e):

Lemma 15 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem whi
h does

not have a good labeling. Suppose that all t(e) for e 2 E(K

n

) are arithmeti
 sets with the

same di�eren
e d and that there exist edges e; e

0

2 E(K

n

) su
h that t(e) 6= t(e

0

). Then,

all the elements of the union

S

v2V (K

n

)

�(v) are 
ongruent modulo d.

Proof: By the assumption of the lemma, there is a vertex w of K

n

whi
h satis�es the

assumption of Lemma 14. Hen
e, the elements of the list �(w) are 
ongruent modulo d.

Let w

0

be a vertex distin
t from w. Order verti
es of K

n

in the sequen
e v

1

; v

2

; : : : ; v

n

in

su
h a way that v

n�1

= w and v

n

= w

0

. By Lemma 11, there exist numbers k

1

< k

2

<

� � � < k

n�1

su
h that

�(w

0

) =

℄

1�i�n�1

(t(w

0

v

i

) + k

i

).

In addition, the following holds for ea
h i, 1 � i � n� 1:

k

i

= min

0

�

�(w) n

[

1�i

0

<i

(t(wv

i

) + k

i

)

1

A

.

In parti
ular, k

i

2 �(w) and sin
e all the sets t(w

0

v

i

) have the same di�eren
e d, all the

elements of the list �(w

0

) are 
ongruent with all the elements of �(w) modulo d. Sin
e

the 
hoi
e of w

0

was arbitrary, the proof is 
ompleted.

In the proof of the main theorem of this subse
tion, we use the Brooks-type theorem

for the 
hannel assignment problem on 
omplete graphs from [10℄. We formulate it in

our notation:
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Theorem 3 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem su
h that

ea
h list t(e) for e 2 E(K

n

) is an arithmeti
 set with di�eren
e 1. Let V (K

n

) =

fv

1

; : : : ; v

n

g. Then, the problem (K

n

;�; t) does not have a good labeling if and only

if one of the following holds:

� There exist integers 1 � a and 1 � k

1

< � � � < k

n�1

su
h that:

{ k

i

+ a � k

i+1

for ea
h i = 1; : : : ; n� 2,

{ t(e) = Ar

1

(a) for ea
h edge e 2 E(K

n

), and

{ �(v

i

) =

S

1�j�n�1

(k

j

+Ar

1

(a)) for ea
h vertex v

i

of K

n

.

� There exist integers 1 � a < b and 1 � k su
h that (possibly after an appropriate

permutation of the verti
es):

{ t(e) =

�

Ar

1

(a) if e is in
ident with the vertex v

n

,

Ar

1

(b) otherwise.

{ �(v

i

) =

�

k +Ar

1

(a+ b(n� 2)) if i 6= n,

S

0�j�n�2

(k + bj +Ar

1

(a)) otherwise.

We 
an now 
hara
terize in a similar way balan
ed generalized list T -
oloring prob-

lems whose underlying graph is a 
omplete graph and whi
h do not have a good labeling

(an example of su
h a balan
ed generalized list T -
oloring problem with no good labeling

is depi
ted in Figure 2):

Theorem 4 Let (K

n

;�; t) be a balan
ed generalized list T -
oloring problem with n � 4.

Let V (K

n

) = fv

1

; : : : ; v

n

g. The problem (K

n

;�; t) does not have a good labeling if and

only if it is one of the following two types:

� There exist integers 1 � a; d and k

1

< � � � < k

n�1

su
h that:

{ t(e) = Ar

d

(a) for all e 2 E(K

n

) and

{ �(v

i

) =

U

1�j�n�1

(k

j

+Ar

d

(a)) for all 1 � i � n.

� There exist integers 1 � a < b, 1 � d and k su
h that (possibly after an appropriate

permutation of the verti
es):

{ t(e) =

�

Ar

d

(a) if e is in
ident with the vertex v

n

,

Ar

d

(b) otherwise.

{ �(v

i

) =

�

k +Ar

d

(a+ b(n� 2)) if i 6= n,

S

0�j�n�2

(k + bjd+Ar

d

(a)) otherwise.
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1
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3

w

4

f0; 2g f0; 2g

f0; 2g

f0; 2; 4g f0; 2; 4g

f0; 2; 4g

�(w

1

) = f1; 3; 5; 7; 9; 11; 13; 15g

�(w

2

) = f1; 3; 5; 7; 9; 11; 13; 15g

�(w

3

) = f1; 3; 5; 7; 9; 11; 13; 15g

�(w

4

) = f1; 3; 7; 9; 13; 15g

Figure 2: An example of a balan
ed generalized list T -
oloring problem with an un-

derlying graph being K

4

. The sets of forbidden di�eren
es are at the middles of the


orresponding edges and the lists of 
olors for the verti
es are in the right side of the

�gure.

Proof: It is easy to 
he
k that if a problem (K

n

;�; t) is of one of the above two types,

then it is balan
ed. If it is of the �rst type des
ribed above, then it is easy to 
he
k that

in any labeling from the lists, at most one vertex of K

n

has a 
olor from k

j

+ Ar

d

(a).

By the pigeon-hole prin
iple, the problem (K

n

;�; t) 
annot have a good labeling. If the

problem (K

n

;�; t) is of the se
ond type des
ribed above, we 
an assume without loss of

generality that d j k. Observe that the problem (K

n

;�; t) has a good labeling if and only

if the problem (K

n

;�

0

; t

0

) with the parameters a

0

= a=d, b

0

= b=d, d

0

= 1 and k

0

= k=d

has a good labeling. But this problem has no good labeling by Theorem 3.

We show that ea
h balan
ed generalized list T -
oloring problem (K

n

;�; t) with no

good labeling is of one of the two types des
ribed in the statement of the theorem.

By Lemma 10, for ea
h e 2 E(G), the set t(e) is arithmeti
. By Lemma 13, all the

sets t(e), e 2 E(G), have the same di�eren
e d. If there are edges e and e

0

su
h that

t(e) 6= t(e

0

), then all the elements of all the lists �(v), v 2 V (K

n

), are 
ongruent modulo

d by Lemma 15. We may assume that d j �

min

, i.e., all the elements of all the lists �(v)

are divisible by d. Consider now the balan
ed problem (K

n

;�

0

; t

0

) with �

0

(v) = f

k

d

j k 2

�(v)g and t

0

(e) = f

k

d

j k 2 t(e)g. Observe that the problem (K

n

;�; t) has a good labeling

if and only if the problem (K

n

;�

0

; t

0

) has a good labeling. Then, by the assumption, the

problem (K

n

;�

0

; t

0

) does not have a good labeling. Sin
e the 
ommon di�eren
e of all

the sets t

0

(e) is one and there are edges e and e

0

su
h that t

0

(e) 6= t

0

(e

0

), it must be of
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the se
ond type des
ribed in Theorem 3. Let a

0

, b

0

and k

0

be the parameters from the

statement of Theorem 3. We may 
on
lude that the problem (K

n

;�; t) is of the se
ond

type with the parameters a = a

0

d, b = b

0

d and k = k

0

d.

The remaining 
ase is that all the sets t(e) for e 2 E(G) are the same. Suppose that

they are equal to Ar

d

(k). By Lemma 11, there exist integers k

1

< � � � < k

n�1

su
h that

for all the verti
es v of K

n

:

�(v) =

℄

1�i�n�1

(Ar

d

(k) + k

i

).

Hen
e, the problem is of the �rst type des
ribed in the statement of this theorem. This


ompletes the proof of the theorem.

5 The General Case

We now show that Lemma 5 and Theorems 2 and 4 
an be 
ombined to provide a full


hara
terization of all balan
ed generalized list T -
oloring problem whi
h do not have

a good labeling (an example of a balan
ed generalized list T -
oloring problem with no

good labeling whose underlying graph is not 2-
onne
ted 
an be found in Figure 3):

Theorem 5 Let (G;�; t) be a balan
ed generalized list T -
oloring problem where G is

a 
onne
ted graph and let B

1

; : : : ; B

l

be the blo
ks of G. The problem (G;�; t) does not

have a good labeling if and only if there exists �

i

: V (B

i

) ! 2

N

and t

i

: E(B

i

) ! 2

N

,

1 � i � l su
h that:

1. For ea
h v 2 V (G), it holds �(v) =

U

1 � i � l

v 2 V (B

i

)

�

i

(v).

2. t(e) = t

i

(e) for the unique index i satisfying e 2 E(B

i

).

3. Ea
h generalized list T -
oloring problem (B

i

;�

i

; t

i

) is balan
ed and it does not have

a good labeling.

In parti
ular, G is a Gallai tree and ea
h (B

i

;�

i

; t

i

) is as des
ribed in Lemma 5 and in

Theorems 2 and 4.

Proof: We �rst prove that a balan
ed generalized list T -
oloring problem (G;�; t) of

the type des
ribed in the statement does not have a good labeling. The proof is by
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v

4

f0g

v
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f0g

w

2

w

3

w

4

f0; 2g

f0; 2g

f0; 2g

f0; 2; 4g f0; 2; 4g

f0; 2; 4g

�(v

1

) = f1; 2; 3; 5; 7; 8; 9; 11; 13; 15g

�(v

2

) = f2; 4; 6; 8g

�(v

3

) = f2; 4; 5; 6; 8g

�(v

4

) = f2; 5; 8g

�(v

5

) = f2; 8g

�(w

2

) = f1; 3; 5; 7; 9; 11; 13; 15g

�(w

3

) = f1; 3; 5; 7; 9; 11; 13; 15g

�(w

4

) = f1; 3; 7; 9; 13; 15g

Figure 3: An example of a balan
ed generalized list T -
oloring problem with no good

labeling su
h that the underlying graph of the problem is not 2-
onne
ted. The problem

is obtained by gluing the problems depi
ted in Figures 1 and 2.

indu
tion on the number l of the blo
ks. If l = 1, the statement straightforwardly follows

from Lemma 5 and Theorems 2 and 4. Otherwise, let B

l

be an end-blo
k of the graph G.

Let v be the 
ut-vertex 
ontained in B

l

. Assume for the sake of 
ontradi
tion that there

is a good labeling 
 for the problem (G;�; t). If 
(v) 2 �

l

(v), then 
 restri
ted to B

l

is a

good labeling for the problem (B

l

;�

l

; t

l

) whi
h is impossible. If 
(v) 62 �

l

(v), then 
 is a

good labeling for the balan
ed problem (G

0

;�

0

; t

0

):

V (G

0

) =

[

1�i<l

V (B

i

)

E(G

0

) =

[

1�i<l

E(B

i

)

�

0

(v) =

[

1�i<l;v2V (B

i

)

�

i

(v)

t

0

(e) = t

i

(e) for the unique i su
h that e 2 E(B

i

).

But this is impossible by the assumption of the indu
tion.

We now prove that if a problem (G;�; t) does not have a good labeling, then it is

of the type des
ribed in the statement of the theorem. The proof again pro
eeds by

indu
tion on the number l of the blo
ks of G. If l = 1, the statement easily follows from

Lemma 5, Theorems 2 and 4.
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Assume that l � 2. Let B

1

be an end-blo
k of the graph G and let v be the 
ut-vertex


ontained in B

1

and G

0

the graph 
omprised by the blo
ks B

2

; : : : ; B

l

. Let �

1

and �

0

be

the fun
tion � restri
ted to V (B

1

) and V (G

0

), respe
tively. Similarly, let t

1

and t

0

be the

fun
tion t restri
ted to E(B

1

) and E(G

0

), respe
tively. Let L

1

be the set of all the 
olors

k 2 �(v) = �

1

(v) su
h that there is not a good labeling 
 for the problem (B

1

;�

1

; t

1

)

with 
(v) = k. By Theorem 1, jL

1

j � deg

t

1

(v). Let L

0

be the set of all the 
olors

k 2 �(v) = �

0

(v) su
h that there is not a good labeling 
 for the problem (G

0

;�

0

; t

0

) with


(v) = k. By Theorem 1, jL

0

j � deg

t

0

(v). If jL

1

[ L

0

j < deg

t

1

(v) + deg

t

0

(v) = deg

t

(v),

then there is a good labeling 
 for the problem (G;�; t) su
h that 
(v) = k where k 2

�(v)n (L

1

[L

0

). Otherwise, jL

1

j = deg

t

1

(v), jL

0

j = deg

t

0

(v) and so �(v) = L

1

℄L

0

. Reset

�

1

(v) = L

1

and �

0

(v) = L

0

. By the indu
tion hypothesis, both problems (B

1

;�

1

; t

1

) and

(G

0

;�

0

; t

0

) are of the type des
ribed in the statement of the theorem. Hen
e, it easily

follows that the problem (G;�; t) is also of the desired type.

It is straightforward to 
he
k that all the proofs in this paper are algorithmi
 and

hen
e we may 
on
lude:

Corollary 1 There is a polynomial-time algorithm whi
h for ea
h overbalan
ed gener-

alized list T -
oloring problem �nds a good labeling. And, there is also a polynomial-time

algorithm whi
h for ea
h balan
ed generalized list T -
oloring problem de
ides whether the

problem has a good labeling and if so, then the algorithm �nds su
h a labeling.

6 Con
lusion

Throughout the paper, all 
onsidered generalized list T -
oloring problems (G;�; t) satisfy

that 0 2 t(e) for all sets of forbidden di�eren
es (as a part of the de�nition of the

generalized list T -
oloring). A natural question to ask is what happens, if we dismiss

this requirement. In parti
ular, the following problem naturally arises:

Problem 1 Whi
h (over)balan
ed generalized list T -
oloring problems (G;�; t) do not

have a good labeling when we do not require that 0 2 t(e) for all e 2 E(G)?

Surprisingly, it is not true that ea
h su
h overbalan
ed generalized list T -
oloring

problem (G;�; t), where G is a 
onne
ted graph, has a good labeling (this 
ontrasts with

the statement of Theorem 1 for overbalan
ed generalized list T -
oloring problems with

the requirement 0 2 t(e) for ea
h set of forbidden di�eren
es). The example in Figure 4,

whi
h was obtained in dis
ussions of the se
ond author and Ji�r�� Sgall, shows that su
h

a statement is not true. Moreover, this example has some interesting properties su
h as
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a

b




d

0 0

0

1 1

�

�




Æ

1 1

0

0 0

2

1

�(a) = �(b) = �(
) = �(d) = f1; 2; 3g

�(�) = f1; 2; 3; 4g

�(�) = �(
) = �(Æ) = f1; 2; 3g

Figure 4: An example of an overbalan
ed generalized list T -
oloring problem (G;�; t)

whi
h does not have a good labeling if we dismiss the 
ondition 0 2 t(e). Ea
h edge has

a single forbidden di�eren
e whi
h is represented by the number at the middle of the

edge. The lists �(v), v 2 V (G), are des
ribed in the right part of the �gure.

its underlying graph is 2-
onne
ted but neither a 
y
le nor a 
omplete graph, ea
h set

of forbidden di�eren
es is of size one, all the lists of verti
es are the same ex
ept for a

single vertex, et
.

Proposition 1 If we dismiss a requirement that 0 2 t(e), then there exists an overbal-

an
ed generalized list T -
oloring problem (G;�; t) whi
h does not have a good labeling

and whi
h, in addition, satis�es:

� G is a 2-
onne
ted 
ubi
 graph.

� Ea
h �(v), v 2 V (G), is equal to f1; 2; 3g ex
ept for a single vertex whose list is

f1; 2; 3; 4g.

� Ea
h t(e), e 2 E(G), is either f0g, f1g or f2g. In parti
ular, jt(e)j = 1 for every

edge e 2 E(G).

Proof: Consider the problem (G;�; t) depi
ted in Figure 4. It is easy to see that the

problem has the properties from the statement of the proposition ex
ept that it does not

have a good labeling. We now show that the problem (G;�; t) does not have a good

labeling.

Assume for the sake of 
ontradi
tion that the problem (G;�; t) has a good labeling

�. Let us 
onsider �rst the 
ase that �(b) = 2. Then, �(d) 
annot be 1 or 3 be
ause of

the edge bd. Sin
e �(
) is either 1 or 3 (the edge b
), �(d) 
annot be 2 (the edge 
d), too.

But then, the labeling � 
annot be proper. Hen
e, we 
an 
on
lude that �(b) 6= 2. Let

�(
) 6= 2 without loss of generality. We 
an now infer that �(a) = 2 (
onsider the triangle

28



ab
) and �(b); �(
) 2 f1; 3g. By symmetry, it 
an a
tually be assumed that �(b) = 1 and

�(
) = 3. Finally, we derive that �(d) is 1 or 3 (
onsider the edges bd and 
d).

Sin
e �(d) 2 f1; 3g, the vertex Æ 
annot be assigned by the labeling � the number 2,

i.e., �(Æ) 6= 2. By symmetry, we 
an assume that �(�) = 2 (
onsider the triangle �
Æ).

Thus, �(
) is equal to 1 or 3. If �(
) = 3, then �(�) 
annot be 1 or 3 be
ause of the

edge �� and it 
annot be 2 or 4 be
ause of the edge 
Æ. Thus, �(
) = 1 and �(�) = 4.

We eventually obtained the 
ontradi
tion sin
e �(a) = 2, �(�) = 4 and t(a�) = f2g.

We remark that it is not hard to show that the de
ision problem whether an over-

balan
ed generalized list T -
oloring problem has a good labeling is NP-
omplete when

we dismiss the requirement 0 2 t(e) for all edges e. This 
ontrasts the fa
t that the


orresponding problem for overbalan
ed generalized list T -
oloring problems with this

requirement is trivial (the answer is simply always \yes" if the underlying graph is 
on-

ne
ted) and even the 
orresponding problem for balan
ed generalized list T -
oloring

problems 
an be solved in polynomial time (Corollary 1).
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