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ated to the memory of Heinz-J�urgen Voss, a friend with whom

I enjoyed exploring the surprising realm of mixed hypergraphs.

Abstra
t

A mixed hypergraph is a triple (V; C;D) where V is the vertex

set and C and D are sets of subsets of V 
alled C-edges and D-edges,

respe
tively. A proper 
oloring of a mixed hypergraph (V; C;D) is

a 
oloring of its verti
es su
h that no C-edge is poly
hromati
 and

no D-edge is mono
hromati
. We show that mixed hypergraphs


an be used to eÆ
iently model several graph 
oloring problems in-


luding homomorphisms of simple graphs and multigraphs, 
ir
ular


olorings, (H;C;� K)-
olorings, (H;C;K)-
olorings, lo
ally surje
-

tive, lo
ally bije
tive and lo
ally inje
tive homomorphisms, L(p; q)-

labelings, the 
hannel assignment problem, T -
olorings and general-

ized T -
olorings.

1 Introdu
tion

A mixed hypergraph is a triple H = (V; C;D) where V is its vertex set and C

and D are sets of subsets of V , i.e., C;D � 2

V

. The elements of C are 
alled

C-edges and the elements of D are 
alled D-edges. A 
oloring 
 of verti
es of

H is proper if ea
h C-edge 
ontains two verti
es with a Common 
olor and
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ea
h D-edge 
ontains two verti
es with Distini
t 
olors. The smallest num-

ber of 
olors whi
h 
an be used in a proper 
oloring of a mixed hypergraph

H is 
alled the (lower) 
hromati
 number of H and it is denoted by �(H).

Mixed hypergraphs were introdu
ed by Voloshin [27℄. Sin
e then they

have attra
ted 
onsiderable amount of attention of di�erent resear
hers as

it is witnessed by a re
ent monograph on the subje
t by Voloshin [26℄.

We re
all their basi
 properties and summarize known results on mixed

hypergraphs in Se
tion 2.

Our work is motivated by the following proposition on relation of mixed

hypergraphs and list 
olorings of graphs from a re
ent survey on list 
olor-

ings by Krato
hv��l, Tuza and Voigt [18℄. Re
all that in a list 
oloring, given

a graph G and a list assignment L of 
olors to the verti
es, the goal is to �nd

a vertex-
oloring 
 of G su
h that no two adja
ent verti
es re
eive the same


olor and every vertex v re
eives a 
olor from its list, i.e., 
(v) 2 L(v).

A 
oloring from su
h lists is also 
alled an L-
oloring. We in
lude a short

proof of the proposition for the sake of 
ompleteness:

Proposition 1 Let G be a graph and L an assignment of lists of 
olors to

the verti
es of G. Then, there exists a mixed hypergraph H whose proper


olorings one-to-one 
orrespond to proper L-
olorings of G.

Proof: Let K be the number of 
olors in the union of all lists L(v) for

v 2 V (G). The verti
es of the mixed hypergraph H are verti
es of G

together with additional K verti
es. Ea
h additional vertex is identi�ed

with one of the K 
olors. The mixed hypergraph H 
ontains the following

edges:

1. a D-edge fv; v

0

g for any two adja
ent verti
es v and v

0

of G,

2. a D-edge fw;w

0

g for ea
h pair of verti
es w and w

0


orresponding to


olors and

3. a C-edge fvg [ L(v) for ea
h vertex v of G where L(v) represents

the verti
es of H 
orresponding to the 
olors from L(v).

In any proper 
oloring of H, all verti
es 
orresponding to the 
olors from

the lists must get distin
t 
olors be
ause of D-edges (2). Hen
e, we may

assume that H is 
olored so that ea
h of these verti
es is 
olored with

the 
olor to whi
h it 
orresponds. Ea
h vertex v 2 V (G) 
an be 
olored

only by a 
olor from its list L(v) be
ause of C-edges (3). The 
oloring of
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the verti
es of v 2 V (G) is proper (in the usual sense) be
ause of the D-

edges (1). Thus, the 
oloring of the verti
es of V (G) 
an be viewed as an

L-
oloring of G.

On the other hand, for ea
h proper list 
oloring of G, there 
an be


onstru
ted a proper 
oloring of the mixed hypergraph H in an analogous

way.

In this paper, we show that mixed hypergraphs a
tually model mu
h

more general graph 
oloring problems. All our proofs are eÆ
ient in the sense

that the 
orresponding mixed hypergraph 
an be 
onstru
ted in time poly-

nomial in the size of input parameters.

Namely, we show that mixed hypergraphs 
an be used to model the fol-

lowing graph 
oloring problems:

� List homomorphisms between simple graphs and multigraphs

A homomorphism from a simple graph G to a simple graph H is

a mapping ' : V (G) ! V (H) su
h that if vv

0

is an edge of G, then

'(v)'(v

0

) is an edge of H . A homomorphism from a multigraph G to

a multigraph H is a mapping ' : V (G) ! V (H) su
h that whenever

vv

0

is an edge or a loop in G, '(v)'(v

0

) is an edge or a loop of H .

Note that an edge of G 
an be mapped to a loop of H . Let us mention

at this point that all graphs in the rest of this paper are simple unless

stated otherwise, i.e., they 
ontain neither parallel edges nor loops.

Throughout the paper, amultigraph means a graph whi
h may 
ontain

loops but no parallel edges. In list homomorphisms, the graph G is

equipped in addition with a list assignment L : V (G)! 2

V (H)

and it

is required that the homomorphism ' satis�es '(v) 2 L(v) for ea
h

vertex v 2 V (G). Graph homomorphisms are generalization of usual

graph 
oloring in the sense that a graph G is n-
olorable i� G has

an homomorphism to the 
omplete graph K

n

of order n. We remark

that the full 
hara
terization of polynomial and NP-
omplete 
ases

of graph homomorphisms was given by Hell and Ne�set�ril in [10℄. In

parti
ular, they proved that a desi
ion problem whether a graph has

homomorphism to a graph H 
an be solved in polynomial time if H is

bipartite, and it is NP-
omplete otherwise. The reader is also referred

to a re
ent survey [23℄ by Ne�set�ril on graph homomorphisms and their

appli
ations.

� Cir
ular 
olorings
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A k=l-
ir
ular 
oloring of a graph G is a 
oloring of its verti
es by

numbers 1; : : : ; k su
h that any two adja
ent verti
es re
eive num-

bers �

1

and �

2

su
h that l � j�

1

� �

2

j � k � l. Cir
ular 
olorings

were introdu
ed by Vin
e [25℄ under the name of \star 
olorings".

The reader is referred to a re
ent survey [29℄ for details on 
ir
ular


olorings whi
h we omit here. The least ratio k=l for whi
h there exists

a k=l-
ir
ular 
oloring of G is 
alled the 
ir
ular 
hromati
 number of

G and it is denoted by �




(G). Other equivalent de�nitions of the 
ir-


ular 
hromati
 number 
an be found in [29℄. It is well-known that

�(G) < �




(G) � �(G) for every graph G. It is easy to see that a graph

has a k=l-
ir
ular 
oloring i� G has a homomorphism to the 
omple-

ment of the (l�1)-th power of the 
y
le of length k. The l-th power of

a graph G is the graph on the same vertex set as G where two verti
es

are joined by an edge if their distan
e in G is at most l. In parti
ular,

the 0-th power of a graph has no edges at all.

� (H;C;� K)-
olorings and (H;C;K)-
olorings of graphs

The notions of (H;C;� K)-
olorings and (H;C;K)-
olorings have

re
ently been introdu
ed by D��az, Serna and Thilikos [2, 3, 4℄. A triple

(H;C;K) is 
alled a partial weighted assignment if H is a multigraph,

C � V (H) and K is a mapping from the set C to positive integers.

A homomorphism ' from G to H is an (H;C;� K)-
oloring of G if

it satis�es in addition to being a homomorphism that the number of

preimages of ea
h w 2 C in ' is at most K(w). An (H;C;� K)-


oloring of G is an (H;C;K)-
oloring if the number of preimages of

ea
h w 2 C is exa
tly K(w). Again, it is possible to 
onsider a list

version where ea
h vertex v 2 G is assigned a list L(v) of verti
es of

H and it is required that '(v) 2 L(v).

� L(p; q)-labelings of graphs

L(p; q)-labelings of graphs are important model for assigning frequen-


ies to radio transmitters [8, 9℄. An L(p; q)-labeling is a mapping

� : V (G)! f1; : : : ;Kg whi
h satis�es that j�(v)��(v

0

)j � p for ea
h

vv

0

2 E(G) and j�(v) � �(v

0

)j � q for any two verti
es v and v

0

at

distan
e at most two. The smallest K for whi
h su
h a labeling exists

is 
alled the span and it is denoted by �

p;q

(G). We remark that it

is more 
ommon that the numbers assigned by � are 0; : : : ;K and in

su
h 
ase, the span of the problem is smaller by one than 
ompared

to the span as de�ned here. We de
ided to use this less 
ommon de�-

nition be
ause of 
ompatibility with the 
hannel assignment problem
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also studied in this paper.

� Lo
ally 
onstrained homomorphisms and graph 
overs

Graph homomorphisms between simple graphs with additional lo
al


onstraints play a spe
ial role among all graph homomorphisms as it

is witnessed by their intensive study both from the algorithmi
 and


ombinatorial point of view [6, 7, 16, 17, 19℄. A homomorphism '

from a graph G to a graph H is 
alled lo
ally inje
tive, if it is inje
tive

restri
ted to the neighborhood N

G

(v) of ea
h vertex v 2 V (G), i.e.,

there are no two verti
es v and v

0

at distan
e two su
h that '(v) =

'(v

0

). We remark that in this paper, N

G

(v) always denotes the set of

verti
es adja
ent to v, in parti
ular, v 62 N

G

(v).

As to support our 
laim of a spe
ial role of lo
ally inje
tive homomor-

phisms, we remark that a graph G has a lo
ally inje
tive homomor-

phism to the 
omplement of the (p � 1)-th power of path 
omprised

by K verti
es i� �

p;1

(G) � K.

A homomorphism ' from a graph G to a graph H is 
alled lo
ally

surje
tive, if it is surje
tive restri
ted to the neighborhood N

G

(v) in

G and to the neighborhood N

H

('(v)) for ea
h vertex v 2 V (G), i.e.,

for ea
h vertex v 2 V (G) and ea
h neighbor w

0

of '(v) in H , there

is a neighbor v

0

of v in G su
h that '(v

0

) = w

0

. Lo
ally surje
tive

homomorphisms found their appli
ation in so
iology study as role-

assignment models.

A homomorphism ' from a graph G to a graph H is 
alled lo
ally

bije
tive if it is both lo
ally inje
tive and lo
ally surje
tive. Finally,

a homomorphism ' from a graph G to a graph H is a 
overing pro-

je
tion of G to H if ' is surje
tive and lo
ally bije
tive. If su
h a

homomorphism ' exists, then G is said to be a 
over of H .

� The 
hannel assignment problem

The 
hannel assignment problem is a more general model for assigning

frequen
ies to radio transmitters than L(p; q)-labelings. The 
hannel

assignment problem is a pair (G;w) where G is a simple graph and w

is a fun
tion whi
h assigns ea
h edge of G a positive integer. The goal

is to �nd a labeling � : V (G)! f1; : : : ;Kg su
h that j�(v)��(v

0

)j �

w(vv

0

) for ea
h edge vv

0

2 E(G). The least number K for whi
h su
h

a labeling � exists is 
alled the span of the problem (G;w). Some

related results on the 
hannel assignment problem 
an be found, e.g.,

in [15, 21, 22℄.
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� T -
olorings

A T -
oloring of a graph G for a �nite set T � f0; 1; : : :g with 0 2 T

is a labeling � of the verti
es of G with numbers 1; : : : ;K su
h that

j�(v)��(v

0

)j 62 T for ea
h edge vv

0

2 E(G). The smallestK for whi
h

su
h a labeling � exists is 
alled the T -
hromati
 number of G and it is

denoted by �

T

(G). T -
olorings form an important model for frequen
y

assignment problems, e.g., the 
hoi
e T = f0; 7; 14; 15g gives a model

for interferen
es of UHF television transmitters [20℄. This model was

originally suggested by Hale [9℄ and we refer the reader to a survey by

Roberts [24℄ for more detailed introdu
tion to the problem.

� Generalized T -
olorings

The �nal problem 
onsidered in this paper is the generalized T -
oloring

whi
h originally appeared in Hale's paper [9℄ under the name of fre-

quen
y 
onstrained 
hannel assignment problem. The problem is de-

s
ribed by the pair (G; t) where G is a graph and t is a fun
tion assign-

ing ea
h edge a �nite set of non-negative integers su
h that 0 2 t(e)

for ea
h edge e of G. If t is a mapping 
onstantly equal to T

0

, then

the problem is just a T

0

-
oloring problem. The goal of the problem is

to �nd a labeling � : V (G) ! f1; : : : ;Kg with K as small as possible

su
h that j�(v) � �(v

0

)j 62 t(vv

0

) for ea
h edge vv

0

of G. The smallest

K for whi
h su
h a labeling exists is denoted by �

t

(G).

We show that all the just des
ribed problems 
an be eÆ
iently modeled

by mixed hypergraphs. In the 
ase of list homomorphisms and lo
ally

inje
tive and bije
tive homomorphisms, proper 
olorings of a 
onstru
ted

mixed hypergraph 
orrespond one-to-one to appropriate homomorphisms

between the (multi)graphs. Note that lo
ally inje
tive homomorphisms in-


lude the 
ase of L(p; q)-labelings of graphs and general homomorphisms

in
lude the 
ase of 
ir
ular 
olorings. In the 
ase of (H;C;� K)-
olorings,

(H;C;K)-
olorings, lo
ally surje
tive homomorphisms and graph 
overs,

a 
onstru
ted mixed hypergraph is 
olorable if and only if the 
orrespond-

ing 
oloring, the homomorphism or the 
overing proje
tion exists. Finally,

in the 
ase of L(p; q)-labelings, the 
hannel assignment problem, T -
olorings

and generalized T -
olorings, the lower 
hromati
 number of a 
onstru
ted

mixed hypergraph is equal to the span, the T -
hromati
 number, respe
-

tively, of the 
orresponding problem.
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2 Mixed Hypergraphs

In this se
tion, we remind some de�nitions and results related to mixed

hypergraphs. The feasible set of mixed hypergraph H, denoted by F(H), is

the set of all integers k su
h that there exists a proper 
oloring of H using

exa
tly k 
olors. The smallest number 
ontained in F(H) is the lower 
hro-

mati
 number of H and the largest number, denoted by ��(H), is the upper


hromati
 number of H. In the rest, an edge of a hypergraph H is said to

be mono
hromati
, if all its verti
es have the same 
olor, and it is said to

be poly
hromati
, if all its verti
es have mutually di�erent 
olors.

The �rst result showing that mixed hypergraphs have really \mira
u-

lous" properties is the following result from [11℄:

Theorem 2 A set F of integers is a feasible set of a mixed hypergraph H

if and only if either it is an interval or 1 62 F .

Note that any set of positive integers avoiding 1 is a feasible set of some

mixed hypergraph, e.g., there exists a mixed hypergraph H with F(H) =

f2; 4g. We remark that feasible sets of 
ertain mixed hypergraphs, su
h as,

e.g., interval mixed hypergraphs [11℄, mixed hypertrees [13℄, 
ir
ular mixed

hypergraphs [28℄ and mixed strong hyper
a
ti [14℄, are known to be always

intervals.

Theorem 2 was further generalized by the author in [12℄:

Theorem 3 Let � be a fun
tion assigning ea
h number 1; : : : ;K a non-

negative integer su
h that �(1) = 0 and �(K) 6= 0. Then, there exists

a mixed hypergraph H of order O(K + jj� jj) with ��(H) = K su
h that

the number of proper 
olorings of H using exa
tly k 
olors, 1 � k � K, is

pre
isely �(k).

Here and in the rest of the paper if f is a fun
tion to integers, then jjf jj is

the sum of all values of f taken over the whole domain of f . Similarly, if f is

a fun
tion to sets, then jjf jj is the sum of 
ardinalities of images by f again

taken over the whole domain of f . We remark that two 
olorings of a mixed

hypergraph H are 
onsidered to be the same if they are the same upto

renaming the 
olors. Theorem 3 essentially says that not only the feasible

set of a mixed hypergraph H 
an be almost any set of positive integers, but

the behavior of the number of proper 
olorings by 
ertain numbers of 
olors


an also be arbitrary.

Let G and H be two graphs and let H be a mixed hypergraph su
h that

V (G) [ V (H) � V (H). Throughout the paper, V (G) denotes the vertex
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set of G and V (H) and V (H) are used in an analogous way. We also

write n

G

, n

H

, for the order of G, H , respe
tively (re
all that the order of

a graph is the number of its verti
es). If 
 is a 
oloring of the verti
es of H,

the morphism '




H

from G to H is de�ned as '




H

(v) = w for v 2 V (G) where

w 2 V (H) is su
h that 
(v) = 
(w). If there is no su
h vertex w or more

su
h verti
es for a parti
ular vertex v 2 V (G), then '




H

(v) is unde�ned.

3 Graph Homomorphisms

We �rst state the result for the 
ase of simple graphs. Sin
e the 
onstru
tion

presented in the next theorem is used in Se
tion 5, we de
ided to in
lude

both this version and the more general version of the 
onstru
tion presented

later in Theorem 6.

Theorem 4 Let G and H be two graphs and let L be a mapping from

V (G) to 2

V (H)

. There exists a mixed hypergraph H of order n

G

+n

H

whose

proper 
olorings one-to-one 
orrespond to L-homomorphisms from G to H.

In parti
ular, H is 
olorable i� there is an L-homomorphism from G to H.

Moreover, the mixed hypergraph H 
an be 
onstru
ted in time polynomial in

n

G

and n

H

.

Proof: Let v

1

; : : : ; v

n

G

and w

1

; : : : ; w

n

H

be verti
es of G and H , respe
-

tively. The vertex set of H is formed by the n

G

+n

H

verti
es of the graphs

G and H . The edges of the mixed hypergraph H are the following:

1. There is a D-edge fw

k

; w

l

g for ea
h 1 � k < l � n

H

.

2. There is a C-edge fv

i

g [ L(v

i

) for ea
h 1 � i � n

G

.

3. There is a D-edge fv

i

; v

j

g for 1 � i < j � n

G

if the edge v

i

v

j

is


ontained in the graph G, i.e., v

i

v

j

2 E(G).

4. There is a C-edge (V (H) n fw

k

; w

l

g) [ fv

i

; v

j

g for ea
h w

k

w

l

62 E(H)

and ea
h v

i

v

j

2 E(G).

Clearly, su
h a mixed hypergraph H 
an be 
onstru
ted in time polynomial

in n

G

and n

H

.

We 
laim that a 
oloring 
 of the mixed hypergraph H is proper i�

the mapping '




H

is an L-homomorphism from G to H . Assume �rst that 


is a proper 
oloring of H. Then, all the verti
es of w

1

; : : : ; w

n

H

are 
olored

by di�erent 
olors be
ause of the D-edges (1) and ea
h vertex v

i

, 1 � i � n

G

,
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re
eives a 
olor from its list L(v

i

) be
ause of the C-edges (2). The D-edges

(3) now for
e that '




H

does not assign to two adja
ent verti
es the same


olor. If '




H

were not an L-homomorphism from G to H , then there would

exist verti
es v

i

and v

j

with w

k

= '




H

(v

i

) and w

l

= '




H

(v

j

) su
h that v

i

v

j

is an edge in G but w

k

w

l

is not an edge of H . In su
h 
ase, the C-edge

(V (H) n fw

k

w

l

g)[fv

i

v

j

g would 
onsist of n

H

verti
es of mutually di�erent


olors whi
h is impossible. Hen
e, '




H

is indeed an L-homomorphism from

G to H .

On the other hand, if ' is an L-homomorphism from G to H , then


onsider the 
oloring 
 of the verti
es of H de�ned as 
(w

k

) = k for 1 � k �

n

H

and 
(v

i

) = k for a vertex v

i

, 1 � i � n

G

, with '(v

i

) = w

k

. It is easy

to see that 
 is a proper 
oloring of H. In parti
ular, if w

k

w

l

62 E(H) and

v

i

v

j

2 E(G), then '(v

i

); '(v

j

) 6� fw

k

; w

l

g (this implies that C-edges (4) are


olored properly). Hen
e, proper 
olorings of H one-to-one 
orrespond to

L-homomorphisms from G to H .

As noted in Se
tion 1, 
ir
ular 
olorings of graphs 
an be viewed as

spe
ial types of graph homomorphisms and hen
e we have the following


orollary of Theorem 4:

Corollary 5 Let G be a graph and k � l �xed positive integers. There exists

a mixed hypergraph H su
h that its proper 
olorings one-to-one 
orrespond

to k=l-
ir
ular 
olorings of G. In parti
ular, H is 
olorable i� the 
ir
ular


hromati
 number of G is at most k=l. Moreover, the mixed hypergraph H


an be 
onstru
ted in time polynomial in n

G

, k and l.

Proof: Apply Theorem 4 for the graph G and the graph H where H is

the 
omplement of the (l � 1)-th power of the 
y
le of length k.

Next, we generalize Theorem 4 to multigraphs:

Theorem 6 Let G and H be two multigraphs and let L be a mapping from

V (G) to 2

V (H)

. There exists a mixed hypergraph H of order n

G

+n

H

whose

proper 
olorings one-to-one 
orrespond to L-homomorphisms from G to H.

In parti
ular, H is 
olorable i� there is an L-homomorphism from G to H.

Moreover, the mixed hypergraph H 
an be 
onstru
ted in time polynomial in

n

G

and n

H

.
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Proof: Let v

1

; : : : ; v

n

G

and w

1

; : : : ; w

n

H

be the verti
es of the graphs G

and H , respe
tively. Let W be a set of verti
es of H with loops. First, we

shorten the list L(v

i

) for ea
h vertex of the graph G with a loop to L(v

i

)\W

(this does 
learly not a�e
t L-homomorphisms from G to H). Now, we 
an

des
ribe the mixed hypergraph H . The vertex set of H is again formed

by the n

G

+ n

H

verti
es of the graphs G and H and the edges of H are

the following:

1. There is a D-edge fw

k

; w

l

g for ea
h 1 � k < l � n

H

.

2. There is a C-edge fv

i

g [ L(v

i

) for ea
h 1 � i � n

G

.

3. There is a D-edge fv

i

; v

j

; w

k

g for ea
h edge v

i

v

j

of G, 1 � i < j � n

G

,

and for ea
h vertex w

k

, 1 � k � n

H

, without a loop.

4. There is a C-edge (V (H) n fw

k

w

l

g) [ fv

i

v

j

g for ea
h w

k

w

l

62 E(H)

and ea
h edge v

i

v

j

of G.

Clearly, the order of H is n

G

+ n

H

and it 
an be 
onstru
ted in time poly-

nomial in n

G

and n

H

.

We show that a 
oloring 
 of the mixed hypergraph H is proper i�

the mapping '




H

is an L-homomorphism from G toH . Let ' be a homomor-

phism from G to H and set 
(w

k

) = k for 1 � k � n

H

and 
(v

i

) = k where

'(v

i

) = w

k

for 1 � i � n

G

. Clearly, '




H

= '. All D-edges (1) are 
learly


olored properly. C-edges (2) are 
olored properly be
ause '(v

i

) 2 L(v

i

) for

ea
h 1 � i � n

G

. Consider now a vertex w

k

, 1 � k � n

H

, without a loop.

If 
(v

i

) = 
(v

j

) = 
(w

k

) for some edge v

i

v

j

of G, 1 � i < j � n

G

, then

'(v

i

) = '(v

j

) = w

k

whi
h is impossible. Hen
e, D-edges (3) are also 
ol-

ored properly. Similarly as in Theorem 4, C-edges (4) are 
olored properly

as well.

Consider now a proper 
oloring 
 of the mixed hypergraph H and we

aim to show that '




H

is an L-homomorphism from G to H . D-edges (1)

for
es all the verti
es w

k

, 1 � k � n

H

, have n

H

mutually di�erent 
ol-

ors. C-edges (2) for
es that ea
h vertex v

i

, 1 � i � n

G

, re
eives a 
olor


(w

k

) for some w

k

2 L(v

i

). Hen
e, '




H

(v

i

) 2 L(v

i

) and the mapping '




H

is

de�ned for all verti
es v

i

of G. Assume now for the sake of 
ontradi
tion

that '




H

is not a homomorphism from G to H . Then, either a vertex v

i

with a loop is mapped to a vertex w

k

without a loop or an edge v

i

v

j

is

mapped to non-edge w

k

w

l

or both end-verti
es v

i

and v

j

of an edge v

i

v

j

are

mapped to the same vertex w

k

without a loop. The �rst is impossible, sin
e

10



L(v

i

) 
ontains only verti
es with loops whenever v

i

has a loop. The se
-

ond is impossible be
ause otherwise the C-edge (V (H) n fw

k

w

l

g) [ fv

i

v

j

g

is poly
hromati
. The third is impossible be
ause otherwise the D-edge

fv

i

; v

j

; w

k

g is mono
hromati
. Hen
e, we may 
on
lude that the mapping

'




H

is indeed an L-homomorphism from G to H .

4 (H;C;� K)-
olorings and (H;C;K)-
olorings

In order to prove our results, we adopt a notion of equivalen
e of partial

weighted assignments from [4℄. A partial weighted assignment (H;C;K)

is equivalent to a partial weighted assignment (H

0

; C

0

;K

0

) if a graph G is

(H;C;K)-
olorable i� it is (H

0

; C

0

;K

0

)-
olorable. Similarly, (H;C;K) is

�-equivalent to (H

0

; C

0

;K

0

) if a graph G is (H;C;� K)-
olorable i� it is

(H

0

; C

0

;� K

0

)-
olorable. A partial weighted assignment (H;C;K) is said to

be list-equivalent to a partial weighted assignment (H

0

; C

0

;K

0

) if there exists

a list mapping fun
tion � : V (H)! 2

V (H

0

)

with the following property: IfG

is a graph with a list assignment L : V (G)! 2

V (H)

, then G is L-(H;C;K)-


olorable i� G is L

0

-(H

0

; C

0

;K

0

)-
olorable where L

0

(v) =

S

w2L(v)

�(w) for

v 2 V (G). Similarly, we 
an de�ne a notion of being list-�-equivalent.

We prove a simple lemma about list-equivalent and list-�-equivalent

(H;C;K)-
olorings and (H;C;� K)-
olorings:

Lemma 7 Let (H;C;K) be a partial weighted assignment. Then, there

exists a partial weighted assignment (H

0

; C

0

;K

0

) su
h that (H;C;K) is list-

equivalent and list-�-equivalent to (H

0

; C

0

;K

0

) and K

0

is identi
ally equal to

one. In addition, the order of H

0

is n

H

+jjKjj�jCj and it 
an be 
onstru
ted

from H in time polynomial in n

H

and jjKjj together with the list mapping

fun
tion.

Proof: Let w

1

; : : : ; w

n

H

be the verti
es of H . Repla
e ea
h vertex w

k

2 C

with K(w

k

) verti
es w

1

k

; : : : ; w

K(w

k

)

k

. These K(w

k

) verti
es form an inde-

pendent set. Otherwise, they do not have loops if w

k

does not have a loop

in H and they form a 
lique and they have loops. The resulting graph H

0


ontains an edge between two verti
es w

�

k

and w

�

0

k

0

whenever w

k

w

k

0

2 E(H)

for 1 � k; k

0

� n

H

, 1 � � � K(w

k

) and 1 � �

0

� K(w

k

0

). Similarly, there

is an edge between verti
es w

�

k

and w

k

0

if w

k

w

k

0

2 E(H) for 1 � k; k

0

� n

H

and 1 � � � K(w

k

). This �nishes the 
onstru
tion of the multigraph H

0

.
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The set C

0


ontains all verti
es w

�

k

with w

k

2 C and 1 � � � K(w

k

) and

the weight fun
tion K is set to be identi
ally one. The list mapping � is

de�ned as follows:

�(w

k

) =

�

fw

1

k

; : : : ; w

K(w

k

)

k

g if w

k

2 C,

w

k

otherwise.

Clearly, the order of H

0

is n

H

+ jjKjj � jCj and both H

0

and � 
an be 
on-

stru
ted from H in time polynomial in n

H

and jjKjj. We verify that the par-

tial weighted assignment (H;C;K) is list-equivalent and list-�-equivalent

to (H

0

; C

0

;K

0

) with the list mapping fun
tion �.

Fix H , C, K and L together with the 
orresponding list L

0

and let

' be an L-(H;C;� K)-
oloring of G. De�ne '

0

(v

i

) for v

i

2 V (G) to be

'(v

i

) if '(v

i

) 62 C and to be w

�

k

for some � if '(v

i

) = w

k

2 C. Sin
e

ea
h vertex w

k

2 C has at most K(w

k

) preimages in the mapping ', it

is possible to 
onstru
t '

0

su
h that for ea
h 1 � � � K(w

k

) there exists

at most one vertex v

i

2 V (G) mapped to w

�

k

by '

0

. In addition, we have

'

0

(v

i

) 2 L

0

(v

i

) for ea
h v

i

2 V (G). Hen
e, '

0

is an L

0

-(H

0

; C

0

;� K

0

)-


oloring of G. Analogi
ally, if ' is an L-(H;C;K)-
oloring of G, then '

0

is an L

0

-(H

0

; C

0

;K

0

)-
oloring of G. On the other hand, if '

0

is an L

0

-

(H

0

; C

0

;� K

0

)-
oloring of G, then ' de�ned as '(v

i

) = w for the unique

vertex w

k

2 V (H) su
h that '

0

(v

i

) 2 �(w) is an L-(H;C;� K)-
oloring of

G. An analogi
al statement holds for '

0

being an L

0

-(H

0

; C

0

;K

0

)-
oloring

of G. Hen
e, the partial weighted assignment (H;C;K) is list-equivalent

and list-�-equivalent to (H

0

; C

0

;K

0

).

We are now ready to prove the �rst of two theorems 
ontained in this

se
tion:

Theorem 8 Let (H;C;K) be a partial weighted assignment, G a multigraph

and L a list fun
tion V (G)! 2

V (H)

. Then, there exists a mixed hypergraph

H of order n

G

+ n

H

+ jjKjj � jCj whi
h is 
olorable if and only if G is

L-(H;C;� K)-
olorable. In addition, su
h a mixed hypergraph H 
an be


onstru
ted in time polynomial in n

G

, n

H

and jjKjj.

Proof: Let (H

0

; C

0

;K

0

) be a partial weighted assignment to whi
h the par-

tial weighted assignment (H;C;K) is list-�-equivalent and su
h that K

0

is

identi
ally equal to one. By Lemma 7, there exists su
h a partial assignment

with the order of H

0

equal to n

H

+ jjKjj � jCj. Let L

0

be the list fun
tion
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V (G) ! 2

V (H

0

)


orresponding L. Let H

0

be the mixed hypergraph from

Theorem 6 for graphs G and H

0

and the list assignment L

0

. We know that

L

0

-homomorphisms ' from G to H

0

one-to-one 
orrespond to proper 
ol-

orings 
 of H

0

in the following sense: For ea
h L

0

-homomorphism ', there

exists a unique proper 
oloring 
 of H

0

with '




H

0

= ' and on the other hand,

if 
 is a proper 
oloring of H

0

, then '




H

0

is an L

0

-homomorphism from G to

H

0

.

It easily follows from the de�nition that an L

0

-homomorphism ' from

G to H is an L

0

-(H

0

; C

0

;� K

0

)-
oloring of G if and only if the preimage

of ea
h vertex from C is a set 
onsisting of at most one-element. Hen
e,

to su
h L

0

-homomorphisms ' 
orrespond pre
isely those proper 
olorings


 of H

0

with no verti
es v

i

; v

i

0

2 V (G) and a vertex w

k

2 C satisfying


(v

i

) = 
(v

i

0

) = 
(w

k

). Add now to the mixed hypergraph H

0

a D-edge

fv

i

; v

i

0

; w

k

g for ea
h 1 � i < i

0

� n

G

and w

k

2 C and let H be the resulting

mixed hypergraph. Observe now that proper 
olorings of H are pre
isely

those proper 
olorings of H

0

with '




H

= '




H

0

being an L

0

-(H

0

; C

0

;� K

0

)-


oloring of G. Hen
e, proper 
olorings of the mixed hypergraph H one-

to-one 
orrespond to L

0

-(H

0

; C

0

;� K

0

)-
olorings of G. In parti
ular, H

is 
olorable if and only if there is an L-(H;C;� K)-
oloring of G. We

remark that the 
orresponden
e between proper 
olorings of H and L

0

-

(H

0

; C

0

;K

0

)-
olorings is one-to-one, but we miss one-to-one 
orresponden
e

between L-(H;C;� K)-
olorings and L

0

-(H

0

; C

0

;K

0

)-
olorings of G in order

to get one-to-one 
orresponden
e between L-(H;C;� K)-
olorings of G and

proper 
olorings of H.

Note that the mixed hypergraph H

0


an be 
onstru
ted in time poly-

nomial in n

G

, n

H

and jjKjj by Theorem 6 and Lemma 7. Thus, the mixed

hypergraph H 
an also be 
onstru
ted in time polynomial in n

G

, n

H

and

jjKjj.

Next, a 
onstru
tion of auxiliary \
olor sele
ting" gadgets is presented.

Note that the gadget H

p

\sele
ts" one out of the (at most) p 
olors of

the verti
es �

1

; : : : ; �

p

for the vertex 
 (providing that the 
olor of � is

di�erent from the 
olor of ea
h of the verti
es �

1

; : : : ; �

p

). Let us mention

at this point that the size of a hypergraph is the sum of sizes of all its edges.

Lemma 9 For ea
h p, there exists a mixed hypergraph H

p

with p+ 2 dis-

tinguished verti
es �

1

; : : : ; �

p

, � and 
 with the following property:

1. Every pre
oloring 
 of the p+2 distinguished verti
es �

1

; : : : ; �

p

, � and
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 of H su
h that 
(�) 62 f
(�

1

); : : : ; 
(�

n

)g and 
(
) 2 f
(�

1

); : : : ; 
(�

n

)g


an be extended to the whole mixed hypergraph H

p

.

2. If 
 is a proper 
oloring of H

p

with 
(�) 62 f
(�

1

); : : : ; 
(�

n

)g, then


(
) 2 f
(�

1

); : : : ; 
(�

n

)g.

Both the order and the size of the mixed hypergraph H

p

is O(p) and H

p


an

be 
onstru
ted in time linear in p.

Proof: The proof pro
eeds by indu
tion on p. This also suggests a simple

linear-time iterative algorithm for 
onstru
tion of H

p

. If p = 1, then H

1


onsists just of the three verti
es �

1

, � and 
 and a single C-edge f�

1

; 
g.

Assume that p � 2 and 
onsider the already 
onstru
ted mixed hy-

pergraph H

p�1

. Verti
es �

1

; : : : ; �

p�1

and � are identi�ed with the 
orre-

sponding spe
ial verti
es of H

p�1

. Let 


0

be the remaining spe
ial vertex

of H

p�1

. Let us now introdu
e a new vertex x and form D-edges f


0

; �

p

; xg

and f�; 
g and C-edges f�

p

; 
; 


0

g, fx; 
; 


0

g and fx; �; 


0

g. We verify that

the obtained mixed hypergraph, denoted by H

p

, has the desired properties.

Assume that the verti
es �

1

; : : : ; �

p

, � and 
 are pre
olored by a pre-


oloring 
 as des
ribed in (1). If 
(
) = 
(�

p

), then 
olor the vertex 


0

by

the 
olor 
(�

p�1

). If 
(
) 6= 
(�

p

), then 
olor the vertex 


0

by the 
olor 
(
).

In both 
ases, the 
olor of the vertex 


0

is one of the 
olors �

1

; : : : ; �

p�1

and

hen
e H

p�1


an be 
olored by the indu
tion hypothesis. Finally, the vertex

x is 
olored by the 
olor 
(�) if 
(�

p

) = 
(


0

) and it is 
olored by the 
olor


(


0

) otherwise. It is straightforward to verify that the D-edges f


0

; �

p

; xg

and f�; 
g and the C-edges f�

p

; 
; 


0

g, fx; 
; 


0

g and fx; �; 


0

g are 
olored

properly. Hen
e, we have 
onstru
ted an extension of the pre
oloring 
 to

the whole mixed hypergraph H

p

as desired.

Let us now prove the property (2). Consider a proper 
oloring 
 of H

p

.

By the indu
tion hypotheses, the 
olor of the vertex 


0

is one of the 
ol-

ors 
(�

1

); : : : ; 
(�

p�1

). Hen
e, it is enough to show that the 
olor 
(
) is

the 
olor 
(�

p

) or 
(


0

). If 
(�

p

) 6= 
(


0

), then the 
olor 
(
) is either 
(�

p

)

or 
(


0

) be
ause of the C-edge f�

p

; 
; 


0

g. Next, we 
onsider the 
ase that


(�

p

) = 
(


0

). In this 
ase, the 
olor of the vertex x must be 
(�) be
ause

the D-edge f


0

; �

p

; xg and the C-edge fx; �; 


0

g. Then, the D-edge f�; 
g

and the C-edge fx; 
; 


0

g for
es the vertex 
 to have the same 
olor as 


0

and �

p

.
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Theorem 10 Let (H;C;K) be a partial weighted assignment, G a multi-

graph and L a list fun
tion V (G) ! 2

V (H)

. Then, there exists a mixed

hypergraph H of order O(n

G

+n

H

+n

G

jjKjj) whi
h is 
olorable if and only

if G is L-(H;C;K)-
olorable. In addition, su
h a mixed hypergraph H 
an

be 
onstru
ted in time polynomial in n

G

, n

H

and jjKjj.

Proof: Similarly as in the proof of Theorem 8, let (H

0

; C

0

;K

0

) be a partial

weighted assignment to whi
h the partial weighted assignment (H;C;K) is

list-�-equivalent and su
h that K

0

is identi
ally equal to one. Let further

H

0

be the mixed hypergraph of order n

G

+ n

H

0

= n

G

+ n

H

+ jjKjj � jCj

obtained in Theorem 8 whose proper 
olorings one-to-one 
orrespond to

L

0

-(H

0

; C

0

;� K

0

)-
olorings of G. Re
all that for ea
h L

0

-(H

0

; C

0

;� K

0

)-


oloring ', there exists a unique proper 
oloring 
 of H

0

with '




H

0

= '

and on the other hand, if 
 is a proper 
oloring of H

0

, then '




H

0

is an

L

0

-(H

0

; C

0

;� K

0

)-
oloring of G.

We now prune proper 
olorings of H

0


orresponding to L

0

-(H

0

; C

0

;�

K

0

)-
olorings of G whi
h are not L

0

-(H

0

; C

0

;K

0

)-
olorings. Proper 
olorings


 of H

0

whi
h should survive are those su
h that for ea
h vertex w

k

2 C

0

,

there exists a vertex v

i

2 V (G) with 
(v

i

) = 
(w

k

), while all other 
olorings

should be pruned. Re
all that su
h a vertex v

i


an exist at most one be
ause

proper 
olorings 
 of H

0


orrespond to L

0

-(H

0

; C

0

;� K

0

)-
olorings of G.

First add a new spe
ial vertex w

0

to the mixed hypergraph H

0

and join

it by an edge to ea
h vertex w

k

2 V (H). By the 
onstru
tion of H

0

,

only the 
olors used to 
olor some vertex from V (H) 
an be used to 
olor

the verti
es from V (G) and thus ea
h proper 
oloring of H

0


an be uniquely

extended to the new mixed hypergraph by assigning a 
ompletely new 
olor

to the vertex w

0

.

The �nal mixed hypergraph H is formed by adding a 
opy of the mixed

hypergraphH

n

G

from Lemma 9 for ea
h w

k

2 C

0

and identifying the verti
es

�

i

with v

i

for 1 � i � n

G

, the vertex � with w

0

and the vertex 
 with w

k

.

If for a vertex w

k

2 C

0

, there is a vertex v

i

2 V (G) with 
(v

i

) = 
(w

k

), then

a proper 
oloring 
 of the verti
es of H

0


an be extended to the 
opy of H

n

G

for the vertex w

k

by Lemma 9. Hen
e, if ' is an L

0

-(H

0

; C

0

;� K

0

)-
oloring,

there is a proper 
oloring 
 of the whole mixed hypergraph H. On the other

hand, any proper 
oloring 
 of H satis�es that the vertex w

0

has a 
olor

whi
h is not used by 
 to 
olor any other vertex and hen
e by Lemma 9

for ea
h w

k

2 C

0

, there must be a vertex v

i

2 V (G) with 
(v

i

) = 
(w

k

).

We may 
on
lude that proper 
olorings of H are those whose restri
tion to

H

0

is a proper 
oloring of H

0


orresponding to an L

0

-(H

0

; C

0

;K

0

)-
oloring
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of G and ea
h proper 
oloring of H

0


orresponding to an L

0

-(H

0

; C

0

;K

0

)-


oloring of G 
an be extended to H. In parti
ular, H is 
olorable if and

only if G is L

0

-(H

0

; C

0

;K

0

)-
olorable and this is the 
ase if and only if G is

L-(H;C;K)-
olorable as desired.

Sin
e the order of ea
h of jC

0

j = jjKjj 
opies of H

n

G

added to H

0

is

O(n

G

), the order of the 
onstru
ted mixed hypergraph H is O(n

G

+ n

H

+

n

G

jjKjj). The mixed hypergraph H 
an be 
onstru
ted in time polynomial

in n

G

, n

H

and jjKjj by Theorem 8 and Lemma 9.

5 Lo
ally Constrained Homomorphisms

We 
onsider ea
h kind of lo
ally 
onstrained homomorphisms separately:

5.1 Lo
ally Inje
tive Homomorphisms

Theorem 11 Let G and H be two graphs and let L be a mapping from V (G)

to 2

V (H)

. There exists a mixed hypergraph H of order n

G

+n

H

whose proper


olorings one-to-one 
orrespond to lo
ally inje
tive L-homomorphisms from

G to H. In parti
ular, H is 
olorable i� there is a lo
ally inje
tive L-

homomorphism from G to H. Moreover, the mixed hypergraph H 
an be


onstru
ted in time polynomial in n

G

and n

H

.

Proof: Consider the mixed hypergraph H 
onstru
ted in Theorem 4 and

let us keep the notation from the proof of Theorem 4. Add an D-edge

between any two verti
es v

i

and v

j

of G in distan
e two, i.e., those whi
h

have a 
ommon neighbor. Observe now that if 
 is a proper 
oloring of

H, then the mapping '




H

is lo
ally inje
tive and vi
e versa, i.e., for ea
h

lo
ally inje
tive homomorphism ', there is a proper 
oloring 
 with '




H

= '.

Thus, proper 
olorings of H one-to-one 
orrespond to lo
ally inje
tive L-

homomorphisms from G to H .

The immediate 
orollary of the pre
eding theorem is the following result

on L(p; 1)-labelings of graphs:

Corollary 12 Let p � 1 and K � 1 be �xed integers. For any given graph

G, it is possible to 
onstru
t in time polynomial in n

G

and K a mixed
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hypergraph H of order n

G

+K su
h that proper 
olorings of H one-to-one


orrespond to proper L(p; 1)-labelings of G with the span K.

Proof: As noted in the beginning of the paper, an L(p; 1)-labeling of

a graph G with the span K 
an be viewed as a lo
ally inje
tive homomor-

phism to the 
omplement of the (p� 1)-th power of the path 
omprised by

K verti
es. Realizing this, the 
laim dire
tly follows from Theorem 11.

5.2 Lo
ally Bije
tive Homomorphisms

Theorem 13 Let G and H be two graphs and let L be a mapping from

V (G) to 2

V (H)

. There exists a mixed hypergraph H of order (n

G

+ 1) �

(n

H

+ 1) whose proper 
olorings one-to-one 
orrespond to lo
ally bije
tive

L-homomorphisms from G to H. In parti
ular, H is 
olorable i� there is

a lo
ally bije
tive L-homomorphism from G to H. Moreover, the mixed

hypergraph H 
an be 
onstru
ted in time polynomial in n

G

and n

H

.

Proof: LetH

0

be the mixed hypergraph for G, H and L from Theorem 11.

First, add a new vertex w

0

to H

0

and join it by a D-edge with ea
h vertex

w

i

, 1 � i � n

H

. Sin
e ea
h proper 
oloring of H

0

uses exa
tly n

H


olors

(re
all the proof of Theorem 4), ea
h proper 
oloring of H

0


an be uniquely

extended to the vertex w

0

by assigning a 
ompletely new 
olor to it.

We now add to the mixed hypergraph a vertex u

i;k

together with the fol-

lowing edges for ea
h 1 � i � n

G

and 1 � k � n

H

:

1. a D-edge fv

i

; w

k

; u

i;k

g,

2. a C-edge fv

i

; w

k

; u

i;k

g,

3. a C-edge fw

0

; w

k

; u

i;k

g and

4. a C-edge fw

k

; u

i;k

; w

l

g[N

G

(v

i

) for ea
h neighbor w

l

of w

k

in H (re
all

that v

i

62 N

G

(v

i

)).

This 
ompletes the des
ription of the mixed hypergraph H. Clearly, the or-

der ofH is n

G

n

H

+n

G

+n

H

+1 = (n

G

+1)�(n

H

+1) and it 
an be 
onstru
ted

in time polynomial in n

G

and n

H

. We show that for ea
h lo
ally bije
tive

L-homomorphism ', there is a proper 
oloring 
 with '




H

= ' and that for

ea
h proper 
oloring 
 of H, the homomorphism '




H

= ' is lo
ally bije
tive.

17



Consider a lo
ally bije
tive L-homomorphism ' from G to H and let us

de�ne the following 
oloring 
 of the verti
es of H:


(w

k

) = k for 0 � k � n

H


(v

i

) = k where '(v

i

) = w

k


(u

i;k

) = 0 if '(v

i

) = w

k

and


(u

i;k

) = k if '(v

i

) 6= w

k

.

Sin
e ' is a lo
ally bije
tive L-homomorphism, in parti
ular, it is lo
ally

inje
tive, 
 
olors properly all C-edges and D-edges of H

0

. Let us �x 1 �

i � n

G

and 1 � k � n

H

and we show that the edges (1){(4) are also


olored properly. If '(v

i

) 6= w

k

, then 
(v

i

) 6= 
(w

k

) = 
(u

i;k

) and hen
e all

edges 
ontaining the vertex u

i;k

are 
olored properly. If '(v

i

) = w

k

, then


(v

i

) = 
(w

k

) 6= 
(u

i;k

) and the edges (1), (2) and (3) are 
olored properly.

Sin
e ' is lo
ally bije
tive, there is for ea
h w

l

2 N

H

(w

k

) a neighbor v

j

of v

i

in G su
h that '(v

j

) = w

l

. Thus, for ea
h su
h w

l

, there is a vertex

v

j

2 N

G

(v

i

) with 
(w

l

) = 
(v

j

) and the C-edges (4) are 
olored properly.

We now show that for ea
h proper 
oloring 
 of the mixed hypergraphH,

'




H

is a lo
ally bije
tive homomorphism from G to H . In addition we prove,

that ea
h 
oloring of the verti
es v

1

; : : : ; v

n

G

and w

0

; w

1

; : : : ; w

n

H

uniquely

determines 
olors of the verti
es u

i;k

for 1 � i � n

G

and 1 � k � n

H

.

Fix a proper 
oloring 
 of H. If the 
olors 
(v

i

) and 
(w

k

) are di�erent,

then the 
olor of the vertex u

i;k

is either 
(v

i

) or 
(w

k

) be
ause of the C-edge

(2). This 
olor must a
tually be the 
olor 
(w

k

) be
ause of the C-edge (3).

On the other hand, if 
(v

i

) = 
(w

k

), then the 
olor of u

i;k

must be di�erent

from 
(v

i

) = 
(w

k

) be
ause of the D-edge (1) and it must be the 
olor 
(w

0

)

be
ause of the C-edge (3). Hen
e, 
olors of the verti
es u

i;k

for 1 � i � n

G

and 1 � k � n

H

are uniquely determined by the 
olors of the verti
es

v

1

; : : : ; v

n

G

and w

0

; w

1

; : : : ; w

n

H

as 
laimed.

If 
(v

i

) = 
(w

k

), then 
(u

i;k

) = 
(w

0

) = 0. Observe now that in the C-

edge fw

k

; u

i;k

; w

l

g[N

G

(v

i

), only the vertex w

k

is 
olored by the 
olor k (no

neighbor of v

i


an have the 
olor k) and only the vertex u

i;k

is 
olored by

the 
olor 0 (no vertex from V (G) is 
olored by the 
olor 0). By the 
onstru
-

tion of H

0

, all the verti
es N

G

(v

i

) have di�erent 
olors and hen
e the only

possibility how the C-edge fw

k

; u

i;k

; w

l

g [ N

G

(v

i

) 
an be properly 
olored

is that 
(w

l

) = 
(v

j

) for some v

j

2 N

G

(v

i

). Then, for ea
h neighbor w

l

of

w

k

in H , there is a neighbor v

j

of v

i

with '




H

(v

j

) = w

k

, i.e., '




H

is lo
ally

surje
tive. It follows from Theorem 11 that the homomorphism '




H

is also

lo
ally inje
tive and hen
e lo
ally bije
tive.
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5.3 Graph Covers

Theorem 14 Let G and H be two graphs. There exists a mixed hypergraph

H of order O(n

G

n

H

) su
h that H is 
olorable if and only if there is G is a


over of H. Moreover, the mixed hypergraph H 
an be 
onstru
ted in time

polynomial in n

G

and n

H

.

Proof: Let H

0

be the mixed hypergraph from Theorem 13 for graphs G

and H . Re
all that for ea
h proper 
oloring 
, the mapping '




H

0

is a lo
ally

bije
tive homomorphism fromG toH and on the other hand, for ea
h lo
ally

bije
tive homomorphism ' there is a proper 
oloring 
 of H

0

with '




H

0

= '.

We remark that if H is 
onne
ted, then a lo
ally bije
tive homomorphism

from G to H is a 
overing proje
tion of G to H and vi
e versa. But sin
e

H need not to be 
onne
ted, we need to assure that there exists a surje
tive

lo
ally bije
tive homomorphism from G to H .

For ea
h 1 � k � n

H

, add a 
opy of the mixed hypergraph H

n

G

from

Lemma 9 identifying verti
es �

i

with v

i

for 1 � i � n

G

, the vertex � with w

0

and 
 with w

k

. LetH be the resulting mixed hypergraph. Clearly, the order

ofH is at most O(n

G

n

H

) and it 
an be 
onstru
ted in time polynomial in n

G

and n

H

by Lemma 9 and Theorem 13. Next, we show that H has a proper


oloring if and only if there exists a 
overing proje
tion of G to H .

Let ' be a 
overing proje
tion of G to H and 
onsider a proper 
oloring 


of H

0

su
h that '




H

0

= '. Sin
e w

0

is the only vertex 
olored with the 
olor


(w

0

) (re
all the proof of Theorem 13) and ' is surje
tive, i.e., for ea
h

1 � k � n

H

, there exists 1 � i � n

G

su
h that 
(v

i

) = 
(w

k

), the 
oloring


 
an be extended to 
opies of the mixed hypergraph H

n

G

by Lemma 9.

Hen
e, H has a proper 
oloring.

On the other hand, if 
 is a proper 
oloring of H, then the vertex w

0

has

a 
olor di�erent from all the verti
es v

i

, 1 � i � n

G

, and w

k

, 1 � k � n

H

.

Hen
e, by Lemma 9, for ea
h 1 � k � n

H

, there is a vertex v

i

, 1 � i � n

G

with 
(v

i

) = 
(w

k

). Then, the homomorphism '




H

= '




H

0

is surje
tive and

sin
e it is lo
ally bije
tive by Theorem 13, it must a
tually be a 
overing

proje
tion of G to H .

5.4 Lo
ally Surje
tive Homomorphisms

Theorem 15 Let G and H be two graphs and let L be a mapping from V (G)

to 2

V (H)

. There exists a mixed hypergraph H of order O(n

G

n

2

H

) whi
h is

19




olorable if and only if there is a lo
ally surje
tive L-homomorphism from

G to H. Moreover, the mixed hypergraph H 
an be 
onstru
ted in time

polynomial in n

G

and n

H

.

Proof: Let H

0

be the mixed hypergraph for G, H and L from Theorem 4.

First, add a new vertex w

0

to H

0

and join it by a D-edge to ea
h vertex

w

i

, 1 � i � n

H

. Sin
e ea
h proper 
oloring of H

0

uses exa
tly n

H


olors,

ea
h properly 
oloring of H

0


an be uniquely to the vertex w

0

by assigning

a new 
olor to it. Let H

0

be the resulting mixed hypergraph H

0

.

Next, we add verti
es u

i;k

for ea
h 1 � i � n

G

and 1 � k � n

H

to H

0

and pla
e a 
opy of the hypergraphH

p

from Lemma 9 where p is the degree

of the vertex v

i

in G identifying the following verti
es:

� Verti
es �

i

0

, 1 � i � deg

G

(v

i

), are identi�ed with neighbors of v

i

.

� The vertex � is identi�ed with the vertex w

0

.

� The vertex 
 is identi�ed with the vertex u

i;k

.

Finally, add a vertex u

0

i;k;l

for ea
h 1 � i � n

G

and 1 � k; l � n

H

, k 6= l,

su
h that w

k

w

l

2 E(H) together with the following edges to the mixed

hypergraph:

1. a C-edge fw

0

; w

l

; u

0

i;k;l

g,

2. a D-edge fv

i

; w

l

; u

0

i;k;l

g,

3. a C-edge fv

i

; w

l

; u

0

i;k;l

g and

4. a C-edge fw

l

; u

0

i;k;l

; u

i;k

; w

k

g.

Let H be the resulting mixed hypergraph. It 
an be 
learly 
onstru
ted in

time polynomial in n

G

and n

H

and the order of H is O(n

G

n

2

H

) by Lemma 9.

We show that H is 
olorable if and only if there is a lo
ally surje
tive L-

homomorphism from G to H . First assume that there is a lo
ally surje
tive

L-homomorphism ' from G to H . Consider the following partial 
oloring

of the verti
es of the mixed hypergraph H:


(w

k

) = k for 0 � k � n

H


(v

i

) = k where '(v

i

) = w

k


(u

i;k

) = k if '(v

j

) = w

k

for some neighbor v

j

of the vertex v

i

,

= k

0

otherwise,

where '(v

j

) = w

k

0

for some neighbor v

j

of the vertex v

i

,


(u

0

i;k;l

) = 0 if '(v

i

) = w

l

and

= l otherwise.
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Sin
e ' is a homomorphism from G to H , all edges of H present in H

0

are 
olored properly. The partial 
oloring 
an be extended to the whole


opies of H

p

by Lemma 9 be
ause the 
olor of 
(u

i;k

) is among the 
olors

of the neighbors of the vertex v

i

in G and the 
olor 
(w

0

) = 0 is di�erent

from all of these 
olors. Consider now a �xed triple i, k and l su
h that

1 � i � n

G

and 1 � k; l � n

H

, k 6= l. If '(v

i

) 6= w

l

, then 
(u

0

i;k;l

) = 
(w

l

) =

l 6= 
(v

i

) and all the edges (1), (2), (3) and (4) are 
olored properly. If

'(v

i

) = w

l

, then 
(u

0

i;k;l

) = 
(w

0

) = 0 and 
(v

i

) = 
(w

l

) = l 6= 0. Hen
e, all

the edges (1), (2) and (3) are 
olored properly. Sin
e ' is a lo
ally surje
tive

homomorphism, there is a neighbor v

j

of v

i

mapped to a neighbor of w

l

and

we have 
(u

i;k

) = k. Thus, the 
orresponding C-edge (4) is also 
olored

properly.

We now 
omplete the proof by showing that if 
 is a proper 
oloring of

the mixed hypergraph H, then '




H

is a lo
ally surje
tive L-homomorphism

fromG toH . Sin
e 
 is a proper 
oloring ofH

0

, '




H

is a homomorphism form

G to H by Theorem 4. Next, we prove that '




H

is lo
ally surje
tive. Assume

for the sake of 
ontradi
tion that there is a vertex v

i

with '




H

(v

i

) = w

l

and

a neighbor w

k

of w

l

in H su
h that no neighbor of v

i

is mapped by '




H

to

w

l

. Be
ause of the D-edge (2), the 
olor of the vertex u

0

i;k;l

must di�erent

from the 
olor 
(v

i

) = 
(w

l

). A
tually, it must be the 
olor 
(w

0

) be
ause

of the C-edge (1). We 
an now 
on
lude that the 
olors 
(u

0

i;k;l

) = 
(w

0

),


(w

k

) and 
(w

l

) are mutually di�erent. By Lemma 9, the 
olor of the vertex

u

i;k

must be equal to a 
olor of a neighbor of v

i

. Hen
e, 
(u

i;k

) is neither


(w

0

) nor 
(w

k

) and it must be 
(w

l

) be
ause of the C-edge (4). But, then

a neighbor of v

i

is 
olored by the 
olor 
(w

l

), i.e., a neighbor of v

i

is mapped

by '




H

to the vertex w

l

whi
h we assumed not to be the 
ase.

6 Generalized T -
olorings

We �rst re
all the following 
onstru
tion from [12℄ (let us remind that

the size of a hypergraph is the sum of sizes of its edges):

Lemma 16 For ea
h k � 2, there is a mixed hypergraph H

0

k

of order at

most 3k�2 with k distinguished verti
es w

1

; : : : ; w

k

with the following prop-

erties:

� F(H

0

k

) = f2; : : : ; kg and
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� if 
 is a proper 
oloring of H

0

k

whi
h uses exa
tly k

0


olors, then all

the verti
es w

1

; : : : ; w

k

0

re
eive distin
t 
olors and 
(w

k

0

) = 
(w

k

0

+1

) =

: : : = 
(w

k

).

Moreover, the size of H

0

k

is at most O(k

3

) and it 
an be 
onstru
ted in time

polynomial in k.

Now, we 
an prove the main theorem of this se
tion from whi
h we later

derive results for more spe
ialized 
oloring problems:

Theorem 17 Let (G; t) be a generalized T -
oloring problem where G is

a graph with at least one edge. Then, there exists a mixed hypergraph H

of order O(n

G

jjtjj+ jjtjj

2

) su
h that its lower 
hromati
 number is equal to

�

t

(G). Moreover, su
h a mixed hypergraph H 
an be 
onstru
ted in time

polynomial in n

G

and jjtjj. In addition, the order of H 
an be redu
ed to

O(n

G

K + jjtjjK) if an upper bound K on �

t

(G) is given.

Proof: If the upper boundK on �

t

(G) is not given, setK = jjtjj+1 (this is

always an upper bound on �

t

(G) [5℄). Hen
e, we have that 2 � �

t

(G) � K.

Let v

1

; : : : ; v

n

G

be the verti
es of the graph G. The mixed hypergraph

H 
ontains a 
opy of the mixed hypergraph H

0

K

from Lemma 16. Let

w

1

; : : : ; w

K

be the K distinguished verti
es of H

0

K

. For ea
h 1 � i � n

G

,

we add a new vertex v

0

i

and a 
opy of the hypergraph H

K�1

from Lemma 9

identifying the verti
es �

k

with w

k+1

for 1 � k � K � 1, the vertex � with

the vertex w

1

and the vertex 
 with v

0

i

.

Next, we add verti
es u

i;i

0

;k;l

and u

0

i;i

0

;k;l

for ea
h 1 � i < i

0

� n

G

with

v

i

v

0

i

2 E(G) and 1 � k < l � K with l � k 2 t(v

i

v

i

0

). Finally, we add to

the mixed hypergraph under 
onstru
tion the following edges:

1. a C-edge fv

i

; v

0

i

; w

1

g for ea
h 1 � i � n

G

,

2. a C-edge fv

i

; v

i

0

; u

i;i

0

;k;l

g for ea
h vertex u

i;i

0

;k;l

,

3. a D-edge fw

k

; u

i;i

0

;k;l

g for ea
h vertex u

i;i

0

;k;l

,

4. a D-edge fu

i;i

0

;k;l

; u

0

i;i

0

;k;l

; w

l

g for ea
h vertex u

i;i

0

;k;l

,

5. a D-edge fu

0

i;i

0

;k;l

; w

l�1

g for ea
h vertex u

0

i;i

0

;k;l

,

6. a C-edge fu

0

i;i

0

;k;l

; w

l�1

; w

l

g for ea
h vertex u

0

i;i

0

;k;l

and

7. a D-edge fv

i

; v

i

0

g for ea
h two verti
es v

i

and v

i

0

joined by an edge in

G.
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The order of H is 
learly O(n

G

K+ jjtjjK) and it 
an be 
onstru
ted in time

polynomial in jjtjj, n

G

and K � jjtjj.

We 
laim that the lower 
hromati
 number of H is equal to �

t

(G). We

�rst prove that �(H) is at most �

t

(G). Fix an optimal labeling � of (G;w)

using numbers 1; : : : ; �

t

(G). We 
onstru
t a proper 
oloring of H using

�

t

(G) 
olors. First 
olor the verti
es of H

0

K

by 
olors 1; : : : ; �

t

(G). Re
all

that 2 � �

t

(G). By Lemma 16, it 
an be assumed that the vertex w

i

is


olored by the 
olor i for 1 � i � �

t

(G) and the verti
es w

i

for i > �

t

(G) are


olored by the 
olor �

t

(G). Next, 
olor the 
opies of H

K�1

so that the 
olor

of v

0

i

is �(v

i

) if �(v

i

) � 2 and it is 2 if �(v

i

) = 1. This is possible by Lemma 9.

Finally, 
olor the vertex v

i

by the 
olor �(v

i

) for ea
h 1 � i � n

G

.

It now remains to 
olor the verti
es u

i;i

0

;k;l

and u

0

i;i

0

;k;l

of H. Let 1 � i <

i

0

� n

G

be su
h that v

i

v

i

0

is an edge of G and let 1 � k < l � K su
h that

l�k 2 t(v

i

v

i

0

). If �

t

(G) � k < l, then 
olor the vertex u

0

i;i

0

;k;l

with the 
olor

1 and the vertex u

i;i

0

;k;l

with the 
olor �(v

i

) = 
(v

i

) or �(v

i

0

) = 
(v

i

0

) so that


(u

i;i

0

;k;l

) 6= 
(w

k

) = �

t

(G) (re
all that �(v

i

) 6= �(v

i

0

) sin
e 0 2 t(v

i

v

i

0

)).

If k < �

t

(G) < l, then 
olor the vertex u

0

i;i

0

;k;l

with the 
olor 
(w

k

) = k

and the vertex u

i;i

0

;k;l

with the 
olor �(v

i

) = 
(v

i

) or �(v

i

0

) = 
(v

i

0

) so

that 
(u

i;i

0

;k;l

) 6= 
(w

k

) = k. The �nal 
ase is that k < l � �

t

(G). Color

the vertex u

0

i;i

0

;k;l

with the 
olor 
(w

l

) = l. Observe now that sin
e � is

a proper labeling of G, we have j�(v

i

0

)��(v

i

)j = j
(v

i

0

)� 
(v

i

)j 6= l� k and

thus one of 
(v

i

) and 
(v

i

0

) is neither k nor l. Color now the vertex u

i;i

0

;k;l

by one of the 
olors 
(v

i

) and 
(v

i

0

) so that 
(u

i;i

0

;k;l

) 6= k; l.

We now show that 
 is a proper 
oloring of the mixed hypergraph H.

By the 
onstru
tion of 
, all the edges 
ontained in H

0

K

and in the 
opies

of H

K�1

are properly 
olored. Hen
e, we have to show that the edges (1),

(2), . . . , (7) are also 
olored properly. In ea
h C-edge (1), either the vertex

w

1

or the vertex v

0

i

have the same 
olor as the vertex v

i

for 1 � i � n

G

.

Hen
e, ea
h su
h C-edge is 
olored properly. Sin
e the vertex u

i;i

0

;k;l

is


olored either with the 
olor 
(v

i

) or with the 
olor 
(v

i

0

), ea
h C-edge

(2) is also 
olored properly. Let us now �x i, i

0

, k and l su
h that H


ontains the verti
es u

i;i

0

;k;l

and u

0

i;i

0

;k;l

. We distinguish three 
ases as in

the de�nition of the 
oloring 
:

�

t

(G) � k < l The D-edge (3) fw

k

; u

i;i

0

;k;l

g is 
olored properly be
ause

the 
olor 
(u

i;i

0

;k;l

) was 
hosen so that 
(u

i;i

0

;k;l

) 6= 
(w

k

). The D-

edges (4) and (5) are 
olored properly be
ause 
(u

0

i;i

0

;k;l

) = 1 and


(w

l�1

) = 
(w

l

) = �

t

(G) > 1. And, the C-edge (6) is 
olored properly

be
ause 
(w

l�1

) = 
(w

l

) = �

t

(G) by Lemma 16.
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k < �

t

(G) < l On
e more, the D-edge (3) fw

k

; u

i;i

0

;k;l

g is 
olored properly

be
ause the 
olor 
(u

i;i

0

;k;l

) was 
hosen so that 
(u

i;i

0

;k;l

) 6= 
(w

k

) = k.

The D-edges (4) and (5) are 
olored properly be
ause 
(u

0

i;i

0

;k;l

) = k

and 
(w

l�1

) = 
(w

l

) = �

t

(G) > k. And, the C-edge (6) is 
olored

properly be
ause of the pair of the verti
es w

l�1

and w

l

with 
(w

l�1

) =


(w

l

) = �

t

(G).

k < l � �

t

(G) Sin
e 
(u

i;i

0

;k;l

) 6= k; l, 
(w

k

) = k and 
(w

l

) = l, both the D-

edges (3) and (4) are 
olored properly. Sin
e 
(u

0

i;i

0

;k;l

) = l and


(w

l�1

) = l � 1 6= 
(w

l

) = l, both the D-edge (5) and the C-edge

(6) are 
olored properly.

So, it remains to 
he
k that D-edges (7) are 
olored properly. This dire
tly

follows from the fa
t that 0 2 t(v

i

v

i

0

) for ea
h edge v

i

v

i

0

2 E(G) and hen
e

�(v

i

) = 
(v

i

) 6= �(v

i

0

) = 
(v

i

0

).

Next, we prove the opposite inequality, i.e., �

t

(G) � �(H). Fix a proper


oloring 
 of the mixed hypergraph H using �(H) 
olors. Let ` be the num-

ber of 
olors used by 
 on H

0

K

. In the rest, we 
onstru
t a proper labeling

� of G using numbers 1; : : : ; �(`). Note that ` � 2 by Lemma 16 and we

may assume that 
(w

k

) = k for 1 � k � ` and 
(w

k

) = ` for k > `.

By Lemma 9, the 
olor of the vertex v

0

i

is one of the 
olors 2; : : : ; `. The C-

edges (1) now for
es that ea
h vertex v

i

is 
olored by the 
olor 1 or the 
olor


(v

0

i

) 2 f2; : : : ; `g. Let us de�ne now �(v

i

) = 
(v

i

) for all 1 � i � n

G

. Note

that the labeling � uses only the numbers 1; : : : ; ` and ` � �(H).

In this paragraph, we prove that the labeling � is proper. Be
ause of

the D-edges (7), any two adja
ent verti
es of G re
eive distin
t labels. If �

is not a proper labeling, then there must be two adja
ent verti
es v

i

and v

i

0

,

1 � i < i

0

� n

G

, with 0 < j�(v

i

) � �(v

i

0

)j = j
(v

i

) � 
(v

i

0

)j 2 t(v

i

v

i

0

). We

show that this is impossible and hen
e the labeling � is proper as 
laimed.

Let k = minf
(v

i

); 
(v

i

0

)g and l = maxf
(v

i

); 
(v

i

0

)g. Observe that 1 �

k < l � ` and thus 
(w

l�1

) 6= 
(w

l

). The 
olor of the vertex u

0

i;i

0

;k;l

must

be l be
ause of the D-edge (5) and the C-edge (6). Be
ause of the C-edge

(2), the 
olor 
(u

i;i

0

;k;l

) is either k or l. On the other hand, 
(u

i;i

0

;k;l

) 
an

be neither k be
ause of the D-edge (3) nor l be
ause of the C-edge (4) |


ontradi
tion. This shows that j�(v

i

)� �(v

i

0

)j 62 t(v

i

v

i

0

) for ea
h edge v

i

v

i

0

of G and hen
e � is a proper labeling.

In ea
h of the three following subse
tions, we reformulate Theorem 17

to spe
ial types of generalized T -
olorings:
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6.1 The 
hannel assignment problem

Theorem 18 Let (G;w) be a 
hannel assignment problem with at least

one edge. Then, there exists a mixed hypergraph H of order (n

G

jjwjj +

jjwjj

2

) su
h that its lower 
hromati
 number is equal to the span of (G;w).

Moreover, su
h a mixed hypergraph H 
an be 
onstru
ted in time polynomial

in n

G

and jjwjj. In addition, the order of H 
an be redu
ed to O(n

G

K +

jjwjjK) if an upper bound K on the span of (G;w) is given.

Proof: Observe that the 
hannel assignment problem (G;w) 
orresponds

to the generalized T -
oloring problem (G; t) with t(v

i

v

i

0

) = f0; : : : ; w(v

i

v

i

0

)�

1g for ea
h v

i

v

i

0

2 E(G) and apply Theorem 17 to (G; t).

6.2 L(p; q)-labelings

Theorem 19 Let G be a given graph with at least one edge and let p � q �

1 be integers. Then, there exists a mixed hypergraph H of order O(p

2

n

4

G

)

su
h that the lower 
hromati
 number of H is equal to �

p;q

(G). Moreover,

su
h a mixed hypergraph H 
an be 
onstru
ted in time polynomial in n

G

, p

and q.

Proof: As stated in Se
tion 1, the L(p; q)-labeling problem of a graph G


an be viewed as a spe
ial 
hannel assignment problem in the se
ond power

G

2

of the graph G. Let (G

2

; w) be su
h a 
hannel assignment problem


orresponding to the L(p; q)-labeling problem for the graph G. Observe

that �

p;q

(G) � p(n

G

�1)+1 and jjwjj � O(pn

2

G

) in (G

2

; w). The statement

now follows readily from Theorem 18 applied for (G

2

; w).

6.3 T -
olorings

Theorem 20 Let G be a graph and T a �nite set of non-negative integers

with 0 2 T . Then, there exists a mixed hypergraph H of order O(n

3

G

jT j

2

)

su
h that its lower 
hromati
 number is equal to the T -
hromati
 number

of G. Moreover, su
h a mixed hypergraph H 
an be 
onstru
ted in time

polynomial in n

G

and jT j.
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Proof: Observe that the T -
hromati
 number ofG is at most (n

G

�1)jT j+1

and apply Theorem 17.

7 Con
lusion

We have proved that mixed hypergraphs 
an model 
oloring problems su
h

as homomorphisms of simple graphs and multigraphs, 
ir
ular 
olorings,

(H;C;� K)-
oloring, (H;C;K)-
oloring, lo
ally surje
tive, lo
ally bije
-

tive and lo
ally inje
tive homomorphisms, L(p; q)-labeling, the 
hannel as-

signment problem, T -
oloring and generalized T -
oloring. In all 
ases, it

is possible to 
onstru
t the mixed hypergraph whi
h models the 
oloring

problem in polynomial time. However, in some 
ases, we managed to prove

that proper 
olorings of the 
onstru
ted mixed hypergraph one-to-one 
or-

respond to proper 
olorings in the original problem, but in some 
ases, we

did not manage to prove su
h a result. This motivates the following open

problems:

Problem 21 Find a polynomial-time 
onstru
tion of a mixed hypergraph H

for a given multigraph G and a partial weighted assignment (H;C;K) su
h

that proper 
olorings of H one-to-one 
orrespond to (H;C;K)-
olorings,

(H;C;� K)-
olorings, respe
tively, of G.

Problem 22 Find a polynomial-time 
onstru
tion of a mixed hypergraph

H for given graphs G and H su
h that proper 
olorings of H one-to-one


orrespond to lo
ally surje
tive homomorphisms from G to H, 
overing pro-

je
tions of G to H, respe
tively.
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