Ramsey Classes and Homogeneous Structures

∗Jaroslav Nešetřil Department of Applied Mathematics and Institute of Thoretical Computer sciences (ITI) Charles University Malostranské nám. 25, 11800 Praha, Czech Republic nesetril@kam.ms.mff.cuni.cz

Dedicated to the memory of Walter Deuber.

Abstract

We present a programme of characterizing Ramsey Classes of Structures by a combination of the Model Theory and Combinatorics. Particularly we relate the Classification Programme of countable homogeneous structures (of Lachlan – Cherlin) to the Classification of Ramsey classes. As particular instances of this approach we characterize all Ramsey classes of graphs, tournaments and partial ordered sets. We fully characterize all monotone Ramsey classes of relational systems (of any type). We also carefully discuss the role of (admissible) orderings which lead to a new classification of Ramsey properties by means of classes of order invariant objects.

1 Introduction – Ramsey Classes

It is often said by students (even good ones) that Discrete Mathematics and Combinatorics are difficult to learn mainly because they seem to be a maze of examples, particular trics and that these fields have a lack of “theories” in the classical (and thus usual) sense. That view is shared by many mathematicians too (see [6] for nice comments related to this

∗Supported by a Grant LN00A56 of the Czech Ministary of Education and ICREA

problem). Of course such a view cannot be absolutely true, and several “counterexamples” are suggesting themselves. It is our belief that Ramsey Theory (see e.g. [8, 17]) is one of such examples which would be listed by many.

Yet this area was certainly not created as a theory but rather it developed into one by the intensive research of past three decades. This theory is active as we want to demonstrate on a particular (yet we believe by one of the central) areas of Ramsey theory devoted to the Structural aspects of Ramsey theory and to Ramsey classes in particular.

This paper is organized as follows:

1. Ramsey Classes. 2. Subobjects.

3. Admissible Orderings. 4. Amalgamations.

5. Classification of Ramsey Classes. 6. Examples.

7. Concluding Remarks.

We are mostly concerned with finite sets. Given a set X and a natural number k we denote by (_X k ) the set of all k-element subsets of X. Using this notation the Finite Ramsey Theorem takes the following form:

Theorem 1.1 For ever choice p, k, n of natural numbers there exists N with the following property: If X is a set of size N and (_X p ) = A_1 ∪ A_2 ∪ . . . ∪ A_k is any partition then there exists i, 1 ≤ i ≤ k and Y ⊆ X, |Y | ≥ n such that (_X p ) ⊆ A_i. Undoubtedly this is formally a complicated statement calling for a special terminology. Some of it is by now standard: we speak about colorings (instead of partitions), sets A_i are usually called colour classes, the set Y is called homogeneous. This economy culminated by the invention of a special symbol (partition arrow) N −→ (n)^p_k for the core part of Theorem 1.1 and with the definition of A-Ramsey Property and Ramsey class. In this concise terminology we formulate Ramsey theorem simply by saying that the class of all finite sets endowed with subsets has A-Ramsey property for every its member A and that the class of all finite sets with isomorphism and subset relations is a Ramsey class. Using the partition arrow Ramsey theorem takes then the following concise form:

For every choice p, k, n of positive integers there exists an integer N such that N −→ (n)^p_k. There are other results which can be formulated in a similar way. For example Ramsey Theorem for finite vector spaces [7] takes a strikingly similar form:

Theorem 1.2 For every finite field F and for every choice p, k, n of natural numbers there exists N with the following property: If A, B, C are the vector spaces of dimensions p, n and N and if (_C A ) = A_1 ∪ A_2 ∪ . . . ∪ A_k is any partition of the set (_C A ) of all p-dimensional vector subspaces of C then there exists i, 1 ≤ i ≤ k and a subspace B^′ of C, dimB^′ = dimB = n such that (_B′ A ) ⊂ A_i. Again, supporting the analogy with Ramsey Theorem, we could simply write: For every finite field F and for every choice of a natural number k and finite vector spaces A and B over F there exists a vector space C over F such that C −→ (B)^A_k . Advancing the abstract definition of a Ramsey class let us list one more (quite general) example of a Ramsey class:

Let Δ = (δ_i; i ∈ I) be a sequence of natural numbers. Δ is called the type (or signature). For a fixed Δ, we shall consider the class ⃗Rel(Δ) of all finite ordered relational structures of type Δ. These are objects of the form (X, (R_i; i ∈ I)) where X is an ordered set and R_i ⊆ X^{δi} (i.e. R_i is a δ_i-nary relation). The class ⃗Rel(Δ) will be considered with embeddings (corresponding to induced substructures): Given two relational structures (X, (R_i; i ∈ I)) and (X^′, (R^′_i; i ∈ I)) of type Δ a mapping f : X −→ X^′ is called an embedding if it is monotone injection of X into X^′ satisfying (f(x_j ); j = 1, . . . , δ_i) ∈ R^′_i iff (x_j ; j = 1, . . . , δ_i) ∈ R_i. As usual, an inclusion (or bijective) embedding is called substructure (or isomorphisms). Given two ordered relational structures A, B we denote by (_B A ) the class of all substructures A^′ of B which are isomorphic to A. We have the following [24]

Theorem 1.3 For every choice of a natural number k, of a type Δ and of structures A, B ∈ ⃗Rel(Δ) there exists a structure C ∈ ⃗Rel(Δ) with the following property: For every partition (_C A ) = A_1 ∪ A_2 ∪ . . . ∪ A_k there exists i, 1 ≤ i ≤ k and a substructure B^′ ∈ (_C B ) such that (_B′ A ) ⊂ A_i.

Again we can express the core part of Theorem 1.3 by C −→ (B)^A_k in the obvious meaning of the symbol.

Thus each of the above results can be expressed by the same formalism which (in hindsight!) is natural and expectable:

Let K be a class of objects which is isomorpohism closed and endowed with subobjects. Given two objects A, B ∈ K we denote by (_B A ) the set of all subobjects A^′ of B which are isomorphic to A. We say that the class K has A-Ramsey property if the following statement holds:

For every positive integer k and for every B ∈ K there exists C ∈ K such that C −→ (B)^A_k . Here the last symbol has (in the class K ) the following meaning:

For every partition (_C A ) = A_1 ∪ A_2 ∪ . . . ∪ A_k there exists B^′ ∈ (_C B ) and an i, 1 ≤ i ≤ k such that (_B′ A ) ⊂ A_i. In the extremal case that a class K has A-Ramsey property for every its object A we say that K is a Ramsey Class.

These notions crystalized in the early seventies, see e.g. [16, 22, 23, 3]. This formalism and the natural questions it motivated essentially contributed to create establish Ramsey Theory as a “theory” (as nicely put in the introduction to [8]).

The notion of a Ramsey class is highly structured and in a sense it is the top of the line of the Ramsey notions (“one can partition everything in any number of classes to get anything homogeneous”). Consequently there are not many (essentially different) examples of Ramsey classes known. It is the purpose of this paper to propose a programme which aims at characterizing all Ramsey classes. This is a realistic programme which allows us to characterize all Ramsey classes of some basic classes of combinatorial structures (such as graphs [17], tournaments and posets) and indicate their structure in other examples. However vague this may sound, there is an evidence that (up to some singular examples) perhaps we know all Ramsey classes. This is supported by the fact that we shall be able to describe all monotone Ramsey classes.

In such an abstract setting we have to analyse (and slightly revise) some basic principles which underline the Ramsey theory. Particularly, this leads to a new scheme and classification of Ramsey properties by means of classes of admissible orderings and classes of order invariant objects.

2 Subobjects

What is a subobject?

We know: a substructure, a subgraph, a subspace ... but as we need to disscuss subobjects of subobjects this calls for a more functorial approach. That may be easy from category theory point of view but in our context this needs a little care. Basically there are two ways how to define subobjects in our setting and we shall see how these approaches complement each other.

2.1 Equivalence classes.

An A-subobject of B is defined as an equivalence class [f] of the equivalence ∼. This equivalence is defined on the set of all embeddings f : A −→ B: we put f ∼ f^′ iff there exists an isomorphism g : A −→ A with f^′ = f ∘ g. In this definition the set (_B A ) is in one-to-one correspondence with a subset of the set (_C A ) for every embedding g : B −→ C: {[gf]; [f] ∈ (_B A ) } ⊆ (_C A ) . This definition is suitable for most of the examples as the embeddings (as extremal monomorphisms) are usually clearly defined. In many instances (such as undirected graphs and other symmetric relations) this is also a natural definition of a subobject. Unfortunately in the Ramsy theory context this definition is less convenient from a very simple reason: most classes have A-Ramsey property for only few objects A. We indicate this by means of the following example:

Let X be a finite set, Δ = (δ_i; i ∈ I) a fixed type. A set system of type Δ is the pair (X, (E_i; i ∈ I)) where E_i ⊂ (_X δ_i ) for all i ∈ I. An embedding f : (X, (E_i; i ∈ I)) −→ (X^′, (E^′_i; i ∈ I)) is an injective mapping f : X −→ X^′ which satisfies f(e) ∈ E^′_i iff e ∈ E_i for any i ∈ I (here we put shortly f(e) to denoted the set {f(x); x ∈ e}). Let Set(Δ) be the class of all finite set-systems of type Δ and all their embeddings.

Theorem 2.1 For any type Δ the class Set(Δ) has A-Ramsey property iff A is totally symmetric.

Here a set-system A = (X, (E_i; i ∈ I)) is totally symmetric if any permutation π of X which preserves all unary edges (i.e. loops) is an automorphism of A. (I.e. the complete or discrete graph for directed graphs (type (2)), and, among others, any complete bipartite graph for set systems of type (2, 1, 1).)

In fact we shall show that this result (obtained for graphs in [23]) can be deduced from a stronger statement which uses an alternative view of subobjects explained in the next subsection.

Below we shall define yet another equivalence on the class of all embeddings which is induced by a class of (admissible) orderings.

2.2 Subobjects as mappings.

The other possibility how to define subobjects is to consider subobjects as embeddings themselves: a subobject of B isomorphic to A is simply an embedding A −→ B. However there are natural limitations of this approach. If a class K has A-Ramsey property and there exits a non-identical automorphism α of A of order k then we can partition any set of all embeddings of A into B into k classes such that embedding f and embedding f ∘ α will be in a different class of partition. This coloring violates A-Ramsey property. So we can identify subobjects with embeddings only if A is rigid (or asymmetric). This is the case for example if a part of the structure A is a linear ordering of its vertices.

The role of orderings (and rigidity) in structural Ramsey theory was recognized early (see [16, 22]; Leeb speaks about “Verstarrung”). The reason why the equivalence lead to A-ramsey proporties for totally symmetric objects only is the lack of rigidity. However the rigidity can be imposed by enlarging the structure, most conveniently by a linear ordering:

Given a a class of objects K we denote by ⃗K the class of (linearly) ordered objects from K.

How this is done usually follows from the concrete definition of the class K (which we implicitely assume that it is a concrete category, [18]). In the case of graphs and relational systems we can simply consider objects with arbitrary linear ordering of vertices. In the more algebraical systems we have more possibilities. For example for the class P of all finite partialy ordered sets we can interpret ⃗P as the class of all partialy ordered sets P with an additional linear extension. Another possibility would be to consider all partialy ordered sets P together with an additional linear ordering of its vertices (which does not extend the partial order). In this way we obtain another class, say ⃗⃗P, which is also Ramsey. In a more systematic way we shall disscuss the role of various classes of orderings (called admissible orderings) in Section 4. However usually we are trying to minimize our efforts and we want to select as natural ordering as possible. “Natural” orderings (also called canonical) and were investigated in their own turn, see [19, 28, 31, 11].

In any case the crucial property of the addition of the ordering is to guarantee the rigidity, or unicity of embeddings:

⃗A is a subobject of ⃗B iff ⃗A −→ ⃗B iff |(^B_A)| = 1.

The introduction of orderings lead to many Ramsey classes. Here are some examples:

Theorem 2.2 The class ⃗Gra of all ordered graphs is a Ramsey class.

More generally we have the following result (which is a reformulation of Theorem 1.3)

Theorem 2.3 The class ⃗Rel(Δ) is a Ramsey class.

Theorem 2.4 The class ⃗P of all finite posets with an additional linear extension is a Ramsey class.

These results are easy to state and they all fit to our general definition. However the proofs ivolve ad hoc techniques (and results are far from beeing easy and old). The strongest method available seems to be the amalgamation technique [24, 25, 26] which implies many of these results either directly or by a modification of the method. See [20] and references given there. Thus for example Theorem 2.4 although it builds on techniques of [25] it is not yet published. Similarly an extension of the proofs yields the following results which has been used in the recent paper [11] in the context of the topological dynamics:

Theorem 2.5 The class ⃗M of all linearly ordered finite metric spaces with monotone isometric embeddings is a Ramsey class.

The proof of this will appear in [21].

In the next section we investigate the role of orderings in a greater detail. sectionAdmissible Orderings Let K be a class of structures. For A ∈ K we denote by |A| the set of elements of A. Let ⪯_A be a set of linear orderings of the set |A| (for each A ∈ K). These orderings are called admissible orderings of structures of K; an admissible ordering of A will be denoted by ≤_A. Denote ⪯ the class of all sets of admissible orderings of elements of K.

We denote by ⃗K_⪯ the class of all objects of K endowed with admissible orderings; i.e. the objects of ⃗K_⪯ are pairs (A, ≤_A) where ≤_A ∈ ⪯_A. The class ⃗K_⪯ is considered with order preserving orderings. Clearly every embedding f : (A, ≤_A) −→ (B, ≤_B ) (in ⃗K_⪯ ) is also an embedding A −→ B

(in K). It is non-trivial that sometimes this implications may be reversed. This is based on the following concept:

The class K is said to have (admissible) ordering property if for any structure A ∈ K there exists a structure B ∈ K such that for any choice of admissible orderings ≤_A, ≤_B ∈ ⪯ holds:

A −→ B (in K) if and only if (A, ≤_A) −→ (B, ≤_B ) (in ⃗K_⪯).

The Ordering Lemma claims the admissible ordering property for a class K (with repsect to the class of admissible orderings ⪯). It is important that the Ordering Lemma holds in many instances. In fact it holds in more instances than the Ramsey property. One can say that the ordering lemma holds providing “sparse (multi)-amalgamation” holds. We illustrate this by means of the ordering property of finite metric spaces (which was recently asked and applied in [11]). The proof rests on the following (probabilistic) result proved in [27]:

Lemma 2.6 For any choice of positive integers k, g, K ≥ 2 there exists a k-nary relation (X, R) with the following properties:

i. For every linear ordering ≤ of X there exists an edge (x_1, . . . , x_k) ∈ R such that x_1 ≤ x_2 ≤ . . . ≤ x_k;

ii. (X, R) does not contain cycles of length ≤ g.

(Here a cycle in (X, R) is a sequence z_0, e_1, z_1, e_2, . . . , e_t, z_t = z_1 of distinct elements z_i and relations e_i ∈ R such that any tho consecutive z_i, z_{i+1} appear in e_i (in some order).)

We use this to prove

Theorem 2.7 The class M of all finite metric spaces has ordering property (with repsect of all linear orderings).

Proof. Let (M, ρ), (N, σ) be finite metric spaces. Denote by (M̃, ρ̃) a metric space with ordering (M̃, ≤) which contains (M, ρ) in arbitrary ordering of M (we can take for example the “disjoint union” of all possible linear orderings of M). Put |M̃| = k and let g > D/d where D (d, repsectively) is the maximal (minimal non-zero, repsectively) distance of two points of M̃. Let (X, R) be k-nary relation with properties of lemma 2.6.

For every e = (x_1, . . . , x_k ) ∈ R let π_e be the monotone bijection of (M̃, ≤) and of the set {x_1, . . . , x_k} (i.e. we assume that u < v if and only if i < j where π_e(u) = x_i and π_e(v) = x_j ). For elements x, y ∈ X let μ(x, y) be generated by the transitivity from values μ(x_i, x_j ) = ρ̃(π^{−1}_e (x_i), π^{−1}_e (x_j )). It follows from our assumptions that the metric μ restricted to any set {x_1, . . . , x_k}, (x_1, . . . , x_k ) ∈ R is monotone isometric with the metric ρ̃ (here we used the fact that (X, R) has no short cycles). It is now easy to check that the space (X, μ) has desired properties: for any ordering ≤_X of X there exists e = (x_1, . . . , x_k) ∈ R such that the ordering ≤_X coincides with the ordering of e on e. However the set {x_1, . . . , x_k} induces a subspace monotone isomorphic to (M̃, ρ̃) which in turn contains any given linear ordering of (M, ρ). □ It is important that similar proof can be applied to a wide spectrum of combinatorially interesting classes. We say that a structure A of type Δ is 2-connected if it is connected and it remains to be connected by the deletion of any of its elements. (Thus A cannot be written as a free amalgamation by means of empty or singleton structure.) The following then holds (with a proof analogous to the above proof of Theorem 2.7):

Theorem 2.8 Let Δ be fixed and let F be a finite set of 2-connected structures. Then the class Forb_Δ(F) has ordering property (with repsect to all orderings).

This result implies the ordering property of many combinatorially interesting classes including many classes for which the amalgamation property does not hold (like graphs with girth > 4). On the other hand it is known ([19] that the ordering property is implied by non-trivial Ramsey properties (such as, in the case of graphs, the edge-Ramsey property or the (non-edge)- Ramsey property). (This is a nice trick as we use Ramsey statement for both positive and negative statement.)

Thus the ordering property is closely related to Ramsey properties as a necessary condition. But there is more than meets the eye here. We can use the admissible orderings to classify the Ramsey properties and the Ramsey classes appear naturally as the extremal cases at both sides of the spectrum. This will be clarified by means of the following definitions:

Let K be a fixed class of structures, ⪯ a class of admissible orderings of elements of structures A ∈ K. For A ∈ K we denote by ⪯_A the set of all admissible orderings of A We assume that ⪯_A is a non-empty set and for isomorphic objects A, A^′ the sets ⪯_A and ⪯_A′ are isomorphic (i.e. the admissible orderings are in 1−1 correspondence induced by an isomorphism of A and A^′). Denote by (K, ⪯) the class of all objects of form (A, ≤_A) where A ∈ K and ≤_A ∈ ⪯_A is an admissible ordering of |A|. The class (K, ⪯) will be considered with embeddings of K which are monotone with repsect to some admissible orderings. Explicitely, a mapping f : |A| −→ |B| is an embedding (in (K, ⪯)) if it is an embedding in K and there exists admissible orderings ≤_A ∈<⪯_A and ≤_B ∈ ⪯_B such that f is also a monotone mapping (with repsect to ≤_A and ≤_B ). The existence of embeddings (in (K, ⪯)) will be denoted (A, ⪯_A) −→ (B, ⪯_B ). This leads to an equivalence on the embeddings A → B: we put f ∼ g iff f(A) = g(A) and f, g ∈ (K, ⪯). We also denote by (_C A ) ⪯ the set of all subobjects (modulo equivalence ∼).

We say that A ∈ K is order invariant (with repsect to ⪯_A) if A has order property for itself. Explicitely, A is order invariant if for any choice of admissible orderings ≤, ≤^′ ∈ ⪯_A of elements of A there exists an isomorphism ψ : A −→ A which is monotone with repsect to ≤ and ≤^′. Denote by Inv_⪯(K) the class of all ⪯ order invariant structures in K. We have the following:

Theorem 2.9 Suppose that K has the ⪯-ordering property. Then A ∈ Inv_⪯(K) for every A whenever K has A-Ramsey property.

Proof. Let K be as above and assume that A ∉ Inv_⪯(K). This equivalently means that there are orderings ≤_A, ≤^′_A ∈ ⪯_A of elements of A such that there is no monotone isomorphism of (A, ≤_A) and (A, ≤^′_A). Let B ∈ K has ordering property for A (with repsect to ⪯). Now assume that C ∈ K is Ramsey for B for 2-coloring of A-subobjects (thus we assume C −→ (B)^A_2 ). Let ≤_C ∈ ⪯_C . Define the partition (_C A ) = A_1 ∪ A_2 as follows:

A^′ ∈ A_1 iff A^′ with the ordering ≤_C restricted to the elements of A^′ is monotone isomorphic to (A, ≤). Otherwise we put A ∈ A_2. The ordering property of B implies that any subobject B^′ ∈ (_C B ) contains A-subobjects of both colors and thus C −̸→ (B)^A_2 . □ In the extremal case that every A ∈ K has only one admissible ordering (i.e. if | ⪯_A | = 1 for every A ∈ K) the class K has obviously ordering property and moreover Inv_⪯(K) = K. The other extremal case is that ⪯_A is the set of all linear orderings of A. Inv_⪯(K) in this case correspond to the set of “totally symmetric” objects (defined for the classes Set(Δ) above). Note that these two extrema are not the only possibilities and we can get the whole scale of partition properties corresponding to various classes ⪯ of admissible orderings. We complement this by the following:

Theorem 2.10 Suppose ∪ ⪯ = ∪ ⪯^′ and ⪯_A ⊆ ⪯^′_A for every A ∈ K). Then the following holds:

i. Inv_⪯(K) ⊇ Inv_⪯′ (K).

ii. If the class (K, ⪯) has A-Ramsey property, then also the class (K, ⪯^′) has A-Ramsey property.

Proof. i. follows easily from the corresponding definitions.

To prove ii. assume that A ∈ Inv_⪯K. Let C ∈ (K, ⪯) satisfies (C, ⪯_C ) −→ (B, ⪯_B )^{(A,⪯A)}_k (in (K, ⪯); (C, ⪯_C ) exists by our assumption). We claim that also (C, ⪯^′_C ) −→ (B, ⪯^′_B )^{(A,⪯′A)}_k (in (K, ⪯^′). To prove this it suffices to observe that any subobject [f] ∈ (_{(C,⪯)} (A,⪯^′) ) (in (K, ⪯^′); this will be denoted as [f]_⪯′ ) is the union of equivalence classes [g] ∈ (_{(C,⪯C )} (A,⪯_A) ) (in (K, ⪯); similarily denoted by [g]_⪯) for all g ∈ [f]. It follows that any kcoloring (partition) c : (_{(C,⪯C )} (A,⪯_A) ) −→ {1, . . . , k} (in (K, ⪯^′) may be viewed as a coloring of the set of all embeddings Emb((A, ⪯_A), (C, ⪯_C )) satisfying the additional property that c(f) = c(g) providing [f]_⪯′ = [g]_⪯′ . But as ⪯ ⊆ ⪯^′ this coloring induces a coloring c̃ of (_{(C,⪯C )} (A,⪯_A) ) (in (K, ⪯) by c̃([f]_⪯) = c([f]_⪯′ ).

Let (B, ⪯_B ) −→ (C, ⪯_C ) be an embedding so that c̃ ∘ [f]_⪯′ = i_0 for every [f]_⪯′ ∈ (_{(B,⪯B )} (A,⪯_A) ) . However then also c̃ ∘ [f]_⪯ = i_0 for every [f]_⪯ ∈ (_{(B,⪯B )} (A,⪯_A) ) (in (K, ⪯)). □ Thus both Theorems 1.3,2.1 appear as extremal cases. This also explains why in Ramsey theory we consider the extremal case of a single ordering for each object. We illustrate these concepts by three examples.

Example 4.6 Consider the class Gra of all finite graphs. Let ⪯^1 be the class of all orderings (of verices of all graphs) and let ⪯^2 be the class of all possible orderings but such that for any graph only one orderings is admissible. (Thus | ⪯^1_A | = n! for A with n vertices, while | ⪯^2_A | = 1 for every A ∈ Gra.) Then Gra has ⪯^1-ordering property (as follows e.g. from Theorem 2.8) and also Gra has ⪯^2- ordering property. The later is trivial as any graph has only one admissible coloring. It follows that Inv_⪯2 (Gra) = Gra while Inv_⪯2 (Gra) is the class of all complete and discrete (= with no edges) graphs.

We have that Inv_⪯2 (Gra) is a Ramsey class (this is just another form of Ramsey theorem) while Inv_⪯1 (Gra) has A-Ramsey property if and only if A ∈ Inv_⪯1 (Gra). This also follow from Theorem 1.3 (specialized to graphs) and from Theorem 2.10.

Example 4.7 Consider the class P of all finite partialy ordered sets. We consider 3 possible sets of admissible orderings ⪯^i, i = 1, 2, 3:

The set ⪯^1 selects for every partialy ordered set A unique ordering ≤_A

(and thus ⪯^1_A= {≤_A}).

The set ⪯^2 assignes for every partialy ordered set A the set ⪯^2_A of all linear extensions of A.

The set ⪯^3 assigns for every partialy ordered set A the set ⪯^3_A of all linear orderings of |A|.

We have obviously Inv_⪯1 (P) = (P, ⪯^1) and the set Inv_⪯3 (P) is just the set of all discrete partial orders (i.e. antichains). It is also not hard to prove that the class Inv_⪯1 (P) consists exactly from all sums of antichains (which can be described alternatively as those partial orders where all maximal antichains are disjoint).

Each of the classes Inv_⪯i (P) is Ramsey. This follows easily for classes Inv_⪯2 (P) and Inv_⪯3 (P) (by Ramsey theorem). The fact that Inv_⪯1 (P) = (P, ⪯^1) is a Ramsey class is more complicated and it can be proved by a generalization of [20].

The class (P, ⪯^2) is also Ramsey and this follows by Theorem 2.10. Also the class (P, ⪯^3) is Ramsey. However this does not follow from Theorem 2.10 as ∪ ⪯^3≠ ∪ ⪯^1. ∪ ⪯^3 is the class of all linear orderings. Let ⪯^4 be the class of all linear orderings of vertices of finite partialy ordered sets (i.e. not necessarily of linear extensions) and let ⪯^4_A= {≤_A} for every A. Then also the class (P, ⪯^4) is Ramsey and thus by Theorem 2.10 also the class (P, ⪯^3) is Ramsey.

Example 4.8 Consider the class Eq of all equivalences on finite sets. Equivalently we can consider Eq as the class of all disjoint unions of complete graphs. We consider 4 possible admissible orderings ⪯^i, i = 1, 2, 3, 4. ⪯^1_A is an arbitrary linear ordering of A while ⪯^2_A is the set of all linear orderings of vertices of A. ⪯^3_A is any linear ordering induced by a linear ordering of color classes of A (sometimas called saturated or convex orderings, cf.[11]). Let ⪯^4_A be the set of all such convex orderings. Ofcourse Inv_⪯1 (Eq) = (Eq, ⪯^1) and Inv_⪯2 (Eq) is the class of all equivalences which are either discrete or total (all pairs of distinct points are equivalent). The class Inv_⪯3 (Eq) = (Eq, ⪯^3) while the class Inv_⪯4 (Eq) consists from all uniform equivalences (i.e. those equivalences where all equivalence classes have the same size). All these classes are Ramsey. This can be seen by various applications of Ramsey Theorem (with a little extra work). But also the classes (Eq, ⪯^i), i = 1, 2, 3, 4 have A-Ramsey property for all A ∈ Inv_⪯i (Eq), i = 1, 2, 3, 4. This common pattern is expressed by the Conjecture 4.4.

There seems to be no dichotomy between unordered structures and linearly ordered structures if we define some of the notions introduced in Section 3 at a proper level of generality.

3 Amalgamation

In this section we derive a few general properties of Ramsey classes (with subobjects interpreted as embeddings). Despite of their apparent structural complexity there are not many general properties which are common to all Ramsey classes(however this may be expected viewing the reformulation of Ramsey classes via the chromatic number, see [20]).

We review some basic notions from model theory first (see e.g. [2, 9, 5]: Let K be a class of structures endowed with embeddings. K is said to be isomorphism closed if it contains with every A ∈ K any object A^′ isomorphic to A;

K is said to be hereditary if B ∈ K and A −→ B (in K) implies that A ∈ K; K is said to have joint embedding property if for every A, B ∈ K there exists C ∈ K such that both A and B can be embedded to C;

K is said to have an amalgamation property if for every A, B, B^′ ∈ K and every choice of embeddings f : A −→ B, f^′ : A −→ B^′ there exists C ∈ K and embeddings g : B −→ C, g^′ : B^′ −→ C such that g∘f = g^′ ∘f^′. (C, g, g^′) is called an amalgamation of (A, B, B^′, f, f^′). Note that it is not assumed that the sets g ∘ f(|B|) and g^′ ∘ f^′(|B^′|) intersect in the set g ∘ f(|A|) = g^′ ∘ f^′(|A|). An amalgamation with this additional property is called strong.

A (finite or infinite) structure A is called homogeneous if for any choice of finite substructures B, B^′ of A every isomorphism f : B −→ B^′ can be extended to an isomorphism g : A −→ A (i.e. we demand that g restructed to B is f). For an infinite structure A the age of A (denoted by age(A)) is the class of all (isomorphism types of) finite substructures of A. In this case we also say that A is universal for age(A) (although this term is usually reserved for countable universality).

Homogeneity is a very strong symmetry property (generalizing vertex- , edge-, path-transitive graphs) and as a result there are just a handful finite examples (totally symmetric objects are of course among them). But infinite homogeneous structures are more frequent and present important examples. The following model-theoretic result [5], see also [9], is the key to the connection of homogeneous structures to classes of finite objects:

Theorem 3.1 Let K be a class of structures which is isomorphism closed and has joint embedding property. Then the following three statements are equivalent:

1. K has amalgamation property;

2. There exists (up to an isomorphism) unique countable structure U which is homogeneous and universal for K.

The structure U is called generic, or Fraïssé limit for the class K. The generic structure is homogeneous and thus highly structured. This is reflected also in the fact that very often U has an easy description; compare [1, 10].

The key observation in our programme is the fact that Ramsey classes are closed on amalgamation (this has been noted already in [25, 20], see also [11]). We formulate this in a stronger form by means of admissible orderings. We say that a class ⪯ of admissible orderings of objects in K is rich if the following holds:

for every objects A, B_1, B_2 of K and with embeddings f_i : A −→ B_i there exists objects B^′_i ∈ K, embeddings f^′_i : A −→ B^′_i and admissible orderings ≤, ≤_i, i = 1, 2 of A, B^′_i, i = 1, 2 such that f^′_i extends f_i (thus B_i is a substructure of B^′_i) and such that every amalgamation (in K, ⪯)) of (A, ≤), (B^′_1, ≤^′_1), (B^′_2, ≤^′_2), f^′_1, f^′_2) is strong.

Most classes of admissible orderings which were introduced in Section 3 are rich. For example the class of all linear orderings is rich aswell as the class of all linear extensions of partial orders.

Theorem 3.2 Let K be any hereditary, isomorphism closed class with the joint embedding property. Then we have

i. If K is a Ramsey class (with embeddings as subobjects) then K has amalgamation property.

ii. If ⪯ is a rich class of admissible orderings of K and ⃗K_⪯ is Ramsey class then K has strong amalgamation property.

Proof. We prove i. first. Let A, B_1, B_2 be objects of K and let embeddings f_i : A −→ B_i, i = 1, 2, be given. Using the joint embedding property let C be an object for which there are embeddings g_i : B_i −→ C, i = 1, 2. If g_1 ∘f_1 = g_2 ∘f_2 the we are done. So assume g_1 ∘f_1 ≠ g_2 ∘f_2. Let D −→ (C)^A_2 . In this situation we define a partition (_D A ) = A_1 ∪ A_2 as follows:

A^′ ∈ A_1 iff there exists are embeddings h : C −→ D such that the embedding f : A −→ D which represent A^′ as member of the set (_D A ) can be written as f = h ∘ g_1 ∘ f_1. Otherwise we put A^′ ∈ A_2. By the

Ramsey property of D there exists C^′ ∈ (_D C ) represented by an embedding h^′ : C −→ D such that {h^′ ∘ f; f ∈ (_C′ A ) } is a subset of A_{i0} . Now any subobject of D isomorphic to C contains a subobject isomorphic to A which is colored by 1. Thus i_0 = 1. Consider the embedding h^′ ∘ g_2 ∘ f_2 ∈ (_D A ) . This subobject of D is aswell a subobject of C^′ and thus it is also colored by i_0 = 1. Thus there must exist an embedding h^{′′} : C −→ D corresponding to a subobject C^{′′} ∈ (_D C ) such that h^{′′} ∘ g_1 ∘ f_1 = h^′ ∘ g_2 ∘ f_2. But this means that object D together with embeddings h^{′′} ∘ g_1 : B_1 −→ D and h^′ ∘ g_2 : B_2 −→ D is an amalgamation of (A, B_1, B_2, f_1, f_2).

To prove ii. we can proceed similarly. We stress only differencies: Given A, B_1, B_2 ∈ K and embeddings f_1, f_2 we find objects B^′_1, B^′_2, admissible orderings ≤, ≤_1, ≤_2 and embeddings f^′_1, f^′_2 by the richness of admissible class ⪯ (we preserve the notation of the above definition). By the proof of i. (for the class ( ⃗K_⪯) there exists an amalgamation (C, g_1, g_2) of (A, ≤), (B^′_1, ≤_1 ), (B^′_2, ≤_2), f_1, f_2) (in ( ⃗K_⪯. Consider the restrictions g̃_i = g_i | |B_i|, i = 1, 2, and denote by C̃ the subobject of C induced by the set |B_1| ∪ |B_2|. We see easily that (C̃, g̃_1, g̃_2) is a strong amalgamation of (A, B_1, B_2, f_1, f_2) in K. □ It is perhaps surprising that we can prove this result on this level of generality. Despite of its simplicity this is a basic and powerful tool as it allows to study (seemingly too diverse) Ramsey classes by means of single objects of high symmetry. In this way we reduce one part of the problem of characterization of Ramsey classes to the characterization problem of homogeneous structures. This will be done in Section 5.

4 Characterization of Ramsey Classes

The following is a consequence of Theorems 3.1 and 3.2:

Corollary 4.1 Let K be a Ramsey class (with embeddings as subobjects) which is hereditary, isomorphisms closed and with joint embedding property. Then K is the age of a generic (homogeneous and universal) structure U(K).

Proof. By Theorem 3.2 the class K has amalgamations and thus by Theorem 3.1 K is the age of the unique homogeneous structure (which is denoted by U(K)). □ This relates two seemingly unrelated things: Ramsey classes and Homogeneous structures. This allows us to use known results about homogeneous structures (in the cases when their classification programm is completed) and to check whether the corresponding classes (i.e. their ages) are Ramsey. Schematically we want to proceed as follows:

I. Ramsey Classes ⇒ Amalgamation Classes. II. Amalgamation Classes ⇒ Generic Structures. III. Generic Structure ⇒ Special Generic Structures. IV. Special Generic Structures ⇒ Ramsey Classes.

Ramsey Classes ====⇒ Amalgamation Classes

Special Structures ⇐==== Generic Structures

I. is provided by Theorem 3.2, II. is provided by Fraïssé Theorem 3.1. The bottleneck of this programme are obviously statements III. and IV. The statement III. symbolizes the Classification Programme (of Lachlan- Cherlin; see e.g. [13, 2]). Ramsey Theory context is presenting here some interesting problems (see Section 6). Also it is hopefull that we can deduce a strengthen Corollary 4.1 in such a way that the Classification Programme will be easier. In fact this is possible as we shall characterize all monotone Ramsey classes of relational structures, cf. Theorem 4.3. The statement IV. symbolizes Ramsey Classes problem where we have to decide for each (special) generic structure whether the corresponding age is a Ramsey class. This is non-trivial and done by special ad-hoc techniques. Yet it seems that a disscussion at this end is possible (particularly for stable theories [2]).

Yet we belive that this Ramsey Classes Classification Programme is realistic at least in some cases. This is documented in [20] and in the next section by a few examples. But before doing so let us introduce the following general approach to monotone classes:

Let us consider the class ⃗Rel(Δ) of all relational systems of type Δ. Let the class ⪯ of admissible orderings be the class of all linear orders. This is a rich class according to the above definition. Consequently if ( ⃗K_⪯) is a Ramsey subclass of ⃗Rel(Δ) then K has a strong amalgamation property. We say that K is monotone if it is closed on monomorphisms. Explicitely, K is monotone, if A^′ = (X^′, (R^′_i; i ∈ I)) ∈ K providing there exists A = (X, (R_i; i ∈ I)) ∈ K such that X^′ ⊆ X, R^′_i ⊆ R_i, i ∈ I. In this case we write simply A^′ ⊆ A. For graphs a monotone class correspond to a class closed on (not necessarily induced) subgraphs.

Let F be a class of structures (of type Δ). Denote by Forb_{m,Δ}(F) the class of all structures A ∈ Rel(Δ) which do not contain any F^′ isomorphic to an F ∈ F.

We also say that a structure F ∈ Rel(Δ) is said to be (amalgamation) irreducible if F is not a free amalgamation of two proper substructures of F . Alternatively F is irreducible if any two its vertices appear in one of the edges of F .

We have the following:

Proposition 4.2 Let K be a class of structures of type Δ which is monotone and which has strong amalgamation. Then there exists a class F of irreducible structures such that K = Forb_{m,Δ}(F)

Proof. As K is monotone there exists a class F^′ such that K = Forb_{m,Δ}(F^′) (for example we can put F^′ = Rel(Δ) \ K). Let F be a subclass of all nonisomorphic inclusion minimal systems. It suffices to prove that every A ∈ F is irreducible. But if elements x, y of an F ∈ F do not belong to any edge of A then both systems F_x = F − x, F_y = F − y belong to K and F is then contained (via a monomorphism) in any strong amalgamation of F_x and F_y. □ Combining all the above definitions we obtain the following Characterization of monotone Ramsey Classes:

Theorem 4.3 For every type Δ and every monotone, isomorphism closed class K of Δ-systems with the join embedding property the following two statements are equivalent:

i. The class (K, ⪯) is a Ramsey Class;

ii. K = Forb_{m,Δ}(F) for a class of irreducible Δ-systems.

Proof. We follow the above scheme: Suppose that (K, ⪯) is a Ramsey class (all orderings are admissible). By Theorem 3.2ii. K has strong amalgamation (I. ⇒ II.). By Proposition 4.2 there exists a class F of irreducible Δ-systems such that K = Forb_{m,Δ}(F) (II. ⇒ IV.) (thanks to the stronger assumption of monotonicity, we can bypass III.). Any class of the form (Forb_{m,Δ}(F), ⪯) is a Ramsey (IV. ⇒ I.) This is the most difficult part, it generalizes Theorem 1.3 and it will appear elsewhere. □ The general setting of Section 3 allows us to relate the characterization of A-Ramsey properties to Ramsey classes. Based on the above examples and all examples of known Ramsey classes we formulate this as (perhaps too bold) “metaconjecture”:

Conjecture 4.4 For any class of structures K and for any set ⪯ of admissible orderings the following two statements are equivalent:

i. (K, ⪯) has A-Ramsey property if and only if A ∈ Inv_⪯(K); ii. Inv_⪯(K) is a truncated Ramsey class.

(We say that R is a truncated Ramsey class if there exists a Ramsey class R^′ such that R = R^′ ∩ K.) Note that interestingly for “small” sets of admissible orderings (for example when | ⪯_A | = 1 for every A ∈ K) the conjecture holds. It also holds for all examples mentioned here.

5 Examples

First consider the class Gra of all finite undirected graphs, denote also by Gra_k the class of all K_k-free graphs (k ≥ 2), by Compl the class of all complete graphs, and by Eq the class of all finite equivalences (i.e. disjoint union of complete graphs). For a class K of graphs denote by K_c the class of all complements of graphs belonging to K. The following result characterizes all Ramsey Classes of undirected graphs. This has been proved in [17] and provided a motivation for this paper. We sketch the proof for completeness.

Theorem 5.1 The following all Ramsey Classes of undirected graphs:

i. The Class {K_1};

ii. The class of all complete graphs Compl; iii. The class of all equivalences ⃗Eq; iv. Each of the classes ⃗Gra_k ;

v. The class K_c for each of the above classes; vi. The class of all finite graphs ⃗Gra.

(Note that in each of the cases iii., iv., vi. we have to consider classes of ordered graphs; see section 2.)

Proof. We follow the scheme of Section 4: Let K be a Ramsey class. Let ⪯ be the class of all admissible orderings. Then both classes K and ⃗K have amalgamation property and thus let U(K) be the corresponding generic graph. The countable homogeneous undirected graphs were characterized in [15] as the generic graphs for classes stated in i. − vi. and in addition generic graphs for a few other classes of the graphs (such as finite examples and classes of equivalences where either the number of equivalence classes or their size is bounded). But none of these additional classes is Ramsey. This is obvious for finite examples (with the single exception of i.) and also for equivalences with bounded number of classes (with the single exception of the class ii.).

So there are no other Ramsey classes. Now we have to prove that each of the classes i. − vi. is Ramsey. This is sometimes easy (as in i. or v. - this follows as all our embeddings correspond to induced subgraphs). ii. is Ramsey Theorem and iii. is the Product Ramsey Theorem ([8, 20]). The cases iv. are not easy, provided one of the motivation for structural Ramsey theory and this has been finally proved in [24]. The case vi. then follows from iv.. □ Next we characterize the Ramsey classes of tournaments (i.e. orientations of complete graphs). Denote by T the class of all finite tournaments, by O the class of all linear orders (which we interpret as transitive tournaments) and by LO the class of all local orders. The last notion needs a definition: (X, R) is a local order if for every vertex x ∈ X the set {y; (x, y) ∈ R} (and also the set {y; (y, x) ∈ R}) induces a transitive subtournament of (X, R).

We have the following:

Theorem 5.2 The following are Ramsey classes of ordered tournaments: i. {K_1}; ii. the class of all transitive tournaments O; iii. the class of all ordered tournaments ⃗T .

Proof. Let K be a Ramsey class of tournaments. Let U(K) be the generic tournament. The homogeneous tournaments were characterized by [12], see [2] for a simple proof. These generic tournaments correspond to the cases i., ii., iii. and to two more cases: the oriented cycle C_3 and the special generic graph S(2) which is generic for the class of all local orders (the ordering of rational numbers is generic for the class of all finite orders). It can be shown that local orders are not a Ramsey class. i. is the only finite Ramsey class. ii. is equivalent to the Ramsey theorem. All finite ordered tournaments are Ramsey. This is a particular case of Ramsey theorem for finite oriented graphs proved in [24]. □ Next we shall consider partialy ordered sets. An orderer partialy ordered set is a partial ordered set A = (X, R) together with a linear extension ≤_A the (admissible) ordering. We denote by P the class of all finite partialy ordered sets together with their embeddings. The class of all finite ordered partialy ordered sets together with their embeddings which are monotone with repsect to their admissible orderings will be donoted accordingly ⃗P = ⃗P_{<preceq} . We have the following:

Theorem 5.3 The following are Ramsey classes of ordered partialy ordered sets:

i. {K_1} ({K_1} means here the singleton partial ordered set); ii. the class ⃗O of all finite linear orders;

iii. the class of all chain-sums of finite antichains ⃗OA; iv. the class ⃗A of all ordered antichains;

v. the class ⃗P of all ordered finite partialy ordered sets.

Proof. Let ⃗K be a (isomorphism closed, hereditary) Ramsey subclass of ⃗P. It is easy to see that the corresponding class K (of all partialy ordered sets which have a linear extension in ⃗K) is hereditary, isomorphism closed and with amalgamation. It follows that the corresponding generic partial order U(P) is one of the few types which were characterized by Schmerl [30]. These are the generic partial order for the classes listed in the statement of Theorem 2.4 together with the classes of cardinality restricted classes in iii. and in iv. (i.e. in iv. the classes of disjoint unions of at most k chains and in iii. the classes of all chain-sums of antichains of size ≤ k). For k > 1 none of these classes is Ramsey. Thus no other Ramsey classes exist. The fact that all the above classes are Ramsey is far from evident. While the case ii. is just finite Ramsey theorem, the cases iii. and iv. may be proved using Product Ramsey Theorem the last v. needs more care and general techniques. While the special cases were proved in [25] the full version is going to appear elsewhere. □ In the introduction we stated that there is some evidence that perhaps we know all Ramsey classes. This can be illustrated by considering the case of type Δ = (2) and by the case of general Δ.

The classification program for the type Δ = (2) amounts to characterize homogeneous directed graphs. This has been completed by (expremely complicated and lengthy) [2]. The list contains all homogeneous (undirected) graphs, tournaments, as well as posets. But there are other (countable many) special (stable in the classification of [13] ) oriented graphs. Ages of some of these special homogeneous graphs are Ramsey classes and some are not. These special classes can be perhaps all disscussed and it seems that there are only finitely many Ramsey classes here. But there are total continuum many homogeneous oriented graphs and apart from these special graphs these are graphs of the type Forb(F) for a class F (of possibly infinitely many) tournaments. However all these classes are Ramsey by the (more general Theorem 5.4. The same is true for ages of graphs Γ_n which are characterized as all oriented graphs which do not contain a set of n independent vertices. We hope to give the full disscussion of Ramsey classes of oriented graphs elsewehere.

For the general type Δ (and even for the type Δ = (2, 2) corresponding to the directed graphs with 2-colored edges) the Classification program is very much unsolved and (viewing the complexity of [2]) not expected to be solved by the current methods. Yet it has been indicated that apart from special countable many structures all (continuum many) ages of homogeneous structures of type Δ are of the form Forb(F) for a set of (amalgamation) irreducible structures. However all such classes are Ramsey. Let us formulate this more preciselly.

Let Δ be a fixed type. In the previous section we introduced the notion of an irreducible structure. (F is irreducible if any two its vertices appear in one of the edges of F ). Denote by Forb_Δ(F) the class of all structures of type Δ which do not contain any F ∈ F as a substructure. Finally denote by ⃗Forb_Δ(F) the class of linearly ordered structures belonging to Forb_Δ(F) together with their monotone embeddings. We have [26]

Theorem 5.4 The class ⃗Forb_Δ(F) is Ramsey for every type Δ .

This is the strengthenning of Theorem 1.3 and perhaps it covers most Ramsey classes of relational structures of type Δ.

6 Concluding Remarks

1. This paper is based on a lecture delivered by the author in the fall 2002 (Berlin - Walter Deuber memorial meeting). The author thanks to H. - J. Prömel for organizing this meeting which provoked this author to rethink now classical approaches to Ramsey theory. The author is pleased that the structural Ramsey theory (exactly in its most abstract setting explained in this paper) got recently into a new context of characterizing extremely amenable groups and minimal G-flows of topological dynamics, [11]. This in turn inspired some new problems some of which are reported here Theorems 2.5,2.7. Perhaps some additional Ramsey classes included in this paper may have some interest in the setting of [11].

2. We will try to complete the characterization programme of Ramsey classes (explained in Section 4) for other structures with the solved characterization of homogeneous structures (for example oriented graphs, n-tournaments). This seems to be a routine but on the positive side it involves a study of interesting classes of structures which have to be tested for Ramsey properties.

3. It would be nice to complete the characterization programme of Ramsey classes for other structures (like vector-space systems and combinatorial number theory examples - for example (m, p, c)-set systems; see [4]. Note that for such (more richer) structures the characterization problem for homogeneous structures is wide open.

4. The same is true for dual structures where merely model-theory part (i.e. the Fraïssé theory) has to be developed. Sometimes, rarely, we can view dual structures by means of embeddings ( see for example the case of Boolean algebras, [11, 20]) but this seems to be an exception.

5. It remains to be seen how much (or better how little) of this theory can be generalized for the infinite objects, see e.g.[29].

References

[1] P. Cameron: The Random Graph. In: The Mathematics of Paul Erdös (ed. R. L. Graham, J. Nešetřil), Springer Verlag (1998), 331–351.

[2] G. L. Cherlin: The Classification of Countable Homogeneous Directed Graphs and Countable Homogeneous n-Tournaments, Memoirs of the AMS, 131,No. 621, 1998.

[3] W. Deuber: Partitionstheoreme für Graphen, Math. Helv. 50 (1975), 311–320.

[4] W. Deuber: Partitionen und lineare Gleichungssysteme, Math. Z. 133 (1973), 109–123.

[5] R. Fraïssé: Théorie des relations,, North Holland, 1986.

[6] T. Gowers: The Two Cultures of Mathematics (electronic preprint).

[7] R. L. Graham, K. Leeb, B. L. Rothschild: Ramsey’s Theorem for a Class of Categories, Adv. in Math. 8 (1972), 417–433.

[8] R. L. Graham, B. L. Rothschild, J. Spencer: Ramsey Theory, Wiley 1980 (2nd edition 1990).

[9] W. Hodges: Model Theory, Cambridge Univ. Press.,1993. [10] J. Hubička, J. Nešetřil: On homogeneous Graphs and Posets, ITI Series 2003-113 (2003), Charles University, Prague.

[11] A. S. Kechris, V. G. Pestov, S. Todorcevic: Fraïssé Limits, Ramsey Theory, and Topological Dynamics of Automorphism Groups (preprint 2003).

[12] A. H. Lachlan: Countable Homogeneous Tournaments, Trans. Amer.

Math. Soc. 284 (1984), 431–461.

[13] A. H. Lachlan: Homogeneous Structures. In: Proc. of the ICM 1986, AMS, Providence, 1987, pp. 314–321.

[14] A. H. Lachlan: On Countable Stable Structures which are Homogeneous for Finite Relational Language, Israel J. Math. (1984), 69–153.

[15] A. H. Lachlan, R. Woodrow: Countable Ultrahomogeneous Undirected Graph, Trans. Amer. Math. Soc. 262 (1980), 51–94.

[16] K. Leeb: Vorlesungen über Pascaltheorie, Universität Erlangen, 1973. [17] J. Nešetřil: For graphs there are only four types of hereditary Ramsey Classes, J. Comb. Th. B, 46(2), (1989),127–132.

[18] J. Nešetřil: Aspects of Structural Combinatorics (Graph Homomorphisms and their Use), Taiwanese J. Math. 3, 4 (1999), 381–424.

[19] J. Nešetřil: Some Ramsey–like applications, Theor. Comp. Sci. 34 (1984), 3 – 15.

[20] J. Nešetřil: Ramsey Theory. In: Handbook of Combinatorics (ed. R.

L. Graham, M. Grötschel, L. Lovász), Elsevier, 1995, pp. 1331–1403. [21] J. Nešetřil: Ramsey metric spaces (in preparation).

[22] J. Nešetřil, V Rödl: Type theory of partition properties of graphs. In:

Recent advances in Graph Theory (ed. M. Fiedler), Academia, Prague (1975), 405–412.

[23] J. Nešetřil, V Rödl: Partitions of Subgraphs. In: Recent advances in Graph Theory (ed. M. Fiedler), Academia, Prague (1975), 413–423.

[24] J. Nešetřil, V Rödl: Partitions of finite relational and set systems, J.

Comb. Th A, 22(3) (1978), 289–312.

[25] J. Nešetřil, V Rödl: Combinatorial partitions of finite posets and lattices –Ramsey lattices, Alg. Univ. 19 (1984), 106–119.

[26] J. Nešetřil, V Rödl: Mathematics of Ramsey Theory, Springer, 1990.

[27] J. Nešetřil, V Rödl: A probabilistic graph-theoretical method, Proc.

Amer. Math. Soc. 72 (1978), 417–421.

[28] J. Nešetřil, H. - J. Prömel, V. Rödl, B. Voigt: Canonizing Ordering Theorems for Hales Jewett Structures, J. Comb. Th. A 40 (1985), 394– 408.

[29] J. Nešetřil, S. Shelah: On the Order of Countable Graphs, European J. Comb. 24 (2003), 649–663.

[30] J. Schmerl: Countable homogeneous partialy ordered sets, Alg. Univ.

9 (1979), 317–321.

[31] S. Thomas: Groups acting on infinite dimensional projective spaces, J.

London Math. Soc. 34(2) (1986), 265–273.