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Abstra
t

A graph G is k-
hoosable if its verti
es 
an be 
olored from any

lists L(v) of 
olors with jL(v)j � k for all v 2 V (G). A graph G is

said to be (k; u)-
hoosable if its verti
es 
an be 
olored from any lists

L(v) with jL(v)j � k, for all v 2 V (G), and with j

S

v2V (G)

L(v)j � u.

For ea
h 3 � k � u, we 
onstru
t a graph G whi
h is (k; u)-
hoosable

but not (k; u + 1)-
hoosable. On the other hand, it is proven that

ea
h (k; 2k � 1)-
hoosable graph G is O(k � lnk � 2

4k

)-
hoosable.

Key words: Graph 
oloring, list 
oloring.

1 Introdu
tion

An undire
ted simple graph G = (V;E) is said to be k-
hoosable if for every

list assignment L(v) of lists of at least k 
olors to ea
h vertex v 2 V (G),

there is a proper vertex 
oloring 
 with 
(v) 2 L(v). The smallest number k

for whi
h a graph G is k-
hoosable is also 
alled the list 
hromati
 number

or the 
hoi
e number of G. A list assignment L with jL(v)j � k is 
alled

a k-list assignment and a list assignment L from whi
h a graph G 
annot

be 
olored is 
alled bad. Hen
e a graph is not k-
hoosable if and only if

there is a bad k-list assignment for it. The 
on
epts of 
hoosability and
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list 
oloring were introdu
ed independently by Erd}os, Rubin and Taylor [3℄

and Vizing [6℄. Sin
e then, they have re
eived a 
onsiderable amount of

attention as witnessed by several re
ent surveys on the subje
t [2, 4, 5, 7℄.

By the de�nition, the list 
hromati
 number of a graph G is at least its


hromati
 number and there are graphs for whi
h the inequality is stri
t.

There are even bipartite (2-
olorable) graphs whose list 
hromati
 number

is arbitrarily large. In fa
t, Erd}os, Rubin and Taylor [3℄ showed that the list


hromati
 number of the 
omplete bipartite graph K

n;n

is (1+o(1)) � log

2

n.

A
tually, they proved the following:

Proposition 1 For the 
omplete bipartite graph K

n;n

with n �

�

2k�1

k

�

,

there is a bad k-list assignment L su
h that the size of the union of all the

lists L(v) is 2k � 1.

On the other hand, it is easy to see that ea
h bipartite graph 
an be 
olored

from lists of sizes k whose union is at most 2k�2 for k � 2. Indeed, 
onsider

a bipartite graph G with vertex parts V

1

and V

2

and a k-list assignment

L su
h that the union L

0

of all the lists L(v), v 2 V (G), has size at most

2k�2. Partition the set L

0

to two non-empty disjoint sets A and B su
h that

jAj; jBj � k � 1. Observe that ea
h list L(v) has a non-empty interse
tion

with both sets A and B as otherwise jL(v)j � k � 1. Color every vertex

v of V

1

by any 
olor from L(v) \ A and every vertex v of V

2

by any 
olor

from L(v)\B. Sin
e the verti
es of V

1

are 
olored only with the 
olors from

the set A and the verti
es of V

2

only with the 
olors from the set B, the

obtained 
oloring is a proper 
oloring of G.

This motivates the following problem whi
h we address in this paper:

Problem 2 Given a number k, does there exist a number u

k

su
h that if

a graph G 
an be 
olored from any lists whose sizes are k and whose union

has size at most u

k

, then the graph G is k-
hoosable?

In order to make our presentation 
learer, we introdu
e the following two

de�nitions: A list assignment L(v) of 
olors to the verti
es of a graph G

is said to be an (k; u)-list assignment if jL(v)j � k for ea
h v 2 V (G) and

j

S

v2V (G)

L(v)j � u. A graph G is (k; u)-
hoosable if there is a proper vertex


oloring 
 with 
(v) 2 L(v) for every (k; u)-list assignment L(v). Clearly,

a graph G is k-
olorable i� it is (k; k)-
hoosable and G is k-
hoosable i� it

is (k; u)-
hoosable for all u � k. Proposition 1 
an now be reformulated to

our new notation as follows:

The 
omplete bipartite graph K

n;n

with n �

�

2k�1

k

�

is not (k; 2k � 1)-


hoosable.
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Similarly, Problem 2 
an be reformulated as follows:

Given a number k, does there exist a number u

k

su
h that a graph G is

k-
hoosable i� it is (k; u

k

)-
hoosable?

As noted above, ea
h bipartite graph is (k; 2k � 2)-
hoosable for all k � 2

and hen
e if su
h a number u

k

exists, it must be at least 2k � 1.

In this paper, we 
ompletely resolve Problem 2 and show that the answer

is mostly negative. Namely, we show that a graph G is 2-
hoosable i� it is

(2; 4)-
hoosable, i.e., the number u

2

exists and it is equal to 4 (Theorem 4).

We further 
onstru
t, for ea
h 3 � k � u, a (small) graph G whi
h is

(k; u)-
hoosable but whi
h is not (k; u + 1)-
hoosable (Theorem 6). This

shows that a number u

k

does not exist for any k � 3. For the sake of


ompleteness, we remark that a graph G is 1-
hoosable i� it has no edges.

Hen
e, the number u

1

also exists and it is equal to 1.

In addition, we 
onsider the following question suggested to us by

Tomasz  Lu
zak. First, let us reformulate the statement Theorem 6 as fol-

lows: For ea
h k � 3 and u � k, the fa
t that G is (k; u)-
hoosable does not

imply that G is k-
hoosable. This leads to the problem whether at least the

following holds:

Problem 3 Is it true that for ea
h k � 3 there exist some numbers u and

K su
h that ea
h (k; u)-
hoosable graph G is K-
hoosable?

Clearly, if su
h numbers K and u exist, the number K must be at least

k + 1 by Theorem 6 and u must be at least 2k � 1. The latter follows from

Proposition 1 and the fa
t that ea
h bipartite graph is (k; 2k�2)-
hoosable.

We fo
us on the 
ase u = 2k � 1 and show the following: Ea
h (k; 2k � 1)-


hoosable graph G is O(k � ln k � 2

4k

)-
hoosable (Theorem 7). This 
an be

improved by a more 
areful argument to O(k �2

4k

) (and even slightly more),

but we do not know whether a subexponential bound 
an be proven.

2 2-
hoosable graphs

In this se
tion, we prove that the number u

2

as de�ned in the introdu
tion

is equal to 4. Sin
e the 
omplete bipartite graph K

2;4

is (2; 3)-
hoosable

but not 2-
hoosable, the number u

2

must be at least 4. The upper bound

follows from the next theorem:

Theorem 4 Ea
h (2; 4)-
hoosable graph is 2-
hoosable.
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Proof: It was shown in [3℄ that if a graph G is not 2-
hoosable, then it


ontains one of the following subgraphs:

� an odd 
y
le,

� two vertex-disjoint (even) 
y
les joined by a path,

� two (even) 
y
les sharing a single vertex,

� two verti
es joined by three vertex-disjoint paths (one of them might

be an edge) su
h that at least two paths have two or more internal

verti
es, or

� two verti
es joined by four vertex-disjoint paths.

It is easy to see that ea
h of these graphs is not (2; 4)-
hoosable. A
tually,

all of them ex
ept for the graph K

2;4

(
overed by the last 
ase) are not even

(2; 3)-
hoosable.

Hen
e, if a graph G is (2; 4)-
hoosable, it 
annot 
ontain any of the above

graphs as a subgraph. Then G must be 2-
hoosable.

3 The negative result

In this se
tion, we 
onstru
t graphs whi
h are (k; u)-
hoosable but not

(k; u + 1)-
hoosable for all 3 � k � u. As the �rst and most important

step of our 
onstru
tion, we prove the following version with pre
olored

verti
es:

Lemma 5 For any k � 3, t � 2, there exists a graph H

t

k

= (V;E) with

t distinguished verti
es T = fv

1

; : : : ; v

t

g � V whi
h has the properties (1)

and (2) below. Let W denote the set V n T .

1. For any pre
oloring 


0

of the verti
es T by t distin
t 
olors and any

set f�

1

; �

2

; : : : ; g of maxf2; k � tg of additional 
olors (not used by




0

), there exists a (k;maxft + 2; kg)-list assignment L for verti
es of

W su
h that 


0


annot be extended to a proper 
oloring 
 of the whole

graph with 
(w) 2 L(w) for w 2W . Moreover, the lists L(w) 
ontain

only the t 
olors used by 


0

and the 
olors from A.
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2. Any pre
oloring 


0

of the verti
es T by at most t�1 distin
t 
olors 
an

be extended to a proper 
oloring 
 of the graph H

t

k

with 
(w) 2 L(w),

w 2 W , for any k-list assignment L for verti
es of W .

Moreover, the order of the graph H

t

k

is at most O(t

2

=k + k).

Proof: In the proof, we distinguish three 
ases.

The �rst 
ase: t � k � 1. We 
onstru
t the graph H

t

k

as follows: The

set W 
onsists of k + 1 � t verti
es w

1

; : : : ; w

k+1�t

and edges of the graph

H

t

k

are all edges v

i

w

j

for 1 � i � t and 1 � j � k+ 1� t and all edges w

i

w

j

for 1 � i < j � k + 1 � t.

We now verify that the graph H

t

k

has the desired properties:

1. Consider a pre
oloring 


0

of the verti
es of T by t distin
t 
ol-

ors and, for all verti
es w

j

2 W , set the lists L(w

j

) to the set

f


0

(v

1

); : : : ; 


0

(v

t

); �

1

; : : : ; �

k�t

g of k 
olors. The verti
es of W


an be 
olored only by 
olors whi
h are di�erent from the 
olors




0

(v

1

); : : : ; 


0

(v

t

), i.e., only by the k � t 
olors �

1

; : : : ; �

k�t

. Sin
e W

indu
es a 
lique on k� t+1 verti
es, this is impossible and the pre
ol-

oring 


0


annot be extended to a proper 
oloring 
 with 
(w

j

) 2 L(w

j

)

for all w

j

2 W .

2. If 


0

is a pre
oloring of the verti
es of T by at most t�1 distin
t 
olors

and L a list assignment with jL(w

j

)j = k for all w

j

2W , then 


0


an

be extended to a 
oloring 
 of the whole graph H

t

k

. Simply remove

the (at most t � 1) 
olors used by a pre
oloring 


0

from the lists L.

The verti
es of W form a 
omplete graph (of order k+1� t) and ea
h

of them has a list of size at least k � (t� 1) = k + 1 � t. Hen
e, this


omplete graph 
an be properly 
olored from the shortened lists and

su
h a 
oloring is an extension of the pre
oloring 


0

.

The se
ond 
ase: k = 3 and t � 3. We 
onstru
t the graph H

t

3

as

follows: Let X be an odd-
ardinality set of verti
es and 
onne
t ea
h of

them to exa
tly two nodes v

i

; v

i

0

, 
hosen so that ea
h pair of verti
es v

i

and

v

i

0

, 1 � i < i

0

� t, is 
onne
ted to at least one vertex x 2 X . Note that

the set X 
an be 
hosen to have size

�

t

2

�

or

�

t

2

�

+ 1 (a single pair 
an be

used twi
e to get jX j odd). Add an odd 
y
le C of length jX j on a new set

of verti
es and form a perfe
t mat
hing between the verti
es of C and X .

Take now W = X [ C and let E be the edges des
ribed above.

Again, we verify that the graph H

t

3;u

has the two 
laimed properties:
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1. For ea
h vertex x 2 X whose neighbors are verti
es v

i

and v

i

0

, set its

list L(x) = f


0

(v

i

); 


0

(v

i

0

); �

1

g. For ea
h vertex w 2 C, set its list

L(w) = f�

1

; 


0

(v

1

); 


0

(v

2

)g. A proper extension of the pre
oloring 


0

must 
olor all the verti
es of X by the 
olor �

1

. Then the odd 
y
le

C must be 
olored using only the 
olors 


0

(v

1

) and 


0

(v

2

) whi
h is

impossible.

2. Consider now a pre
oloring 


0

of the verti
es of T using at most t� 1


olors and a list assignment L with jL(w)j = k for all w 2 W . Sin
e

the pre
oloring 


0

uses less than t 
olors, there exists a vertex x

0

2 X

su
h that its two neighbors v

i

and v

i

0

have the same 
olor assigned

by 


0

. Color the verti
es of X n fx

0

g from their lists: This is possible

sin
e ea
h of them has two pre
olored neighbors and its list is of size

three. Let w

0

2 C be the neighbor of the vertex x

0

in the 
y
le C.

For ea
h vertex w 2 C n fw

0

g, remove from its list the 
olor of its

single neighbor in X (if the 
olor is 
ontained in the list L(w)). This

leaves lists of at least two 
olors available for ea
h w 2 C n fw

0

g and

a list of three 
olors for the vertex w

0

. Any su
h lists allow a proper


oloring of the 
y
le C. Finally, 
olor the vertex x

0

. Note that the

two neighbors of x

0

in T have the same 
olor and hen
e it is possible

to 
olor x

0

by a 
olor from its list.

The third 
ase: k � 4 and t � k. The stru
ture of the graph H

t

k

is the following: W is an odd set of verti
es, ea
h of them 
onne
ted to

exa
tly k � 2 nodes from fv

1

; : : : ; v

t

g. The edges are 
hosen so that ea
h

pair of verti
es v

i

and v

i

0

, 1 � i < i

0

� t, has a 
ommon neighbor in W . In

addition to these edges, the graph H

t

k


ontains an odd 
y
le formed on the

verti
es W .

A straightforward way to 
onstru
t su
h a graph of order O(t

2

=k) is to

partition the verti
es v

1

; : : : ; v

t

into dt=(k � 3)e sets T

j

with jT

j

j � k�3 and

for ea
h 1 � i � t and 1 � j � dt=(k � 3)e, 
reate a vertex w 2 W whose

neighbors are the vertex v

i

and all the verti
es of T

j

(and, if ne
essary, some

other verti
es of T so that w has exa
tly k � 2 neighbors in T ). Possibly

add one vertex to get jW j odd.

We verify that the 
onstru
ted graph H

t

k

has the two desired properties:

1. For a vertex w 2 W with neighbors v

i

1

; : : : ; v

i

k�2

, we set the list L(w)

to be f


0

(v

i

1

); : : : ; 


0

(v

i

k�2

); �

1

; �

2

g. In any proper 
oloring from lists

L whi
h extends the pre
oloring 


0

, all the verti
es in W must be

6




olored by the 
olors �

1

and �

2

whi
h is impossible as the verti
es W

indu
e an odd 
y
le in H

t

k

.

2. Consider now a pre
oloring 


0

of the verti
es of T using at most t� 1


olors and a list assignment L with jL(w)j = k for all w 2 W . Sin
e

the pre
oloring 


0

uses at most t � 1 
olors and ea
h pair of verti
es

of T is 
ontained in at least one set T

j

, there exists a vertex w

0

2 W

su
h that its k � 2 neighbors in T have at most k � 3 distin
t 
olors.

Thus the vertex w

0

has at least three 
olors not 
on
i
ting with the

given pre
oloring 


0

in its list L(w

0

) and ea
h vertex w 2 W n fw

0

g

has at least two non-
on
i
ting 
olors in its list L(w). Sin
e W is

a 
y
le, it 
an be properly 
olored by non-
on
i
ting 
olors. Su
h a


oloring is an extension of the pre
oloring 


0

.

We 
an now prove the main theorem of this se
tion:

Theorem 6 For ea
h u � k � 3, there exists a (k; u)-
hoosable graph G

whi
h is not (k; u+1)-
hoosable. Moreover, the order of G is at most O(u

2

)

(the 
onstant is independent of k).

Proof: Let t = u+2�k � 2. The graph G 
onsists of a vertex r, k 
liques

S

i

(i = 1; : : : ; k) on k � 1 verti
es ea
h, and k 
opies of the graph H

t

k

from

Lemma 5. Let T

i

denote the t distinguished verti
es of the ith 
opy of the

graph H

t

k

. In addition to the edges of the graphs S

i

and H

t

k

, the graph

G 
ontains, for ea
h i = 1; : : : ; k, all edges between r and S

i

and all edges

between S

i

and T

i

. Sin
e G 
onsists of k 
liques of order k� 1 and k 
opies

of the graph H

t

k

whose order is at most O(t

2

=k + k), the order of G is at

most O(k

2

+ t

2

) = O(u

2

).

First, we show that G is not (k; u+1)-
hoosable. Consider the following

list assignment L: The vertex r and the verti
es of 
liques S

i

have the same

list f1; : : : ; kg. For an integer i = 1; : : : ; k, asso
iate to ea
h vertex v 2 T

i

one of the t 
olors i; k+1; k+2; : : : ; u+1 (ea
h 
olor to a single vertex of T

i

).

The list of the vertex v then 
onsists of the 
olors f1; : : : ; kg n fig and the


olor asso
iated to it. The remaining verti
es 
ontained in 
opies of H

t

k

have


olors like in Lemma 5(1) for �

1

; �

2

; : : : ; �

maxf2;k�tg

2 f1; 2; 3; : : : ; kg n fig

and a pre
oloring 


0

where ea
h vertex of T

i

is pre
olored by its asso
iated


olor.

Suppose that G 
an be properly 
olored from the lists des
ribed above.

Let i be the 
olor of r. Then the k � 1 verti
es of the 
lique S

i

are 
olored

7



by all the 
olors f1; : : : ; kg n fig. Thus ea
h vertex v 2 T

i

is 
olored by its

asso
iated 
olor. By Lemma 5 and the 
hoi
e of lists in 
opies of the graph

H

t

k

, the 
onsidered 
oloring of G 
annot be proper.

Se
ond, we show that the graph G is (k; u)-
hoosable. Fix a (k; u)-list

assignment L. First 
olor the vertex r, then the verti
es of 
liques S

i

and

then the verti
es 
ontained in the sets T

i

. Ea
h vertex has at most k� 1 of

its neighbors 
olored before itself, thus ea
h vertex 
an be 
olored from its

list. Sin
e the number of verti
es 
ontained in S

i

[ T

i

is (k� 1) + t = u+ 1,

two of the verti
es of S

i

[ T

i

have the same 
olor for ea
h i (re
all that L is

a (k; u)-list assignment). However, the verti
es of S

i

form a 
lique and ea
h

of them is adja
ent to all the verti
es of T

i

. Thus the two verti
es 
olored

by the same 
olor must be in T

i

. By Lemma 5(2), the pre
oloring of the

verti
es 
an be extended to the whole 
opy of the graph H

t

k

. Hen
e, the

graph G is indeed (k; u)-
hoosable.

4 The positive result

In 
ontrast with the negative result of the previous se
tion that (k; u)-


hoosability does not imply k-
hoosability for any u, we show in this se
tion

that if a graph G is (k; 2k�1)-
hoosable graph, then it is also O(k �ln k �2

4k

)-


hoosable. We follow ideas of a proof from [1℄ that a graph with minimum

degree at least �(k

4

� 2

2k

) is (k; k

2

)-
hoosable.

Theorem 7 For all k � 2, ea
h (k; 2k�1)-
hoosable graph is O(k�ln k�2

4k

)-


hoosable.

Proof: Let D = (k + 1) � ln 2 � ln k � 2

4k+1

. We show that if a graph G is

(k; 2k � 1)-
hoosable, then G is also D-
hoosable for ea
h k � 2. Assume

for the sake of 
ontradi
tion that G is a graph with the smallest order n

whi
h is (k; 2k�1)-
hoosable but not D-
hoosable. Sin
e G has the smallest

possible order, its minimum degree is at least D.

Our proof is probabilisti
. We �rst 
hoose a small random subset of

verti
es denoted by A and assign ea
h vertex of A a random list of k 
olors.

Then, with a positive probability, at least n=2 verti
es v have the following

property: the neighbors of v that are in A have been assigned all possi-

ble lists. We �x su
h a set A with su
h a list assignment and show that

the remaining verti
es 
annot be 
olored from random lists with positive

8



probability. We note that in the rest of the argument we do not use the

assumption that G is not D-
hoosable; we only use the assumption that all

verti
es have degree at least D.

Let p = 1=(ln k � 2

2k+1

). Note that p < 1=8 for ea
h k � 2. Let A

be a subset of verti
es of the graph G where ea
h vertex of G is 
hosen

to be in A randomly and independently with the probability p. Sin
e the

expe
ted size of A is pn, the probability that the size of A is larger than 2pn

is at most 1=2 by Markov's inequality. Let � be the set 
onsisting of all k-

element subsets of the set f1; : : : ; 2k� 1g. Note that j�j =

�

2k�1

k

�

< 2

2k�1

.

Assign ea
h vertex of A a list of 
olors equal to a set from � randomly

and independently. Let L

A

be the resulting (k; 2k � 1)-list assignment for

verti
es of A. We say that a vertex v of G is good if v 62 A and for ea
h set

S 2 �, there is a neighbor v

0

of v in G su
h that v

0

2 A and L

A

(v

0

) = S.

The probability that a vertex v 2 V (G)nA is not good is the probability

that no neighbor of v in A has its list equal to a set S for some S 2 �. The

probability that none of at least D neighbors of v both is in A and has a

list equal to a �xed set S 2 � is at most

�

1 �

p

j�j

�

D

<

�

1 �

p

2

2k�1

�

D

< e

�

pD

2

2k�1

= e

�2(k+1)�ln 2

= 2

�2k�2

:

Hen
e the probability that there is a set S 2 � su
h that no neighbor of v

in A has a list equal to S is at most j�j � 2

�2k�2

< 2

2k�1

� 2

�2k�2

= 1=8.

The probability that a given vertex v is not good is at most 1=8 from the

previous 
al
ulation plus the probability that v is in A, whi
h is p. Hen
e the

probability that a vertex v is not good is at most 1=8 + p < 1=4. It follows

by Markov's inequality that the number of verti
es whi
h are not good is

at most n=2 with probability stri
tly larger than 1=2. Thus there exists a

set A � V (G) and a (k; 2k� 1)-list assignment L

A

su
h that jAj � 2pn and

the number of good verti
es is at least n=2. Fix su
h a set A and a list

assignment L

A

for the rest of the proof. Let B be the set of good verti
es.

Fix a 
oloring 
 of verti
es of A from their lists and assign ea
h vertex

of B a list from the set � randomly and independently. Let L

B

be the

resulting (k; 2k � 1)-list assignment for verti
es of B. Consider a vertex

v 2 B. Sin
e for ea
h set S 2 �, there is a neighbor v

0

2 A of the vertex

v with L

A

(v

0

) = S, the 
oloring 
 assigns neighbors of the vertex v at least

k di�erent 
olors. Hen
e, the probability that v 
annot be 
olored from its

list L

B

(v) is at least 1=j�j. Sin
e the 
hoi
e of sets L

B

(v) for verti
es v 2 B

was independent, the probability that all verti
es of B 
an be 
olored from

9



their lists for a �xed 
oloring 
 is at most:

�

1 �

1

j�j

�

n

2

<

�

1 �

1

2

2k�1

�

n

2

< e

�

n

2

2k

Hen
e, the probability that for a random list assignment L

B

, there is a


oloring 
 of verti
es of A from their lists whi
h 
an be extended to a 
oloring

of verti
es of B from L

B

is at most the produ
t of the number of su
h


olorings 
 and the probability that a single one 
an be extended. This

probability is stri
tly smaller than

k

jAj

� e

�

n

2

2k

� k

2pn

� e

�

n

2

2k

= e

n

2

2k

� e

�

n

2

2k

= 1

Thus, with a positive probability, there exists a list assignment L

B

su
h that

no 
oloring 
 of verti
es of A from their lists 
an be extended to a 
oloring of

all verti
es of B from the list assignment L

B

. Fix su
h a list assignment L

B

.

Complete now the (k; 2k�1)-list assignments L

A

and L

B

to a (k; 2k�1)-list

assignment L for all verti
es of the graph G by 
hoosing lists for verti
es

of V (G) n (A [ B) arbitrarily from the set �. Su
h a list assignment L is

a bad (k; 2k � 1)-list assignment for the graph G (the verti
es of A and B


annot be 
olored from their lists) whi
h 
ontradi
ts the assumption that

the graph G is (k; 2k � 1)-
hoosable.

5 Con
lusion

We have proved that in order to show that a graph G is not k-
hoosable

it is not enough to restri
t one's attention to lists whose union is bounded

by some fun
tion of k. We also settled Problem 3 by showing that ea
h

(k; 2k�1)-
hoosable graphG is O(k�ln k�2

4k

)-
hoosable. Re
all that for ea
h

k � 2 and K � 2, there exist a graph G whi
h is (k; 2k � 2)-
hoosable but

whi
h is not K-
hoosable (
onsider a suÆ
iently large 
omplete bipartite

graph). Hen
e, the 
onstraint on the union of lists 
annot be weakened

in Theorem 7. However, it would be interesting to investigate the other

extremal 
ase in Problem 3, namely the following:

Problem 8 Is it true that for ea
h k � 3 there exists a number u su
h that

ea
h (k; u)-
hoosable graph G is (k + 1)-
hoosable?

10



It would be also interesting to �nd (at least an asymptoti
) solution to the

following problem:

Problem 9 For whi
h pairs K > k � 3 does there exist a number u su
h

that ea
h (k; u)-
hoosable graph G is K-
hoosable? What is the smallest

number u for a given pair k and K?
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