A PROBABILISTIC APPROACH
TO THE DYCHOTOMY PROBLEM
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ABSTRACT. Let R(m,k) denote the random k-ary relation defined
on the set [n] = {1,2,...,n}. We show that the probability that
([n], R(n,k)) is projective tends to one, as either n or k tends to
infinity. This result implies that for most relational systems (B, R)
the CSP(B, R) problem is NP-complete, and confirms a conjecture of
Rosenberg [11].

1. INTRODUCTION

Let A = (d;)icr be a finite sequence of positive integers. A relational
system of type A is a pair (A, R), where A is a finite set, R = (R;);ecs, and
R; is a d;-ary relation on A, i.e., R; C A% forie I. If (A, R), (A", R') are
relational systems of the same type A = (0;)icr, then by homomorphism
from (A", R') to (A", R") we mean a map f : A’ — A" such that for every
i € I, we have (f(x1),...f(zs;,)) € R} whenever (z1,...,xs,) € R}.

Relational structures and homomorphisms express various decision and
counting combinatorial problems such as colouring, satisfiability, and linear
algebra problems. Many of them can be reduced to special cases of a gen-
eral Constraint Satisfaction Problem CSP(B, R) which, in the language of
homomorphisms, can be stated as follows: given a target relational system
(B, R) of type A, and a relational system (A, R') of the same type, decide if
there exists a homomorphism f : A — B. A number of such problems have
been studied and have known complexity, e.g., when we deal with undi-
rected graphs or the problem is restricted to small sets A (see [3, 6, 12]).
However at this moment we are very far from understanding the behaviour
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of CSP(B, R) problem even for binary relations (B, R) (i.e., when relational
systems of type A = (2)).

One of the basic unsolved questions in this area, which remains widely
open even for A = (2), is so called ‘dichotomy conjecture’ [5], which claims
that every CSP(B, R) problem is either NP-complete or polynomially solv-
able. In this paper we settle in the affirmative a ‘probabilistic version’ of
this problem.

Theorem 1. Let A = (6;);er be such that max;er §; > 2. Then CSP(B, R)
is NP-complete for almost all relational systems (B, R) of type A.

(Note that for (B, R) of type (1,1,...,1) the problem CSP(B, R) is triv-
ial.)

The paper is organized as follows. In the following section we formulate
the main result of the paper, Theorem 3, which states that most of relational
systems are strongly rigid, as conjectured by Rosenberg [11]. We also make
the formulation of Theorem 1 precise by introducing a notion of random
k-ary relation, and remark that Theorem 1 follows from Theorem 3. Then,
we introduce ‘reach’ relations and show that reachness implies projectivity.
Finally, in section 4, we prove Theorem 3.

2. PROJECTIVE AND RIGID RELATIONAL SYSTEM

Let (A, R) be a relational system of type A = (6;)ie;. By (A RY) we
denote the relational system of type A such that for every i € I

((al,...,a}),...,(a},...,ak)) € R!

if and only if (a;, .. .,af) € R; for each j = 1,...,£. An operation (poly-
morphism in [1, 4, 7, 11]) of a relational system (A4, R) is a homomorphism
f: A" —» A from (A°, R’ to (A, R) for some ¢ > 1. Such an operation
is idempotent if f(a,...,a) = a for every a € A, and it is a projection
(on the jth coordinate), if there exists j, 1 < j < ¢, such that for every
(a1,...,ar) € A we have f(ai,...,a;) = a;. We say that a system (4, R)
is projective if for every ¢ > 1 every idempotent operation f : A - A is a
projection (c.f., [8, 9]). The system (A, R) is rigid if the identity mapping
is the only homomorphism from A to A, and strongly rigid if it is both pro-
jective and rigid. It is easy to see that (A, R) is strongly rigid if and only if
for each ¢ > 1 every operation f : A® — A is a projection.

The notions of projective and rigid relational systems play an important
role in investigations of complexity of CSP(B, R) problems. In particular,



it is known that these problems are hard whenever the system (B,R) is
strongly rigid, i.e., the following result holds (see, for instance, [1, 2, 4, 7]).

Theorem 2. If a relational system (B, R) is strongly rigid, then the problem
CSP(B, R) is NP-complete. O

Thus, in order to show Theorem 1, it is enough to verify that most
of relational systems are strongly rigid. In order to make this statement
precise, let R(n, k) denote a random k-ary relation defined on a set [n] =
{1,2,...,n}, for which the probability that (ai,...,ar) € R(n,k) is equal
to 1/2 independently for each (ay,...,a;), where 1 < a, <nforr=1,...,k
and not all a;’s are equal; for a € [n], we put (a,a,...,a) ¢ R(n,k). Let
([n], (R(0;,n)ier)) denote the random relational system of type A = (0;);er-
We shall show that the probability that ([n], (R(d;,n)icr)) is strongly rigid
tends to one as either n, or max; d; tends to infinity. Note that a relational
system (A, R) is strongly rigid, provided for some iy € I, the system (A, R;,)
of type (9;,) is strongly rigid (although the converse implication, in general,
does not hold). Thus, it is enough to prove our result for ‘simple’ relational
systems which consist of just one k-ary relation.

Theorem 3. For a fized k > 2,

lim Pr(([n], R(k,n)) is strongly rigid) = 1, (1)
n—00
while for a given n > 2,
klim Pr (([n], R(k,n)) is strongly rigid) = 1. (2)
—00

The proof of Theorem 3 we postpone until section 4. It is based on an
argument which is somewhat similar to that used by the authors in [10] to
show that almost every graph (i.e., almost every binary symmetric relation)
is strongly rigid.

We also remark that (2) settles in the affirmative a conjecture posed by
Rosenberg [11].

3. REACH RELATIONAL SYSTEMS

Let R be a k-ary relation on a set A. A system (A, R) is reach if there

exist elements zi1,...,2z5—2 € A such that for any four different elements
Z1,T2, Y1,Y2 € A, there is a w € A such that for r = 1,2, we have
(215 -y 2h—2,w, ) € R but (21,...,2¢—2,w,yr) ¢ R. (3)

We shall show that reachness implies projectivity.



Theorem 4. Each reach system (A, R) with |A| > 5 is projective.

Before we prove Theorem 4 we introduce some more notation. Let
f : A® - A be an idempotent operation from Af to A. For an (-tuple
(a,...,ap) € Af, we set

E(a1,...,a¢) ={a € A:a=aq; for some i =1,2,...,(},

by &(as,...,ar) = |=(a,...,ar)| we denote the number of different coordi-
nates of (a1, ...,ay), and set

As(ar,...,a0) ={i: f(a1,...,a0) = a;}.
Hence, for instance, =(a,...,a) = {a}, &£(a,...,a) = 1 and, since f is

idempotent, Af(a,...,a) = {1,2,...,¢}. Our proof of Theorem 4 is based
on the following two claims.

Claim 1. If (A, R) is reach, then for every idempotent operation f : A* —
A, and every (ay,...,a;) € Af,

Af(ala"'aaf)#w' (4)
Proof. We shall use induction on &(ay, ...,as). As we have already observed,
the fact that f is idempotent implies that A¢(a,...,a) = {1,2,...,¢}. Let
us suppose that the assertion holds for every (ai,...,a;) with at most m,

1 < m < ¢ -1, different coordinates, and let (by,...,bs) be such that
E(bl, A ,b() = {Cl, AN ,Cm+1} and

flby,....be) =d ¢ {c1,...,cms+1}-
Because R is reach one can choose from A elements e;, i = 1,...,k—2, and
¢j, 3 =1,...,m, such that for each j = 1,...,m, we have
(e1,...,ek—2,Gj,cj) € R but (er,...,ex—2,¢j,d) ¢ R,
and
(e1,--y€k—2,Cm,Cm+1) € R.
Fori=1,2,...,¢, define

P =

- Cj if b;=c;forsomej=1,...,m,
Em if bi:cm+1-

Then &(by,...,b)) = m and so, by the inductional assumption, for some
so =1,...,m, we have f(by,...,bs) = Cs,. Note however that the k-tuple

((61,...,61),(62,...,62),...,(ek,Q,...,ekfz),(l_)l,...,l_)[),(bl,...,b[))



belongs to R’ but its mapped by f into (eq,.-.,ex—2,€s,,d) which, due
to the choice of ¢,, does not belong to R. This contradiction shows that
Ap(br,...,be) # 0. O

Claim 2. If (A, R) is reach, then for every idempotent operation f : A® —
A, and every pair of {-tuples (a1,...,a¢), (b1,...,b;), there exists t, 1 <
t < £, such that

{atabt}g{f(a17"'7a5)7f(b17"'7b5)}' (5)
Proof. Claim 1 implies that f(a1,...,a¢) = aj,, f(b1,...,bs) = bj,, for some

indices j1, j2, 1 < j1,72 < £. Since (A, R) is reach one can find elements e;,
t1=1,...,k—2,and ci,...,ce such that foreach s =1,...,¢,
(ela ) ek—2acsa as): (617 b 7ek:—27 Cs: bs) E R (6)
but
(e1,...,ex—2,c5,w) ¢ R for w € {a;,,bj,}\ {as,bs}. (7
From Claim 1 it follows that f(ci,...,c¢) = ¢ for some ¢, 1 <t < £. Note
also that both k-tuples
((el, cese1), ..., (ek—2, .. 66-2),(c1,. .. o), (ay,... ,ag))
and
((61, .. ,61), ey (ek_g, - .,ek_g), (Cl, - .,C(), (bl, .. ,b@))
belong to Rf, and so we must have
(€1,...,€x—2,¢Ct,a5 ), (€1,...,€x—2,¢t,b5,) € R.

This fact, together with (7), implies that {at, b} C {aj,,b;,} O
Proof of Theorem 4. Let
AZ = {(al,...,ag) € AZ : f(ala"'aaf) S 3}

Let us observe that for some (a1, ..., a;) € A* we have |Af(ay,...,ap)| = 1.
Indeed, take (ay,...,as) € A’ for which |[Af(a1,...,ae)| is minimal. Since,
by Claim 1, |[Af(ai,...,ar)| > 1, assume that j € Ag(ai,...,ar). Let
b,b' € A\ E(ay,...,ar) and let

b ifi=4j
ci=<b  ifieAg(ar,...,a0)\ {5},
a; ifi¢Af(a17"'7aZ)'



Then (¢1,...,¢) € A?, but Claim 2 implies that As(c,...,cq) is a proper
subset of Af(ai,...,as). Hence, there is an (aj,...,a;) € A’ such that
As(ar,...,ap) = {t} for some 1 <t < £.

Let us fix such (aq,...,a¢) and t, pick b € A\ E(aq,...,a;), and define

_ b ifi=t
a; = .
a; ifi £t
Then, using again Claims 1 and 2, we infer that Ag(ay,...,a,) = {t}. A
similar argument shows that As(di,...,d;) = {t} whenever (di,...,ds)
belongs to the set A¢ C A? which consists of all ¢-tuples (dy,...,dg) such
that for all ¢,j # ¢t we have d; = d; # d;.
Now let (ay,...,ar) be any f-tuple of A* and suppose that f(ai,...,as) =

as # ag, for some s, 1 < s < . Consider (dy, ...,d;) € A’ such that
0 = {as ifi=t
at if i # s.
Then, the pair (ai,...,a¢), (di,...,d) contradicts Claim 2. Consequently,

for every (ai,...,as) we have f(ai,...,as) = at, and the assertion follows.
(|

In order to deal with relational systems defined on small sets, we intro-
duce one more definition. Let 2 < i < k—1 and (A, R) be a relation system
with k-ary relation R. We call (4, R) i-reach if (A, R) is reach and there
exist elements z,...,2z,_;—1 € A such that for every two different i-tuples
(T1,...,2:), (Y1,...,yi) € A%, there is a w € A for which

(215 oy Zh—i1,W, L1, ..., %;) €ER (8)
but

(217"'7Zk—i—17w7y17"'7yi)¢R' (9)

It turns out that (A4, R) is projective also for |A| > 2 if the assumption
of Theorem 4 is slightly strengthened.

Theorem 5. If (A, R) is 3-reach, then (A, R) is projective.

The following result which is, in a way, a generalization of Claim 1. can
be shown by imitating the proof of Claim 2.



Claim 3. If (A, R) is i-reach for some i > 2, then for every set of i {-tuples
(af,...,a}), r=1,2,...,i, we have

M As(ay,...,a7) #0. (10)
r=1

Proof. Let us assume that (A4, R) is i-reach, and let (af,...,a}) € A, for
r=1,...,i. From Claim 1 it follows that there exist indices j,, 1 < j, < ¥,

such that As(af,...,ay) =aj , for r =1,...,i. Since (4, R) is i-reach one
can find elements e;, i = 1,...,k—i—1, and ¢y,...,ce, such that for each
s=1,...,¢,
(€1, €h_i_1,Cs,at,...,a ) € R (11)
but
(€1,-+-r€k 2,Cs,ajy, ... a;;) ¢ R unless (al,...,al) = (aj,...,a;).
(12)

Claim 1 implies that f(ci,...,c¢) = ¢; for some ¢, 1 <t < £. Note that for
each r =1,2,...,1, the k-tuple
((61,...,el),...,(ek,i,l,...,ek,i,l),(él,...,cl),
(a},...,ap),...,(al,...,a}))

belongs to RY, and so its image under f, equal to (e1,..., e, i 1, ¢, a;l ey a;i),
belongs to R. But then (12) implies that (a},...,al) = (aj,,...,a;,), ie.,

?
t e ﬂAf(al,...,ag). O
r=1
Proof of Theorem 5. As in the proof of Theorem 4 we show first that for
some (ai,...,ar) € A® we have |Af(ay,...,a0)| = 1.

Indeed, suppose that [Af(ai,...,a¢)| > 2,75 € Af(ar,...,a¢), j #j', and
b# A\ {a;}. Define
{ai if i # j,
C; =

b ifi=j
and
0 {ai if i ¢ Ap(a,...,a0) \ {5},
b iftieAs(ar,...,a)\ {7}
Then, it is easy to see that
Af(al,...,ag) ﬁAf(Cl,...,C[) ﬂAf(dl,...,d[) =0,



contradicting Claim 3. Thus, for some (ay, ..., a;) € A%, wehave Ay(a1,...,a;) =
{t}. Now the assertion follows from Claim 3. O

4. PROOF OF THE MAIN RESULT

Let us start with the following result, which, in fact, gives more than we
need.

Lemma 6. Let i > 2 be a fized natural number.
(i) For a fived k > 2

lim Pr(([n],R(n,k)) is i—reach) =1.

n—o0

(ii) For a fized n > 2
lim Pr(([n], R(n,k)) is i—reach) =1.
k—o0

Proof. Let i,k > 2 be fixed and let z1,...,2,_;_1 be any given elements of
[n], say, z» =7 forr =1,...,k —i—1. Then, the probability that for given
two i-tuples (x1,...,x;), (y1,--.,y;) for all elements w either (8) or (9) (or
(3)) does not hold is bounded from above by 4 -27". Hence the probability
that one cannot find a required w, for some of at most n?* possible choices
for 2’s and y’s, is smaller than n*27"*2 and tends to 0 as n — oo. This
proves the first part of the lemma.

In order to show (ii) observe first that there are at most 4n*"*! choices
for i-tuples (z1,...,2;), (y1,...,y;) and w € [n]. The probability that for
all these choices and for given zj, ..., z;_;—1 each of the relations (3), (8),
and (9), holds, is bounded from below by p = 2-4n"*" " But there are
N = n*~i=1 possible choices for z’s and so the number of (k —i — 1)-tuples
(21, ..., 2k—i—1) for which (3), (8), (9), hold is bounded from below by the
random variable Z with binomial distribution Bi(N,p). Since N — oo as
k — oo but p remains bounded away from 0, with probability tending to 1
as k — oo, we have Z > 0. Hence, with probability tending to 1 as k — oo,
there exists a choice of z,...,2,_;—1 for which (3), (8), (9) hold (for all
w € Al) and (ii) follows. O

We shall also need to know that the system ([n], R(n,k)) typically has
no non-trivial endomorphisms.

Lemma 7.



(i) For a fized k > 2,
nlggo Pr (([n], R(n,k)) is m’gid) =1.
(ii) For a fized n > 2,

leII;o Pr (([n],R(n,k)) is rigid) =1

Proof. Let us observe that the probability that for some m > log2 n, and
51,82 C [n], |S1|,|S2] = m, S1 NSy = 0, there exists a bijective homo-
morphism of (S1, R(n,k)|S1) into (S2, R(n, k)|S2) is bounded from above

by
R (1A RETC D ol =T R I

m>logZ n m>logZ n

IN

since the probability that, given f : S; — S», and (ay,...,ax) € S¥, we have
(a1,...,ar) € R(n,k) but (f(a1),..., f(ar)) € R(n, k) is equal to 1/4. Note
that for a fixed k and n — oo, the probability (13) tends to 0. Furthermore,
one can easily check, that with probability tending to 1 as n — oo, each
subset S of [n] with at least 2logn vertices contains a k-tuple which belongs
to R(n, k). From the above two facts we infer that, with probability tending
to 0 as n — oo, each homomorphism of R(n,k) has at least n — 610g3 n
fixed points. But one can argue as in the proof of Lemma 6 to show that
the probability that for each pair of elements v,w € [n] and each W C
[n], |[W| < 6log’n, there are vertices z1,...,2x,_1 € [n] \ W such that
(21, -y 2k-1,v) € R(n,k) but (z1,...,2k-1,w) ¢ R(n,k). Hence, with
probability tending to one as n — oo, for any automorphism of ([n], R(n, k))
each point of [r] is mapped to itself and (i) follows.

In order to show (ii) observe that, since with probability tending to 1 as
k — oo the relation R(n, k) is non-empty (see Lemma 6), the image of each
homomorphism of ([n], R(n,k)) contains at least two points. Let us take
any non-trivial function f : [n] — [n] with |f([n])| > 2, and let j,j" € [n],
be such that o(j) # j,0(j"). Forr=1,...,k, s=1,...,k, let

o = J if r<s
j if r<s.

Note that all 2k k-tuples (af,...,a}), (f(a]),..., f(a})), s =1,...,k, are
different. Furthermore, the probability that for some s = 1,...,k, it does
not happen that (af,...,a}) € R(n,k) and (f(a3),..., f(a})) € R(n,k),



is 3/4. Consequently, the probability that for each of at most n™ pos-
sible non-trivial mappings f : [r] — [n] none of the pairs (af,...,as),
(f(af),..., f(a})), s = 1,...,k, is a ‘witness’ that f is not a homomor-
phism is bounded from above by n"(3/4)* and tends to 0 when n is fixed
and k — oo. Consequently, if n > 2 is fixed and k& — oo, the probability
that there exists non-trivial endomorphism of ([n], R(n, k)) tends to 0. O

Proof of Theorem 3. Theorem 3 follows immediately from Theorems 4 and 5
and Lemmas 6 and 7. g
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