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Abstra
t. Let R(n; k) denote the random k-ary relation de�ned

on the set [n℄ = f1; 2; : : : ; ng. We show that the probability that

([n℄;R(n; k)) is proje
tive tends to one, as either n or k tends to

in�nity. This result implies that for most relational systems (B;R)

the CSP(B;R) problem is NP-
omplete, and 
on�rms a 
onje
ture of

Rosenberg [11℄.

1. Introdu
tion

Let � = (Æ

i

)

i2I

be a �nite sequen
e of positive integers. A relational

system of type � is a pair (A;R), where A is a �nite set, R = (R

i

)

i2I

, and

R

i

is a Æ

i

-ary relation on A, i.e., R

i

� A

Æ

i

, for i 2 I . If (A;R), (A

0

; R

0

) are

relational systems of the same type � = (Æ

i

)

i2I

, then by homomorphism

from (A

0

; R

0

) to (A

00

; R

00

) we mean a map f : A

0

! A

00

su
h that for every

i 2 I , we have (f(x

1

); : : : f(x

Æ

i

)) 2 R

00

i

whenever (x

1

; : : : ; x

Æ

i

) 2 R

0

i

.

Relational stru
tures and homomorphisms express various de
ision and


ounting 
ombinatorial problems su
h as 
olouring, satis�ability, and linear

algebra problems. Many of them 
an be redu
ed to spe
ial 
ases of a gen-

eral Constraint Satisfa
tion Problem CSP(B;R) whi
h, in the language of

homomorphisms, 
an be stated as follows: given a target relational system

(B;R) of type �, and a relational system (A;R

0

) of the same type, de
ide if

there exists a homomorphism f : A! B. A number of su
h problems have

been studied and have known 
omplexity, e.g., when we deal with undi-

re
ted graphs or the problem is restri
ted to small sets A (see [3, 6, 12℄).

However at this moment we are very far from understanding the behaviour
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of CSP(B;R) problem even for binary relations (B;R) (i.e., when relational

systems of type � = (2)).

One of the basi
 unsolved questions in this area, whi
h remains widely

open even for � = (2), is so 
alled `di
hotomy 
onje
ture' [5℄, whi
h 
laims

that every CSP(B;R) problem is either NP-
omplete or polynomially solv-

able. In this paper we settle in the aÆrmative a `probabilisti
 version' of

this problem.

Theorem 1. Let � = (Æ

i

)

i2I

be su
h that max

i2I

Æ

i

� 2. Then CSP(B;R)

is NP-
omplete for almost all relational systems (B;R) of type �.

(Note that for (B;R) of type (1; 1; : : : ; 1) the problem CSP(B;R) is triv-

ial.)

The paper is organized as follows. In the following se
tion we formulate

the main result of the paper, Theorem 3, whi
h states that most of relational

systems are strongly rigid, as 
onje
tured by Rosenberg [11℄. We also make

the formulation of Theorem 1 pre
ise by introdu
ing a notion of random

k-ary relation, and remark that Theorem 1 follows from Theorem 3. Then,

we introdu
e `rea
h' relations and show that rea
hness implies proje
tivity.

Finally, in se
tion 4, we prove Theorem 3.

2. Proje
tive and rigid relational system

Let (A;R) be a relational system of type � = (Æ

i

)

i2I

. By (A

`

; R

`

) we

denote the relational system of type � su
h that for every i 2 I

�

(a

1

1

; : : : ; a

1

`

); : : : ; (a

1

`

; : : : ; a

k

`

)

�

2 R

`

i

if and only if (a

1

j

; : : : ; a

k

j

) 2 R

i

for ea
h j = 1; : : : ; `. An operation (poly-

morphism in [1, 4, 7, 11℄) of a relational system (A;R) is a homomorphism

f : A

`

! A from (A

`

; R

`

) to (A;R) for some ` � 1. Su
h an operation

is idempotent if f(a; : : : ; a) = a for every a 2 A, and it is a proje
tion

(on the jth 
oordinate), if there exists j, 1 � j � `, su
h that for every

(a

1

; : : : ; a

`

) 2 A

`

we have f(a

1

; : : : ; a

`

) = a

j

. We say that a system (A;R)

is proje
tive if for every ` � 1 every idempotent operation f : A

`

! A is a

proje
tion (
.f., [8, 9℄). The system (A;R) is rigid if the identity mapping

is the only homomorphism from A to A, and strongly rigid if it is both pro-

je
tive and rigid. It is easy to see that (A;R) is strongly rigid if and only if

for ea
h ` � 1 every operation f : A

`

! A is a proje
tion.

The notions of proje
tive and rigid relational systems play an important

role in investigations of 
omplexity of CSP(B;R) problems. In parti
ular,
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it is known that these problems are hard whenever the system (B;R) is

strongly rigid, i.e., the following result holds (see, for instan
e, [1, 2, 4, 7℄).

Theorem 2. If a relational system (B;R) is strongly rigid, then the problem

CSP(B;R) is NP-
omplete. �

Thus, in order to show Theorem 1, it is enough to verify that most

of relational systems are strongly rigid. In order to make this statement

pre
ise, let R(n; k) denote a random k-ary relation de�ned on a set [n℄ =

f1; 2; : : : ; ng, for whi
h the probability that (a

1

; : : : ; a

k

) 2 R(n; k) is equal

to 1=2 independently for ea
h (a

1

; : : : ; a

k

), where 1 � a

r

� n for r = 1; : : : ; k

and not all a

i

's are equal; for a 2 [n℄, we put (a; a; : : : ; a) =2 R(n; k). Let

([n℄; (R(Æ

i

; n)

i2I

)) denote the random relational system of type � = (Æ

i

)

i2I

.

We shall show that the probability that ([n℄; (R(Æ

i

; n)

i2I

)) is strongly rigid

tends to one as either n, or max

i

Æ

i

tends to in�nity. Note that a relational

system (A;R) is strongly rigid, provided for some i

0

2 I , the system (A;R

i

0

)

of type (Æ

i

0

) is strongly rigid (although the 
onverse impli
ation, in general,

does not hold). Thus, it is enough to prove our result for `simple' relational

systems whi
h 
onsist of just one k-ary relation.

Theorem 3. For a �xed k � 2,

lim

n!1

Pr

�

([n℄;R(k; n)) is strongly rigid

�

= 1; (1)

while for a given n � 2,

lim

k!1

Pr

�

([n℄;R(k; n)) is strongly rigid

�

= 1: (2)

The proof of Theorem 3 we postpone until se
tion 4. It is based on an

argument whi
h is somewhat similar to that used by the authors in [10℄ to

show that almost every graph (i.e., almost every binary symmetri
 relation)

is strongly rigid.

We also remark that (2) settles in the aÆrmative a 
onje
ture posed by

Rosenberg [11℄.

3. Rea
h relational systems

Let R be a k-ary relation on a set A. A system (A;R) is rea
h if there

exist elements z

1

; : : : ; z

k�2

2 A su
h that for any four di�erent elements

x

1

; x

2

, y

1

; y

2

2 A, there is a w 2 A su
h that for r = 1; 2, we have

(z

1

; : : : ; z

k�2

; w; x

r

) 2 R but (z

1

; : : : ; z

k�2

; w; y

r

) =2 R: (3)

We shall show that rea
hness implies proje
tivity.
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Theorem 4. Ea
h rea
h system (A;R) with jAj � 5 is proje
tive.

Before we prove Theorem 4 we introdu
e some more notation. Let

f : A

`

! A be an idempotent operation from A

`

to A. For an `-tuple

(a

1

; : : : ; a

`

) 2 A

`

, we set

�(a

1

; : : : ; a

`

) = fa 2 A : a = a

i

for some i = 1; 2; : : : ; `g;

by �(a

1

; : : : ; a

`

) = j�(a

1

; : : : ; a

`

)j we denote the number of di�erent 
oordi-

nates of (a

1

; : : : ; a

`

), and set

�

f

(a

1

; : : : ; a

`

) = fi : f(a

1

; : : : ; a

`

) = a

i

g:

Hen
e, for instan
e, �(a; : : : ; a) = fag, �(a; : : : ; a) = 1 and, sin
e f is

idempotent, �

f

(a; : : : ; a) = f1; 2; : : : ; `g. Our proof of Theorem 4 is based

on the following two 
laims.

Claim 1. If (A;R) is rea
h, then for every idempotent operation f : A

`

!

A, and every (a

1

; : : : ; a

`

) 2 A

`

,

�

f

(a

1

; : : : ; a

`

) 6= ;: (4)

Proof. We shall use indu
tion on �(a

1

; : : : ; a

`

). As we have already observed,

the fa
t that f is idempotent implies that �

f

(a; : : : ; a) = f1; 2; : : : ; `g. Let

us suppose that the assertion holds for every (a

1

; : : : ; a

`

) with at most m,

1 � m � ` � 1, di�erent 
oordinates, and let (b

1

; : : : ; b

`

) be su
h that

�(b

1

; : : : ; b

`

) = f


1

; : : : ; 


m+1

g and

f(b

1

; : : : ; b

`

) = d =2 f


1

; : : : ; 


m+1

g:

Be
ause R is rea
h one 
an 
hoose from A elements e

i

, i = 1; : : : ; k� 2, and

�


j

, j = 1; : : : ;m, su
h that for ea
h j = 1; : : : ;m, we have

(e

1

; : : : ; e

k�2

; �


j

; 


j

) 2 R but (e

1

; : : : ; e

k�2

; �


j

; d) =2 R;

and

(e

1

; : : : ; e

k�2

; �


m

; 


m+1

) 2 R:

For i = 1; 2; : : : ; `, de�ne

�

b

i

=

(

�


j

if b

i

= 


j

for some j = 1; : : : ;m;

�


m

if b

i

= 


m+1

:

Then �(

�

b

1

; : : : ;

�

b

`

) = m and so, by the indu
tional assumption, for some

s

0

= 1; : : : ;m, we have f(

�

b

1

; : : : ;

�

b

`

) = �


s

0

. Note however that the k-tuple

�

(e

1

; : : : ; e

1

); (e

2

; : : : ; e

2

); : : : ; (e

k�2

; : : : ; e

k�2

); (

�

b

1

; : : : ;

�

b

`

); (b

1

; : : : ; b

`

)

�
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belongs to R

`

but its mapped by f into (e

1

; : : : ; e

k�2

; �


s

0

; d) whi
h, due

to the 
hoi
e of �


s

0

, does not belong to R. This 
ontradi
tion shows that

�

f

(b

1

; : : : ; b

`

) 6= ;. �

Claim 2. If (A;R) is rea
h, then for every idempotent operation f : A

`

!

A, and every pair of `-tuples (a

1

; : : : ; a

`

), (b

1

; : : : ; b

`

), there exists t, 1 �

t � `, su
h that

fa

t

; b

t

g � ff(a

1

; : : : ; a

`

); f(b

1

; : : : ; b

`

)g: (5)

Proof. Claim 1 implies that f(a

1

; : : : ; a

`

) = a

j

1

, f(b

1

; : : : ; b

`

) = b

j

2

, for some

indi
es j

1

, j

2

, 1 � j

1

; j

2

� `. Sin
e (A;R) is rea
h one 
an �nd elements e

i

,

i = 1; : : : ; k � 2, and 


1

; : : : ; 


`

su
h that for ea
h s = 1; : : : ; `,

(e

1

; : : : ; e

k�2

; 


s

; a

s

); (e

1

; : : : ; e

k�2

; 


s

; b

s

) 2 R (6)

but

(e

1

; : : : ; e

k�2

; 


s

; w) =2 R for w 2 fa

j

1

; b

j

2

g n fa

s

; b

s

g: (7)

From Claim 1 it follows that f(


1

; : : : ; 


`

) = 


t

for some t, 1 � t � `. Note

also that both k-tuples

�

(e

1

; : : : ; e

1

); : : : ; (e

k�2

; : : : ; e

k�2

); (


1

; : : : ; 


`

); (a

1

; : : : ; a

`

)

�

and

�

(e

1

; : : : ; e

1

); : : : ; (e

k�2

; : : : ; e

k�2

); (


1

; : : : ; 


`

); (b

1

; : : : ; b

`

)

�

belong to R

`

, and so we must have

(e

1

; : : : ; e

k�2

; 


t

; a

j

1

); (e

1

; : : : ; e

k�2

; 


t

; b

j

2

) 2 R :

This fa
t, together with (7), implies that fa

t

; b

t

g � fa

j

1

; b

j

2

g. �

Proof of Theorem 4. Let

^

A

`

= f(a

1

; : : : ; a

`

) 2 A

`

: �(a

1

; : : : ; a

`

) � 3g:

Let us observe that for some (a

1

; : : : ; a

`

) 2

^

A

`

we have j�

f

(a

1

; : : : ; a

`

)j = 1.

Indeed, take (a

1

; : : : ; a

`

) 2

^

A

`

for whi
h j�

f

(a

1

; : : : ; a

`

)j is minimal. Sin
e,

by Claim 1, j�

f

(a

1

; : : : ; a

`

)j � 1, assume that j 2 �

f

(a

1

; : : : ; a

`

). Let

b; b

0

2 A n �(a

1

; : : : ; a

`

) and let




i

=

8

>

<

>

:

b if i = j

b

0

if i 2 �

f

(a

1

; : : : ; a

`

) n fjg;

a

j

if i =2 �

f

(a

1

; : : : ; a

`

):

5



Then (


1

; : : : ; 


`

) 2

^

A

`

, but Claim 2 implies that �

f

(


1

; : : : ; 


`

) is a proper

subset of �

f

(a

1

; : : : ; a

`

). Hen
e, there is an (a

1

; : : : ; a

`

) 2 A

`

su
h that

�

f

(a

1

; : : : ; a

`

) = ftg for some 1 � t � `.

Let us �x su
h (a

1

; : : : ; a

`

) and t, pi
k b 2 A n �(a

1

; : : : ; a

`

), and de�ne

�a

i

=

(

b if i = t

a

i

if i 6= t:

Then, using again Claims 1 and 2, we infer that �

f

(�a

1

; : : : ; �a

`

) = ftg. A

similar argument shows that �

f

(d

1

; : : : ;

�

d

`

) = ftg whenever (d

1

; : : : ; d

`

)

belongs to the set

~

A

`

�

^

A

`

whi
h 
onsists of all `-tuples (d

1

; : : : ; d

`

) su
h

that for all i; j 6= t we have d

i

= d

j

6= d

t

.

Now let (a

1

; : : : ; a

`

) be any `-tuple of A

`

and suppose that f(a

1

; : : : ; a

`

) =

a

s

6= a

t

, for some s, 1 � s � `. Consider (d

1

; : : : ; d

`

) 2

~

A

`

su
h that

d

i

=

(

a

s

if i = t

a

t

if i 6= s:

Then, the pair (a

1

; : : : ; a

`

), (d

1

; : : : ; d

`

) 
ontradi
ts Claim 2. Consequently,

for every (a

1

; : : : ; a

`

) we have f(a

1

; : : : ; a

`

) = a

t

, and the assertion follows.

�

In order to deal with relational systems de�ned on small sets, we intro-

du
e one more de�nition. Let 2 � i � k�1 and (A;R) be a relation system

with k-ary relation R. We 
all (A;R) i-rea
h if (A;R) is rea
h and there

exist elements z

1

; : : : ; z

k�i�1

2 A su
h that for every two di�erent i-tuples

(x

1

; : : : ; x

i

), (y

1

; : : : ; y

i

) 2 A

i

, there is a w 2 A for whi
h

(z

1

; : : : ; z

k�i�1

; w; x

1

; : : : ; x

i

) 2 R (8)

but

(z

1

; : : : ; z

k�i�1

; w; y

1

; : : : ; y

i

) =2 R: (9)

It turns out that (A;R) is proje
tive also for jAj � 2 if the assumption

of Theorem 4 is slightly strengthened.

Theorem 5. If (A;R) is 3-rea
h, then (A;R) is proje
tive.

The following result whi
h is, in a way, a generalization of Claim 1. 
an

be shown by imitating the proof of Claim 2.
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Claim 3. If (A;R) is i-rea
h for some i � 2, then for every set of i `-tuples

(a

r

1

; : : : ; a

r

`

), r = 1; 2; : : : ; i, we have

i

\

r=1

�

f

(a

r

1

; : : : ; a

r

`

) 6= ;: (10)

Proof. Let us assume that (A;R) is i-rea
h, and let (a

r

1

; : : : ; a

r

`

) 2 A

`

, for

r = 1; : : : ; i. From Claim 1 it follows that there exist indi
es j

r

, 1 � j

r

� `,

su
h that �

f

(a

r

1

; : : : ; a

r

`

) = a

r

j

r

, for r = 1; : : : ; i. Sin
e (A;R) is i-rea
h one


an �nd elements e

i

, i = 1; : : : ; k � i� 1, and 


1

; : : : ; 


`

, su
h that for ea
h

s = 1; : : : ; `,

(e

1

; : : : ; e

k�i�1

; 


s

; a

1

s

; : : : ; a

i

s

) 2 R (11)

but

(e

1

; : : : ; e

k�2

; 


s

; a

j

1

; : : : ; a

j

i

) =2 R unless (a

1

s

; : : : ; a

i

s

) = (a

j

1

; : : : ; a

j

i

):

(12)

Claim 1 implies that f(


1

; : : : ; 


`

) = 


t

for some t, 1 � t � `. Note that for

ea
h r = 1; 2; : : : ; i, the k-tuple

�

(e

1

; : : : ; e

1

); : : : ; (e

k�i�1

; : : : ; e

k�i�1

); (�


1

; : : : ; �


`

);

(a

1

1

; : : : ; a

1

`

); : : : ; (a

i

1

; : : : ; a

i

`

)

�

belongs toR

`

, and so its image under f , equal to (e

1

; : : : ; e

k�i�1

, 


t

, a

1

j

1

; : : : ; a

i

j

i

),

belongs to R. But then (12) implies that (a

1

t

; : : : ; a

i

t

) = (a

j

1

; : : : ; a

j

i

), i.e.,

t 2

i

\

r=1

�

f

(a

1

; : : : ; a

`

): �

Proof of Theorem 5. As in the proof of Theorem 4 we show �rst that for

some (a

1

; : : : ; a

`

) 2 A

`

we have j�

f

(a

1

; : : : ; a

`

)j = 1.

Indeed, suppose that j�

f

(a

1

; : : : ; a

`

)j � 2, j 2 �

f

(a

1

; : : : ; a

`

), j 6= j

0

, and

b 6= A n fa

j

g. De�ne




i

=

(

a

i

if i 6= j;

b if i = j;

and

d

i

=

(

a

i

if i =2 �

f

(a

1

; : : : ; a

`

) n fjg;

b if i 2 �

f

(a

1

; : : : ; a

`

) n fjg:

Then, it is easy to see that

�

f

(a

1

; : : : ; a

`

) \ �

f

(


1

; : : : ; 


`

) \ �

f

(d

1

; : : : ; d

`

) = ;;
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ontradi
ting Claim 3. Thus, for some (a

1

; : : : ; a

`

) 2 A

`

, we have �

f

(a

1

; : : : ; a

`

) =

ftg. Now the assertion follows from Claim 3. �

4. Proof of the main result

Let us start with the following result, whi
h, in fa
t, gives more than we

need.

Lemma 6. Let i � 2 be a �xed natural number.

(i) For a �xed k � 2

lim

n!1

Pr

�

([n℄;R(n; k)) is i-rea
h

�

= 1:

(ii) For a �xed n � 2

lim

k!1

Pr

�

([n℄;R(n; k)) is i-rea
h

�

= 1:

Proof. Let i; k � 2 be �xed and let z

1

; : : : ; z

k�i�1

be any given elements of

[n℄, say, z

r

= r for r = 1; : : : ; k� i� 1. Then, the probability that for given

two i-tuples (x

1

; : : : ; x

i

), (y

1

; : : : ; y

i

) for all elements w either (8) or (9) (or

(3)) does not hold is bounded from above by 4 � 2

�n

. Hen
e the probability

that one 
annot �nd a required w, for some of at most n

2i

possible 
hoi
es

for x's and y's, is smaller than n

4i

2

�n+2

and tends to 0 as n ! 1. This

proves the �rst part of the lemma.

In order to show (ii) observe �rst that there are at most 4n

4i+1


hoi
es

for i-tuples (x

1

; : : : ; x

i

), (y

1

; : : : ; y

i

) and w 2 [n℄. The probability that for

all these 
hoi
es and for given z

1

; : : : ; z

k�i�1

ea
h of the relations (3), (8),

and (9), holds, is bounded from below by � = 2

�4n

4i+1

. But there are

N = n

k�i�1

possible 
hoi
es for z's and so the number of (k� i� 1)-tuples

(z

1

; : : : ; z

k�i�1

) for whi
h (3), (8), (9), hold is bounded from below by the

random variable Z with binomial distribution Bi(N; �). Sin
e N ! 1 as

k !1 but � remains bounded away from 0, with probability tending to 1

as k !1, we have Z > 0. Hen
e, with probability tending to 1 as k !1,

there exists a 
hoi
e of z

1

; : : : ; z

k�i�1

for whi
h (3), (8), (9) hold (for all

w 2 A !) and (ii) follows. �

We shall also need to know that the system ([n℄;R(n; k)) typi
ally has

no non-trivial endomorphisms.

Lemma 7.
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(i) For a �xed k � 2,

lim

n!1

Pr

�

([n℄;R(n; k)) is rigid

�

= 1:

(ii) For a �xed n � 2,

lim

k!1

Pr

�

([n℄;R(n; k)) is rigid

�

= 1:

Proof. Let us observe that the probability that for some m � log

2

n, and

S

1

; S

2

� [n℄, jS

1

j; jS

2

j = m, S

1

\ S

2

= ;, there exists a bije
tive homo-

morphism of (S

1

;R(n; k)jS

1

) into (S

2

;R(n; k)jS

2

) is bounded from above

by

X

m�log

2

n

�

n

m

��

n

m

�

m!

�

3

4

�

m

k

�

X

m�log

2

n

�

e

2

n

2

m

2

�

3

4

�

m

k�1

�

m

; (13)

sin
e the probability that, given f : S

1

! S

2

, and (a

1

; : : : ; a

k

) 2 S

k

1

, we have

(a

1

; : : : ; a

k

) 2 R(n; k) but (f(a

1

); : : : ; f(a

k

)) =2 R(n; k) is equal to 1=4. Note

that for a �xed k and n!1, the probability (13) tends to 0. Furthermore,

one 
an easily 
he
k, that with probability tending to 1 as n ! 1, ea
h

subset S of [n℄ with at least 2 logn verti
es 
ontains a k-tuple whi
h belongs

to R(n; k). From the above two fa
ts we infer that, with probability tending

to 0 as n ! 1, ea
h homomorphism of R(n; k) has at least n � 6 log

3

n

�xed points. But one 
an argue as in the proof of Lemma 6 to show that

the probability that for ea
h pair of elements v; w 2 [n℄ and ea
h W �

[n℄, jW j � 6 log

3

n, there are verti
es z

1

; : : : ; z

k�1

2 [n℄ n W su
h that

(z

1

; : : : ; z

k�1

; v) 2 R(n; k) but (z

1

; : : : ; z

k�1

; w) =2 R(n; k). Hen
e, with

probability tending to one as n!1, for any automorphism of ([n℄;R(n; k))

ea
h point of [n℄ is mapped to itself and (i) follows.

In order to show (ii) observe that, sin
e with probability tending to 1 as

k !1 the relation R(n; k) is non-empty (see Lemma 6), the image of ea
h

homomorphism of ([n℄;R(n; k)) 
ontains at least two points. Let us take

any non-trivial fun
tion f : [n℄ ! [n℄ with jf([n℄)j � 2, and let j; j

0

2 [n℄,

be su
h that �(j) 6= j; �(j

0

). For r = 1; : : : ; k, s = 1; : : : ; k, let

a

s

r

=

(

j if r � s

j

0

if r < s:

Note that all 2k k-tuples (a

s

1

; : : : ; a

s

k

), (f(a

s

1

); : : : ; f(a

s

k

)), s = 1; : : : ; k, are

di�erent. Furthermore, the probability that for some s = 1; : : : ; k, it does

not happen that (a

s

1

; : : : ; a

s

k

) 2 R(n; k) and (f(a

s

1

); : : : ; f(a

s

k

)) 62 R(n; k),

9



is 3=4. Consequently, the probability that for ea
h of at most n

n

pos-

sible non-trivial mappings f : [n℄ ! [n℄ none of the pairs (a

s

1

; : : : ; a

s

k

),

(f(a

s

1

); : : : ; f(a

s

k

)), s = 1; : : : ; k, is a `witness' that f is not a homomor-

phism is bounded from above by n

n

(3=4)

k

and tends to 0 when n is �xed

and k ! 1. Consequently, if n � 2 is �xed and k ! 1, the probability

that there exists non-trivial endomorphism of ([n℄;R(n; k)) tends to 0. �

Proof of Theorem 3. Theorem 3 follows immediately from Theorems 4 and 5

and Lemmas 6 and 7. �
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