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Abstra
t

Let T be a family of graphs. A T -pa
king of a graph G is a set

of disjoint subgraphs of G, ea
h isomorphi
 to one of the members of

T . We are 
on
erned with families T , su
h that in every graph G,

the subsets of verti
es that 
an be saturated by some T -pa
king form

a 
olle
tion of independent sets of a matroid. The main purpose of

this paper is to introdu
e a new 
lass of families with this property.

1 Introdu
tion

A mat
hing of a graph G 
an be viewed as a set of disjoint subgraphs of G,

ea
h isomorphi
 to K

2

. A natural generalization, 
alled a T -pa
king of G

is a set of disjoint subgraphs of G, ea
h isomorphi
 to a member of a �xed

family T of graphs. We 
onsider only 
onne
ted graphs G and 
onne
ted

members of T .

If G is a graph then we denote by V (G) the set of its verti
es and by E(G)

the set of its edges. Analogously to mat
hing whi
h we are generalizing,

let us introdu
e the following terminology: A T -pa
king 
overs a vertex

v 2 V (G) if one of the subgraphs in
luded in the pa
king 
ontains v. A

T -pa
king saturates a set of verti
es X � V (G) if it 
overs every member of

X . A T -pa
king Q is maximal if there is no pa
king Q

0

with V (Q

0

) ) V (Q)

and is perfe
t if it 
overs all verti
es of G. A T -pa
king problem 
onsists of

�nding a T -pa
king saturating a set of a maximum 
ardinality.
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We are 
on
erned with families T of graphs su
h that in every graph

G, the subsets of V (G) that 
an be saturated by some T -pa
king form a

matroid.

De�nition 1.1. LetX be a set and letM be a nonempty hereditary system

of subsets of X (if B � A � X and A 2 M then B 2 M). The maximal

sets ofM (under the set in
lusion) are 
alled bases. The systemM is 
alled

a matroid if the set B of its bases satis�es the ex
hange axiom:

(EA) 8B;B

0

2 B;8x 2 B nB

0

; 9y 2 B

0

nB : (B

0

n fyg) [ fxg 2 B:

The ex
hange axiom implies the fa
t that all bases of a matroid have

the same 
ardinality. We will often shortly write only B n y [ x instead of

(B n fyg) [ fxg.

We 
all a family T of graphs matroid-indu
ing, if for every graph G, the

system of all subsets of V (G) that 
an be saturated by some T -pa
king is

a matroid.

1.1 Notation and basi
 notions

If x 2 V (H) then we denote by H nx the graph obtained from H by deleting

the vertex x.

If Q is a T -pa
king of a graph G then we denote by V (Q); E(Q) the sets

of all verti
es and edges of G belonging to some graph of Q. Thus, G

Q

=

(V (Q); E(Q)) is a subgraph of G whose 
omponents are graphs isomorphi


to members of T , and 
onversely, this graph uniquely determines Q. The

degree of a vertex x 2 V (G) in the graph G

Q

will be denoted by deg

Q

(x).

If G is a graph, Q its T -pa
king and P a path in G then Q4P will

denote the pa
king (not ne
essarily a T -pa
king) 
onstru
ted by swapping

edges and non-edges of Q on P (4 is the familliar symmetri
 di�eren
e).

A graph H is 
alled hypomat
hable if it has no perfe
t mat
hing but for

every vertex x, H n x has a perfe
t mat
hing. A single vertex is 
onsidered

hypomat
hable.

A star S

k

is a 
omplete bipartite graph K

1;k

, i.e. the graph with k + 1

verti
es 
; v

1

; :::; v

k

and k edges 
v

1

; :::; 
v

k

. The number k is 
alled the

power of the star, the vertex 
 is 
alled the 
enter of the star and the

verti
es v

1

; :::; v

k

are 
alled tips of the star.

A two-star S

k;l

is a graph 
onstru
ted from two stars S

k

; S

l

by 
on-

ne
ting their 
enters by a new edge 
alled a spine. The verti
es of the two

stars used are still 
alled 
enters and tips. A 
enter of a two-star with m

neighboring tips will be sometimes 
alled an m-
enter or a 
enter of power
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m. A tip of a two-star adja
ent to a 
enter 
 of power m will be sometimes


alled a 
-tip or a tip of power m.

A k-propeller (k � 1) is a graph obtained from a star S

k+1

by repla
ing

k of its tips by hypomat
hable graphs (arbitrarily 
one
ted to the 
enter).

1.2 History and results

We are 
on
erned with families T 
ontainingK

2

. Considering su
h families,

the matroid-indu
ing property was proved for all of the basi
 polynomially

solvable 
ases of the T -pa
king problem:

(i) Mat
hing (fK

2

g-pa
king) - Edmonds and Fulkerson, [2℄

(ii) Pa
king byK

2

and hypomat
hable graphs - Cornuejols and Hartvigsen,

[1℄

(iii) Pa
king by a sequential set of stars fS

1

; :::; S

r

g - Las Vergnas, [5℄

A 
ase generalizing all of the previous 
ases is Pa
king by an EHP-family

of graphs, studied by Loebl and Poljak [6, 7, 8℄ and by the author [3, 4℄.

An EHP-family is a family 
onsisting of K

2

, hypomat
hable graphs and

propellers. Not all EHP-families are matroid-indu
ing. For a full 
hara
-

terization of EHP-families with respe
t to the matroid-indu
ing property

see [3, 4℄. The matroid-indu
ing EHP-families turn out to have a stru
ture

generalizing the sequential set of stars. A polynomial algorithm for solving

the T -pa
king problem for matroid-indu
ing EHP-families was introdu
ed

in [7, 8℄. The following result about matroid-indu
ing EHP-families was

introdu
ed in [4℄:

Theorem 1.2. [4℄ Let T be a matroid-indu
ing EHP-family and let H be a

graph. If T

1

= T [ fHg is matroid-indu
ing then T

1

is a matroid-indu
ing

EHP-family.

In other words, if we want to enlarge a matroid-indu
ing EHP-family T

by one graph H to get another matroid-indu
ing family, we have to use a

graph of the same type as the graphs already in
luded in T (hypomat
hable

or a propeller su
h that T [ fHg is a matroid-indu
ing EHP family).

It might be expe
ted that a similar situation o

urs when we try to

enlarge a matroid-indu
ing EHP-family by a family of more graphs. We

will show that this expe
tation is false by introdu
ing a rather simple 
lass

of non-EHP matroid-indu
ing families.
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2 The Matroid-Indu
ing Families

Theorem 2.1. The family F

n

= fS

1

; :::; S

n

; S

n+2

; S

n+1;1

; :::; S

n+1;n+1

g is

matroid-indu
ing for all n � 1.

In other words: In a sequential set of stars S

1

; :::; S

n+2

whi
h is known to

be a matroid-indu
ing family [5℄, the repla
ement of the se
ond largest star

S

n+1

by a sequen
e S

n+1;1

; :::; S

n+1;n+1

of two-stars results in a matroid-

indu
ing family. Figure 1 shows the family F

1

.

Figure 1: Family F

1

If L is an F

n

-pa
king of a graph G, then every vertex of V (G) 
overed

by a 
opy of a star S

k

; k < n, by a tip of S

n

(for n > 1), by a tip of a

two-star or by an m-
enter of a two-star with 1 � m < n+ 1 in L, will be


alled empty with respe
t to L. Let us make an easy observation and then

start the proof of Theorem 2.1:

Observation 2.2. Let G be a graph and L an F

n

-pa
king of G. If a vertex

un
overed by L is a neighbor (in G) of an empty or un
overed vertex with

respe
t to L then L is not maximal.

Proof. (Theorem 2.1) For a 
ontradi
tion, assume that for some n, F

n

is

not matroid-indu
ing. Hen
e there exists a graph G and two bases B;B

0

�

V (G), for whi
h the ex
hange axiom (EA) does not hold. Thus there is a

vertex x 2 B nB

0

, su
h that 8y 2 B

0

nB : B

0

n y [ x is not a base.

Let us denote by Q;Q

0

the maximal F

n

-pa
kings 
orresponding to B;B

0

,

respe
tively. Without loss of generality we may suppose that G is a graph

with minimum jV (G)j and that B;B

0

and Q;Q

0

are sele
ted su
h that the

distan
e dist(Q;Q

0

) = jE(Q) nE(Q

0

)j+ jE(Q

0

) nE(Q)j is a minimum. Let

us observe that G has no perfe
t F

n

-pa
king.

Let N;N

0

be two F

n

-pa
kings of G. We say that N

0

is an ex
hange-

produ
t of N , if V (N

0

) = V (N) n a [ b for some a 2 V (N) and b 2= V (N).

In the minimum graph G, the following Claim holds:

Claim 2.2.1. Let N be a maximal F

n

-pa
king of G. If N

0

is an ex
hange-

produ
t of N then N

0

is maximal.
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Proof of Claim 2.2.1. Let V (N

0

) = V (N) n a [ b. For a 
ontradi
tion,

let M be an F

n

-pa
king of G with V (M) ) V (N

0

). Hen
e jV (M)j >

jV (N

0

)j = jV (N)j. If a 2 V (M) then V (M) ) V (N), whi
h 
ontradi
ts the

maximality of N . Thus a 2= V (M).

If jV (M)j < jV (G)j � 1 then the subgraph of G given by M [N or one

of its 
omponents is also an example of graph with two bases 
ontradi
ting

(EA), whi
h 
ontradi
ts the minimality of jV (G)j. Thus jV (M)j � jV (G)j�

1 and be
ause G has no perfe
t F

n

-pa
king, we have jV (M)j = jV (G)j � 1.

In the following dis
ussion, we will 
onstru
t a sequen
e (M =M

0

;M

1

; :::)

of F

n

-pa
kings, su
h that for every i the following holds:

(i) jV (M

i

)j = jV (G)j � 1 > jV (N)j

(ii) 9v

i

2 V (N) n V (M

i

)

(iii) if i > 0 then dist(N;M

i

) < dist(N;M

i�1

)

Note that due to (i), ea
h M

i

must be maximal (be
ause G admits no

perfe
t F

n

-pa
king). At the beginning, M =M

0

surely satis�es (i) and (ii)

(put v

0

= a). The last of the sequen
e of M

i

s will give us a 
ontradi
tion.

The sequen
e is 
onstru
ted by indu
tion as follows:

LetM

i

be the yet last 
onstru
ted member of the sequen
e. Let P be an

alternating path starting at v

i

by an edge of E(N) nE(M

i

) and 
ontaining

alternately edges of E(N) n E(M

i

) leading to a vertex of smallest possible

degree in N and edges of E(M

i

)nE(N) leading to vertex of degree 1 in M

i

.

Assume P is a path with maximum possible number of edges.

If P has an even number of edges and the last vertex p of P is un
overed

by N then let M

0

=M

i

4P . ObviouslyM

0

is an F

n

-pa
king with V (M

0

) )

V (N), whi
h 
ontradi
ts the maximality of N . If p is 
overed by N (e.g.

by an edge leading from a former vertex of P ) then let M

i+1

= M

i

4P

and set v

i+1

= p. We may see that dist(M

i+1

; N) < dist(M

i

; N) and

v

i+1

2 V (N) n V (M

i+1

).

Let P have an odd number of edges. Let p be the last vertex of P , rp

the last edge of P and denote by P

0

the path P without its last edge. Note

that due to (i) and (ii), M

i


overs p.

If p is empty with respe
t to M

i

then let M

0

= M

i

4P

0

. M

0

is an F

n

-

pa
king 
ontaining an un
overed vertex r, that is a neighbor of an empty

or un
overed vertex p. By Observation 2.2, M

0

is not maximal. Sin
e

jV (M

0

)j = jV (M

i

)j = jV (G)j � 1, G must have a perfe
t F

n

-pa
king whi
h

is a 
ontradi
tion.

If p is 
overed by a 
enter of S

n+2

in M

i

then by maximality of P it

follows that deg

N

(p) � n+ 3, whi
h is a 
ontradi
tion.
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If p is 
overed by a tip of S

n+2

with 
enter 
 in M

i

then M

i

4P 
ontra-

di
ts the maximality of M

i

.

If p is an (n+ 1)-
enter of a two-star S

n+1;m

; 1 � m < n+ 1 with spine

pq in M

i

then M

i

4(P [ fpqg) 
ontradi
ts the maximality of M

i

.

If p is a 
enter of a 
opy T of S

n+1;n+1

with spine pq in M

i

then let y be

an q-tip of T . Obviously, all edges of M

i

leading from p to a p-tip of T are

in E(N), otherwise we 
ould 
ontinue with P . Thus the edge pq 2= E(N).

Let us 
onstru
t a F

n

-pa
king L = M

i

4(P [ fpq; qyg). If y is un
overed

with respe
t to N then L 
ontradi
ts the maximality of N . If y 2 V (N)

then let us put M

i+1

= L and v

i+1

= y and observe that (i), (ii), (iii) are

satis�ed.

The last 
ase o

urs when p is a 
enter of an n-star H in M

i

. Obviously,

deg

N

(p) � n+ 1, otherwise we 
ould 
ontinue with P to one of the tips of

H . If deg

N

(p) = n+1 then p is an n-
enter of a 
opy T of a two-star S

n;n+1

in N . If the last-but-one vertex r of P is the other 
enter of T then there

was a mistake in 
onstru
tion of P (we want the edges of E(N) n E(M)

to lead to a vertex with smallest possible degree). Thus r is a tip of T .

Let pq be the spine of T and let y be a q-tip of T . Obviously, the edge

qy 2= E(M

i

). Be
ause jV (M

i

)j = jV (G)j � 1 and v

i

2= V (M

i

), y is 
overed

by M

i

. If y is empty with respe
t to M

i

then M

0

= M

i

4P [ fpqg is a

F

n

-pa
king with an un
overed vertex q neighboring with an empty vertex y

and so there exists a F

n

-pa
kingM

00

with V (M

00

) ( V (M

0

) (
ontradi
tion).

If y is not empty with respe
t to M

i

then there exists an edge yy

1

2 E(M

i

)

su
h that deg

M

i

(y

1

) = 1. Let us put L =M

i

4(P [ fpq; qy; yy

1

g). Observe

that yy

1

2= E(N) and so dist(N;L) < dist(N;M

i

). If y

1

is un
overed by N

then L 
ontradi
ts the maximality of N , otherwise L satis�es (i), (ii), (iii)

and we may put M

i+1

= L.

On the other hand, if deg

N

(p) = n+2 then there is a vertex a 6= r, su
h

that the edge pa 2 E(N) nE(M

i

). Let us fo
us on the vertex a:

If a is un
overed by M

i

or 
overed by a 
enter of one of S

1

; :::; S

n

in M

i

then M

i

4(P [ fpag) 
ontradi
ts the maximality of M

i

.

If a is a tip of a star S

k

; 1 < k <= n with 
enter 
 in M

i

then M

i

4(P [

fpa; a
g) 
ontradi
ts the maximality of M

i

.

If a is a 
-tip of power k <= n+1 of S

n+1;k

inM

i

thenM

i

4(P[fpa; a
g)


ontradi
ts the maximality of M

i

.

If a is a 
-tip of power n + 1 of S

n+1;k

; k < n + 1 with spine 
d in M

i

,

then M

i

4(P [ fpa; a
; 
dg) 
ontradi
ts the maximality of M

i

.

If a is an (n+1)-
enter of a two-star S

n+1;l

; 1 � l < n+1 with spine a


in M

i

, then M

i

4(P [ fpa; a
g) 
ontradi
ts the maximality of M

i

.
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If a has a neighbor 
 of degree n+2 inM

i

(thus a is a tip of S

n+2

and 
 is

its 
enter or a is an l-
enter of a two-star S

n+1;l

; l � n+1 and 
 is its (n+1)-


enter) then let y be a neighbor of 
 di�erent from a. Obviously deg

M

i

(y) =

1. Consider the pa
king L = M

i

4(P [ fpa; a
; 
yg). Obviously at least

one of the edges a
; 
y is not in E(N) and so dist(N;L) < dist(N;M

i

). If

y 2= V (N) then L 
ontradi
ts the maximality of N . If y 2 V (N) then L

satis�es (i), (ii), (iii) and we may put M

i+1

= L and v

i+1

= y.

The last possibility is that a is a 
enter of a 
opy of S

n+2

in M

i

. Then

there exists a tip y su
h that the edge ay 2 E(M

i

) n E(N). Consider the

pa
king L = M

i

4(P [ fpa; ayg). If y 2= V (N) then L 
ontradi
ts the

maximality of N . If y 2 V (N) then L satis�es (i), (ii), (iii) and we may put

M

i+1

= L and v

i+1

= y.

We have inspe
ted all of the 
ases and sub
ases and found out that

either there is an F

n

-pa
king M

i+1

with smaller distan
e from N than M

i

or we get a 
ontradi
tion. Thus, if we are at the end of our sequen
e of

F

n

-pa
kings (M

0

;M

1

; :::) then there is a 
ontradi
tion by an F

n

-pa
king L

0

with either V (L

0

) = V (G) or V (L

0

) ) V (N).

End of Proof of Claim 2.2.1.

Let us 
ontinue the proof of Theorem 2.1 and fo
us on the two bases

B;B

0


ontradi
ting the (EA) and on the two 
orresponding F

n

-pa
kings

Q;Q

0

. Let x 2 B n B

0

be a vertex 
ontradi
ting (EA). Let p 2 B be a

neighbor of x (in Q) with minimum deg

Q

(p). Note that if the deg

Q

(p) > 1

then deg

Q

(x) = 1. There are several 
ases:

Case 0: There exists an alternating path P with an even number of

edges starting at x with an edge of E(Q) n E(Q

0

), ending with an edge

yq 2 E(Q

0

) n E(Q), and 
ontaining alternately edges of E(Q) and edges of

E(Q

0

) that lead to vertex of degree 1 in Q

0

, su
h that Q

00

= Q

0

4P is an

F

n

-pa
king with distan
e dist(Q;Q

00

) < dist(Q;Q

0

).

Let B

00

= V (Q

00

). The pa
king Q

00

is an ex
hange-produ
t of Q

0

and

therefore it is maximal. Hen
e B

00

is a base. If q 2= Q then B

00

= B

0

n q [ x


ontradi
ts the 
hoi
e of x. Thus q 2 Q. Be
ause dist(Q;Q

00

) < dist(Q;Q

0

),

(EA) holds for B;B

00

. Thus, for q 2 B n B

00

, there exists z 2 B

00

nB (thus

z 2 B

0

nB) su
h that B

00

nz[q = B

0

nz[x is a base, whi
h is a 
ontradi
tion.

Case 1: 1 � deg

Q

(p) � n. Be
ause Q

0

is maximal, due to Observation

2.2 we know that p is not empty with respe
t to Q

0

. Thus Q

0


overs p by a


enter of S

n

, by a 
enter of S

n+2

or by an (n + 1)-
enter of a two-star. In

all of the 
ases we may �nd a neighbor q of p with deg

Q

0

(q) = 1, su
h that

the edge pq 2= E(Q). Considering the path xpq, we get Case 0.
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Case 2: deg

Q

(p) = n+1. Thus p is an n-
enter of a 
opy H of a two-star

S

n+1;n

in Q and x is a p-tip of H . Let pr be the spine of H and let a be an

arbitrary r-tip of H .

We know that either deg

Q

0

(p) = n + 2 or p is 
overed by a 
enter of

S

n

in Q

0

. If deg

Q

0

(p) = n + 2 then there is a neighbor q of p, su
h that

deg

Q

0

(q) = 1 and pq 2= E(Q). Hen
e, 
onsidering path xpq, we have Case 0.

If p is 
overed by a 
enter of a 
opy T of S

n

in Q

0

and Case 0 does not

o

ur then T 
overs all p-tips of H di�erent from x and the edge pr. Let

us observe that the edge ra 2= E(Q

0

). If a is empty with respe
t to Q

0

then

we may 
onstru
t an F

n

-pa
king Q

00

with Q

00

� Q

0

[ fxg 
ontradi
ting the

maximality of Q

0

. Thus a has a neigbour b in Q

0

, su
h that deg

Q

0

(b) = 1.

Obviously the edge ab 2= E(Q) and so, 
onsidering the alternating path

xprab, we are in Case 0.

Case 3: deg

Q

(p) = n + 2. Again, we know that either p is a 
enter of

S

n

in Q

0

or deg

Q

0

(p) = n + 2. If deg

Q

0

(p) = n + 2 and Case 0 does not

o

ur then p is an (n + 1)-
enter of a 
opy H of a two-star in Q

0

and the

only edge of E(Q

0

) n E(Q) neighboring with p is the spine pr of H . If H

is not a 
opy of S

n+1;n+1

then Q

0

4fxp; prg 
ontradi
ts the maximality of

Q

0

. If H is a 
opy of S

n+1;n+1

then let b be an arbitrary r-tip of H . Let

us 
onstru
t a new pa
king Q

00

= Q

0

4fxp; pr; rbg. De�ne B

00

= V (Q

00

).

Q

00

is an ex
hange-produ
t of Q

0

and so Q

00

is a maximal F

n

-pa
king. If

b 2= Q then B

00

= B

0

n b [ x 
ontradi
ts the 
hoi
e of x. If b 2 Q then note

that pr 2= E(Q) and so dist(Q;Q

00

) < dist(Q;Q

0

). Be
ause Q

00

is a maximal

F

n

-pa
king of G with dist(Q;Q

00

) < dist(Q;Q

0

), we get a 
ontradi
tion as

in Case 0.

If p is 
overed by a 
enter of S

n

in Q

0

and Case 0 does not o

ur then

there is an edge pq 2 E(Q) nE(Q

0

); x 6= q. Let us fo
us on the vertex q and

distinguish the following situations:

If q is un
overed by Q

0

, 
overed by a star S

j

; 1 � j � n in Q

0

or 
overed

by a tip of a two-star in Q

0

then it is easy to 
onstru
t a pa
king saturating

V (Q

0

) [ fxg whi
h 
ontradi
ts the maximality of Q

0

.

If q is 
overed by a 
enter of a 
opy T of S

n+2

in Q

0

then 
ertainly there

exists a tip a of T , su
h that the edge qa 2= E(Q). Let us de�ne a new

F

n

-pa
king Q

00

by E(Q

00

) = E(Q

0

)4fxp; pq; qag. Q

00

is an F

n

-pa
king of

G with dist(Q;Q

00

) < dist(Q;Q

0

). Obviously Q

00

is an ex
hange-produ
t of

Q

0

and so it is maximal. We get a 
ontradi
tion as in Case 0.

If q is a (n+ 1)-
enter of a two-star S

n+1;l

; 1 � l < n+ 1 with spine qw

in Q

0

then the pa
king Q

0

4fxp; pq; qwg 
ontradi
ts the maximality of Q

0

.
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The last possibility is that q has a neighbor w of degree n+2 in Q

0

(thus

q is a tip of S

n+2

with 
enter w or q is a m-
enter of a 
opy T of a two-star

S

n+1;m

; 1 � m � n + 1 in Q

0

and qw is the spine of T ). Let z 6= q be a

neighbor of w and let us 
onstru
t a new pa
kingQ

00

= Q

0

4fxp; pq; qw;wzg.

If z 2= Q then B

00

= B

0

nz[x is a base whi
h is a 
ontradi
tion. Thus z 2 Q

0

.

Note that Q

00

is an ex
hange-produ
t of Q

0

and that at least one of the edges

qw;wz is not in E(Q). Thus Q

00

is maximal and dist(Q;Q

00

) < dist(Q;Q

0

)

and again we get a 
ontradi
tion as in Case 0.

We have inspe
ted all the possible 
ases and sub
ases and always got a


ontradi
tion. This proves that ea
h F

n

is a matroid-indu
ing family.

3 Con
lusion

We have introdu
ed a new 
lass of families F

n

of graphs, su
h that in every

graph G, the sets of verti
es saturated by some F

n

-pa
king form a matroid.

In the future work, it would be interesting to seek for a polynomial algo-

rithm for �nding a maximum F

n

-pa
king. In many of the known algorithms

for various 
ases of the T -pa
king problem, the polynomial re
ognition of


riti
al graphs is one of 
ru
ial steps. Con
erning our 
lass of families F

n

,

we already know that the only F

n

-
riti
al graphs are odd 
y
les (in 
ase of

F

1

) and a single vertex.
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