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Abstra
t

The paper is 
on
erned with the 
lassi�
ation of families of graphs

T with the property: For any graph G, the subsets of verti
es of G

that 
an be saturated by pa
king 
opies of graphs from T form a


olle
tion of independent sets of a matroid. From this point of view,

we present a 
hara
terization of so 
alled EHP-families of graphs (i.e

families 
onsisting of K

2

, hypomat
hable graphs and propellers). The

main result is the following: For a matroid-indu
ing EHP-family T ,

we 
hara
terize 
onne
ted graphs H su
h that the family T [ fHg is

also matroid-indu
ing.

1 Introdu
tion

Let G = (V (G); E(G)) be a graph. A mat
hing of G 
an be viewed as a

set of vertex disjoint subgraphs of G, ea
h isomorphi
 to K

2

. A natural

generalization is a set of vertex disjoint subgraphs of G, ea
h a member of

a family F of subgraphs of G. This generalization is 
alled an [F ℄-pa
king

of G. (We use bra
kets in this notation to avoid 
onfusions with a more

spe
ial generalization, whi
h will be de�ned further).

analogously to mat
hing whi
h we are generalizing, let us introdu
e the

following terminology: An [F ℄-pa
king Q 
overs a vertex v 2 V (G) if one

of the subgraphs in
luded in Q 
ontains v. Otherwise Q skips v. An [F ℄-

pa
king saturates a set of verti
es X � V (G) if it 
overs every member of

X . For an [F ℄-pa
king Q, V (Q) denotes the set of all verti
es 
overed by

Q. An [F ℄-pa
king Q of G is maximal if there is no [F ℄-pa
king Q

0

of G

with V (Q

0

) ) V (Q) and is perfe
t if it 
overs all verti
es of G. A graph G

1



is [F ℄-saturable if it admits a perfe
t [F ℄-pa
king and is non-[F ℄-saturable

if it has no perfe
t [F ℄-pa
king. The [F ℄-pa
king problem in G 
onsists of

�nding an [F ℄-pa
king of G saturating a set of maximum 
ardinality.

a spe
ial 
ase of [F ℄-pa
king appears when F 
onsists of all subgraphs

of G isomorphi
 to members of a �xed family T of graphs. In this spe
ial


ase, "T " will be used instead of "[F ℄" throughout the notation des
ribed

above.

The [F ℄-pa
king problem has been extensively studied from many points

of view. The most important are the 
ases when the [F ℄-pa
king problem


an be solved in polynomial time (see Se
tion 2 for examples). A 
ommon

feature proved for many of the polynomially solvable 
ases is that the sets

of verti
es saturated by some [F ℄-pa
king form a 
olle
tion of independent

sets of a matroid.

Let X be a set and let M be a nonempty hereditary system of subsets

of X (i.e. if A 2 M and A

0

� A then A

0

2 M). The maximal sets of

M (under the set in
lusion) are 
alled bases. The pair (X;M) is 
alled a

matroid if the set B of its bases satis�es the ex
hange axiom:

(EA) 8B;B

0

2 B;8x 2 B nB

0

; 9y 2 B

0

nB : (B

0

n fyg) [ fxg 2 B:

If M = (X;M) is a matroid then X is 
alled the ground set of M and

the subsets of X 
ontained inM are 
alled the independent sets ofM . The

ex
hange axiom implies the fa
t that all bases of a matroid have the same


ardinality.

If G is a graph and F a family of its subgraphs then we denote by

M(G; [F ℄) the family of all subsets of V (G) that 
an be saturated by some

[F ℄-pa
king. If F 
onsists of all subgraphs of G isomorphi
 to members

of a family T of graphs then M(G; T ) stands for M(G; [F ℄). This paper

is 
on
erned with the 
lassi�
ation of families T of 
onne
ted graphs su
h

thatM(G; T ) is a 
olle
tion of independent sets of a matroid in every graph

G. A family T with this property is 
alled matroid-indu
ing.

1.1 Notation and basi
 notions

For two graphs H;H

0

, H

0

� H denotes that H

0

is a subgraph of H . If

x 2 V (H) then H n x is the graph obtained from H by deleting the vertex

x. If D � V (H) then H nD is the graph obtained from H by deleting every

vertex x 2 D. For a graph H , the number of verti
es of H will be denoted

by jH j.

Let H be a 
onne
ted graph and let u; v 2 V (H). The distan
e dist(u; v)

is the minimum number of edges on a path from u to v. The distan
e
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between two subgraphs of H and between a vertex and a subgraph is de�ned

analogously.

A graph H is hypomat
hable if it has no perfe
t mat
hing but for every

x 2 V (H), H n x admits a perfe
t mat
hing. A single vertex is 
onsidered

hypomat
hable. A 
ommon feature that we will use is that hypomat
hable

graphs do not 
ontain verti
es of degree 1.

A star S

k

is a 
omplete bipartite graph K

1;k

, i.e. the graph with k + 1

verti
es 
; v

1

; :::; v

k

and k edges 
v

1

; :::; 
v

k

. The vertex 
 is 
alled the 
enter

and k is the index of the star.

2 History and Results

The basi
 polynomially solvable 
ases of the [F ℄-pa
king problem in whi
h

M(G; [F ℄) is a matroid are the following:

(E) Mat
hing (Edge-pa
king) [3, 4℄. F 
onsists of all edges of G.

(EH) Pa
king by edges and a set of hypomat
hable graphs [1, 2, 5℄. F


onsists of all edges of G and some hypomat
hable subgraphs of G.

(S) Pa
king by sequential sets of stars [7℄. For some integer r, F 
onsists

of all subgraphs isomorphi
 to a star S

i

; 1 � i � r.

In [8, 9℄, Loebl and Poljak studied the following 
ase of the [F ℄-pa
king

problem:

(EHP) Pa
king by edges, hypomat
hable graphs and propellers. F 
on-

sists of all edges of G, some hypomat
hable subgraphs of G and a family

R ( F of subgraphs of G named propellers. Let us introdu
e the notion of

propeller:

A graph P is a k-propeller (k � 1 is the index of P ), if it has a vertex


, 
alled the 
enter, su
h that P n 
 
onsists of k+1 
omponents D

0

; :::; D

k

,

where jD

0

j = 1 and every D

i

is hypomat
hable. Note that every (k+1)-star

is a k-propeller.

A propeller is 
alled rooted, if it has one 
hosen vertex r of degree 1,


alled the root. We denote a rooted propeller P with root r by (P; r). If P

has more verti
es of degree one (like a star) then there are more possibilities

of 
hoosing the root and the 
orresponding rooted propellers are 
onsidered

to be distin
t. Sin
e hypomat
hable graphs have no verti
es of degree one,

the root r must be a neighbor of the 
enter 
. The edge r
 is 
alled the

sti
k of (P; r). Let D

0

; :::; D

k

be the 
omponents of P n 
. Without loss

of generality we may suppose that D

0

= frg. The remaining 
omponents
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D

1

; :::; D

k

are 
alled the blades of (P; r). We denote the set of all blades of

(P; r) by D(P; r).

A familyR of rooted propellers that are subgraphs of a graph G is 
alled

G-
losed if it satis�es the following three axioms:

Heredity. If (H; r) 2 R and (H

0

; r) are rooted propellers with the same

sti
k and D(H

0

; r) � D(H

0

; r) then (H

0

; r) 2 R.

Sti
k ex
hange. If (H; r) 2 R is a rooted propeller with sti
k 
r and r

0

is

a vertex of GnH adja
ent (in G) to 
 then (H n r)[ 
r

0

rooted in r

0

belongs

to R.

Blade ex
hange. Let (H; r); (H

0

; r) 2 R be rooted propellers with the

same sti
k r
 and D(H

0

; r) * D(H; r). Then for any blade D of (H; r)

disjoint to all blades of (H

0

; r) there is some blade D

0

2 D(H

0

; r) nD(H; r)

su
h that the rooted propeller (H

00

; r) with sti
k r
 and blades (D(H

0

; r) n

D

0

)) [D belongs to R.

Note that the formulation of Blade ex
hange axiom pays no attention to

the edges 
onne
ting the 
enters of the propellers with their blades. Blade

ex
hange axiom itself does not say, whi
h of the (possibly more) rooted

propellers with sti
k r
 and blades (D(H

0

; r

0

) nD

0

)) [ D has to belong to

R. Anyway, we do not have to be 
onfused by this, sin
e due to Heredity,

if one su
h propeller belongs to R, then all of su
h propellers do so. (This

argumentation was 
onsulted with the �rst author of [8℄.)

A family of graphs 
ontaining only edges, hypomat
hable graphs and

propellers is 
alled an EHP-family. The result of Loebl and Poljak 
on
ern-

ing the (EHP) problem is summarized in the following:

Theorem 2.1. Let G be a graph and let F = E(G) [ K [ R be an EHP-

family of its subgraphs, where K is a family of hypomat
hable graphs and R

is a G-
losed family of rooted propellers. Then the [F ℄-pa
king problem 
an

be solved in polynomial time and M(G; [F ℄) is a matroid.

Let us observe that a sequential family of stars indu
es a 
losed family

of propellers in every graph G. Hen
e the (EHP) 
ase 
ontains all of (E),

(EH) and (S).

Note that (E) and (S) 
on
ern also the more spe
ial T -pa
king problem:

In (E), T = fK

2

g and in (S), T = fS

1

; :::; S

r

g for some integer r. In both

of these 
ases the T -pa
king problem 
an be solved in polynomial time in

any graph G and T is a matroid-indu
ing family.

In [8, 10℄, Loebl and Poljak studied the following 
ase of the T -pa
king

problem:
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(E+1) Pa
king by edges and 
opies of a single graph. T 
onsists of K

2

and a �xed graph H . The 
omplexity of this 
ase was fully 
hara
terized in

[10℄ and the matroid-indu
ing property of T in [8℄. The two results show

that in this 
ase the T -pa
king problem is polynomially solvable if and

only if T is a matroid-indu
ing family (otherwise it is NP-
omplete). The


hara
terization of the matroid-indu
ing property of T in this 
ase is given

by the following Theorem:

Theorem 2.2. Let H be a 
onne
ted graph. Then fK

2

; Hg is a matroid-

indu
ing family if and only if H is perfe
tly mat
hable, hypomat
hable or a

1-propeller.

The above result may be also viewed as follows: It is a 
hara
terization

of graphsH that 
an be added to a matroid-indu
ing EHP-family fK

2

g su
h

that fK

2

g [ fHg is also a matroid-indu
ing family. The interesting prop-

erty is that the resulting family is always an EHP-family. In the author's

Master's Thesis [6℄, this result was extended to the following:

(S+1) Pa
king by a sequential set of stars and 
opies of a single graph.

T 
onsists of a sequential family S = fS

1

; S

2

; :::; S

n

g of stars and of a �xed

graph H . The 
hara
terization of the matroid-indu
ing property of T in

this 
ase is given by the following Theorem:

Theorem 2.3. Let S = fS

1

; :::; S

k

g; k > 1 be a family of stars and let H

be a 
onne
ted graph. Then T = S [ fHg is a matroid-indu
ing family if

and only if H is S-saturable, hypomat
hable or the star S

k+1

.

This paper is 
on
erned with matroid-indu
ing EHP-families T . At

�rst, we will reformulate the Loebl's and Poljak's ne
essary 
ondition on

EHP-families F of subgraphs of G, guaranteeing that M(G; [F ℄) forms a

matroid to a ne
essary 
ondition guaranteeing that a general EHP-family

T of graphs is matroid-indu
ing. Moreover, we will prove that this refor-

mulated 
ondition is suÆ
ient, whi
h is a new result: a full 
hara
terization

of the (EHP)-
ase for T -pa
king. This work will be done in Se
tion 3.

The main purpose of this paper is to give a full 
hara
terization of in-

dividual graphs H that 
an be added to a general matroid-indu
ing EHP-

family T , su
h that T [ fHg is also a matroid-indu
ing family. We will

show that a graph H has this property if and only if H is T -saturable or

T [ fHg is a matroid-indu
ing EHP-family, whi
h shows that the property

proved by Loebl and Poljak for the 
ase T = fK

2

g holds throughout the

whole 
lass of matroid-indu
ing EHP-families T . The proof of this fa
t will

be given in Se
tion 4.
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The results given in this paper are in fa
t generalizations of the resuts

of Loebl and Poljak presented in [8℄. In many pla
es, we will be able to use

proofs and arguments similar to those used in [8℄. We will 
all the reader's

attention to this 
orresponden
e on the appropriate pla
es of the paper.

3 Matroid-Indu
ing EHP-Families

In this Se
tion, a full 
hara
terization of EHP-families w.r.t. the matroid-

indu
ing property will be presented. Let us start with a few more notions


on
erning propellers and families of propellers:

A propeller P

0

� K

2

is a subpropeller of a propeller P with 
enter 
,

if P

0

arises from P by deleting one or more 
omponents of P n 
. Suppose

P

1

; P

2

are two disjoint graphs, su
h that ea
h P

i

is either a propeller with


enter 


i

or an edge with one end-vertex 


i

. We denote by P

1

+P

2

the graph

that arises from P

1

; P

2

by glueing verti
es 


1

; 


2

into one vertex 
, arbitrary

neighbors r

1

; r

2

of 


1

; 


2

with degree 1 into one vertex r and by deleting the

multiple edge.

The following Claim will be used:

Claim 3.0.1. The 
enter 
 of a k-propeller P is the only vertex of P , su
h

that P n 
 has more than one 
omponent with no perfe
t mat
hing.

Proof. P n 
 really has k + 1 � 2 su
h 
omponents D

0

; :::; D

k

(every D

i

is

hypomat
hable). If there exists a vertex x 6= 
, su
h that P n x has at least

two 
omponents with no perfe
t mat
hing then x 2 D

j

for some j. Let B

be a 
omponent of P nx that has no perfe
t mat
hing and does not 
ontain


. Then B is also a 
omponent of D

j

n x, whi
h is a 
ontradi
tion, be
ause

D

j

is hypomat
hable.

Let L be a graph and let T be a family of graphs. By "[L℄ 2 T " we will

denote "there is some L

0

2 T isomorphi
 to L". The following de�nition

mimi
s the de�nition of G-
losed family of propellers that are subgraphs of

G:

A family R of propellers is 
alled 
losed if it satis�es the following two

axioms:

Heredity. If H 2 R and H

0

is a subpropeller of H then [H

0

℄ 2 R.

Blade ex
hange. If H;H

0

2 R are propellers and H

0

is isomorphi
 to

H

1

+H

2

, where H

1

2 R is a 1-propeller and H

2

is a subpropeller of H or
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an edge 
onne
ting the 
enter of H to a vertex of degree one, then there

exists a 
omponent B of H nH

2

su
h that [(H nB) +H

1

℄ 2 R.

Let T

0

be a family of graphs. Note that in a T

0

-pa
king, we may avoid

the use of any member of T

0

that has a perfe
t pa
king by the remaining

members. We say that T � T

0

is a suÆ
ient subfamily of T

0

, if all graphs

from T

0

n T have perfe
t T -pa
king. The following Theorem 
hara
terizes

matroid-indu
ing EHP-families:

Theorem 3.1. An EHP-family T of graphs is matroid-indu
ing if and only

if T is a suÆ
ient subfamily of some EHP-family T

0

= fK

2

g[H[R, where

H is a family of hypomat
hable graphs and R is a 
losed family of propellers.

Proof. The "if" part of the proof is a simple appli
ation of Theorem 2.1. Let

T be a suÆ
ient subfamily of a family T

0


onsisting of K

2

, hypomat
hable

graphs and a 
losed family of propellers. Let G be an arbitrary graph. We

will 
onstru
t a family F of subgraphs of G in two steps: In the �rst step

we will insert in F all subgraphs of G isomorphi
 to members of T

0

with all

possible sele
tions of roots for every propeller. In the se
ond step we will

enlarge F to in
lude every rooted propeller that is a subgraph of G and has

a 
ommon 
enter, root and blades with any of the rooted propellers added

in the �rst step (the only di�eren
e may be in the edges 
onne
ting the

blades and the 
enter of the propeller). Obviously M(G; [F ℄) = M(G; T ).

It 
an be simply veri�ed that F satis�es the supposition of Theorem 2.1.

Thus M(G; [F ℄) =M(G; T ) is a matroid and sin
e G was arbitrary, T is a

matroid-indu
ing family.

We will prove the "only if" part by 
onstru
ting 
ounter-examples. We

want to prove that if a family T 
annot be enlarged by adding T -saturable

graphs to a family T

0


onsisting of K

2

, hypomat
hable graphs and a 
losed

family of propellers, then there exists a 
ounter-exampleG su
h thatM(G; T )

is not a matroid.

Let T be a family that 
annot be enlarged this way. There are two 
ases:

(i) T violates Heredity. There exists a propeller P 2 T su
h that one of

its subpropellers P

0

is not T -saturable (thus [P

0

℄ 62 T and we 
annot add

P

0

into T )

(ii) T violates Blade ex
hange. There are two propellers H;H

0

2 T su
h

that for some 1-propeller H

1

2 T , H

0

is isomorphi
 to H

1

+H

2

, where H

2

is a subpropeller of H or an edge 
onne
ting the 
enter of H to a vertex of

degree one, and for no 
omponent B of H nH

2

, the propeller (H nB) +H

1

is T -saturable.
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In the following two Lemmas 3.2, 3.3 we will show 
ounter-examples

to both (i) and (ii). For ea
h 
ase we will 
onstru
t a 
ounter-example

G, su
h that M(G; T ) is not a matroid (we will �nd two bases of di�erent


ardinality). That will be the proof of the "only if" part of Theorem 3.1.

Lemma 3.2. Counter-example for an EHP-family violating Heredity (i).

Let T be an EHP-family. If there exists a T -saturable propeller P and a

non-T -saturable subpropeller P

0

of P , then T is not matroid-indu
ing.

Proof. Let P be a T -saturable propeller with 
enter 
 and P

0

its non-T -

saturable subpropeller. Without loss of generality we may suppose that P

is a propeller with minimum jP j and that P

0

is a k-propeller with maximum

k.

With this supposition, for one 
omponent D of P n 
, P

0

= P nD. Let

r 2 V (P

0

) be an arbitrary neighbor of 
 with degree one (su
h r exists

sin
e P

0

is a propeller). Let us denote by b the number of non-T -saturable


omponents of P

0

n 
r. We know that b � 1, otherwise the whole P

0

would

be T -saturable. Let us observe the following:

Claim 3.2.1. There is no T n fPg-pa
king of P saturating the whole P

0

=

P nD.

Proof of Claim 3.2.1. Let Q be a T n fPg-pa
king of P saturating P

0

and

let B be a non-T -saturable 
omponent of P

0

n 
r. Let W 2 Q be the graph


ontaining the 
enter 
 of P

0

. It follows that r 2W and that W \B is not

empty and non-T -saturable.

W n 
 is a graph with at least two non-T -saturable 
omponents. Using

Claim 3.0.1, we 
on
lude that W is a propeller with 
enter 
. Let A be the

family of all 
omponents of W n 
r interse
ting D and let W

0

be a propeller

that arises from W by deleting all members of A. W

0

is a subpropeller of

W and due to minimality of P , W

0

has a perfe
t T -pa
king Q

0

(if [W

0

℄ 2 T

then trivially Q

0

= fW

0

g). Let Q

1

be the part of Q interse
ting D nW . We

may 
onstru
t a perfe
t T -pa
king ((Q n fWg) [Q

0

) n Q

1

of P

0

, whi
h is a


ontradi
tion.

End of Proof of Claim 3.2.1.

Let us 
onstru
t a 
ounter-example G and prove that M(G; T ) is not a

matroid by introdu
ing two bases of di�erent 
ardinality. G arises from two


opies P

1

; P

2

of P (verti
es of ea
h P

i

will be denoted by the index

i

) by

glueing the 
enter 


2

of P

2

to an arbitrary vertex x

1

from the 
omponent

D

1

of P

1

n 


1

(see Figure 2a).
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Consider a base B

2

of M(G; T ) 
ontaining V (P

2

). We may 
onstru
t a

T -pa
king Q of G saturating V (P

2

) as follows: Q uses a 
opy P

2

of P , a

perfe
t mat
hing of D

1

nx

1

, a 
opy 


1

r

1

of K

2

and maximum T -pa
kings of

all 
omponents of P

1

n (D

1

[ fr

1

; 


1

g). Hen
e jB

2

j � jGj � b, where b is the

number of non-T -saturable 
omponents of P

0

n 
r (we know that b � 1).

Let B

1

be a base 
ontaining V (P

1

). If N is a T -pa
king 
orresponding

to B

1

, then N uses a graph W 
overing the 
enter 


1

of P

1

. Obviously

W n 


1

has at least b+ 1 non-T -saturable 
omponents and so, a

ording to

Claim 3.0.1, W is a propeller and 


1

its 
enter.

If 


2

62 W then let L be the graph 
overing 


2

(there exists su
h graph

sin
e V (P

1

) � B

1

). We know that 


1

is 
ontained in the graph W and

thus L \ P

1


ontains only verti
es from D

1

. Let us delete L from N and


onsider the indu
ed T -pa
king N

0

of P

1

. N

0

saturates the whole P

1

nD

1

and by a 
ardinality argument N

0

does not use any 
opy of P , whi
h is a


ontradi
tion by Claim 3.2.1.

If 


2

2W then every 
omponent of W n 


2

interse
ting P

2

is T -saturable

(W is a propeller with 
enter 


1

). Neither of the b + 1 non-T -saturable


omponents of P

2

n


2


an be saturated by N and thus jB

1

j � jGj�(b+1) <

jB

2

j. We have found two bases of di�erent 
ardinality and so G is a 
ounter-

example showing that T is not a matroid-indu
ing family.

We have shown a 
ounter-example for an EHP-family violating Heredity.

In the next Lemma we will 
omplete the proof of Theorem 3.1 by introdu
ing

a 
ounter-example for an EHP-family violating Blade ex
hange.

Lemma 3.3. Counter-example for an EHP-family violating Blade ex
hange

(ii).

Let T be an EHP-family. Let T ful�ll Heredity, i.e. if a propeller R 2 T

then let all subpropellers of R be T -saturable.

If there are two propellers P; P

0

2 T su
h that for some 1-propeller

P

1

2 T , P

0

is isomorphi
 to P

1

+ P

2

, where P

2

is a subpropeller of P or

an edge 
onne
ting the 
enter of P to a vertex of degree one, and for no


omponent B of P n P

2

, the propeller (P n B) + P

1

is T -saturable, then T

is not matroid-indu
ing.

Proof. Let P; P

0

; P

1

; P

2

be the propellers des
ribed above. Let us 
onsider

the graph G = P + P

1

. Note that G is a propeller: let us denote by 
 its


enter and by r the glued-together neighbor of 
 of degree one (see Figure

2b). Without loss of generality assume that r 2 V (P

2

).

9



Let B

1

be a base of M(G; T ) 
ontaining V (P ). Then jB

1

j � jGj � 1,

sin
e we may 
onstru
t a T -pa
king of G saturating V (P ) using a 
opy of

P and a maximum mat
hing of P

1

n 
r.

Let B

2

be a base 
ontaining V (P

1

)[V (P

2

). If jB

2

j = jGj�1 then the T -

pa
king Q 
orresponding to B

2

skips exa
tly one vertex in one 
omponent

W of P nP

2

. If jB

2

j = jGj then let W be an arbitrary 
omponent of P nP

2

.

We will prove that G nW is T -saturable:

Let us pay attention to the graph L 2 Q 
overing the 
enter 
 of G. L


overs the whole edge 
r and so L is a 
opy of K

2

or a propeller with 
enter


.

If L is a 
opy 
r of K

2

then every 
omponent of G n (W [ f
; rg) is

T -saturable. Thus the whole G nW is T -saturable.

If L is a propeller then let A be the set of all 
omponents of L n 


interse
ting W . Let L

0

be the graph that arises from L by deleting all


omponents from A. L is a 
opy of K

2

or a propeller and due to Heredity,

L

0

has a perfe
t T -pa
king Q

0

. Denote by Q

1

the part of Q interse
ting

W n L. We may 
onstru
t a perfe
t T -pa
king ((Q n fLg) [ Q

0

) n Q

1

of

G nW .

We have proved that G nW is T -saturable. It gives us a 
ontradi
tion,

be
ause W is a 
omponent of P n P

2

and (G nW ) = (P nW ) + P

1

, whi
h

has no perfe
t T -pa
king by the assumption. Thus jB

2

j < jGj � 1 � jB

1

j,

whi
h proves that G is a 
ounter-example showing that T is not a matroid-

indu
ing family.

4 (EHP+1)-Pa
king

In this Se
tion we will introdu
e a 
hara
terization of the graphs H that


an be added to a matroid-indu
ing EHP-family T su
h that T [ fHg is a

matroid-indu
ing family. We will prove the following extension of Theorem

2.2:

Theorem 4.1. Let T be a matroid-indu
ing EHP-family and let H be a

graph. Then the family T [ fHg is matroid-indu
ing if and only if H is

T -saturable or T [ fHg is a matroid-indu
ing EHP-family.

The "if" part of the Theorem is trivial. Moreover, the 
hara
terization

of matroid-indu
ing EHP-families (Theorem 3.1), gives us a partial negative

result for adding a propeller H su
h that T [ fHg is not matroid-indu
ing.
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For proving the "only if" part of the Thoerem 4.1 it remains to show

that if a matroid-indu
ing EHP-family T is enlarged by a graph H that

is not hypomat
hable, T -saturable or a propeller, then T [ fHg is not

matroid-indu
ing. We will show it at the end of this Se
tion by dis
ussing

the stru
ture of H and by showing 
ounter-examples.

Before proving Theorem 4.1, some auxiliary notions and lemmas 
on-


erning the stru
ture of pa
kings will be introdu
ed. This te
hni
al work

will be done in Subse
tions 4.1 and 4.2. The proof of Theorem 4.1 will be

given in Subse
tion 4.3.

4.1 E
onomi
al pa
kings

E
onomi
al pa
king is a notion �rst de�ned by Loebl and Poljak in [8℄ for

pa
king by edges and hypomat
hable subgraphs. E
onomi
al pa
kings try

to 
over as many verti
es by 
opies ofK

2

as possible. We will de�ne a similar

notion for T -pa
king by matroid-indu
ing EHP-families T and prove a short

Lemma needed in the proof of Theorem 4.1.

Let T be a matroid-indu
ing EHP-family. Consider a graph G and a

T -pa
king Q of G. We denote by V (Q) and E(Q) the set of all verti
es

and edges of G belonging to some graph of Q. Thus, G

Q

= (V (Q); E(Q))

is a subgraph of G whose 
omponents are 
opies of graphs from T , and


onversely, this graph uniquely determines Q.

A vertex v 2 V (G) is 
alled �xed w.r.t. Q, if it is 
overed by a 
opy of

K

2

or by a 
enter of a propeller in Q. For Q, we de�ne a pa
king Q

h

by

the following: G

Q

h

is the subgraph of G

Q

indu
ed by non-�xed verti
es.

Obviously Q

h


onsists only of hypomat
hable graphs (all hypomat
hable

graphs in Q and for ea
h propeller P 2 Q with 
enter 
, all 
omponents of

P n 
).

De�nition 4.2. We say that a T -pa
kingQ ofG is e
onomi
al, if there is no

T -pa
king Q

0

of G su
h that 8v 2 V (G) : if deg

Q

(v) = 1 then deg

Q

0

(v) = 1,

and

(i) V (Q

0

) ) V (Q) and Q

0

h

� Q

h

or

(ii) V (Q

0

) = V (Q) and Q

0

h

( Q

h

Note that if a set X � V (G) is saturable by some T -pa
king then there

exists an e
onomi
al T -pa
king saturating X . Let Q be a T -pa
king of

G, su
h that ea
h propeller used in Q is assumed rooted in an arbitrarily

sele
ted root (Q is an arbitrarily rooted T -pa
king). For Q, we de�ne two

pa
kings Q

e

;Q

b

by the following: G

Q

e

is the subgraph of G

Q

indu
ed by

11



�xed verti
es and roots of propellers and G

Q

b

is the subgraph of G

Q

in-

du
ed by verti
es 
overed by hypomat
hable graphs and blades of rooted

propellers. Obviously Q

e


ontains only edges (
opies of K

2

involved in Q

and sti
ks of propellers from Q) and Q

b

� Q

h

.

Given two rooted pa
kingsQ;Q

0

, we say that C is a 
omponent ofQ[Q

0

,

if it is a 
omponent of the graph G

Q

e

[ G

Q

b

[ G

Q

0

e

[ G

Q

0

b

. Note that the


omponents of Q[Q

0

are not ne
esarilly 
omponents of the graph G

Q

[G

Q

0

,

sin
e they do not 
ontain the edges 
onne
ting the 
enters and blades of

propellers from Q;Q

0

(in [8℄, where only edges and hypomat
hable graphs

are used in the pa
kings, these two types of 
omponents are the same).

The following Lemma (in fa
t an extension of Theorem 3 from [8℄ proved

by a similar te
hnique) des
ribes the 
omponents of Q [Q

0

for two rooted

e
onomi
al T -pa
kings Q;Q

0

:

Lemma 4.3. Let T be a matroid-indu
ing EHP-family and let G be a graph.

Let Q and Q

0

be two rooted e
onomi
al T -pa
kings of G and let C be a


omponent of Q[Q

0

. Then

(i) C 
ontains at most 1 vertex that is un
overed by Q

(ii) C 
ontains at most 1 graph from Q

b

(iii) if C 
ontains exa
tly one graph from Q

b

then Q saturates C

Proof. Let us 
all a path P alternating w.r.t. Q if it 
ontains alternately

edges of Q

e

and E(G) n E(Q). An alternating path P with end verti
es u

and v is 
alled augmenting, if fu; vg \ V (Q

e

) = ? and fu; vg � H for no

H 2 Q

b

(i.e., the end verti
es of P do not belong to the same hypomat
hable

graph of Q

b

). It is easy to see that an e
onomi
al pa
king does not admit

an augmenting path.

For a 
ontradi
tion, let C 
ontain two graphs H

1

; H

2

, su
h that ea
h

H

i

is either a single vertex un
overed by Q, or a member of Q

b

. Assume

that the distan
e between H

1

; H

2

is a minimum. Then C 
ontains a path

P , su
h that P has end verti
es in H

1

and H

2

, and P does not 
ontain any

edge of a graph from Q

b

.

Let us denote by j(P ) the maximum number of 
onse
utive edges of a

graph from Q

0

b

, that do not belong to any graph from Q, involved in P . Let

us assume that P is a path with minimum j(P ).

If j(P ) � 1 then P is an augmenting path w.r.t. Q, whi
h is a 
ontra-

di
tion. If P 
ontains edges of at least two distin
t graphs from Q

0

b

then P


ontains an augmenting path w.r.t. Q

0

, whi
h is a 
ontradi
tion. Thus P


ontains edges of exa
tly one graph H

0

2 Q

0

b

.
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Let x be the �rst vertex (in the dire
tion from H

1

to H

2

) adja
ent to two


onse
utive edges of H

0

in P that do not belong to Q. Note that x 2 Q

e

,

otherwise the beginning of P would be an augmenting path. Let Q

00

be the

pa
king that arises from Q

0

by substituting H

0

with a perfe
t mat
hing of

H

0

nx. Let P

0

be the (unique) path starting in x by the (unique) edge from

Q

e

and alternating with respe
t to both Q and Q

00

. P

0

starts in x; denote by

z the other end vertex. If z 2 H

1

then j(P ) is not a minimum, otherwise we

may �nd an augmenting path w.r.t. Q or Q

0

, whi
h is a 
ontradi
tion.

4.2 Stru
tural lemma

Let H be a graph. For a vertex x 2 V (H), we will denote by H

x

the graph

that arises from H by adding a new vertex x

a

and a new edge xx

a

.

For a matroid-indu
ing EHP family T , k(T ) denotes the maximum index

of a star in
luded in T . Note that if k(T ) � 2 (T 
ontains the star S

2

) then

all hypomat
hable graphs are T -saturable. Hen
e all hypomat
hable graphs

and propellers di�erent from stars may be avoided in every T -pa
king.

If T is a family of graphs and H is a graph then we will denote by

�

T

(H) the maximum number of verti
es of H saturated by some T -pa
king

of H . If T is a matroid-indu
ing family then it follows that every maximal

T -pa
king of H saturates exa
tly �

T

(H) verti
es.

Lemma 4.4. Let T be a matroid-indu
ing EHP-family. Let H be a graph

that is neither T -saturable, nor hypomat
hable. Then there exists a vertex

x 2 V (H), su
h that �

T

(H

x

) � jH

x

j � 2.

Proof. We will prove this Lemma in two steps: In the �rst step we will �nd

a vertex x 2 V (H) and an e
onomi
al T -pa
king Q of H

x

with jV (Q)j �

jH

x

j � 2. In the se
ond step we will prove that Q has to be maximal w.r.t.

H

x

. Be
ause T is matroid-indu
ing, we will have �

T

(H

x

) = jV (Q)j �

jH

x

j � 2.

(i) Let N be an e
onomi
al maximal T -pa
king of H . Be
ause H is not

T -saturable, there exists a vertex w 2 V (H) n V (N ). We will 
olor w red.

Let v be a neighbor of w. Obviously N 
overs v by a 
opy of K

2

or by a


enter of a propeller.

Consider the graph H

v

. If N is e
onomi
al w.r.t. H

v

then we set x = v

and Q = N and we are �nished with the �rst part of the proof.

If N is not e
onomi
al w.r.t. H

v

then there exists a T -pa
king N

0

of
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H

v

with

(o) 8v 2 V (H): if deg

N

(v) = 1 then deg

N

0

(v) = 1, and

(i) V (N

0

) ) V (N ) and N

0

h

� N

h

or

(ii) V (N

0

) = V (N ) and N

0

h

( N

h

If v

a

62 V (N

0

) then N

0

is a T -pa
king of H proving that N is not

e
onomi
al w.r.t. H , whi
h is a 
ontradi
tion. Therefore v

a

2 V (N

0

).

If the star S

2

62 T then every propeller from T has a unique vertex

of degree one. Hen
e N ;N

0

may be unambiguously viewed as rooted T -

pa
kings. Note that due to (o), V (N

e

) � V (N

0

e

). Let J be the (unique)

maximal alternating path starting in v

a

by the edge v

a

v and 
ontaining

alternately edges of N

0

e

and N

e

. Sin
e V (N

e

) � V (N

0

e

), J has an odd

number of edges. Let z be the last vertex of J . We know that z is un
overed

by N or 
overed by N

b

. If z 6= w then by substituting the �rst edge v

a

v

in J by the edge wv we get an augmenting path w.r.t. N in H , whi
h is a


ontradi
tion. Therefore the last vertex of J is w.

On the other hand, if S

2

2 T then we may assume that N ;N

0


onsist of

stars only. In this 
ase, 
onsider a sequen
e of edges J of maximal possible

length starting in v

a

by the edge v

a

v and 
ontaining alternately (uniquely

determined) edges of N

0

n N and edges of N n N

0

leading to verti
es of

degree one. Let z be the last vertex of J . Due to (o), J 
annot have an

even number of edges. Thus J has an odd number of edges and z is either

un
overed by N or a member of N

b

or a 
enter of a star S

j

; 1 � j < k(T ) in

N with all edges 
overed by N

0

or already in J . If the last possibility appers

then we may 
onstru
t a new T -pa
king of H 
ontradi
ting the maximality

of N by swapping edges and non-edges of N along (J n fv

a

vg) [ fwvg.

Otherwise, similarly as above, we 
on
lude that z = w. Without loss of

generality assume that J is a path (
y
les in J may be skipped).

In both 
ases we have found an odd 
y
le C in H . C 
onsists of the

edge wv and the path J n v

a

. We 
an 
on
lude that none of the edges of C

belongs to a propeller from N (N would not be e
onomi
al w.r.t. H). Thus

C 
ontains only 
opies of K

2

from N and edges un
overed by N . Let us


olor all verti
es of C red. Note that for every red vertex y there exists an

e
onomi
al maximal T -pa
king N

y

of H skipping y and 
overing all other

red verti
es by 
opies of K

2

.

Let us take a red vertex w

0

, that has a non-red neighbor v

0

. Let N

w

0

be an e
onomi
al maximal T -pa
king of H skipping w

0

and 
overing all

red verti
es by 
opies of K

2

. As above, we will either �nd out that N

w

0

is

e
onomi
al also w.r.t. H

v

0

, or we will �nd an odd 
y
le C

0


ontaining v

0

and
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w

0

and 
onsisting of 
opies of K

2

from N

w

0

and edges un
overed by N

w

0

.

In the latter 
ase let us again 
olor all verti
es of C

0

red and observe that

(still) for every red vertex y there is an e
onomi
al maximum T -pa
king

N

y

of H skipping y and 
overing all other red verti
es by 
opies of K

2

.

Continuing analogously, we 
annot �nish with all verti
es 
olored red.

Then H would be hypomat
hable (for every [red℄ vertex there would be a

T -pa
king skipping it and 
overing all other [red℄ verti
es by 
opies of K

2

).

Hen
e in i-th step we will �nd a red vertex w

(i)

, its non-red neighbor v

(i)

and a T -pa
king N

w

(i)

of H , whi
h is e
onomi
al w.r.t H

v

(i)

and skips w

(i)

and the newly added vertex v

(i)

a

. Let us set x = v

(i)

and Q = N

w

(i)

. The

�rst step of the proof is �nished.

(ii) We have found a vertex x 2 V (H) and an e
onomi
al maximal T -

pa
king Q of H , whi
h is e
onomi
al also w.r.t. H

x

and skips at least the

newly added vertex x

a

and one more neighbor u of x. If Q is not maximal

w.r.t. H

x

then there is a T -pa
king R

0

of H

x

with V (R

0

) ) V (Q). Let R

be an e
onomi
al T -pa
king of H

x


overing the same set of verti
es as R

0

.

If x

a

62 V (R) then R proves that Q is not maximal w.r.t. H , whi
h is a


ontradi
tion. Thus R 
overs x

a

. Assume R and Q are arbitrarily rooted.

Let B be the 
omponent of R[Q 
ontaining x

a

. A

ording to Lemma 4.3

B does not 
ontain any other vertex, that is un
overed by Q. In parti
ular,

u 62 V (B). Let D be the 
omponent 
ontaining u. We know that D n u

is saturated by Q and that G

Q

\ D does not 
ontain any graph from Q

b

.

Let Q

0

be a T -pa
king that arises from R by repla
ing the edge xx

a

by

xu, by repla
ing all graphs of R interse
ting D with graphs (edges) of Q

e

interse
ting D and by substituting the newly 
onstru
ted graphs with their

perfe
t T -pa
kings where ne
essary. It may be simply observed that Q

0

is

a 
orre
tly de�ned T -pa
king of H with V (Q

0

) � V (Q) and so Q is not

maximal w.r.t. H , whi
h is a 
ontradi
tion.

Thus Q has to be maximal w.r.t. H

x

. Be
ause Q skips at least two

verti
es of H

x

, the Lemma 4.4 is proved.

4.3 Proof of the negative part of Theorem 4.1

Let T be a matroid-indu
ing EHP-family and let H be a graph that is nei-

ther T -saturable nor hypomat
hable nor a propeller. For proving Theorem

4.1 we need to show that T [fHg is not a matroid-indu
ing family. We will

pro
eed by dis
ussing the stru
ture of H and introdu
ing 
ounter-examples.

For ea
h type of a bad graph H we will �nd a 
ounter-example G, su
h that
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M(G; T [ fHg) is not a matroid. Moreover, we will always �nd two bases

of di�erent 
ardinality. Let us introdu
e an auxiliary Claim about bases,

analogous to the Claim introdu
ed on page 344 in [8℄:

Claim 4.4.1. Let H be a graph, let x 2 V (H) be a vertex with less than k(T )

neighbors of degree one. Let G = H

x

and let B

x

2

be a base of M(G; T [ fHg)

su
h that x; x

a

2 B

x

2

and for ea
h w 2 V (H

x

) with j

w

> 0 neighbors

of degree one, there are n = min(j

w

; k(T )) verti
es y

1

; ::; y

n

2 V (H

x

) of

degree one, su
h that wy

i

2 E(H) and y

i

2 B

x

2

for ea
h i.

If Q is a T [ fHg-pa
king of G 
orresponding to B

x

2

then Q uses no


opy of H.

Proof of Claim 4.4.1. Assume Q uses a 
opy H

0

of H . As jH

0

j � jB

x

2

j �

jH j+1, we have B

x

2

= V (H

0

). If the vertex x has h neighbors of degree one

in H (0 < h < k(T )), then we get a 
ontradi
tion, be
ause H

0

would have

more verti
es with h+ 1 neighbors of degree one than H .

If x has no neighbors of degree one then let us denote by 
(H) the

set of all verti
es of H that have neighbors of degree one. Let dst(H) =

P

u;v2
(H)

(1+ dist(u; v)), where dist(u; v) is the distan
e between u and v.

We get dst(H

0

) > dst(H), whi
h is again a 
ontradi
tion.

End of Proof of Claim 4.4.1.

Let us start dis
ussing the stru
ture of H : A

ording to Lemma 4.4 we

know that if H is neither T -saturable nor hypomat
hable then there exists

a vertex x 2 V (H), su
h that �

T

(H

x

) � jH

x

j � 2. Let us denote by A(H)

the set of all su
h verti
es of H . There are several 
ases:

Case 1 (analogous to Case 1 of [8℄): There exists a vertex a 2 A(H)

with less than k(T ) neighbors of degree one.

Let G = H

a

(see Figure 2
). Let B

1

be a base ofM(G; T [ fHg) 
ontaining

V (H). We know that jB

1

j � jGj � 1 using a 
opy of H . Let B

a

2

be the base

de�ned in Claim 4.4.1. By this Claim B

a

2

uses no 
opy of H and thus every

(T [ fHg)-pa
king 
orresponding to B

a

2

is in fa
t a T -pa
king. Be
ause

a 2 A(H), we have jB

a

2

j � jH

a

j � 2 < jB

1

j and so G is a 
ounter-example

with two bases of di�erent 
ardinality.

If Case 1 does not o

ur then every vertex from A(H) has at least k(T )

neighbors of degree one. Let us denote the set of all su
h neighbors by

B(H). On the other hand, also the following Claim holds:

Claim 4.4.2. If a 2 V (H) has k � k(T ) neighbors of degree one, then

a 2 A(H).
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Proof of Claim 4.4.2. Let B be the set of k � k(T ) neighbors of a of degree

one in H . If a 62 A(H) then �

T

(H

a

) � jH

a

j � 1. Let Q be a maximal

T -pa
king of H

a


overing all verti
es from B. We know that Q skips a

a

,

otherwise S

k+1

2 T . Hen
e Q saturates H , whi
h is a 
ontradi
tion.

End of Proof of Claim 4.4.2.

Let us follow the dis
ussion and introdu
e other Cases:

Case 2 (analogous to Case 2 of [8℄): �

T

(H n b) � jH j � 3 for some

b 2 B(H).

Denote by a the unique neighbor of b in H . Consider the graph H

b

(vertex

b

a

and edge bb

a

were added to H). Let Q be a maximal T -pa
king of H

b


overing b

a

.

If Q 
overs the edge bb

a

by a 
opy of K

2

then jV (Q)j = jH

b

j � 2 and so

b 2 A(H). Sin
e b has no neighbors of degree one, we may use Case 1.

If S

2

2 T and Q 
overs b

a

by a 
opy abb

a

of S

2

then Q skips all of the

k(T )� 1 � 1 neighbors of a with degree one di�erent from b. Moreover, we

may observe that the number of verti
es skipped byQ is stri
tly greater than

1, otherwise H is T -saturable. Hen
e jV (Q)j � jH

b

j � 2 and so b 2 A(H),

whi
h leads to Case 1.

It remains to inspe
t maximal T -pa
kings of H

b

that 
over bb

a

by a

1-propeller di�erent from S

2

. Without loss of generality we may suppose

that S

2

62 T (otherwise the use of propellers di�erent from stars 
ould be

eliminated). Let Q be a maximal T -pa
king of H

b


overing bb

a

by a 1-

propeller P 6= S

2

. We know that jV (Q)j � jH

b

j � 1, otherwise we 
an use

Case 1. Let N be a T -pa
king of H that arises from Q by substituting P

with a perfe
t mat
hing of P n b

a

. Obviously jV (N )j � jH j� 1 and be
ause

H is not T -saturable, N is maximal w.r.t. H and jV (N )j = jH j � 1.

Let d 6= b be an arbitrary vertex adja
ent in P to a. We may observe

that d has no neighbor of degree one in H . Su
h a vertex d

0


ould not be

in P , be
ause hypomat
hable graphs do not 
ontain verti
es of degree 1,

but we 
ould easily enlarge V (Q) by d

0

, whi
h is a 
ontradi
tion with the

maximality of Q. Consider the graph H

d

. N is a T -pa
king of H

d

skipping

2 verti
es. We will show that N is maximal w.r.t. H

d

and so d 2 A(H):

If N is not maximal w.r.t. H

d

then there exists a T -pa
king L ofH

d

with

V (L) ) V (N ). If d

a

62 V (L) then L proves that N is not maximal w.r.t. H ,

whi
h is a 
ontradi
tion. So d; d

a

2 V (L) and be
ause jV (N )j = jH j � 1,

we get jV (L)j � jH

d

j � 1. Let us pay attention to the edge ab: L must


over the edge ab by a 
opy of K

2

or by a propeller R with d 62 V (R). We

will 
onstru
t a new T -pa
king L

0

: L

0

arises from L by repla
ing the edges
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d

a

d and ab with the edge ad and by substituting the new graph 
overing

a with its perfe
t T -pa
king if ne
essary. It 
an be simply veri�ed that L

0

is a 
orre
tly de�ned T -pa
king skipping b with jV (L

0

)j � jH j � 2, whi
h


ontradi
ts the assumption of Case 2.

We have shown that N is maximal w.r.t. H

d

. Sin
e jV (N )j = jH

d

j � 2

and T is a matroid-indu
ing family, we get d 2 A(H). Be
ause d has no

neighbor of degree one in H , we may use Case 1. This 
ompletes Case 2.

Case 3 (analogous to Case 3 of [8℄): �

T

(H n b) = jH j � 2 for every

b 2 B(H).

Let t be the maximum integer su
h that H 
an be de
omposed as in Fig. 1,

where z 2 B(H) and

S

t

i=s

(N

i

) is not T -saturable for any s = 1; :::; t. Let us


onstru
t a 
ounter-example G su
h that M(G; T [ fHg) is not a matroid:

G arises from two 
opies H

1

; H

2

of H (verti
es of ea
h H

i

are indexed by

i

)

by glueing the vertex z

2

of H

2

to the unique neighbor 


1

of z

1

in H

1

. (The


onstru
tion from Case 3 of [8℄ was used - see Figure 2d).

Let B

1

be a base of M(G; T [ fHg) 
ontaining V (H

1

). Then jB

1

j �

jGj� 1 using a 
opy H

1

of H and a maximum T -pa
king of H

2

n z

2

. Let B

2

be a base 
ontaining V (H

2

). Assume that jB

2

j = jB

1

j. Be
ause neither H

2

nor H

2

nz

2

is T -saturable, we have to use a 
opy H

0

of H with H

0

\H

2

6= ?.

Denote T

2

= H

0

\H

2

. Let (z

2

; N

1

; :::; N

t

) be the de
omposition of H

2

as in

Figure 1. Denote N

0

i

= N

i

\ T

2

. Be
ause H

2

n T

2

must be T -saturable, T

2

has to interse
t every N

i

, and so N

0

i

6= ?, i = 1; :::; t. Moreover,

S

t

i=s

(N

0

i

)

is not T -saturable for any s = 1; :::; t (in parti
ular, T

2

=

S

t

i=1

(N

0

i

) is not

T -saturable).

By a 
ardinality argument H

0


ontains the vertex x = z

2

= 


1

. Denote

T

1

= H

0

\H

1

. If x has k(T ) neighbors r

1

; :::; r

k

of degree one in T

1

, then x 2

A(H

0

) and (r

1

; T

1

n r

1

; N

0

1

; :::; N

0

t

) is a de
omposition of H

0

into t+1 parts.

Figure 1: Case 3 - De
omposition of H
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Be
ause r

1

2 B(H

0

), by the assumption of Case 3H

0

nr

1

= (T

1

nr

1

)[

S

t

1

(N

0

i

)

is not T -saturable and we get a 
ontradi
tion with the maximality of t.

If x has less than k(T ) neighbors of degree one in T

1

then without loss

of generality assume that H

0

does not 
ontain z

1

. Thus (H

1

n z

1

) nH

0

has

to be T -saturable and so H

0

\ (H

1

n fz

1

; xg) is non-T -saturable. Hen
e

�

T

(H

0

n x) = jH

0

j � 3. The graph T

1

= H

0

\H

1

is in this 
ase also non-T -

saturable sin
e �(H

1

n z

1

) = jH

1

j � 2. We will prove that x 2 A(H

0

) and

then, be
ause x has less then k(T ) neighbors of degree 1 in H

0

, we will use

Case 1:

For a 
ontradi
tion, let x 62 A(H

0

). Then there exists a maximal T -

pa
king Q of H

0

x

with jV (Q)j � jH

0

x

j � 1. The added vertex x

a

2 V (Q),

otherwise H

0

is T -saturable. If Q 
overs the new edge xx

a

by a 
opy of K

2

then either T

1

or T

2

is T -saturable, whi
h is a 
ontradi
tion. If Q 
overs the

new edge xx

a

by a propeller P then by Heredity of T , one of the graphs T

1

,

T

2

, T

1

n x, T

2

n x is T -saturable, whi
h is a 
ontradi
tion. This 
ompletes

Case 3.

Case 4. �

T

(H) = jH j � 1 and there exists a vertex a 2 A(H) and a


omponent D of H n a that is saturated by every maximal T -pa
king of H.

Note that in this 
ase H n D 
annot be saturated by any T -pa
king of

H , otherwise a base 
ontaining V (H n D) would lead to a 
ontradi
tion.

Be
ause all verti
es from A(H) have neighbors of degree one, there must

exist a vertex d 2 D n A(H). Thus �

T

(H

d

) � jH

d

j � 1. Assume that the

distan
e between a; d is maximum possible. Let us 
onstru
t a graph G su
h

that M(G; T [ fHg) is not a matroid: G arises from two 
opies H

1

; H

2

of

H (verti
es of ea
h H

i

are indexed by

i

) and one new vertex r

0

by adding

the edge r

0

d

1

and edges a

2

x

1

for every x

1

2 V (H

1

) su
h that x

1

d

1

2 E(H

1

)

(see Figure 2e). Let us �nd two bases of M(G; T [ fHg) with di�erent


ardinality:

Let B

2

be a base 
ontaining V (H

2

). Then jB

2

j � jGj � 1 using two


opies H

1

; H

2

of H (vertex r

0

will remain un
overed). Let B

1

be a base


ontaining V (H

1

) [ fr

0

g. Sin
e H

1

nD

1

is not saturated by any T -pa
king

of H

1

, B

1

has to use a 
opy H

0

of H interse
ting H

1

n D

1

in a nonempty

and non-T -saturable subgraph. Obviously a

1

2 V (H

0

), and so all k(T )

neighbors of a

1

with degree one from H

1

are in V (H

0

). A

ording to Claim

4.4.2 a

1

2 A(H

0

). Denote T

1

= H

0

\(H

1

nD

1

). We know that every maximal

T -pa
king of H

0

skips exa
tly one vertex. The skipped vertex is always in

T

1

, otherwise there exists a T -pa
king of H

1

saturating H

1

nD

1

, whi
h is a


ontradi
tion. So H

0

n T

1

is saturated by every maximum T -pa
king of H

0

.
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If H

0

does not interse
t H

2

then by a 
ardinality argument d

1

2 V (H

0

).

Thus r

0

2 V (H

0

) and there has to be a vertex y 2 V (H

1

) n V (H

0

). Note

that the degree of y in H

1

must be 1, otherwise similarly as in Claim 4.4.1,

dst(H

0

) > dst(H). Vertex y has to be 
overed by a graph 
ontaining the

edge ya

2

and so y has to be a neighbor of d

1

. If �

T

(H

1;y

) � jH

1;y

j � 1

then we have a 
ontradi
tion with the supposed maximality of the distan
e

between a; d. Thus �

T

(H

1;y

) � jH

1;y

j� 2 and so y 2 A(H

1

). Be
ause y has

no neighbors of degree one in H

1

, we may use Case 1.

If H

0

interse
ts H

2

then a

2

2 V (H

0

). If jB

1

j = jB

2

j � jGj � 1 then

H

0

n a

2

must have a non-T -saturable 
omponent B � H

2

n a

2

. Let Q be

a maximal T -pa
king of H

0

. We know that Q saturates all the verti
es of

H

0

n T

1

. Hen
e Q saturates B and so there is a graph L 2 Q 
overing a

2

and interse
ting B in a nonempty subgraph. If jL\Bj > 1 then L \B is a

part of a hypomat
hable subgraph or a propeller and there exists a vertex

w 2 L\B su
h that �

T

(H

0

nw) � jH

0

nwj�1. Therefore �

T

(H

0

w

) � jH

0

w

j�1,

whi
h 
ontradi
ts the supposed maximality of the distan
e between a and

d. Thus L \ B = fvg (a single vertex). The vertex v has no neighbors of

degree one in H

0

(these 
ould not be 
overed by Q). If �

T

(H

0

v

) � jH

0

v

j � 1

then v 
ontradi
ts the supposed maximality of the distan
e between a and

d, otherwise v 2 A(H

0

) and be
ause v has no neighbors of degree one, we

may use Case 1. We have proved that jB

1

j 6= jB

2

j, whi
h proves that T is

not a matroid-indu
ing family. This is the end of Case 4.

Case 5. �

T

(H) = jH j � 1, and there are verti
es b 2 B(H) and x 2

V (H), su
h that �

T

(H n b) = jH j � 1 and �

T

(H n x) = jH j � 2.

Let a 2 A(H) be the (unique) neighbor of b. We know that x 6= a,

otherwise H is T -saturable. The 
ounter-example graph G is 
onstru
ted

as follows: G arises from two 
opies H

1

; H

2

of H (verti
es of ea
h H

i

are

denoted by the index

i

) by glueing the vertex a

2

to x

1

(see Figure 2f). Let

B

2

be a base 
ontaining V (H

2

). jB

2

j � jGj � 1 using a 
opy of H and a

maximal T -pa
king ofH

1

nx

1

. Let B

1

be a base 
ontaining V (H

1

) and let N

be a T [fHg-pa
king asso
iated with B

1

. Be
ause neither H

1

nor H

1

na

2

is

T -saturable,N has to use a 
opyH

0

ofH interse
tingH

1

na

1

in a non-empty

and non-T -saturable subgraph. By a 
ardinality argument, a

2

2 V (H

0

). If

H

0

does not 
ontain all the neighbors of a

2

from B(H

2

) then without loss

of generality N skips b

2

. If jB

1

j � jGj � 1 then V (N ) = V (G n b

2

). Let Q

be a maximal T -pa
king of H

0

. We know that Q skips exa
tly one vertex

of H

0

and so either H

0

\ H

1

n a

2

or H

0

\ H

2

n a

2

is saturated by Q. By

Heredity, one of the graphs H

1

; H

2

; H

1

n a

2

; H

2

n a

2

b

2

is T -saturable, whi
h

20



is a 
ontradi
tion.

If H

0


ontains all the neighbors of a

2

from B(H

2

) then a

2

2 A(H

0

).

Note that every T -pa
king of H

0

skips exa
tly one vertex in H

0

\ (H

1

nx

1

),

otherwise H

1

or H

1

nx

1

is T -saturable by Heredity. Thus H

0

\(H

2

na

2

) 6= ?

is saturated by every maximal T -pa
king ofH

0

and we may use Case 4. This


ompletes Case 5.

Case 6 (analogous to Case 4 of [8℄): There are two verti
es a; a

0

2 A(H),

su
h that if b 2 B(H) is a neighbor of a or a

0

then H n b is T -saturable.

If L is a graph and Q is its T -pa
king then we 
all the size of jV (L)nV (Q)j

the defe
t of Q. The defe
t of L is the defe
t of a maximum T -pa
king of

L. Let b; b

0

2 B(H) be neighbors of a; a

0

, respe
tively. Let us denote by

m the defe
t of H n fa; b; a

0

; b

0

g, and by n; n

0

the defe
ts of H n fa; bg and

H n fa

0

; b

0

g, respe
tively.

At �rst assume that m < n+n

0

and let us 
onstru
t a 
ounter-example

graph G: G arises from three 
opies H

0

; H

1

; H

2

of H (verti
es of ea
h H

i

are indexed by

i

) by glueing verti
es a

0

to a

1

, b

0

to b

1

, a

0

0

to a

0

2

and b

0

0

to b

0

2

(and deleting the multiple edges). For ea
h i 2 f1; 2g we will denote

I

i

= H

i

nH

0

. (The 
onstru
tion from Case 4 of [8℄ was used - see Figure

2g).

Let B

1

be a base 
ontaining V (H

1

)[ V (H

2

). Then jB

1

j � jGj �m. Let

B

2

be a base 
ontaining V (H

0

). Be
ause H

0

is not T -saturable, B

2

has to

use a 
opy H

0

of H interse
ting H

0

. If H

0

= H

0

then jB

2

j = jGj�(n+n

0

) <

jGj �m � jB

1

j, whi
h proves that T is not matroid-indu
ing.

If H

0

6= H

0

then jH

0

\I

1

j � 1 or jH

0

\I

2

j � 1. Without loss of generality

let jH

0

\ I

1

j � 1. Note that H

0

has to 
over all neighbors of a

0

of degree

one in H

0

and so a

ording to Claim 4.4.2, a

0

2 A(H

0

). If there does not

exist a T -pa
king of H

0

saturating H

0

\ H

0

then H

0

\ I

1

is saturated by

every maximum T -pa
king of H

0

. Be
ause H

0

\ I

1


ontains one or more


omponents of H

0

n a

0

and a

0

2 A(H

0

), we 
an use Case 4. If there exists

a T -pa
king of H

0

saturating H

0

\ H

0

then by Heredity of T , H

0

\ H

0

is

T -saturable. Hen
e H

0

nH

0

is not T -saturable and B

2

has to use another


opy H

00

of H with jH

00

\ H

2

j > 0, jH

00

\ H

0

j > 0 and (H

00

\ H

0

) not

T -saturable. Similarly as above, a

0

0

2 A(H

00

). It follows that H

00

\ H

2

is

saturated by every maximum T -pa
king of H

00

and so we may use Case 4.

It remains to prove that m � n + n

0

does not o

ur: If Case 5 does

not hold then for every x 2 V (H), the defe
t of H n x is either 0 or at

least 2. Note that if the defe
t is at least 2 then x is 
overed by an edge

or by a 
enter of a propeller in ea
h maximal T -pa
king of H . Let Q be
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an e
onomi
al maximal T -pa
king 
overing both ab and a

0

b

0

. Assuming

that K

2

is a "0-propeller", the verti
es a; a

0

have to be 
overed by 
enters

of propellers in Q. Let us denote the propellers 
overing a; a

0

by P; P

0

,

respe
tively and assume that P; P

0

are rooted in b; b

0

, respe
tively and that

Q is a T -pa
king with minimum sum of indexes of P , P

0

. Let Q

0

be a

T -pa
king of H 
onstru
ted from Q by substituting all blades of the two

mentioned rooted propellers by their maximum mat
hings (one vertex in

every blade will remain un
overed). It is simple to prove that Q

0

is an

e
onomi
al T -pa
king of H (generally, every T -pa
king that arises from

an e
onomi
al T -pa
king by substituting some hypomat
hable graphs and

blades of propellers by their maximum mat
hings is e
onomi
al). Note that

there is one more vertex y 62 V (P ) [ V (P

0

) skipped by Q

0

: y is the vertex

skipped by the original T -pa
king Q. If the sum of the indexes of P; P

0

was

a minimum then the defe
t of Q

0

is exa
tly m, sin
e in this 
ase Q

0

indu
es

a maximal T -pa
king in H n fa; b; a

0

; b

0

g.

Similarly, we will 
onstru
t two other T -pa
kingsN

1

;N

0

1

of H nfabg and

H nfa

0

b

0

g, respe
tively. N

1

and N

0

1

arise from Q by repla
ing blades of only

one rooted propeller P or P

0

, respe
tively, by their maximum mat
hings

and by skipping the edge ab; a

0

b

0

, respe
tively. If both N

1

;N

0

1

are maximal,

then obviously m < n+ n

0

.

Let us assume that without loss of generality N

1

is not maximal. Let

N

2

� N

1

be an e
onomi
al maximal T -pa
king of H n ab. The T -pa
king

N = N

2

[ fabg is an e
onomi
al T -pa
king of the whole H . Assume that

Q and N are arbitrarily rooted.

Sub
ase 1. If y 2 N then every vertex skipped by N lies in a 
omponent

of Q [N interse
ted by P in Q. Let C = fC

1

; :::; C

t

g be a 
olle
tion of all

su
h 
omponents and let V (C) denote the set of all verti
es in all C

i

. We

may 
onstru
t a perfe
t T -pa
king of H by ex
hanging the graphs of N

interse
ting V (C) [ fa; bg with graphs of Q interse
ting V (C) [ fa; bg (we

will use a subpropeller of P ) and by repla
ing the newly 
onstru
ted graphs

by their perfe
t T -pa
kings where ne
essary, whi
h is a 
ontradi
tion.

Sub
ase 2. If y 62 N then N 
overs a vertex z 
overed by a blade of

P in Q. Sin
e Case 5 does not o

ur, H n z is T -saturable. Let D be an

e
onomi
al maximal rooted T -pa
king of H saturating V (H) n z. We will

subsequently modify N and Q to obtain a 
ontradi
tion. Throughout the

sequen
e of modi�
ations, we will maintain the following invariant:

(I) At most one vertex skipped by N (denoted by y) is not 
overed by

a propeller with 
enter a in Q. If y exists then z is 
overed by a propeller
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with 
enter a in Q.

At the beginning, (I) is satis�ed. There are several situations:

Situation A. If y; z are in the same 
omponent C of D [ N then by

repla
ing all graphs (edges) of N in C with the graphs (edges) of D in C,

we get Sub
ase 1.

Situation B. If the 
omponent C of D[N 
ontaining y is interse
ted by a

hypomat
hable graph in D then we get a 
ontradi
tion with the maximality

of N

2

.

Situation C. If the 
omponent C of D[N 
ontaining y is interse
ted by

a blade B of a rooted propeller (W; r) with 
enter 
 6= a in D then let us

fo
us on the vertex 
. If 
 is un
overed by N or 
overed by a hypomat
hable

graph, by a root or a blade of a rooted propeller or by a 
opy of K

2

in N

then we get a 
ontradi
tion with the maximality of N

2

. Thus 
 is a 
enter

of a rooted propeller (W

0

; r

0

) in N . If D(W

0

; r

0

) � D(W; r) then we may

enlarge N

2

to saturate V (C), whi
h is a 
ontradi
tion. Otherwise, by Blade

ex
hange there exists a blade B

0

2 D(W

0

; r

0

) nD(W; r) su
h that the graph

indu
ed by V (W

0

nB

0

)[V (B) is T -saturable. Let us modify N by repla
ing

W

0

with a perfe
t T -pa
king of V (W

0

nB

0

)[V (B), by repla
ing the graphs

of N in C with the graphs of D in C and by repla
ing B

0

with a maximum

mat
hing of B

0

nx

1

, where x

1

2 V (B

0

) is arbitrary. After this modi�
ation,

let us newly 
onsider y = x

1

, observe that (I) is satis�ed and 
ontinue our

sequen
e of modi�
ations a

ording to the 
urrent Situation.

Situation D. The last situation o

urs when the 
omponent C of D[N


ontaining y is interse
ted by a blade B of a rooted propeller (W; r) with


enter a in D. Without loss of generality we may suppose that y 2 V (B)

and C = B, sin
e N may be simply modi�ed to satisfy this 
ondition.

If there is a blade Y of P with V (Y ) \ V (B) 6= ? then let x

2

2 V (Y ) \

V (B) and let us modify N by repla
ing the graphs of N in B with a perfe
t

mat
hing of B n x

2

. After this modi�
ation we are in Sub
ase 1.

If B does not interse
t any blade of P then a

ording to Blade ex
hange,

there is a blade D of P su
h that the graph indu
ed by V (P nD)[V (B) is

T -saturable. Let us modify Q by repla
ing the graphs of Q with the graphs

of D in the 
omponent of Q [ D 
ontaining B and by repla
ing P with a

perfe
t T -pa
king of the graph indu
ed by V (P n D) [ V (B) and with a

perfe
t mat
hing of D n x

3

where x

3

2 V (D) is arbitrarily sele
ted if N

saturates D and is the unique vertex of D skipped by N otherwise.

IfN saturatesD (this o

urs e.g. when z 2 V (D)) then this modi�
ation

leads to Sub
ase 1. If N does not saturate V (D) then let us newly 
onsider
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y = x

3

and observe that (I) is satis�ed. Hen
e we may 
ontinue our sequen
e

of modi�
ations a

ording to the 
urrent Situation.

For a rooted T -pa
king L, we denote by D(L) the set of all graphs

indu
ed by a blade and a 
enter of any propeller in
luded in L. The above

sequen
e of modi�
ations is �nite, sin
e in ea
h step the size of one of

D(D) nD(Q), D(D) nD(N ) de
reases. We end our sequen
e in Sub
ase 1

or by a 
ontradi
tion with the maximality of N

2

. This 
on
ludes the proof

of Case 6.

It remains to prove that the list of 
ases is 
omplete. If H is a 
onne
ted

graph whi
h is neither T -saturable nor hypomat
hable then a

ording to

Lemma 4.4, A(H) 6= ?. If neither of Cases 1,2,3 holds then there is a vertex

b 2 B(H) su
h that H n b is T -saturable. Be
ause H is not T -saturable,

we have �

T

(H) = jH j � 1. Let a 2 A(H) be the (unique) neighbor of b

in H . If any of the 
omponents of H n a is saturated by every maximum

T -pa
king of H , then we 
an use Case 4. So for every 
omponent of H n a

there exists a maximum T -pa
king of H skipping one of its verti
es. Let us

iterate through all the 
omponents of H na. For every 
omponent D we will

take a maximum T -pa
king of H skipping one of the verti
es x 2 V (D). We

will 
olor x red and follow the 
oloring algorithm des
ribed informally in the

proof of Lemma 4.4 until all verti
es of D are red or until we �nd a vertex

a

0

2 V (D) \ A(H). If we �nish with all verti
es in all 
omponents 
olored

red then every 
omponent of H n a is hypomat
hable and H is a propeller,

whi
h was 
ompletely addressed in Se
tion 3. Note that this way we 
an

�nd not only a vertex a

0

2 A(H); a

0

6= a, but also a maximal T -pa
king Q

of H skipping exa
tly one of the neighbors of a

0

. Let us observe that for

every neighbor b

0

2 B(H) of a

0

, Q 
an be easily 
hanged to a T -pa
king

skipping exa
tly b

0

. We have found two verti
es a; a

0

2 A(H), su
h that if

b 2 B(H) is a neighbor of a or a

0

then H n b is T -saturable, whi
h 
an be

solved by Case 6. This 
on
ludes the proof of Theorem 4.1.

5 Con
lusion

We have introdu
ed a full 
hara
terization of EHP-families of graphs T

su
h that M(G; T ) is a matroid for every graph G. Moreover, we have

fully 
hara
terized the enlargements of matroid-indu
ing EHP-families by

one graph H by proving that T [ fHg is a matroid-indu
ing family if and

only if H is T -saturable or T [ fHg is a matroid-indu
ing EHP-family.
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Figure 2: Summary of 
ounter-examples

The paper studies the matroidal aspe
ts of the T -pa
king problem.

Many other results have been re
ently extended from mat
hing to pa
k-

ing by EHP-families. The most important results are those 
on
erning


omplexity. These were introdu
ed by Loebl and Poljak in [9℄ and [10℄.
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