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Abstra
t

We show that for ea
h " > 0, there exists a number g su
h that the


ir
ular 
hromati
 index of every 
ubi
 bridgeless graph with girth at

least g is at most 3 + ". This 
ontrasts to the fa
t (whi
h disproved

the Girth Conje
ture) that there are snarks of arbitrary large girth.

In parti
ular, we show that every 
ubi
 bridgeless graph with girth

at least 14 has the 
ir
ular 
hromati
 index at most 7=2.

1 Introdu
tion

We study edge-
olorings of 
ubi
 graphs. A proper edge-
oloring of a graph

G is a 
oloring of all edges of G su
h that every two in
ident edges re
eive

distin
t 
olors. The smallest number of 
olors for whi
h there is a proper

edge-
oloring is 
alled the 
hromati
 index and denoted by �

0

(G). The


hromati
 index of a 
ubi
 graph is either 3 or 4 by a theorem of Vizing [20℄.

In this paper, we study 
ir
ular edge-
olorings of simple 
ubi
 graphs.

The 
ir
ular 
oloring of graphs was introdu
ed by Vin
e [19℄ under the

name of \star 
oloring". A proper 
ir
ular p=q-edge-
oloring is a 
oloring of

edges of G by 
olors 0; : : : ; p� 1 su
h that the di�eren
e modulo p of 
olors

assigned to two in
ident edges is not among �(q � 1);�(q � 2); : : : ; q � 1.

A 
ir
ular p=q-edge-
oloring 
an also be viewed as a 
oloring by points

on a 
ir
le of 
ir
umferen
e p in su
h a way that a pair of in
ident edges
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re
eive 
olors whi
h are at distan
e at least q on the 
y
le. The smallest

ratio p=q for whi
h there is a proper 
ir
ular p=q-edge-
oloring is 
alled

the 
ir
ular 
hromati
 index of G and denoted by �

0




(G) (the minimum is

always attained [5, 19℄). It 
an be shown that �

0

(G) � 1 < �

0




(G) � �

0

(G).

It is also true that for ea
h p and q with �

0




(G) � p=q, there is a proper


ir
ular p=q-edge-
oloring of G. For further results on the 
ir
ular 
oloring,

the reader is referred to a re
ent survey on the subje
t by Zhu [22℄.

It 
an be easily dedu
ed that 3 � �

0




(G) � 4 for ea
h 
ubi
 bridgeless

graph G and that �

0




(G) = 3 i� �

0

(G) = 3. Cubi
 bridgeless graphs whose


hromati
 index is equal to 4 are known as snarks [6, 21℄ (sometimes an

additional 
onne
tivity requirement is imposed). Zhu [22, Question 8.4℄

asked whether there is a 
ubi
 bridgeless graph whose 
ir
ular 
hromati


index is equal to 4. Afshani, Hatami and Tusserkani [1℄ have re
ently proved

that the 
ir
ular 
hromati
 index of ea
h 
ubi
 bridgeless graph is at most

11=3. This 
annot be further improved, as witnessed by the Petersen graph

whose 
ir
ular 
hromati
 index is 11=3. The 
ondition that the graph is

bridgeless 
annot be removed be
ause there are 
ubi
 graphs whose 
ir
ular


hromati
 index is equal to 4. There are also bridgeless graphs of maximum

degree 3 whose 
ir
ular 
hromati
 index is equal to 4.

A 
onje
ture of Jaeger and Swart [12℄ asserts the existen
e of a number

g su
h that ea
h snark has girth at most g (a
tually, they 
onje
tured that

g = 6 suÆ
es) where the girth of a graph is the length of its shortest


y
le. This 
onje
ture has be
ome known as the Girth Conje
ture and it

was disproved by Ko
hol [13℄ who 
onstru
ted 
y
li
ally 5-edge-
onne
ted

snarks with arbitrary large girths. In the present paper, we prove that

the Girth Conje
ture \holds" for the 
ir
ular edge-
oloring. In parti
ular,

our main result is the following: For ea
h " > 0, there is a number g su
h

that every 
ubi
 bridgeless graph with girth at least g has 
ir
ular 
hromati


index at most 3+" (Corollary 1). This result is best possible in the following

sense: For ea
h g, there is a 
ubi
 bridgeless graph with girth g with 
ir
ular


hromati
 index greater than 3 (just 
onsider a snark with girth g).

We remark that large girth itself does not imply that the 
ir
ular 
hro-

mati
 number is smaller than the 
hromati
 number. For ea
h integers k � 1

and g � 3, there is a graph G with girth at least g with �(G) = �




(G) = k

as shown by Ste�en and Zhu [18℄. However, Gallu

io, Goddyn and Hell [10℄

proved the following for graphs avoiding a �xed graph H as a minor: For

every graph H and every " > 0, there is g su
h that the 
ir
ular 
hromati


number of ea
h graph with girth at least g whi
h does not 
ontain H as a

minor is at most 2 + ".
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Standard graph theory notation, whi
h 
an be found e.g. in [7℄, is used

throughout this paper. For X � V (G), G[X ℄ denotes the subgraph of G

indu
ed by verti
es of the set X . The order of a graph is the number of its

verti
es. All the 
olorings we 
onstru
t in this paper are 
ir
ular (3p+1)=p-


olorings. If p is an even integer, the 
olors are denoted by the numbers

�3p=2, �3p=2 + 1, : : :, �1, 0, 1, : : :, 3p=2� 1, 3p=2. The numbers 
an be

viewed as points evenly distributed along the 
ir
le whose 
ir
umferen
e is

3p+ 1. Thus, two in
ident edges 
an be assigned numbers x and y only if

p � jx� yj � 2p+ 1.

Proofs of our results are based on a 
on
ept of systems of independent

segments in 
ubi
 graphs whi
h is a modi�
ation of the 
on
ept of inde-

pendent systems of representatives. Both these 
on
epts are introdu
ed in

Se
tion 2. Our main result is stated and proved in Se
tion 3. A more 
areful

analysis allows us to show that the 
ir
ular 
hromati
 index of ea
h 
ubi


bridgeless graph with girth at least 14 is at most 7=2 (Theorem 4). We


on
lude the paper by posing several open problems in Se
tion 5.

2 Systems of Independent Segments

In this se
tion, the 
on
ept of systems of independent segments is intro-

du
ed. This 
on
ept is 
losely related to the 
on
ept of independent sys-

tems of representatives introdu
ed by Fellows [9℄. We re
all this 
on
ept

and state some results related to it. These results are then used to derive

several lemmas whi
h are essential for our work.

Fix an integer k � 1 and 
onsider a graph G whose vertex set is parti-

tioned into sets V

1

; : : : ; V

k

. Verti
es v

1

; : : : ; v

k

form an independent system

of representatives (ISR) of G with respe
t to the partition V

1

; : : : ; V

k

if

v

1

; : : : ; v

k

form an independent set and v

i

2 V

i

for ea
h i = 1; : : : ; k. An

argument based on the topologi
al 
onne
tivity of 
ertain simpli
ial 
om-

plexes was used to derive a suÆ
ient 
ondition on the existen
e of an ISR

in [4℄. A more general form of this argument is stated in [14℄. Here, we

formulate one of its 
orollaries.

A subset W of the vertex set of a graph G is 
alled total dominating if

the following holds: For ea
h vertex v 2 V (G), there is a vertex w 2 W su
h

that vw is an edge of G. Note that we require ea
h vertex v to be adja
ent

to a vertex of W no matter whether v is in W or not. The smallest size of

a total dominating set in G is 
alled the total domination number of G and

denoted by 
(G).
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In this paper, we use the following suÆ
ient 
ondition due to Haxell [11℄

on the existen
e of an ISR:

Theorem 1 Let G be a graph whose vertex set is partitioned into sets

V

1

; : : : ; V

k

. Then, G has an independent system of representatives with

respe
t to V

1

; : : : ; V

k

if the following holds for ea
h non-empty set I �

f1; : : : ; kg:




 

G[

[

i2I

V

i

℄

!

� 2jI j ;

where G[

S

i2I

V

i

℄ is the graph indu
ed by the verti
es of the union

S

i2I

V

i

.

An interested reader 
an �nd other 
onditions on the existen
e of ISR's and

some generalizations of the 
on
ept in [2, 3, 15℄.

Instead of independent systems of representatives, we 
onsider systems

of independent segments in 
ubi
 graphs. Fix a 
ubi
 bridgeless graph G

with girth g and a 1-fa
tor F of G. We de�ne a graph G

F;k

for 1 � k � g as

follows: Verti
es of G

F;k

are k-tuples (v

1

; : : : ; v

k

) of verti
es of G for whi
h

there is a 
y
le C in G n F su
h that the verti
es v

1

; : : : ; v

k

are 
onse
utive

in the 
y
le C (they form a path in C). Sin
e k � g, the graphs G and G

F;k

have the same order. Verti
es of G

F;k

are 
alled segments, or k-segments if

we want to emphasize the number of verti
es in ea
h segment. Two segments

(v

1

; : : : ; v

k

) and (w

1

; : : : ; w

k

) are joined by an edge in G

F;k

if there exist v

i

and w

j

with v

i

w

j

2 F , i.e., a vertex of one of the segments is adja
ent to a

vertex of the other one. Noti
e that the maximum degree of G

F;k

is at most

k

2

(but it need not be a k

2

-regular graph unless g is suÆ
iently large).

Let t be the number of the 
y
les of G n F and let C

1

; : : : ; C

t

be these


y
les. Verti
es of G

F;k

are partitioned into t sets V

1

; : : : ; V

t

, where ea
h

set V

i


onsists pre
isely of segments of the 
y
le C

i

, i = 1; : : : ; t. Hen
e,

the size of V

i

is equal to the length of the 
y
le C

i

and the minimum size

of a set V

i

is at least g. Segments s

1

; : : : ; s

t

form a system of r-independent

segments if s

i

2 V

i

for ea
h i = 1; : : : ; t and the distan
e between ea
h pair

of verti
es s

i

and s

j

with i 6= j in G

F;k

is at least r+1. Note that a system

of 1-independent segments is just a system of independent representatives

in the graph G

F;k

with respe
t to V

1

; : : : ; V

t

. In general, a system of r-

independent segments is a system of independent representatives in G

r

F;k

where G

r

F;k

is the r-th power of the graph G

F;k

. Re
all that the r-th power

of a graph is the graph on the same vertex set in whi
h two verti
es are

joined by an edge if their distan
e in the original graph is at most r.
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We now formulate a suÆ
ient 
ondition on the existen
e of a system of

r-independent segments whi
h is based on Theorem 1:

Lemma 1 Let r and k be positive integers and let G be a 
ubi
 bridgeless

graph with girth at least 2k

2r

. For ea
h 1-fa
tor F of G, the graph G

F;k


ontains a system of r-independent segments.

Proof: We need to show that the graph G

r

F;k


ontains an independent

system of representatives with respe
t to the sets V

1

; : : : ; V

s


orresponding

to the fa
tor F in the way des
ribed before the statement of this lemma.

Note that ea
h V

i

has size at least 2k

2r

by the assumption on the girth of G.

Sin
e the maximum degree of the graph G

F;k

is at most k

2

, the maximum

degree of the graph G

r

F;k


annot ex
eed k

2

(k

2

� 1)

r�1

� k

2r

. Now, let I

be a non-empty subset of the set f1; : : : ; sg. Sin
e the order of the graph

G

r

F;k

[

S

i2I

V

i

℄ is at least 2k

2r

� jI j and its maximum degree is at most k

2r

,

its total domination number is at least

2k

2r

�jIj

k

2r

= 2jI j. Then, by Theorem 1,

G

r

F;k


ontains an independent system of representatives with respe
t to the

sets V

1

; : : : ; V

s

.

3 Cir
ular (3 + ")-Edge-Colorings

Theorem 2 Let G be a bridgeless 
ubi
 graph with girth at least 2(2p)

2p

where p � 2 is an even integer. Then, the 
ir
ular 
hromati
 index of G is

at most 3 + 1=p.

Proof: Fix an even integer p � 2 and a 1-fa
tor F of G. Note that G

must have a 1-fa
tor by Petersen's theorem [16℄ sin
e it is a bridgeless 
ubi


graph. In what follows, we 
onstru
t a 
ir
ular (3p+ 1)=p-edge-
oloring of

G using the 
olors �3p=2;�3p=2+ 1; : : : ;�1; 0; 1; : : : ; 3p=2� 1; 3p=2.

First, 
ertain vertex-disjoint subgraphs 
alled o
topuses are found in G.

An o
topus has the following stru
ture: Let C be a 
y
le ofGnF . An o
topus


ontains (among others) 2p 
onse
utive verti
es v

1

; : : : ; v

2p

of C together

with all edges in
ident with them. The 
y
le C is 
alled the head 
y
le of

the o
topus and the verti
es of the o
topus 
ontained in C form the head

of the o
topus. Next, let v

i;0

be a neighbor of v

i

in F for i = 1; : : : ; 2p and

let v

i;�p+2

; v

i;�p+3

; : : :, v

i;0

; : : :, v

i;p�3

; v

i;p�2

be 2p� 3 
onse
utive verti
es

of the unique 
y
le of G n F whi
h 
ontains the vertex v

i;0

. Next, let v

i;j;0

5



Figure 1: Examples of o
topuses for p = 2 and p = 4.

be a neighbor of v

i;j

in F for i = 1; : : : ; 2p and j = �p + 2; : : : ; p � 2 and

let v

i;�p+4

; v

i;�p+5

; : : : ; v

i;0

; : : : ; v

i;p�5

; v

i;p�4

be 2p� 7 
onse
utive verti
es

of the 
y
le of G n F whi
h 
ontains the vertex v

i;j;0

. In this manner, we


onstru
t p=2 + 1 levels of verti
es (the �rst level 
ontains verti
es of the


y
le C, the se
ond level verti
es v

i;j

, the third level verti
es v

i;j;k

, et
.).

Hen
e, the i-th level of verti
es, 2 � i � p=2+1, is 
omposed of a number of

blo
ks of 2p+5� 4i verti
es 
onse
utive in the 
y
les of G nF su
h that the

middle vertex of ea
h blo
k is adja
ent to a vertex of the pre
eding level.

Note that blo
ks of the last level are formed by single verti
es.

The o
topus itself is formed by the verti
es of all levels and all edges

in
ident with at least one su
h vertex. Examples of o
topuses for p = 2

and p = 4 
an be found in Figure 1 (edges of the 1-fa
tor are solid while

other edges are dotted; the heads are in the bottom). The edges of 
y
les

of G n F whi
h are in
ident with two verti
es of the o
topus are 
alled

inner edges, while those in
ident with exa
tly one vertex of the o
topus are


alled 
onta
t edges. Both the inner and the 
onta
t edges are 
onsidered

to be parts of the o
topus. Sin
e the girth of G is greater than 2p

2

+ 2p,

the subgraph indu
ed by an o
topus in the graph G is a
y
li
. Indeed, if

the indu
ed subgraph 
ontained a 
y
le, then its length would be at most

2 � (p=2 + 1) � 2p = 2p

2

+ 2p (observe that if the subgraph indu
ed by the

o
topus is not a
y
li
, then its shortest 
y
le interse
t at most two blo
ks

of ea
h level of the potential o
topus).

The 
ru
ial property of o
topuses is the following:

Claim 1 Consider a pre
oloring of all 
onta
t edges with the 
olors �p=2

6



and p=2 su
h that ea
h pair of the 
onta
t edges in
ident with the same blo
k

(with the head, respe
tively) re
eive opposite 
olors. Then, this pre
oloring


an be extended to a 
ir
ular (3p+1)=p-edge-
oloring of the whole o
topus.

We postpone the proof of Claim 1 and we begin by showing how it 
an be

used to derive the statement of the theorem.

By Lemma 1, the graph G

F;2p


ontains a system of p-independent seg-

ments. Let S be su
h a system. For ea
h segment s of S, there is an o
topus

in G whose head is s. Let now O be the set of all o
topuses o su
h that

the head of o belongs to S and the head 
y
le of o has odd length. All the

o
topuses of O are vertex-disjoint. Indeed, if two of them are not disjoint,

then the segments 
orresponding to their heads have distan
e in G

F;2p

at

most 2 � p=2 = p whi
h is impossible be
ause S is a system of p-independent

segments. In parti
ular, two di�erent o
topuses of O 
an only share an edge

whi
h is a 
onta
t edge of ea
h of them.

We now 
onstru
t a 
ir
ular (3p+1)=p-edge-
oloring of G. Remove from

G the edges of the 1-fa
tor F and remove all inner edges of the head of ea
h

o
topus in O. The remaining graph 
onsists of 
y
les of even lengths (whi
h

are not head 
y
les) and paths of even length (ea
h odd 
y
le of G n F is

a head 
y
le of a single o
topus of O). Let us 
olor edges of the remaining

graph with the 
olors �p=2 and p=2 alternately. Observe that the 
onta
t

edges of ea
h o
topus head re
eive opposite 
olors. Remove now the 
olors

from all inner edges of o
topuses of O. We have just obtained a pre
oloring

of the edges of G n F ex
ept for the inner edges of o
topuses of O.

Sin
e a blo
k of ea
h o
topus 
onsists of an odd number of verti
es, it


ontains an even number of inner edges and the 
olors of the two 
onta
t

edges in
ident with ea
h blo
k are opposite. Hen
e, the pre
oloring 
an be

extended to the interiors of all o
topuses by Claim 1. The only un
olored

edges of G are now the edges of F 
ontained in no o
topus of O. Sin
e su
h

edges are in
ident only with edges of G n F 
olored with the 
olors �p=2

and p=2, they 
an be arbitrarily 
olored with the 
olors �3p=2 and 3p=2.

In this way, we obtain a 
ir
ular (3p+ 1)=p-edge-
oloring of the graph G.

Proof of Claim 1: As we said above, we �rst extend the pre
oloring to

the head, then to the blo
ks of the se
ond level, then to the blo
ks of the

third level, et
. It will hold that edges of the 1-fa
tor joining the verti
es of

the i-th and (i+ 1)-th levels of the o
topus (re
all that the �rst level is its

head) will have one of the following p+ 2� 2i 
olors:

�p� i; : : : ;�3p=2+ 1;�3p=2 and p+ i; : : : ; 3p=2� 1; 3p=2 :

7



�1 +2 0 �2 +1

�3 �3 +3 +3

�2 +3 �1 +4 0 �4 +1 �3 +2

�6 �6 �5 �5 +5 +5 +6 +6

�3 +4 �2 +5 �1 +6 0 �6 +1 �5 +2 �4 +3

�9 �9 �8 �8 �7 �7 +7 +7 +8 +8 +9 +9

�p=2

p=2 + 1

�p=2 + 1

p=2 + 2

�p=2 + 2 p=2� 2

�p=2� 2

p=2 + 1

�p=2� 1

p=2

�3p=2

�3p=2

�3p=2 + 1

�3p=2 + 1

�3p=2 + 2 3p=2 + 2

3p=2 + 1

3p=2 + 1

3p=2

3p=2

Figure 2: Extending a pre
oloring to the head of the o
topus for p = 2,

p = 4, p = 6 and a general p (listed from bottom to top).

We �rst extend the 
oloring to the head of the o
topus. By symmetry, we

may assume that the �rst 
onta
t edge is pre
olored with �p=2 and the last

one with p=2. Then, the 
oloring of the 2p� 1 inner edges of the head 
an

be as follows:

p=2 + 1;�p=2+ 1; p=2 + 2;�p=2+ 2; : : : ; p; 0;�p; : : : ; p=2� 1;�p=2� 1 :

Ea
h of the 2p edges of F in
ident with the head 
an be 
olored with one of

the 
olors p+1; : : : ; 3p=2 and �p�1; : : : ;�3p=2. Extensions of a pre
oloring

to the head for p = 2, p = 4 and p = 6 are depi
ted in Figure 2. In the

�gure, the edges of the 1-fa
tor are solid while the other edges are dotted.

Re
all that the o
topus is formed by several levels of verti
es su
h that

the i-th level, i � 2, of the o
topus 
onsists of several blo
ks of 2p+ 5� 4i


onse
utive verti
es. From ea
h blo
k, there is a single edge of F joining

its middle vertex to the previous level and all other verti
es are joined by

edges of F to the next level. We 
all the edge leading to the previous level

an input edge of a 
onsidered blo
k, while the other edges are output edges

8



of it. We establish the following 
laim:

Claim 2 Consider a blo
k of the o
topus whi
h 
onsists of at least 4k + 1

verti
es, 0 � k � p=2 � 1, and whose input edge is 
olored with the 
olor

�3p=2 + k or 3p=2 � k. Then, any pre
oloring, whi
h 
olors one of the

two 
onta
t edges by the 
olor �p=2 and the other by the 
olor p=2, 
an be

extended to the whole blo
k in su
h a way that the output edges avoid the


olors �3p=2+ k; : : : ; 3p=2� k.

If k = 0, then 
olor the inner edges by the 
olors �p=2 and p=2 alternately

and the output edges arbitrarily by the 
olors �3p=2 and 3p=2. Assume

in the rest that k � 1. We may also assume that the size of the blo
k is

exa
tly 4k+1: If the blo
k is larger, simply 
olor the remaining inner edges

by the 
olors �p=2 and p=2 and the output edges by the 
olors �3p=2 and

3p=2. By the symmetry, assume that the �rst 
onta
t edge is 
olored with

the 
olor �p=2, the last one with p=2 and the input edge with the 
olor

�3p=2 + k. The 4k inner edges of the blo
k whi
h are 
olored with the

following 
olors (ea
h of the following two lines 
ontains 2k 
olors):

p=2 + 1;�p=2 + 1; p=2+ 2;�p=2+ 2; : : : ; p=2 + k;�p=2+ k;

p=2 + k;�p=2 + (k � 1); p=2+ (k � 1);�p=2 + (k � 2); : : : ; p=2 + 1;�p=2 :

It is easy to 
he
k that the 
oloring 
an now be extended using only the


olors�3p=2+(k�1); : : : ;�3p=2 to the output edges (examples of extending

pre
olorings of 
onta
t edges to whole blo
ks for p = 2, p = 4 and p = 6


an be found in Figure 3). This �nishes the proof of Claim 2.

We now use Claim 2 to 
omplete the 
oloring of the o
topus, and hen
e

to 
omplete the proof of Claim 1. The 
olors of the edges of F leaving the

head are among p+1; : : : ; 3p=2 and �p�1; : : : ;�3p=2. Sin
e the number of

verti
es in ea
h blo
k of the se
ond level is 2p� 3 = 4(p=2� 1)+ 1, Claim 2

implies that the 
oloring 
an be extended to ea
h of these blo
ks in su
h a

way that output edges are 
olored only with the 
olors p+ 2; : : : ; 3p=2 and

�p� 2; : : : ;�3p=2. Now, sin
e the number of verti
es in ea
h blo
k of the

third level is 2p�7 = 1+4(p=2�2), Claim 2 again implies that the 
oloring


an be extended to these blo
ks in su
h a way that output edges are 
olored

only with the 
olors p + 3; : : : ; 3p=3 and �p � 3; : : : ;�3p=2. In this way,

we extend the 
oloring to all blo
ks of the o
topus. Note that ea
h blo
k

of the last level has a single input edge and this edge gets the 
olor �3p=2

or 3p=2 whi
h is 
onsistent with pre
oloring the two 
onta
t edges by the

9



p = 2

k = 0

�1 +1

�3

�1 +1 �1 +1 +1 +1

�3 �3

�3

�3 �3

p = 4

k = 1

�2 +2

�5

�2 +3 �1 +3 �2 +2

�6 �6

�5

�6 �6

p = 6

k = 1

�3 +3

�8

�3 +4 �2 +4 �3 +3

�9 �9

�8

�9 �9

p = 6

k = 2

�3 +3

�7

�3 +4 �2 +5 �1 +5 �2 +4 �3 +3

�9 �9 �8 �8

�7

�8 �8 �9 �9

Figure 3: Examples of extensions of a pre
oloring of 
onta
t and output

edges to whole blo
ks for p = 2, p = 4 and p = 6 and for k = 1 and k = 2.
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olors �p=2 and p=2. Hen
e, the proof of Claim 1 is 
ompleted, and so is

the proof of the whole theorem.

If p is an odd integer, it is possible to use a similar argument, based on

o
topuses with dp=2e+ 1 levels, to prove the following result:

Theorem 3 Let G be a bridgeless 
ubi
 graph with girth at least 2(2p)

2p+1

where p � 3 is an odd integer. Then, the 
ir
ular 
hromati
 index of G is

at most 3 + 1=p.

The main result of our paper is the following 
orollary of Theorem 2:

Corollary 1 For ea
h " > 0, there exists an integer g su
h that ea
h 
ubi


bridgeless graph with girth at least g has 
ir
ular 
hromati
 index at most

3 + ".

4 Cir
ular 7=2-Edge-Colorings

In this se
tion, we re�ne our arguments from Se
tion 3 to show that the


ir
ular 
hromati
 index of ea
h 
ubi
 bridgeless graph with girth 14 or more

is at most 7=2. Note that Theorem 2 implies this statement for graphs with

girth at least 32. We �rst prove an auxiliary lemma:

Lemma 2 Let G be a 
ubi
 graph with girth at least 14 and let F be a 1-

fa
tor of G. Then, it is possible to assign ea
h edge of F the sign + or � in

su
h a way that the following holds: Ea
h odd 
y
le of G n F 
ontains four


onse
utive verti
es v

1

, v

2

, v

3

and v

4

su
h that v

1

and v

2

are in
ident with

edges assigned the sign +, while v

3

and v

4

are in
ident with edges assigned

the sign �.

Proof: First, an auxiliary graph G

F;�

is 
onstru
ted. For ea
h 4-segment

(�; �; 
; Æ) of a 
y
le C of G n F , the graph G

F;�


ontains two verti
es

v

�

�;�;
;Æ

and v

�

�;�;
;Æ

. The �rst one, v

�

�;�;
;Æ

, represents the requirement that

the edges of F in
ident with � and � are assigned the sign + and the edges

in
ident with 
 and Æ are assigned the sign �. Similarly, the other vertex

v

�

�;�;
;Æ

, represents the requirement that the edges of F in
ident with � and

� are assigned � and the edges in
ident with 
 and Æ are assigned +. Two

verti
es of G

F;�

are joined by an edge if the 
orresponding requirements

11




ontradi
t ea
h other. For example, if �

0

is the neighbor of � in F and �

0

,




0

and Æ

0

are three 
onse
utive verti
es following �

0

in a 
y
le of GnF , then

the verti
es v

�

�;�;
;Æ

and v

�

�

0

;�

0

;


0

;Æ

0

are joined by an edge, but the verti
es

v

�

�;�;
;Æ

and v

�

�

0

;�

0

;


0

;Æ

0

are not. Formally, G

F;�


ontains an edge between

the verti
es v

�

�;�;
;Æ

and v

�

�

0

;�

0

;


0

;Æ

0

if F 
ontains one of the following edges:

�


0

; �Æ

0

; �


0

; �Æ

0

; 
�

0

; 
�

0

; Æ�

0

or Æ�

0

:

The same 
ondition holds for the presen
e of an edge between the verti
es

v

�

�;�;
;Æ

and v

�

�

0

;�

0

;


0

;Æ

0

in G

F;�

. Finally, there is an edge between the verti
es

v

�

�;�;
;Æ

and v

�

�

0

;�

0

;


0

;Æ

0

in G

F;�

if F 
ontains at least one of the following

edges:

��

0

; ��

0

; ��

0

; ��

0

; 



0

; 
Æ

0

; Æ


0

or ÆÆ

0

:

Note that the order of G

F;�

is twi
e the order of G and the graph G

F;�

is

16-regular.

Let r be the number of all odd 
y
les C

1

; : : : ; C

r

of GnF and let V

i

be the

verti
es of G

F;�


orresponding to segments of the 
y
le C

i

, 1 � i � r. Thus,

the length of ea
h C

i

is at least 15. The size of ea
h V

i

is at least 2�15 = 30 by

the assumption on the girth of G. We want to �nd a system of independent

representatives for G[

S

i=1;:::;r

V

i

℄ with respe
t to V

1

; : : : ; V

r

. Indeed, su
h

a system of independent representatives yields an assignment of signs to

some edges of F (there is no 
on
i
t when assigning signs to edges of F

sin
e the verti
es of the system represent non-
ontradi
tory requirements).

This assignment already has the property from the statement of the lemma,

and thus an arbitrary extension of it to all edges of F has the 
laimed

property.

We now show that G[

S

i=1;:::;r

V

i

℄ has a system of independent repre-

sentatives with respe
t to V

1

; : : : ; V

r

. By Theorem 1, it is enough to verify

that for ea
h non-empty set I � f1; : : : ; rg, the total domination number of

the graph G[

S

i2I

V

i

℄ is at least 2jI j. For the sake of 
ontradi
tion, assume

the opposite and let I

0

� f1; : : : ; rg be a non-empty set su
h that the total

domination number of G[

S

i2I

0

V

i

℄ is at most 2jI

0

j � 1. Let W be a total

dominating set of size 2jI

0

j�1. We show that G[

S

i2I

0

V

i

℄ 
ontains a vertex

whi
h is not total dominated by W .

The dominan
e of verti
es 
ontained in W 
an be represented in G as

follows: Consider a vertex v

�

�;�;
;Æ


ontained in W . Let �

0

, �

0

, 


0

and Æ

0

be

the neighbors of �, �, 
 and Æ, respe
tively, in the 1-fa
tor F . Assign now

the sign + to the verti
es �

0

and �

0

and the sign � to the verti
es 


0

and

12



Æ

0

. In 
ase that the vertex v

�

�;�;
;Æ

is 
ontained in W , the signs assigned to

the verti
es �

0

, �

0

, 


0

and Æ

0

are opposite 
ompared to the previous 
ase.

Perform this for ea
h vertex 
ontained in W . Note that some verti
es of G

may be assigned both signs + and �. Now, a vertex v

�

a;b;
;d

is dominated by

W if one of a and b is assigned � or one of 
 and d is assigned +. A similar

statement is true for the vertex v

�

�;�;
;Æ

. By our assumption, both verti
es


orresponding to ea
h 4-segment of a 
y
le C

i

for i 2 I

0

are dominated.

Sin
e ea
h vertex of W 
auses the assignment of signs to four verti
es

of G, it follows that at most 4jW j � 8jI

0

j � 4 signs are assigned altogether.

Thus, there is a 
y
le C

k

, k 2 I

0

, whose verti
es have been assigned a total

of at most 7 signs (if a vertex is assigned both signs + and �, then these two

signs are 
ounted as two). Let s be the number of the signs assigned to the

verti
es of C

k

and let t be the number of verti
es whi
h have been assigned

both signs. The length of C

k

is at least 15 be
ause G has girth at least 14

and C

k

is an odd 
y
le. Hen
e, C

k


ontains at least 15 � (7 � t) = 8 + t

verti
es whi
h have not been assigned any sign. Let us 
all su
h verti
es

unsigned. The remaining verti
es of C

k

are 
alled signed.

In what follows, it will be shown by a simple dis
harging argument that

the set V

k

in G

F;�


ontains a vertex whi
h is not dominated by W . Only

the signed verti
es will have non-zero initial 
harge. Ea
h vertex whi
h has

been assigned both signs + and � has 3 units of initial 
harge. Ea
h of the

other signed verti
es has 1 unit of initial 
harge. Hen
e, the total initial


harge distributed to all signed verti
es together is equal to s+ t. Note that

this is at most 7 + t by the 
hoi
e of C

k

. Unsigned verti
es indu
e in C

k

a subgraph 
onsisting of several paths. Let U be the set of these paths.

Observe that ea
h path in U 
onsists of at most three verti
es be
ause the

vertex of V

k


orresponding to four 
onse
utive unsigned verti
es would not

be dominated by W .

The initial 
harge is distributed from ea
h signed vertex to the paths of

unsigned verti
es by the following simple rule: Ea
h signed vertex splits its


harge to two halves. One half of its 
harge is sent to the 
lo
kwise nearest

path of U in C

k

and the other half is sent to the anti-
lo
kwise nearest path

of U .

We now establish the following 
laim:

Claim 3 The 
harge re
eived by ea
h path of unsigned verti
es re
eives is

at least the number of verti
es it 
ontains.

We distinguish three 
ases a

ording to the number of unsigned verti
es


omprising the path. Re
all that this number is either 1, 2 or 3.
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� If the path 
onsists of a single vertex, then it re
eives at least a half

unit of 
harge from ea
h of the two signed verti
es adja
ent to it in

C

k

. Hen
e, it re
eives at least one unit of 
harge in total.

� Consider now a path 
omprised of two unsigned verti
es. Let u and

v be the two signed verti
es adja
ent to this path in C

k

. If u is not

assigned both signs, then the neighbor u

0

of u in C

k

not 
ontained

in the path must be signed (otherwise, the verti
es u

0

, u and the two

verti
es of the path 
orrespond to a non-dominated vertex of W ).

Hen
e, either the group re
eives 3=2 units from the vertex u alone

(this is the 
ase that u has been assigned both signs) or 1 unit from

the verti
es u and u

0

together. Similarly, the path re
eives at least 1

unit from the signed verti
es adja
ent to it on its other side. Hen
e,

it re
eives a total of at least 2 units of 
harge.

� If the path 
onsists of three verti
es, then ea
h of the two verti
es

adja
ent in C

k

to this path must have been assigned both signs +

and �. Otherwise, this vertex and the three unsigned verti
es of the

path 
orrespond to a non-dominated vertex of V

k

. Hen
e, su
h a path

of verti
es re
eives 3=2 units from ea
h signed vertex adja
ent to it.

Hen
e, 3 units of 
harge are sent to it in total.

This �nishes the proof of Claim 3. Sin
e the total initial 
harge is at most

7+ t, there 
an be at most 7+ t unsigned verti
es but there are at least 8+ t

su
h verti
es | a 
ontradi
tion. We 
on
lude that the total domination

number of G[

S

i2I

0

V

i

℄ is at least 2jI

0

j as desired. Hen
e, G[

S

i=1;:::;r

V

i

℄


ontains a system of independent representatives with respe
t to V

1

; : : : ; V

r

.

This 
ompletes the proof of the lemma.

Theorem 4 Every 
ubi
 bridgeless graph G with girth at least 14 has 
ir-


ular 
hromati
 index at most 7=2.

Proof: Let F be a 1-fa
tor of G. It exists be
ause G is 
ubi
 and bridge-

less [16℄. We 
onstru
t a 
ir
ular 7=2-edge-
oloring of G whi
h uses the


olors �3, �2, �1, 0, 1, 2 and 3. Consider an assignment � : F ! f+;�g

of the signs + and � to edges of F with the property des
ribed in the

statement of Lemma 2.

An edge e of F is 
olored with the 
olor +3 if �(e) = + and it is 
olored

with the 
olor �3, otherwise. Edges of ea
h even 
y
le of G n F are 
olored

14



with the 
olors�1 and +1 alternately. Consider now an odd 
y
le C of GnF

and let v

1

, v

2

, v

3

and v

4

be 
onse
utive verti
es of C su
h that the edges

of F in
ident with v

1

and v

2

have been assigned + and the edges in
ident

with v

3

and v

4

have been assigned �. Let us 
olor the edge v

1

v

2

with the


olor �2, the edge v

2

v

3

with the 
olor 0 and the edge v

3

v

4

with the 
olor

+2. Finally, 
olor the remaining edges of C with �1 and +1 alternately

su
h that the edge in
ident with v

1

is 
olored with +1. It is easy to verify

that the 
ir
ular 7=2-edge-
oloring obtained in this way is proper.

5 Open Problems

Several new questions related to our results arise. Theorem 4 shows that

every 
ubi
 bridgeless graph G with girth at least 14 has 
ir
ular 
hromati


index at most 7=2. However, it is not 
lear that the assumption on the girth


annot be further improved. So far we know only that the largest girth of

a 
ubi
 bridgeless graph with the 
ir
ular 
hromati
 index stri
tly larger

than 7=2 is between 5 and 13 (re
all that the 
ir
ular 
hromati
 index of

the Petersen graph is 11=3).

It is known [8, 17℄ that the so-
alled fra
tional 
hromati
 index of ev-

ery k-edge-
onne
ted k-regular graph of even order is equal to k. It is

also well-known that the 
ir
ular 
hromati
 index is sandwi
hed between

the fra
tional 
hromati
 index and the (usual) 
hromati
 index [22℄. Every

bridgeless 2-regular graph with at least four verti
es has 
ir
ular 
hromati


index at most 5=2. And, every bridgeless 3-regular graph has 
ir
ular 
hro-

mati
 index at most 11=3. We pose the following problem:

Problem 1 Is it true that the 
ir
ular 
hromati
 index of every k-edge-


onne
ted k-regular graph G of even order is smaller than k + 1? Is it

always at most k + 1� 1=k?

Possibly, the assumption that G is k-edge-
onne
ted 
an be repla
ed by the

weaker assumption that G is bridgeless. It also seems that the assumption

that the order of G is even 
an be omitted for some values of k.

Finally, it seems natural to ask whether Theorems 2 and 3 with Corol-

lary 1 
an be generalized to the realm of all regular graphs:

Problem 2 Is it true that for ea
h k and ea
h " > 0, there exists an integer

15



g su
h that every bridgeless k-regular graph with girth at least g has 
ir
ular


hromati
 index at most k + "?

It is easy to show that the answer is positive if k = 2. Theorem 2 implies a

positive answer for the 
ase k = 3, too. Hen
e, the �rst open 
ase is k = 4.
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