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Abstra
t

An axiomati
ally de�ned 
lass of optimization problems, 
alled

LP-type problems (or also generalized linear programming problems)

and introdu
ed by Sharir and Welzl, in
ludes linear programming, the

smallest en
losing ball for a given point set in R

d

, and many other

important problems. We investigate mathemati
al properties of LP-

type problems. In parti
ular, we introdu
e two axiomati
 de�nitions,

the 
on
rete LP-type problems and the a
y
li
 violator spa
es, and we

show that they are exa
tly equivalent to the original de�nition, thus

providing two new approa
hes to LP-type problems.

1 Introdu
tion

Sharir and Welzl [10℄ developed a randomized variant of the simplex algo-

rithm for linear programming. It 
onstituted an important progress in the

theory of linear programming, as it was later shown to be subexponential

[9℄. Together with a similar result independently obtained by Kalai [7℄,

this was the �rst linear programming algorithm provably requiring number
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of arithmeti
 operations subexponential in the dimension and number of


onstraints (independent of the pre
ision of the input numbers).

Abstra
t LP-type problems. Another great advantage of the Sharir{

Welzl algorithm was a fairly abstra
t formulation. They introdu
ed an

axiomati
ally de�ned 
lass of optimization problems, 
alled LP-type prob-

lems, whi
h in
ludes linear programming (in a suitable formulation), but

also a number of other signi�
ant problems, su
h as the minimum ball en-


losing a given point set in R

d

, the minimum-volume ellipsoid en
losing

a given point set in R

d

, or the distan
e of two 
onvex polytopes in R

d

.

Also see [9℄, [2℄, [1℄ for many other 
on
rete examples of LP-type problems,

[4℄ for an algorithm in game theory related to LP-type problems, and [3℄

for a beautiful mathemati
al appli
ation. On
e it is shown that a parti
-

ular optimization problem is an LP-type problem, and 
ertain algorithmi


primitives are implemented for it, several eÆ
ient algorithms are at disposal

immediately: the Sharir{Welzl algorithm, another randomized optimization

algorithm due to Clarkson [6℄ (see [5℄ for dis
ussion of how it �ts the LP-type

framework), a deterministi
 version of it [5℄, an algorithm for 
omputing the

minimum solution that violates at most k of the given n 
onstraints [8℄, and

probably more are to 
ome in the future.

An LP-type problem is given by a �nite set H of 
onstraints and a

value w(G) for every subset G � H . The values 
an be real numbers or, for

te
hni
al 
onvenien
e, elements of any other linearly ordered set. Intuitively,

w(G) is the minimum value of a solution that satis�es all 
onstraints in

G. The assignment G 7! w(G) has to obey the axioms in the following

de�nition.

De�nition 1.1 An (abstra
t) LP-type problem is a fourtuple (H;w;W;�),

where H is a (�nite) set, W is a set linearly ordered by �, and w: 2

H

!W

is a mapping satisfying the following two 
onditions:

(M) for all F � G � H we have w(F ) � w(G) (\monotoni
ity"), and

(L) for all F � G � H and all h 2 H with w(F ) = w(G) and w(G) <

w(G [ fhg), we have w(F ) < w(F [ fhg) (\lo
ality").

As our running example, we will use the smallest en
losing ball problem,

where H is a �nite point set in R

d

and w(G) is the radius of the smallest

ball that en
loses all points of G. In this 
ase monotoni
ity is obvious,

while verifying lo
ality requires a nontrivial geometri
 result (su
h as the

uniqueness of the smallest en
losing ball for every set).
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Con
rete LP-type problems. Although intuitively one thinks about

w(G) as the value of an optimal solution of an optimization problem, the

solution itself is not expli
itly represented in De�nition 1.1. In spe
i�


geometri
 examples, the 
onstraints 
an usually be interpreted as subset of

some ground setX of points, and the optimal solution forG is the point with

the smallest value in the interse
tion of all 
onstraints in G. For example,

in linear programming, the 
onstraints are halfspa
es, the value is given by

the obje
tive fun
tion, and the optimum is the point with minimum value

in the admissible region, i.e., the interse
tion of the halfspa
es. In order

to have a unique optimum for every set of 
onstraints (whi
h is needed for

(L), the lo
ality axiom), one assumes that the points are linearly ordered by

the value; for linear programming, we 
an always take the lexi
ographi
ally

smallest optimal solution, for instan
e.

Su
h an intepretation is possible for the smallest en
losing ball problem

too, although it looks a bit arti�
ial. Namely, the \points" of X are all balls

in R

d

, and the ordering 
an be an arbitrary linear extension of the partial

ordering of balls by radius.

The following de�nition 
aptures this approa
h to LP-type problems.

De�nition 1.2 A 
on
rete LP-type problem is a triple (X;�;H), where

X is a set linearly ordered by �, H � 2

X

is a �nite multiset, and for any

G � H, the interse
tion

T

G is nonempty and has a minimum element with

respe
t to � (for G = ; we de�ne

T

G = X).

Given any 
on
rete LP-type problem P = (X;�;H), we obtain an ab-

stra
t LP-type problem P = (H; w;X;�) a

ording to De�nition 1.1 by

putting w(G) = minf

T

Gg, as is easy to 
he
k (proof omitted).

A little surprising is the 
onverse, whi
h we will prove below: Any ab-

stra
t LP-type problem P

0

= (H;w;W;�) has a \
on
rete representation,"

that is, a 
on
rete LP-type problem P su
h that the LP-type problem P

obtained from P as above is isomorphi
 to P

0

in a natural sense.

LP-type problems with �1. The original de�nition of LP-type prob-

lems in [10℄ is slightly more general than De�nition 1.1. It allows for break-

ing lo
ality under 
ertain 
onditions: W has a spe
ial minimal element �1,

and lo
ality need not hold if w(F ) = w(G) = �1. This spe
ial role of �1

is useful, for example, to tame the usual linear programming problem to

be
ome an LP-type problem. One 
an also think of the LP-type problems

with �1 as \partial" LP-type problems, where sets of 
onstraints with val-

ues below 
ertain threshold are ignored. All of the 
urrent algorithms for
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LP-type problems work for LP-type problems with �1 as well under a mild

additional assumption (sin
e, roughy speaking, on
e they start with a value

larger than �1, they always pro
eed upwards to larger values). On the

other hand, many natural problems do not need �1 at all, and for linear

programming it 
an be avoided by restri
ting the admissible solutions to

the positive orthant, say.

A 
on
rete LP-type problem always yields an abstra
t LP-type problem

satisfying lo
ality everywhere, and so LP-type problems with �1 
annot

have a 
on
rete representation in the above sense. It would be interesting

to �nd some other kind of \
on
rete representation," and in general to

investigate how mu
h the LP-type problems with �1 may really di�er

from those without �1.

Violator spa
es. Let (H;w;W;�) be an abstra
t LP-type problem. It is

natural to de�ne that a 
onstraint h 2 H violates a set G � H of 
onstraints

if w(G[fhg) > w(G). For example, in the smallest en
losing ball problem,

a point h violates a set G if it lies outside of the smallest ball en
losing G

(whi
h is unique).

Let us write V(G) = fh 2 H :w(G [ fhg) > w(G)g for the set of all


onstraints violating G. It turns out that the knowledge of V(G) for all

G � H is enough to des
ribe the \stru
ture" of an LP-type problem. That

is, while we 
annot re
onstru
t W , �, and w from this knowledge, it is

natural to 
onsider two LP-type problem with the same mapping V: 2

H

!

2

H

the same (isomorphi
). Indeed, the algorithmi
 primitives needed for

implementing the Sharir{Welzl algorithm and the other algorithms for LP-

type problems mentioned above 
an be phrased in terms of testing violation

(does h 2 V(G) for a 
ertain set G � H?), and they never deal expli
itly

with the values of w.

We now introdu
e the notion of violator spa
e:

De�nition 1.3 A violator spa
e is a pair (H;V), where H is a �nite set

and V is a mapping 2

H

! 2

H

su
h that

(VC) G \ V(G) = ; holds for all G � H (\
onsisten
y"), and

(VL) for all F � G � H, where G \ V(F ) = ;, we have V(G) = V(F )

(\lo
ality").

Two violator spa
es (H;V) and (H

0

;V

0

) are 
alled isomorphi
 if they

di�er only by renaming of the elements of H ; that is, if there is a bije
tion

':H ! H

0

su
h that V

0

('(G)) = '(V(G)) for all G � H .
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As we will 
he
k in Se
tion 2, given any abstra
t LP-type problem

(H;w;W;�), the pair (H;V) with V(G) = fh 2 H :w(G[fhg) > w(G)g is a

violator spa
e. However, there are violator spa
es that 
annot be obtained

from any LP-type problem.

In Se
tion 3 we de�ne the notion of a
y
li
ity of violator spa
es. We will

see that a violator spa
e 
onstru
ted from an LP-type problem is always

a
y
li
. Moreover, it turns out that this property 
hara
terizes the violator

spa
es obtained from LP-type problems, and thus any a
y
li
 violator spa
e


an be represented as an LP-type problem (abstra
t or 
on
rete). This,

together with the equivalen
e of abstra
t and 
on
rete LP-type problem, is

stated in the next theorem.

Theorem 1.4 Let (H;V) be an a
y
li
 violator spa
e. Then there exists a


on
rete LP-type problem su
h that the violator spa
e arising from it (that

is, �rst we 
onstru
t the abstra
t LP-type problem as des
ribed below De�-

nition 1.2, and then we de�ne V as the violators mapping of that abstra
t

LP-type problem) is isomorphi
 to (H;V).

The 
onstru
tion is illustrated on simple instan
es of problems of linear

programming and the smallest en
losing ball.

Additional results. Several more results 
on
erning violator spa
es

have been a
hieved in the MS
. thesis of the se
ond author [11℄. These are

summarized, without proofs, in Se
tion 5.

2 Preliminaries on abstra
t LP-type problems

First we re
all the notion of a basis in an abstra
t LP-type problem [10℄:

De�nition 2.1 ([10℄) Given an LP-type problem (H;w;W;�), we say that

B � H is a basis if for all proper subsets F � B we have w(F ) < w(B).

Now we prove several useful fa
ts.

Lemma 2.2 Consider an LP-type problem (H;w;W;�). Let A;B � H,

where B is not violated by any h 2 A (A \ V(B) = ;). Then w(A [ B) =

w(B).

Proof. From monotoni
ity, we immediately obtain the inequality \�".
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The inequality \�" 
an be shown by indu
tion on jAj. If jAj = 1, i.e.,

A = fhg, then w(B[fhg) > w(B) would imply that B is violated by h 2 A,

whi
h is impossible.

Let jAj > 1 and A = A

0

_

[ fhg (disjoint union). From the indu
tion

hypothesis we have w(A

0

[B) = w(B). Now, if w(B[A

0

) < w(B[A

0

[fhg),

then by lo
ality (for B [ A

0

, B and h) we get w(B) < w(B [ fhg), i.e.,

h 2 A [ V(B) = ;, whi
h is not possible. So w(B) = w(B [ A

0

) � w(B [

A

0

[ fhg) = w(B [ A). We have proved w(B) � w(A [B). 2

We want to express all important properties of an LP-type problem using

only V and to live happily without w. The following statement is the �rst

step in this dire
tion.

Lemma 2.3 Given an LP-type problem (H;w;W;�) and a set M � H,

the following 
onditions are equivalent:

(a) M is a basis (for all N �M we have w(N) < w(M)).

(b) For any proper subset N �M we have (M nN) \ V(N) 6= ;.

Proof. Having N �M , we want to �nd h 2 (M nN) \ V(N), i.e., h su
h

that w(N) < w(N [ fhg).

We suppose for 
ontradi
tion that for every h 2MnN we have h 62 V(N).

Then by Lemma 2.2 we have w(M) = w((M nN) [ N) = w(N), whi
h is

not the 
ase. This shows that (a) implies (b).

Now we suppose that (b) holds and that N � M . Then M n N and

V(N) share some element h. We get w(N) � w(M n fhg) < w(M). 2

Lemma 2.4 Consider an LP-type problem (H;w;W;�). Then for any

A;B � H with V(A) = V(B) we have w(A) = w(B). Conversely, w(A) =

w(B) = w(A [ B) implies V(A) = V(B). In parti
ular, if A � B and

w(A) = w(B), then V(A) = V(B).

Note that the 
ondition w(A) = w(B) generally does not suÆ
e for

V(A) = V(B). For example, having any H , we 
an de�ne w by w(G) = jGj

for all G � H ; then any G's of the same size have the same w, however,

V(G) = H nG, and so no distin
t G's share the value of V. Rougly speaking,

the equality w(G

1

) = w(G

2

) may hold just \by a

ident". Among others,

this shows that w really does not re
e
t the 
ombinatorial stru
ture of the

problem in a natural way.
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Proof of Lemma 2.4. Let w(A) 6= w(B). Without loss of generality

we assume w(A) < w(B) (note that here we use the linearity of ordering

�). If B \ V(A) = ;, from Lemma 2.2 we would get w(A [ B) = w(A),

whi
h 
ontradi
ts w(A [ B) � w(B) > w(A). So there ne
essarily exists

x 2 B \ V(A), but sin
e x 2 B, we have x 62 V(B). So V(A) 6= V(B).

Conversely, suppose w(A) = w(B) = w(A [ B). We want to show

V(A) = V(B), i.e., that w(A) < w(A [ fhg) holds i� w(B) < w(B [ fhg)

holds. By symmetry, it suÆ
es to show only one of the impli
ations. We

assume w(A) < w(A [ fhg). Then w(A [ B) = w(A) < w(A [ fhg) �

w(A [ B [ fhg). Sin
e B � A [ B and w(B) = w(A [ B), we may use

lo
ality, whi
h gives w(B) < w(B [ fhg). So the desired equivalen
e holds.

2

The following statement will help us express the 
ondition of lo
ality

without w.

Lemma 2.5 Consider an LP-type problem (H;w;W;�). For sets F � G �

H, w(F ) = w(G) is equivalent to G \ V(F ) = ;.

Proof. If w(F ) = w(G), then V(F ) = fh:w(G) < w(F [ fhg)g and

G \ V(F ) = fh 2 G:w(G) < w(F [ fhg)g. Sin
e F � G is given and we

look for h only among elements of G, we have F [fhg � G, by monotoni
ity

w(G) � w(F [ fhg), and G \ V(F ) = ;.

Conversely, suppose G \ V(F ) = ;. Then for any h 2 G we have h 62

V(F ), so w(F[fhg) = w(F ). Then, by Lemma 2.2, we get w(F[G) = w(F ).

Sin
e F � G, we have F [G = G, and so w(G) = w(F ) indeed. 2

The following lemma states properties of the mapping V.

Lemma 2.6 Consider an LP-type problem (H;w;W;�). The violators map-

ping V has the following properties:

� for all G � H, we have G \ V(G) = ;, and

� for all F � G � H su
h that G \ V(F ) = ;, we have V(G) = V(F ).

That is, (H;V) is a violator spa
e.

Proof. Clearly G \ V(G) = ;, sin
e w(G) = w(G [ fgg) for any g 2 G.

If G \ V(F ) = ;, then by Lemma 2.5 we get w(F ) = w(G), and from

Lemma 2.4 we have V(G) = V(F ). 2
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Figure 1: A linear programming example.

At �rst glan
e, one might think that for F � G we should have V(F ) �

V(G). Unfortunately, this is not the 
ase, as the linear programming exam-

ple in Fig. 1 shows (the y-
oordinate is to be minimized).

We put F = fh

1

; h

2

g and G = fh

1

; h

2

; h

3

g � F . The point 1 is minimum

in the interse
tion of F , and 2 is minimum in the interse
tion of G. We have

1 2 h, 2 62 h, and so h 62 V(F ) and h 2 V(G).

3 Violator spa
es

In this se
tion we prove Theorem 1.4 (every a
y
li
 violator spa
e originates

in some 
on
rete LP-type problem). Given an a
y
li
 violator spa
e, we

need some appropriate linearly ordered set X of points, and then we will

identify the elements of H with 
ertain subsets of X .

What set X will we take? A promising suggestion is to take the set

of bases; however, it turns out that one has to make some of the bases

equivalent.

So we will pro
eed in the following way. We will de�ne the bases of a

violator spa
e and the equivalen
e of bases, then we let X be the set of the

equivalen
e 
lasses, and we will order X (if possible). Then we will assign

subsets of X to the elements of H , and this will 
omplete the 
onstru
tion

of the 
on
rete LP-type problem.

The following de�nition is justi�ed by Lemma 2.3.
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De�nition 3.1 Consider a violator spa
e (H;V). We say that a set B � H

is a basis if for all proper subsets F � B we have B \ V(F ) 6= ;.

Having M � H, we say that B � H is a basis of M if

� B is a basis,

� B �M , and

� M \ V(B) = ;.

The set of all bases in the violator spa
e (H;V) will be denoted by B.

The expe
ted properties of bases are summarized in the following state-

ment.

Observation 3.2

(i) In a violator spa
e (H;V), every set M has a basis.

(ii) Every basis is a basis of itself.

(iii) If B is a basis of M , then V(M) = V(B).

Proof. To prove (i), it suÆ
es to take a set B �M minimal with respe
t

to in
lusion for whi
h V(B) \M = ;. To show that B is a basis of M ,

it suÆ
es to show that B is a basis. For 
ontradi
tion, assume we have

a proper subset A � B for whi
h V(A) \ B = ;. From lo
ality we get

V(A) = V(B). But then A � M and V(A) \M = V(B) \M = ;, whi
h


ontradi
ts the minimality of B.

The statement (ii) is immediate.

If B is a basis of M , we have M \ V(B) = ;, and sin
e B �M , we get

V(B) = V(M) dire
tly from lo
ality. 2

The following lemma is a foundation for the de�nition of the equivalen
e

of bases.

Lemma 3.3 For bases B, C in a violator spa
e (H;V), the following state-

ments are equivalent:

(a) There exists an M � H su
h that both B and C are bases of M .

(b) Both B and C are bases of B [ C.

(
) V(B) = V(C).
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Proof. The impli
ation (b) ) (a) is 
lear|we 
an put M = B [ C.

Assuming (a), Observation 3.2 gives V(B) = V(M) = V(C)., i.e., (
) holds.

Now we suppose (
), and we will show that B is a basis of B[C (the proof

for C is symmetri
). To show this, it suÆ
es to prove that (B[C)\V(B) =

;. From 
onsisten
y we have C \ V(C) = ;, and using V(B) = V(C) we

get C \ V(B) = ;. Together with B \ V(B) = ; (
onsisten
y again), this

immediately gives (B [ C) \ V(C) = ;. So (
) implies (b), whi
h �nishes

the proof. 2

De�nition 3.4 If the 
onditions in Lemma 3.3 are ful�lled, we say that B

and C are equivalent (B � C).

The relation � de�ned on the set of all bases is an equivalen
e relation

(this follows from part (
) in Lemma 3.3). The 
lass of the equivalen
e �


ontaining a basis B will be denoted by [B℄.

Now we are going to de�ne an ordering of the bases, an ordering of the

equivalen
e 
lasses, and the (long awaited) notion of a
y
li
ity of a violator

spa
e.

De�nition 3.5 For F;G � H in a violator spa
e (H;V), we say that F �

0

G (F is lo
ally smaller than G) if F \ V(G) = ;.

For equivalen
e 
lasses [B℄; [C℄ 2 B=�, we say that [B℄ �

0

[C℄ if there

exist B

0

2 [B℄ and C

0

2 [C℄ su
h that B

0

�

0

C

0

.

We de�ne the relation �

1

on the equivalen
e 
lasses as the transitive


losure of �

0

. The relation �

1

is 
learly re
exive and transitive. If it is

antisymmetri
, we say that the violator spa
e is a
y
li
, and we de�ne the

relation � as an arbitrary linear extension of �

1

.

Note that in de�nition of [B℄ �

0

[C℄ we do not require B

0

�

0

C

0

to hold

for every B

0

and C

0

.

Proof of Theorem 1.4. We are given an a
y
li
 violator spa
e (H;V)

and B and � are as above. We de�ne the mapping S:H ! 2

B=�

that will

a
t as a \
on
retization" of the 
onstraints in H :

S(h) = f[B℄:B 2 B; h 62 V(B)g:

Further, let H be the image of the mapping S (taken as a multiset), i.e.,

H = fS(h):h 2 Hg:

10



Thus, S is a bije
tion between H and H. Let � be the indu
ed bije
tion of

2

H

and 2

H

de�ned by �(G) = fS(h):h 2 Gg.

Consider the triple (B=�;�;H). This is a 
on
rete LP-type problem;

the only thing to 
he
k is that every interse
tion

T

G is nonempty. Let B

0

be a basis of H ; then V(B

0

) = ; and [B

0

℄ 2 S(h) for any h 2 H . So any

interse
tion

T

G 
ontains [B

0

℄.

Now we de�ne a mapping w: 2

H

! B=� as follows: w(M) = [B℄, where

B is any basis of M . The key property of w is this:

Lemma 3.6 For any G � H and h 2 H, w(G) < w(G [ fhg) is equivalent

to h 2 V(G).

Proof. Using monotoni
ity we obtain that w(G) < w(G [ fhg) is equiva-

lent to w(G) 6= w(G[fhg), whi
h by the de�nition of w means that no basis

of G is equivalent to any basis of G[fhg; i.e., V(G) 6= V(G[fhg). By lo
al-

ity in the violator spa
e (H;V), this is equivalent to V(G) \ (G [ fhg) 6= ;.

However, sin
e V(G)\G = ;, ne
essarily V(G)\fhg 6= ;, and so h 2 V(G).

2

Furthermore, w is exa
tly the 
ost fun
tion of the 
on
rete problem (up

to renaming elements of H):

Lemma 3.7 The value fun
tion of the 
on
rete LP-type problem (B=�;�

;H) is w Æ �

�1

.

Proof. We want to prove that the value fun
tion bw de�ned as bw(G) =

min

T

G is equal to the mapping w Æ �

�1

. We will prove that bw Æ �(G) =

w(G). For the proof we �x the value of G, de�ne G = �(G), and let B be

any basis of G (so w(G) = [B℄). For proving bw(G) = w(G), we will show

two inequalities.

We start with �: First we show that [B℄ 2

T

G. For 
ontradi
tion,

suppose [B℄ 62

T

G. Then [B℄ 62 S(h

0

) for some h

0

2 G, i.e., [B℄ 62 f[A℄:h

0

62

V(A)g. So h

0

2 V(B) = V(G), whi
h 
ontradi
ts h

0

2 G. So we see that

[B℄ 2

T

G, and bw(G) = min

T

G � [B℄ = w(G).

Now it remains to show the se
ond inequality; i.e., bw(G) = min

T

G �

[B℄ = w(G). For all [C℄ in

T

G we have to show that [C℄ � [B℄. Sin
e

T

G =

T

h2G

S(h), we take [C℄ 2

T

h2G

S(h) and we show that [C℄ � [B℄.

For 
ontradi
tion, suppose V(C) \ G 6= ;; then there exists some h

1

2

V(C) \ G. Then, sin
e [C℄ 2

T

S(h), [C℄ 2 S(h

1

) = f[A℄:h

1

62 V(A)g, and
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so h

1

62 V(C), whi
h 
ontradi
ts h

1

2 V(C)\G. So ne
essarily V(C)\B �

V(C) \G = ;, i.e., C �

0

B, and so [B℄ � [C℄. 2

We 
an now �nish the proof of Theorem 1.4. Let us denote the violator

mapping of the 
on
rete LP-problem (B=�;�;H) by

b

V. For h 2 H , the fa
t

h 2

b

V(G) is by Lemma 3.7 equivalent to w Æ �

�1

(G) < w Æ �

�1

(G [ fhg),

i.e., w(�

�1

(G)) < w(�

�1

(G) [ fS

�1

(h)g). By Lemma 3.6 this happens if

and only if S

�1

(h) 2 V(�

�1

(G))g, i.e., h 2 �(V(�

�1

(G))).

We have proved that the violators mapping of (B=�;�;H) is

b

V = � Æ

V Æ �

�1

, i.e., V up to renaming of the elements of H . Thus Theorem 1.4 is

proved. 2

Example. Here we present some parti
ular LP-type problems and we

demonstrate the 
onstru
tion of their 
on
rete representations.

Let a, b, 
 and d are the verti
es of a unit square (in the anti
lo
kwise

order); let H = fa; b; 
; dg. For G � H let w(G) be the radius of the

smallest 
ir
le en
losing all the points of G (for G = ; put w(G) = �1).

The 
orresponding violator spa
e is des
ribed by the following table:

G ; a b 
 d ab a
 ad

V(G) ab
d b
d a
d abd ab
 
d ; b


G b
 bd 
d ab
 abd a
d b
d ab
d

V(G) ad ; ab ; ; ; ; ;

The bases are ;, a, b, 
, d, ab, a
, ad, b
, bd, 
d; the only equivalent pair

is a
 � bd. There are no in
onvenien
ies 
on
erning di�eren
es between

�

0

on sets and equivalen
e 
lasses and �

1

; the ordering �

1

is given by the

Hasse diagram in Fig. 2. As the linear extension we may 
hoose ; < a <

b < 
 < d < ab < b
 < 
d < ad < [a
℄. Finally, the 
on
rete representation

S is as follows

G a b 
 d

S(G) a; ab; ad; [a
℄ b; ab; b
; [a
℄ 
; b
; 
d; [a
℄ d; 
d; ad; [a
℄

As the other example, 
onsider the following LP problem in the positive

orthant (rotated by 45 degrees for 
onvenien
e). The 
onstraints are the

four halfplanes depi
ted in Fig. 3, the optimization dire
tion is given by the

arrow. Here the bases are ;, a, b, 
, d, a
, ad, b
, bd; the equivalen
e 
lasses

are O = ;, A = fag, B = fbg, C = f
g, D = fdg and Q = fa
g � fadg �

fb
g � fbdg. Note that the equivalen
e 
lasses 
orrespond to the points in

12



;

A B C D

AB BC CD AD

[AC℄

Figure 2: Hasse diagram of MinBall of the verti
es of a square.

O

A

B C

D

Q

a

b




d

Figure 3: Illustration example|linear programming.
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f

g

h

Figure 4: A 
y
li
 violator spa
e.

the plane. We have O <

1

B <

1

A <

1

Q and O <

1

C <

1

D <

1

Q; we 
hoose

< to be O < B < A < C < D < Q. The 
on
rete representation is

G a b 
 d

S(G) A;Q A;B;Q C;D;Q D;Q

4 The role of a
y
li
ity of violator spa
es.

In this se
tion we present an example of a 
y
li
 violator spa
e. However, we

will see that all violator spa
es arising from LP-type problems are a
y
li
.

A 
y
li
 violator spa
e. We begin with an intuitive geometri
 des
rip-

tion; see Fig. 4. We 
onsider a triangle without the 
enter point. We say

that a point is \lo
ally smaller" if it is farther 
lo
kwise. The 
onstraints in

our violator spa
e are the three halfplanes f; g; h. The lo
ally smallest point

within ea
h halfplane is marked, and a halfplane violates a set of halfplanes

if it does not 
ontain the lo
ally smallest point in their interse
tion.

Now we spe
ify the 
orresponding violator spa
e formally. We have

H = ff; g; hg, and V is given by the following table:

G ; f g h f; g f; h g; h f; g; h

V(G) f; g; h h f g h g f ;

14



This (H;V) is really a violator spa
e, as we 
an easily 
he
k both 
on-

sisten
y and lo
ality. The bases are ;, one-element sets, and H . We have

ffg �

0

fhg �

0

fgg �

0

ffg, but none of the one-element bases are equiva-

lent; i.e., �

1

is not antisymmetri
.

Proposition 4.1 Consider an LP-type problem (H;w;W;�), and let V be

the violators mapping. Then the violator spa
e (H;V) is a
y
li
.

Proof. First we observe that if for bases B, C we have B � C, then

V(B) = V(C) (De�nition 3.4), and so w(B) = w(C) (Lemma 2.4); i.e., the

bases in the same equivalen
e 
lass have the same value of w.

Now let [B℄; [C℄ be two equivalen
e 
lasses. If [B℄ �

0

[C℄, then for some

B 2 [B℄ and C 2 [C℄ we have B �

0

C; i.e., B\V(C) = ;. Using Lemma 2.2

and monotoni
ity we have w(B) � w(B [ C) = w(C). This shows that

[B℄ �

0

[C℄ implies w(B) � w(C). If [B℄ �

1

[C℄, then by 
haining several

�

0

's we get w(B) � w(C) as well.

Furthermore, if w(B) = w(C) (whi
h is equal to w(B [ C)), we use

Lemma 2.4 to get V(B) = V(C), i.e., B � C, so [B℄ = [C℄. So [B℄ 6= [C℄

implies w(B) 6= w(C).

So, if [B℄ <

1

[C℄, we have w(B) < w(C). This proves that �

1

is ne
es-

sarily antisymmetri
 (sin
e � is an ordering of W ). 2

5 Other results

Here we 
ite several additional results from [11℄.

The �rst result addresses the question of whether some values of V may

be left unspe
i�ed while keeping the violator spa
e uniquely determined.

Proposition 5.1 Consider a set H, a subset R � 2

H

, and a mapping

V:R ! 2

H

satisfying

� for all G � H there exists A

G

� G su
h that A

G

2 R and V(A

G

)\G =

;,

� for all A

1

; A

2

� G � H su
h that A

1

; A

2

2 R and V(A

i

) \ G = ; for

i = 1; 2, we have V(A

1

) = V(A

2

),

and 
onsisten
y and lo
ality, i.e.,

� G \ V(G) = ; holds for all G 2 R, and
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� for all F � G � H, where F;G 2 R and G \ V(F ) = ;, we have

V(G) = V(F ).

Then there exists unique extension

b

V of V to the whole 2

H

su
h that

(H;

b

V) is a violator spa
e.

In parti
ular, a violator spa
e (H;V) is uniquely determined by H and

the values of V(B) for bases.

The other results 
on
ern basi
 
ategori
al properties of the violator

spa
es. The obje
ts in the 
onsidered 
ategory are violator spa
es. It re-

mains to de�ne what maps of violator spa
es are morphisms. Although

there may be several possibilities to 
onsider, the mappings that preserve

non-violation look the most natural as morphisms:

De�nition 5.2 Given violator spa
es (G;V

G

) and (H;V

H

), we say that a

mapping ':G ! H is a morphism if x 62 V

G

(M) ) '(x) 62 V

H

�

'(M)

�

, in

other words '(x) 2 V

H

�

'(M)

�

) x 2 V

G

(M).

It is immediate that the 
lass of all violator spa
es together with mor-

phisms de�ned as above, 
omposition of mappings, and identity mappings

form a 
ategory. One might expe
t the following fa
ts to hold, and indeed

they are quite straightforward to prove:

Proposition 5.3 A morphism ': (G;V

G

)! (H;V

H

) is an epimorphism if

and only if ':G! H is surje
tive mapping.

A morphism ': (G;V

G

) ! (H;V

H

) is a monomorphism if and only if

':G! H is inje
tive mapping.

A morphism ': (G;V

G

) ! (H;V

H

) is an isomorphism if and only if '

is a bije
tion of G and H and '(x) 2 V

H

�

'(M)

�

exa
ly if x 2 V

G

(M).

The following proposition, with a rather lengthy proof, des
ribes the


ategori
al produ
t of violator spa
es.

Proposition 5.4 Let I be a �nite index set, and let (G

i

;V

i

) be violator

spa
es, i 2 I. We put H =

Q

i2I

G

i

(the Cartesian produ
t of the sets), and

we let �

i

:H ! G

i

be the proje
tion onto the i-th 
omponent: �

i

�

(g

j

)

j2I

�

=

g

i

. We de�ne the mapping V

H

: 2

H

! 2

H

by

V

H

(M) = f(g

j

)

j2I

: g

i

2 V

i

(M

i

) for some i 2 Ig;

where M

i

= �

i

(M) = fg

i

: (g

j

)

j2I

2Mg.
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Then (H;V

H

) is a violator spa
e and together with mappings �

i

it forms

a produ
t of the violator spa
es (G

i

;V

i

).

The produ
t is a
y
li
 if and only if all fa
tors are a
y
li
.

We hope that produ
ts of violator spa
es or other 
ategori
al operations

might be a sour
e of interesting examples for future resear
h.
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