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Abstra
t. Seidel's swit
hing of a vertex in a given graph results in

making the vertex adja
ent to pre
isely those verti
es it was nonad-

ja
ent before, while keeping the rest of the graph un
hanged. Two

graphs are 
alled swit
hing equivalent if one 
an be transformed

into the other one by a sequen
e of Seidel's swit
hings. We 
onsider

the 
omputational 
omplexity of de
iding if an input graph 
an be

swit
hed into a graph having a desired graph property. Among other

results we show that swit
hing to a regular graph is NP-
omplete.

The proof is based on an NP-
omplete variant of hypergraph bi
ol-

oring that we �nd interesting in its own.

1 Seidel's swit
hing

We 
onsider undire
ted graphs without loops or multiple edges. The vertex

set and the edge set of a graph G are denoted by V

G

and E

G

, respe
tively.

Edges are 
onsidered as two-element subsets of the vertex set. A graph is


alled r-regular if every vertex has degree r. A bipartite graph is 
alled

(k; r)-biregular if every vertex in one bipartition 
lass has degree k and

every vertex in the other bipartition 
lass has degree r. A hypergraph is

a family of subsets (
alled hyperedges) of its vertex set. A hypergraph is


alled k-regular if every vertex belongs to exa
tly k hyperedges, and it is


alled k-uniform if every hyperedge has size k.
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Let G be a graph. Seidel's swit
hing of a vertex v 2 V

G

results in a graph


alled S(G; v) whose vertex set is the same as of G and the edge set is the

symmetri
 di�eren
e of E

G

and the full star 
entered in v, i.e.,

V

S(G;v)

= V

G

E

S(G;v)

= (E

G

n fxv : x 2 V

G

; xv 2 E

G

g) [ fxv : x 2 V

G

; x 6= v; xv 62 E

G

g:

Graphs G and H are 
alled swit
hing equivalent if G 
an be transformed

into a graph isomorphi
 to H by a sequen
e of Seidel's swit
hes. It 
an be

easily seen that only the parity of the number of times a parti
ular vertex

is swit
hed matters. Denote A � V

G

the set of verti
es whi
h are swit
hed

odd number of times. The resulting swit
hed graph is then

S(G;A) = (V

G

; E

G

� fxy : x 2 A; y 2 V

G

nAg);

and G is swit
hing equivalent to H if and only if H is isomorphi
 to S(G;A)

for some A � V

G

(� denoting the symmetri
 di�eren
e of sets).

The 
on
ept of Seidel's swit
hing was introdu
ed by the Dut
h mathe-

mati
ian J.J. Seidel in 
onne
tion with symmetri
 stru
tures, often of alge-

brai
 
avor, su
h as systems of equiangular lines, strongly regular graphs,

or the so 
alled two-graphs. For more stru
tural properties of two-graphs


f. [13{15℄.

Colbourn and Corneil [1℄ (and independently but later Krato
hvil et

al. [10℄) proved that de
iding if two graphs are swit
hing equivalent is an

isomorphism 
omplete problem. This observation 
an be extended to the

fa
t that de
iding if an input graph is swit
hing equivalent to its 
omplement

is also isomorphism 
omplete [11℄.

Several authors asked the question of how diÆ
ult it is to de
ide if a given

graph is swit
hing equivalent to a graph having some pres
ribed property

(this property be
omes the parameter of the problem). It was noted in [10℄,

and later also in [3℄, that there is no 
orrelation between the 
omplexity

of this problem and the 
omplexity of the property itself. For instan
e, it

is shown that every graph is swit
hing equivalent to a graph 
ontaining a

hamiltonian path, and it is polynomial to de
ide if a given graph is swit
hing

equivalent to a graph 
ontaining a hamiltonian 
y
le (while both de
iding

if the graph itself 
ontains a hamiltonian path or 
y
le are NP-
omplete

problems). This result was extended in [2℄ to graph pan
y
li
ity. Hage et

al. further show in [5℄ that swit
hing equivalen
e to Euler graphs and to

bipartite graphs are polynomially solvable problems.
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An elegant 
hara
terization by forbidden indu
ed subgraphs for the

property \not being perfe
t" is proven in [7, 8℄. This 
hara
terization yields

a polynomial time de
ision algorithm. (Equivalently, this provides a 
hara
-

terization of graphs su
h that every swit
hing equivalent graph is perfe
t.)

Also graphs su
h that all swit
hing equivalent ones 
ontain perfe
t domi-

nating sets (perfe
t 
odes) 
an be 
hara
terized by a �nite set of forbidden

indu
ed subgraphs and hen
e are re
ognizable in polynomial time [9℄.

Another dire
tion is avoiding forbidden indu
ed subgraphs. It is proved

in [10℄ that de
iding if a given input graph 
an be swit
hed to a P

3

-free graph

(i.e., a graph not 
ontaining and indu
ed 
opy of the path on 3 verti
es) is

polynomially solvable. This means de
iding if the input graph is swit
hing

equivalent to the disjoint union of 
omplete graphs. R. Hayward [6℄ (and

later Hage et al. [5℄) showed that de
iding swit
hing equivalen
e to triangle-

free graphs is also polynomial. Somewhat surprisingly, this result is a 
ore of

the polynomial algorithm for re
ognizing P

3

-stru
tures of graphs [6℄. (The

H-stru
ture of a graph is the hypergraph on the same vertex set whose

hyperedges are those subsets of verti
es that indu
e graphs isomorphi
 to

H .) The question of re
ognizing P

3

-stru
tures was motivated by the 
lass

of perfe
t graphs and P

4

-stru
tures, sin
e indu
ed P

4

's play an important

role for perfe
tness. Re
ognition of P

4

-stru
tures is still an open problem.

It was also announ
ed (but not proved) in [10℄ that de
iding swit
hing

equivalen
e to a regular graph is NP-
omplete. Given that re
ognizing reg-

ular graphs is linear, this result may seem somewhat unexpe
ted. In this

paper, we present a proof signi�
antly simpler than the original (and so far

unpublished) one. The proof is based on NP-hardness of a spe
ial hyper-

graph bi
oloring problem (Theorem 1) whi
h is proven in the next se
tion.

We believe that this result is interesting in its own, also for the 
onsequen
e

of balan
ing biregular bipartite graphs. In the last se
tion we 
on
lude with

observations on swit
hing to graphs of bounded minimum degree.

2 Bi
oloring uniform regular hypergraphs

Satis�ability of Boolean formulas is 
onsidered one of the basi
 and most

useful (for further 
onsequen
es) NP-
omplete problems. Spe
ial variants as

3-SAT, 1-in-3-SAT et
. are known to be NP-
omplete, and are often used

in deriving other hardness results. A remarkable theorem of S
haefer [12℄

gives a 
omplete 
hara
terization of predi
ates that determine polynomially

solvable or NP-
omplete instan
es. S
haefer, however, does not take into

a

ount further regularity requirements on the input formula.
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Let us have a 
loser look at formulas without negative literals. We 
an

view su
h a formula as a hypergraph { verti
es being the variables and

hyperegdes being the 
lauses. A truth valuation of the variables is then

nothing else than a 
oloring of the verti
es by two 
olors. A 
lause is not-

all-equal satis�ed if and only if the 
orresponding hyperedge is 
olored so

that it is not mono
hromati
 (
ontains at least one vertex 
olored true and

at least one vertex 
olored false). Hen
e Not-All-Equal-SAT of formulas

without negations is exa
tly the hypergraph bi
oloring problem, well known

to be NP-
omplete.

Another well known NP-
omplete problem is 1-in-3-SAT where we re-

quire that every 
lause (all of whi
h are of size 3) 
ontains exa
tly one true

variable. In the hypergraph setting this problem asks if the verti
es 
an

be 
olored by two 
olors so that every hyperedge 
ontains exa
tly one ver-

tex 
olored by a favored 
olor. In the dual setting this is equivalent to the

question if the hyperedges 
an be 
olored by two 
olors so that every vertex

belongs to exa
tly one hyperedge of a favored 
olor, ergo, if one 
an 
hoose a

set of hyperedges whi
h 
over every vertex exa
tly on
e, the problem known

as EXACT COVER. This problem is NP-
omplete even if every hyperedge

has size 3 and every vertex belongs to exa
tly 3 hyperdges [4℄.

The aim of this se
tion is to further explore regular instan
es of the

hypergraph bi
oloring problem. Re
all that a hypergraph is 
alled q-regular

if every vertex belongs to exa
tly q hyperedges, and m-uniform if every

hyperedge has size m. Thus the bipartite in
iden
e graph of a q-regular

m-uniform hypergraph is (q;m)-biregular. We say that an m-uniform hy-

pergraph is (k-in-m)-
olorable if the verti
es 
an be 
olored by two 
olors

(say bla
k or white) so that every hyperedge 
ontains exa
tly k white ver-

ti
es. We prove the following result.

Theorem 1. For every q � 3, m � 3 and 1 � k � m � 1, de
iding (k-in-

m)-
olorability of q-regular m-uniform hypergraphs is NP-
omplete.

Proof. The 
ase q = 3; k = 1;m = 3 is the variant of EXACT COVER

mentioned above. We use it to show NP-
ompleteness of the 
ase q = 3

(k;m arbitrary). Assume that we have a 3-regular 3-uniform hypergraph

H = (V;E) and we ask if it is 1-in-3-
olorable. Let n = jEj be the number

of hyperedges of H . Without loss of generality we may assume that n is

divisible by 3 (if not, we simply reje
t H as not 1-in-3-
olorable).

First we 
onstru
t a hypergraph B 
alled a blo
k as follows:

V

B

= fa

i

: i = 1; 2; : : : ;m� 1g [ fx

1

; x

2

; x

3

g
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E

B

= fR

1

; R

2

; R

3

g

where

R

i

= (a

1

; a

2

; : : : ; a

m�1

; x

i

):

Straightforwardly, if B is (k-in-m)-
olored then x

i

; i = 1; 2; 3 have the same


olor, and vi
e versa, B 
an be (k-in-m)-
olored with all x

i

's having the

same 
olor.

Now blo
ks are 
ombined into 
hains: Take r =

2

3

n(k � 1) + 2k 
opies

of B, say B

j

; j = 1; 2; : : : ; r, with the x verti
es denoted by x

j

i

; i =

1; 2; 3; j = 1; 2; : : : ; r. Then identify x

j

1

�

=

x

j+1

3

, j = 1; 2; : : : ; r (
ounting

in subs
ripts modulo r) and x

2j

2

�

=

x

2j�1

2

for j = 1; 2; : : : ;

r

2

(note that r is

even). These newly 
reated x verti
es must re
eive the same 
olor in every

k-in-m-
oloring. Similarly, take s =

2

3

n(m� k � 2) + 2(m� k) 
opies of B,

say C

j

; j = 1; 2; : : : ; s, with the x verti
es denoted by y

j

i

; i = 1; 2; 3; j =

1; 2; : : : ; s. Then identify y

j

1

�

=

y

j+1

3

, j = 1; 2; : : : ; s and y

2j

2

�

=

y

2j�1

2

for

j = 1; 2; : : : ;

s

2

(note that s is again even). Again these newly 
reated y ver-

ti
es must re
eive the same 
olor in every k-in-m-
oloring. Sin
e ea
h of the

x or y verti
es is 
ontained in exa
tly 2 hyperedges of

S

r

j=1

B

j

[

S

s

j=1

C

j

, we

have 
reated n(k�1)+3k x-verti
es and n(m�k�2)+3(m�k) y-verti
es.

(The a verti
es of the blo
ks B

j

; C

j

are all mutually distin
t.)

For every hyperedge e 2 E, add k � 1 distin
t x verti
es and m� k � 2

distin
t y verti
es to this edge, thus 
reating a hyperedge ee. Distin
t hyper-

edges are 
ompleted by mutually distin
t verti
es. From the remaining 3k

x-verti
es and 3(m�k) y-verti
es, 
reate 3 auxiliary hyperedges A

1

; A

2

; A

3

,

ea
h 
ontaining exa
tly k x-verti
es and m � k y-verti
es. Denote this hy-

pergraph

e

H = (

e

V ;

e

E).

Obviously, every hyperedge of

e

E has exa
tly m verti
es and every vertex

of

e

V is 
ontained in exa
tly 3 hyperedges. We 
laim that (

e

V ;

e

E) is (k-in-

m)-
olorable if and only if (V;E) is (1-in-3)-
olorable.

Suppose � :

e

V ! fbla
k,whiteg is a 
oloring su
h that in every ee 2

e

E there are exa
tly k white verti
es. Sin
e all x-verti
es have the same


olor, and so do all the y-verti
es, and sin
e A

1

should have exa
tly k white

verti
es, ne
essarily �(x) =white and �(y) =bla
k (or possibly �(x) =bla
k

and �(y) =white when m = 2k). If �(x) =white then in every 
lause ee there

are exa
tly k � 1 white verti
es among those added with respe
t to e, and

hen
e e has exa
tly 1 white vertex, i.e., H is (1-in-3)-
olorable. (If m = 2k

and �(x) =bla
k then ee would have m� k� 2 = k� 2 white verti
es among

5



the new ones, and e would have to 
ontain exa
tly 2 white verti
es, i.e.

(V;E) would be (2-in-3)-
olorable, and hen
e also (1-in-3)-
olorable.)

The opposite impli
ation, i.e., that (

e

V ;

e

E) is (k-in-m)-
olorable provided

(V;E) is (1-in-3)-
olorable, is obvious.

For the 
ase of q > 3, we redu
e from q = 3. Let H = (V;E) be a

hypergraph with every hyperedge of size m and every vertex o

urring in 3

hyperedges. We 
onstru
t H

0

= (V

0

; E

0

) by taking q 
opies of H with vertex

v 2 V 
alled v

i

in the i-th 
opy, for i = 1; 2; : : : ; q. Then for ea
h vertex

v 2 V , we add (q�3) 
opies of the blo
k B(q), with verti
es x

1

; x

2

; : : : ; x

q

be-

ing identi�ed with v

1

; v

2

; : : : ; v

q

(respe
tively). The blo
k B(q) has verti
es

fa

1

; a

2

; : : : ; a

m�1

; x

1

; x

2

; : : : ; x

q

g and hyperedges e

i

= fa

1

; a

2

; : : : ; a

m�1

; x

i

g

for i = 1; 2; : : : ; q. Every vertex a

j

has degree q, every vertex x

j

has degree

one and in any (k-in-m)-
oloring, the verti
es x

1

; x

2

; : : : ; x

q

re
eive the same


olor, and both 
olors are feasible. This 
onstru
tion is just the garbage 
ol-

le
tion, sin
e ea
h 
opy of H already has to be (k-in-m)-
olored. Now H

0

is q-regular and an (k-in-m)-
oloring of H

0

is obtained by taking the same

(k-in-m)-
oloring of ea
h 
opy of H .

Corollary 1. For every q � 3, m � 3 and 1 � k � m � 1, k-in-m-SAT is

NP-
omplete for formulas without negations with every variable o

urring

in exa
tly q 
lauses.

Note that the bounds q � 3 and m � 3 are sharp, sin
e the 
ase m = 2

is a spe
ial instan
e of 2-SAT and hen
e polynomially solvable, while in the


ase of q = 2 the variables 
an be regarded as edges of an m-regular graph

and the question is equivalent to de
iding if an m-regular graph 
ontains

a spanning k-regular subgraph, a problem well known to be polynomially

solvable by mat
hing te
hniques.

Next we prove an auxiliary result on bipartite graphs whi
h we will use

in the proof of Theorem 2. We say that a graph is balan
ed if its verti
es 
an

be 
olored by two 
olors (say bla
k and white) so that every vertex has the

same number of white and bla
k neighbors (obviously, a ne
essary 
ondition

is that every vertex has even degree). De
iding if a graph is balan
ed is a

hard problem, even in a very restri
ted 
ase.

Proposition 1. For all p; q � 2, it is NP-
omplete to de
ide if a (2p; 2q)-

biregular bipartite graph is balan
ed.

6



Proof. Assume �rst that one of p; q is greater than 2, say q � 3. Consider a

q-regular 2p-uniform hypergraph H as an instan
e of (p-in-2p)-
olorability,

whi
h has been just shown NP-
omplete. Dupli
ate every hyperedge, ob-

taining a 2q-regular 2p-uniform hypergraph H

0

whose (p-in-2p)-
olorability

status is the same as of H . We 
an 
olor the hyperedges of H white and

their dupli
ates bla
k to balan
e the verti
es of V

H

, and hen
e the in
iden
e

graph of H

0

is balan
ed if and only if H

0

is (p-in-2p)-
olorable.

Also in the 
ase p = q = 2 we redu
e from (2-in-4)-
olorability of 3-

regular hypergraphs, just the 
onstru
tion is slightly more te
hni
al. Given

a 3-regular 4-uniform hypergraph H = (V;E), we 
onstru
t a hypergraph

H

0

= (V

0

; E

0

) by repla
ing every hyperedge of H by four new hyperedges

and four new verti
es as follows:

V

0

= V [ fv

e

: v 2 e 2 Eg

E

0

= fe

v

: v 2 e 2 Eg

with the newly introdu
ed hyperedges being

e

v

= fvg [ fx

e

: x 2 e; x 6= vg:

We 
laim that H

0

is (2-in-4)-
olorable if and only if H is, and that the

hyperedges of H

0


an be bi
olored so that every vertex belongs to at least

one hyperedge of ea
h 
olor.

Suppose H is (2-in-4)-
olored by a 
oloring ' : V �! fbla
k;whiteg: We

extend it to a (2-in-4)-
oloring '

0

of H

0

by setting

'

0

(x

e

) = '

0

(x) = '(x)

for every x 2 e 2 E. Consider a hyperedge e 2 E. It has two bla
k and

two white verti
es, say e = fu; v; w; zg with '(u) = '(v) = bla
k and

'(w) = '(z) = white. Then e

v

has two bla
k verti
es v; u

e

and two white

verti
es w

e

; z

e

. Similarly for the other three edges e

u

; e

w

; e

z

.

Next suppose that the verti
es of H

0

are bi
olored by a bi
oloring '

so that every hyperedge has two white and two bla
k verti
es. We argue

that the restri
tion of ' to V is a (2-in-4)-
oloring of H . Consider a hy-

peredge e 2 E, say again e = fu; v; w; zg. For any three of u

e

; v

e

; w

e

; z

e

,

E

0


ontains a hyperedge 
ontaining all these three verti
es, and hen
e no

three of u

e

; v

e

; w

e

; z

e

may have the same 
olor. It follows that exa
tly two

of u

e

; v

e

; w

e

; z

e

are bla
k and exa
tly two are white. But then '(x

e

) = '(x)

for every x 2 e, and e has two bla
k and two white verti
es as 
laimed.
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Fig. 1. Constru
tion of H

0

from H, depi
ted as the in
iden
e graphs B and B

0

.

Now we show how to 
olor the hyperedges of H

0

. Let B = (V [E; fxe :

x 2 e 2 Eg) be the bipartite in
iden
e graph of H . We orient the edges of B

so that every V -vertex is in
ident with at least one ingoing and at least one

outgoing edge, and ea
h E-vertex has indegree and outdegree two. (To �nd

su
h an orientation, add to B a dummy vertex adja
ent to all V -verti
es.

This enri
hed graph has all verti
es of even degrees and hen
e allows an

Eulerian walk. Orienting the edges along this walk yields an orientation

in whi
h every vertex of V [ E has indegree and outdegree two.) Color

e

v

2 E

0

bla
k if the edge ve of B is oriented from v to e, and 
olor it white

otherwise. If e; f; g are the hyperedges of H that 
ontain a vertex v 2 V ,

at least one of the edges ve; vf; vg is oriented out of v and at least one is

oriented toward v, and hen
e at least one of the hyperedges e

v

; f

v

; g

v

of H

0

is 
olored white and at least one is 
olored bla
k. For the new verti
es of

V

0

n V , 
onsider e = fu; v; w; zg 2 E. Sin
e e has indegree and outdegree

two (in the orientation of B), exa
tly two of the hyperedges e

u

; e

v

; e

w

; e

z

are bla
k and exa
tly two are white. Thus ea
h of the verti
es v

e

; u

e

; w

e

; z

e

is in
ident with at least one bla
k and at least one white hyperedge.

Finally we take four disjoint 
opies ofH

0

with 
orresponding verti
es and

hyperedges indexed v

i

; e

i

; i = 1; 2; 3; 4, and we add transversal hyperedges

t

v

= fv

1

; v

2

; v

3

; v

4

g

8



for all v 2 V

0

. Obviously, the hypergraph

e

H 
onstru
ted in this way is

4-regular and 4-uniform, and hen
e its bipartite in
iden
e graph

e

B is 4-

regular. Sin
e

e

H 
ontains H

0

as an indu
ed subhypergraph,

e

H may be (2-

in-4)-
olorable only if H

0

is. On the other hand, using a (2-in-4)-
oloring

of H

0

on two 
opies of H

0

and its reverse on the other two 
opies gives a

(2-in-4)-
oloring of

e

H. The hyperedges of

e

H 
an always be 
olored so that

every vertex is in
ident with two bla
k and white hyperedges. Use the same


oloring of edges (guaranteed by the previous 
laim) on ea
h 
opy of H

0

,

and 
olor the transversal hyperedges as for
ed (e.g., if v belongs to two

bla
k and one white hyperedge in the 
oloring of the edges of H

0

, 
olor the

transversal hyperedge t

v

white).

The bipartite in
iden
e graph

e

B of

e

H is then balan
ed if and only if H

is (2-in-4)-
olorable, whi
h 
on
ludes the proof.

Also in Proposition 1 the bounds on p and q are tight. For one 
an de
ide

in polynomial time if a (2; 2q)-biregular bipartite graph is balan
ed for every

q. The neighbors of the verti
es of degree 2 
an be properly 
olored if and

only if the graph does not 
ontain a 
y
le of length 2 modulo 4. And if this

is satis�ed, we 
ontra
t these verti
es into edges and de
ide via mat
hing

algorithm if the resulting 2q-regular graph 
ontains a spanning q-regular

subgraph.

3 Complexity of swit
hing to regular graphs

Theorem 2. De
iding if an input graph is swit
hing equivalent to a regular

graph is NP-
omplete.

The theorem follows dire
tly from Proposition 1 and the following result.

Proposition 2. Let G be a (2p; 2q)-biregular bipartite graph with n > 2(p+

q) verti
es. If p 6= q, then G is swit
hing equivalent to a regular graph if and

only if G is balan
ed. The resulting swit
hed graph is then

n

2

-regular.

Proof. Let G = (V

1

[ V

2

; E) be a bipartite (2p; 2q)-biregular graph with

bipartition 
lasses V

1

and V

2

, su
h that deg

G

u = 2p for every u 2 V

1

and

deg

G

u = 2q for every u 2 V

2

. Suppose that swit
hing a subset A of verti
es

of G results in a D-regular graph. Denote

X = A \ V

1

; Y = A \ V

2

;

9



Z = V

1

nA; W = V

2

nA

and

x = jX j; y = jY j; z = jZj; w = jW j:

We will refer to X;Y; Z;W as blo
ks.

Denote by deg

G

(u; S) = jN

G

(u)\Sj the number of neighbors of a vertex

u in a set S. Consider a vertex u 2 X . Its degree in the swit
hed graph

S(G;A) is deg

S(G;A)

u = deg

G

(u; Y ) + z + w � deg

G

(u;W ) = w + z +

2deg

G

(x; Y ) � 2p, sin
e deg

G

(u; Y ) + deg

G

(u;W ) = 2p. If S(G;A) is D-

regular, deg

G

(u; Y ) =

1

2

(D + 2p� w � z) and hen
e all verti
es in X have

the same number of neighbors in Y . Similarly for the number of neighbors

in W and for verti
es in other blo
ks. It follows that the partition V

G

=

X [ Y [ Z [W is regular, i.e., any two verti
es from the same blo
k have

the same number of neighbors in ea
h other parti
ular blo
k (adja
en
y


onsidered in the original graph G). It follows that there exist numbers

a; b; 
; d, �p � a; b � p, �q � 
; d � q, su
h that

deg

G

(u; Y ) = p� a; deg

G

(u;W ) = p+ a; deg

G

(u; Z) = 0; for u 2 X;

deg

G

(u; Y ) = p� b; deg

G

(u;W ) = p+ b; deg

G

(u;X) = 0; for u 2 Z;

deg

G

(u;X) = q � 
; deg

G

(u; Z) = q + 
; deg

G

(u;W ) = 0; for u 2 Y ;

deg

G

(u;X) = q � d; deg

G

(u; Z) = q + d; deg

G

(u; Y ) = 0; for u 2W:

This is illustrated in Figure 2, where the symbol 
lose to ea
h set denotes

the size of the set and the symbol at the beginning of an edge ST 
lose to

S denotes the number of neighbors of a vertex from S in T , with S; T 2

fX;Y; Z;Wg.

The subgraph G[X[Y ℄ is (p�a; q�
)-biregular, and hen
e (by 
ounting

the number of its edges)

x(p� a) = y(q � 
); (1)

and similarly

w(q � d) = x(p+ a); (2)

y(q + 
) = z(p� b); (3)

z(p+ b) = w(q + d): (4)
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Fig. 2. S
hemati
 diagram of the regular partition V

G

= X [ Y [ Z [W .

Multiplying these four equations we get

xyzw(p� a)(p+ b)(q + 
)(q � d) = xyzw(p+ a)(p� b)(q � 
)(q + d): (5)

We will show that all four blo
ks X;Y; Z;W are nonempty, i.e., that we


an divide this equation by xyzw 6= 0. But �rst we list the equations for the

degrees of verti
es from ea
h blo
k in the swit
hed graph, whi
h should by

assumption equal D. For instan
e, for u 2 X , we have

deg

S(G;A)

u = p� a+ z + w � (p+ a) = z + w � 2a; (6)

and similarly

u 2 Y : deg

S(G;A)

u = z + w � 2
; (7)

u 2 Z : deg

S(G;A)

u = x+ y + 2b; (8)

u 2 W : deg

S(G;A)

u = x+ y + 2d: (9)

On
e we prove that x 6= 0 6= y, i.e., that X and Y are nonempty, it will

follow from (6) and (7) that a = 
. Similarly, from zw 6= 0 will follow that

b = d.

To prove that xyzw 6= 0, assume that one of the blo
ks is empty. Say

X = ; (by symmetry, this will 
over all 
ases). Sin
e X[Z = V

1

, this means

that Z 6= ;. Also Y must be nonempty, sin
e otherwise the swit
hing set

A = X [ Y would be empty and the swit
hed graph S(G;A) = G would

not be regular. Hen
e 
 = d = q and we dedu
e from (7,8) that

z + w � 2q = y + 2b: (10)
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From (3,4) we get

y =

z(p� b)

2q

; w =

z(p+ b)

2q

:

Substituting into (10) yields

z +

z(p+ b)

2q

� 2q =

z(p� b)

2q

+ 2b

whi
h implies

(z � 2q)(b+ q) = 0:

Now z = 2q implies y + w = 2p and n = jV

G

j = 2(p+ q), 
ontradi
ting the

assumption of the theorem. Also b = �q leads to a 
ontradi
tion, sin
e in

this 
ase p+ b = p� q 6= 0 implies that W 6= ; and hen
e (9,8) give b = q.

From now on we will assume without loss of generality that p < q. We

further note that �p < a; b < p. For a = p would imply 
 = q, whi
h is

impossible sin
e 
 = a = p < q, while a = �p would imply b = q > p.

Similarly, b 6= �p; p.

Dividing (5) by xyzw and using the fa
t that 
 = a and d = b we get

(p� a)(p+ b)(q + a)(q � b) = (p+ a)(p� b)(q � a)(q + b)

whi
h yields

(p� a)(q + a)

(p+ a)(q � a)

=

(p� b)(q + b)

(p+ b)(q � b)

:

Consider the fun
tion f(b) =

(p�b)(q+b)

(p+b)(q�b)

as a fun
tion of b. Its derivative is

f

0

(b) =

2(p� q)(pq + b

2

)

(p+ b)

2

(q � b)

2

< 0

and so f(b) is de
reasing in the interval (�p; q). Hen
e b = a is the only

solution of f(a) = f(b) in the interval b 2 (�p; p).

Therefore, (1{4) yield

y = x

p� a

q � a

; z = x

q + a

q � a

; w = x

p+ a

q � a

and substituting these into

w + z � x� y = 4a
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(whi
h is obtained by 
omparing (7) and (8)) gives

4a(x� q + a) = 0:

Now x = q � a would imply y = p � a, z = q + a and w = p + a, hen
e

n = x+ y+ z+w = 2(p+ q) 
ontradi
ting the assumption. Thus we derive

a = 0 as the only possibility, yielding

deg

G

(u;A) = deg

G

(u; V

G

nA) = p for every u 2 V

1

= X [ Z

and

deg

G

(u;A) = deg

G

(u; V

G

nA) = q for every u 2 V

2

= Y [W:

This shows that G is balan
ed by 
oloring the verti
es of A white and the

verti
es of V

G

nA bla
k.

On the other hand, ifG is balan
ed by a 
oloring � : V

G

! fbla
k;whiteg,

then swit
hing the set of white verti
es yields an

n

2

-regular graph. To see

this, denote A = fu 2 V

G

: �(u) = whiteg and set X = A \ V

1

; Y =

A\V

2

; Z = V

1

nA; W = V

2

nA. Sin
e G[X [ Y ℄ and G[Z [Y ℄ are both

(p; q)-biregular, we have pjX j = qjY j = pjZj and hen
e jX j = jZj. Similarly,

jY j = jW j. For any vertex u 2 X , we have deg

S(G;A)

u = p+ jZj+ jW j�p=

jZj+ jW j =

jV

G

j

2

, and by symmetry, deg

S(G;A)

u =

jV

G

j

2

for every u 2 V

G

.

4 Swit
hing to graphs of bounded minimum degree

One 
an easily see that for every �xed k, one 
an de
ide swit
hability to a

k-regular graph in polynomial time. We frame this fa
t in a more general

observation.

Proposition 3. Let A be an isomorphism-
losed 
lass of graphs su
h that

every graph of A 
ontains a vertex of degree at most k, for some �xed number

k. If A 
an be re
ognized in polynomial time, then it 
an also be de
ided in

polynomial time if an input graph is swit
hing equivalent to a graph belonging

to A. More pre
isely, this 
an be de
ided in time O(n

k+3

p(n)), where p(n)

is the worst 
ase time 
omplexity of re
ognizing graphs of A.

Proof. If the input graph is swit
hed to a graph of A, one of its verti
es

is swit
hed to a vertex of degree at most k. There are n possible 
hoi
es
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of whi
h vertex will this be. For ea
h su
h vertex, there are 1 + (n � 1) +

�

n�1

2

�

+ : : : +

�

n�1

k

�

= O(n

k

) possible sets of at most k neighbors for that

vertex (in the swit
hed graph). So for ea
h vertex u and for every 
hoi
e of

a set S of at most k other verti
es, we swit
h the set N

G

(u)� S and 
he
k

if the resulting graph is in A. Ea
h swit
hing 
an only a�e
t O(n

2

) edges,

hen
e the upper bound.

Corollary 2. Swit
hing equivalen
e to a tree, a
y
li
 graph, planar graph,

outerplanar graph, graph of bounded genus, graph of bounded tree-width,

k-regular graph (for �xed k) are all polynomially de
idable problems.

One 
an argue about the ne
essity of the assumption that graphs of A

are polynomial time re
ognizable as follows. It is NP-
omplete to de
ide if

an input graph of maximum degree 4 is 3-
olorable. For any graph G, the

disjoint union of G and a triangle is swit
hable to a 3-
olorable graph if and

only if G itself is 3-
olorable. Hen
e de
iding if an input graph is swit
hable

to a 3-
olorable graph of maximum degree at most 4 (as well as de
iding

swit
hability to 3-
olorable graphs) is NP-
omplete.
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