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Abstra
t

LetG be a 
ube-free median graph. It is proved that

k

2

�

p

n�1 �

m

2

p

n

�

p

s � r�1 ; where n, m, s, k, and r are the number of verti
es,

edges, squares, �-
lasses, and the number of edges in a smallest �-


lass of G, respe
tively. Moreover, the equalities 
hara
terize Carte-

sian produ
ts of two trees of the same order. The 
ube polynomial

of 
ube-free median graphs is also 
onsidered and it is shown that

planar 
ube-free median graphs 
an be re
ognized in linear time.
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1 Introdu
tion

Cube-free median graphs are, by de�nition, median graph without an in-

du
ed 3-
ube Q

3

. This 
lass of graphs naturally appears in di�erent 
on-

texts. For instan
e, 
ube-free median graphs are pre
isely the bipartite

absolute retra
ts without indu
ed K

2;3

[3℄, and they play an important role

in the lo
ation theory [2, 11℄. Cube-free median graphs are also pre
isely

those median graphs for whi
h the equality is attained in an Euler-type

formula for median graphs [9℄.

Edges xy and uv of a graph G are in the Djokovi�
-Winkler relation �

[5, 14℄ if

d

G

(x; u) + d

G

(y; v) 6= d

G

(x; v) + d

G

(y; u) :

Relation � is re
exive and symmetri
 in general and transitive on median

graphs. Hen
e it partitions the edge set of a median graph into equivalen
e


lasses, 
alled �-
lasses.

Let G be a 
ube-free median graph. Then the following invariants of G

are important to us:

n : : : the number of its verti
es,

m : : : the number of its edges,

s : : : the number of its (indu
ed) squares,

k : : : the number of its �-
lasses, and

r : : : the number of the edges in its smallest �-
lass.

The main result of this note asserts that

k

2

�

p

n� 1 �

m

2

p

n

�

p

s � r � 1:

Moreover, if G is not a tree, then in any of the above inequalities, the

equality holds if and only if G is the Cartesian produ
t of two trees of the

same order.

In the next se
tion we re
all 
on
epts and results needed later. Then we

follow with a se
tion in whi
h the main result is proved. In the 
on
luding

se
tion we give some more properties of 
ube-free median graphs. We give

few remarks on the 
ube polynomial of 
ube-free median graphs|we show
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that they always have two real zeros, and we give a 
ombinatorial inter-

pretation to their extreme points. Finally, we show that planar 
ube-free

median graphs 
an be re
ognized in linear time.

2 Preliminaries

The Cartesian produ
t G2H of two graphsG andH is the graph with vertex

set V (G) � V (H) and (a; x)(b; y) 2 E(G2H) whenever either ab 2 E(G)

and x = y, or a = b and xy 2 E(H). The r-
ube Q

r

is the Cartesian produ
t

of r 
opies of the 
omplete graph on two verti
es K

2

.

The interval I(u; v) between two verti
es u and v in G is the set of all

verti
es on shortest paths between u and v. A subgraph H of G is 
onvex

if we have I(u; v) � V (H) for every u; v 2 V (H). A graph G is a median

graph if jI(u; v) \ I(u;w) \ I(v; w)j = 1 holds for every triple of verti
es

u, v, and w. The vertex of this interse
tion is 
alled the median of the

triple u; v; w. It is easy to see that median graphs are bipartite and that

the Cartesian produ
t operation preserves median graphs.

Let G = (V;E) be a graph, V

1

and V

2

subsets of V with nonempty

interse
tion, and V = V

1

[ V

2

. Suppose that V

1

and V

2

indu
e isometri


subgraphs of G and that no vertex of V

1

nV

2

is adja
ent to a vertex of V

2

nV

1

.

In addition, let V

1

\ V

2

be a 
onvex set in G. Then the 
onvex expansion of

a graph G with respe
t to V

1

and V

2

is the graph obtained from G by the

following pro
edure:

(i) repla
e ea
h vertex v 2 V

1

\ V

2

by verti
es v

1

, v

2

and insert the

edge v

1

v

2

.

(ii) insert edges between v

1

and the neighbors of v in V

1

n V

2

as well

as between v

2

and the neighbors of v in V

2

n V

1

.

(iii) insert the edges v

1

u

1

and v

2

u

2

whenever v; u 2 V

1

\V

2

are adja
ent

in G.

Mulder [12, 13℄ proved that a graph is a median graph if and only if it 
an

be obtained from K

1

by a sequen
e of 
onvex expansions.

In the next proposition we re
all two properties of 
ube-free median

graphs that will be needed later. The �rst one was given in [10, Corollary

3℄ and the se
ond follows from the main result of [9℄. However, to be self-


ontained as mu
h as possible we give here their short (uni�ed) proofs.

Proposition 2.1 Let G be a 
ube-free median graph with n verti
es, m

3



edges, s squares, and k 
lasses of the relation �. Then

s = m� n+ 1 and k = �m+ 2n� 2 :

Proof. We prove the 
laim by indu
tion on the number of expansion steps.

The statement is true for K

1

. So let G be obtained by an expansion from

a 
ube-free median graph G

0

over G

0

. Then G

0

is a tree. Let n

0

, m

0

, k

0

,

and s

0

be the 
orresponding invariants of G

0

and let jV (G

0

)j = x. Then

n = n

0

+ x, m = m

0

+ x+ (x� 1), s = s

0

+ (x� 1), and k = k

0

+ 1. Hen
e,

using the indu
tion hypothesis, we 
ompute

s = s

0

+ (x � 1) = (m

0

� n

0

+ 1) + x� 1 = m� n+ 1 ;

and

k = k

0

+ 1 = (�m

0

+ 2n

0

� 2) + 1 = �m+ 2n� 2 :

2

Let uv be an edge of a median graph G. Let G

1

be the subgraph of

G indu
ed by the verti
es 
loser to u than to v and G

2

be the subgraph

indu
ed by the verti
es 
loser to v than to u. As G is bipartite, G

1

\G

2

= ;,

and the pair G

1

; G

2

is 
alled a split of G. Two splits G

1

; G

2

and H

1

; H

2

are 
alled 
rossing splits if G

i

\ H

j

6= ; for i; j = 1; 2. We will apply the

following result:

Theorem 2.2 [11, Theorem 11℄ A median graph G 
ontains r pairwise


rossing splits if and only if G 
ontains a Q

r

as an indu
ed subgraph.

3 Inequalities for 
ube-free median graphs

In this se
tion we present a sequen
e of inequalities for 
ube-free median

graphs that involve the number of verti
es, edges, �-
lasses, squares, and

the number of edges in a smallest �-
lass. All these inequalities are 
har-

a
teristi
 for 
ube-free median graphs (in the 
lass of median graphs) and

turn into equalities pre
isely for the Cartesian produ
t of two trees of the

same order.

Before the main result we state two lemmas.

Lemma 3.1 Let G be a 
ube-free median graph with k �-
lasses. Let r � 2

be the number of edges in its smallest �-
lass. Then k � 2r� 2. Moreover,

the equality holds if and only if G is the Cartesian produ
t of two trees of

the same order.
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Proof. The proof is by indu
tion of r. Let r = 2. Then G 
ontains at least

one square, so that k � 2. Moreover, k = 2 if and only if G = P

2

2P

2

.

Let now r � 3 and let uvwz be a square of G. Let G

0

be the median

graph obtained by �rst 
ontra
ting the �-
lass E

1


ontaining the edge uv

and then the �-
lass E

2


ontaining uz. Then G

0

has k

0

= k � 2 �-
lasses.

Let F be a �-
lass di�erent from E

1

and E

2

. Sin
e G is 
ube-free, Theorem

2.2 implies that at most two edges of F are identi�ed while 
ontra
ting E

1

and E

2

. It follows that r

0

� r�1. By the indu
tion assumption, k

0

� 2r

0

�2,

and hen
e k�2 = k

0

� 2r

0

�2 � 2(r�1)�2, so that k � 2r�2. Moreover,

the equality will hold if and only if r

0

= r � 1 and k

0

= 2r

0

� 2. Thus

by the indu
tion assumption, G

0

= T

0

1

2T

0

2

where T

0

1

; T

0

2

are trees on r � 1

verti
es. Sin
e any �-
lass of G has at least r elements, every �-
lass of G

is interse
ted by E

1

or E

2

. This is possible only if in both expansion steps

the interse
tion 
onsists of layers isomorphi
 to T

0

1

, and T

0

2

, respe
tively.

Thus G = T

1

2T

2

, where T

i


an be obtained from T

0

i

by one expansion step.

2

Lemma 3.2 Let G be a 
ube-free median graph with k �-
lasses and s

squares. Then, k

2

� 4s. Moreover, the equality holds if and only if G is the

Cartesian produ
t of two trees of the same order.

Proof. Suppose that G is a smallest 
ube-free median graph with 4s > k

2

.

Let r be the number of edges in its smallest �-
lass. If r = 1 then let G

0

be the 
ube-free median graph obtained by 
ontra
tion an equivalen
e 
lass

with one edge. Let s

0

and k

0

be the number of squares and �-
lasses of G

0

,

respe
tively. Clearly, s

0

= s and k

0

= k � 1. By the minimality, 4s

0

� k

02

and so k

2

< 4s = 4s

0

� k

02

= (k�1)

2

, whi
h implies k � 0, a 
ontradi
tion.

So let r � 2. We now 
ontra
t a �-
lass of G 
ontaining r edges to obtain

the 
ube-free median graph G

0

with s

0

= s� (r� 1) squares and k

0

= k� 1

�-
lasses. By the minimality, 4(s� (r � 1)) � (k � 1)

2

, so that

k

2

< 4s � k

2

� 2k + 1 + 4r � 4 ;

whi
h implies 2k � 4r � 3 and so k � 2r� 2. Now Lemma 3.1 implies that

G = T

1

2T

2

, where T

1

and T

2

are trees of same order. But in this 
ase it is

straightforward to verify that k

2

= 4s, a 
ontradi
tion. 2

Here is our main result.
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Theorem 3.3 Let G be a 
ube-free median graph with n verti
es, m edges,

s squares, k �-
lasses, and r edges in its smallest �-
lass. Then

k

2

�

p

n� 1 �

m

2

p

n

�

p

s � r � 1 :

Moreover, if G is not a tree then in any of the above inequalities the equality

holds if and only if G is the Cartesian produ
t of two trees of the same order.

Proof. If G is a tree then k = m = n � 1, s = 0, r = 1. In this 
ase, it

is easy to verify the theorem. So, assume that s > 0. We �rst prove the

following 
laim:

Claim 1.

p

n � 1 �

p

s with equality if and only if G is the Cartesian

produ
t of two trees of the same order.

From Proposition 2.1 we infer that n = k + s+ 1, hen
e by Lemma 3.2 we

have

p

n� 1 =

p

k + s+ 1� 1 �

q

s+ 2

p

s+ 1� 1 =

p

s: (1)

Note that the equality is preserved if and only if k

2

= 4s, and this happens

pre
isely when G is the Cartesian produ
t of two trees on same number of

verti
es due to Lemma 3.2. So Claim 1 is established.

Using Claim 1, we obtain the �rst inequality as follows:

k

2

=

n� 1� s

2

�

n� 1� (

p

n� 1)

2

2

=

p

n� 1 :

For the se
ond inequality we argue as

m

2

p

n

=

s+ n� 1

2

p

n

�

(

p

n� 1)

2

+ n� 1

2

p

n

=

p

n� 1 ;

and for the third one, using (1), as

m

2

p

n

=

s+ n� 1

2

p

n

=

(

p

n�

p

s)

2

+ 2

p

sn� 1

2

p

n

�

1 + 2

p

sn� 1

2

p

n

=

p

s :

Note that in ea
h of the above three arguments, we preserve equality if and

only if it is preserved in Claim 1.
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It remains to prove that r� 1 �

p

s where equality holds in the 
laimed


ase. Note �rst that, sin
e G is not a tree, the inequality is trivially true for

r = 1; 2. Moreover, for r = 1 we have stri
t inequality, while for r = 2 the

equality holds if and only if G = P

2

2P

2

. So let r � 3 and let S be a square

of G. Let E

1

; E

2

be the two �-
lasses that 
ontain the edges of S: we may

assume that jE

1

j = r. Let G

0

be the median graph 
onstru
ted from G by


ontra
ting �rst the �-
lass E

1

and afterwards 
ontra
ting the �-
lass E

2

.

Then for G

0

we have k

0

= k � 2 and s � s

0

+ 2r � 3. Moreover, invoking

Theorem 2.2 again, we also have r

0

� r � 1. Hen
e we 
an 
ompute

(r�1)

2

� r

02

= (r

0

�1)

2

+2(r

0

�1)+1 � s

0

+2(r�1)�1 � s

0

+2r�3 � s :

Finally, the equality will hold if and only if r

0

= r � 1, k

0

= 2r

0

� 2, and

s

0

+ 2r � 3 = s. So applying Lemma 3.1 we 
an 
on
lude that G is the

Cartesian produ
t of two trees of the same order. (Note that su
h a graph

satis�es r

0

= r � 1 and s

0

+ 2r � 3 = s.) 2

Consider now the hyper
ubes Q

d

, d � 3. Clearly,

n = 2

d

; m = d 2

d�1

; k = d; s =

�

d

2

�

2

d�2

; and r = 2

d�1

:

For d � 3 we have

k

2

<

p

n� 1 <

m

2

p

n

<

p

s < r � 1 :

that is,

d

2

< 2

d=2

� 1 < d 2

d=2�2

<

p

d(d� 1) 2

d=2�3=2

< 2

d�1

� 1 ;

whi
h 
an be easily 
he
ked for d = 3, so by asymptoti
 reasons the in-

equalities follows for all d � 3. Hen
e the inequalities of Theorem 3.3 are


hara
teristi
 for 
ube-free median graphs in the following sense: A median

graph is 
ube-free if and only if for any 
onvex subgraph ofG the inequalities

of Theorem 3.3 hold.

We 
on
lude this se
tion with an open problem, 
onsidering a general-

ization of Theorem 3.3 to arbitrary median graphs.

Problem 3.4 Let G be a Q

d+1

-free median graph with k �-
lasses and n

verti
es. Let r be the number of edges in a smallest �-
lass of G and denote

7



by �

i

the number of Q

i

-
ubes in G. Do some (or maybe all) of the following

inequalities hold:

k

d

�

d

p

n� 1 �

d

p

�

d

�

d�1

p

r � 1 ?

Regarding the above problem, let G be the Cartesian produ
t of d trees of

the same order, say p. Then, n = p

d

, k = (p� 1)d, �

d

= (p� 1)

d

, r = p

d�1

.

Note that G is Q

d+1

-free median graph. So, we obtain that

k

d

=

d

p

n� 1 =

d

p

�

d

=

d�1

p

r � 1 = p� 1:

Thus, if the inequalities of the above problem hold, possibly they be
ome

equalities if and only if the graph is a produ
t of d trees all of same order.

4 Additional properties

In this se
tion some more properties of 
ube-free median graphs are ob-

tained. In the �rst part, we 
onsider the 
ube polynomial of these graphs,

in parti
ular its zeros and extreme points. In the se
ond part we show that


ube-free median graphs 
an be re
ognized in linear time.

The 
ube polynomial 
(G; x) of a graph G was introdu
ed in [4℄ and is

de�ned as follows. Let �

i

(G) denotes the number of indu
ed i-
ubes of G,

so that in parti
ular �

0

(G) = jV (G)j and �

1

(G) = jE(G)j. Then


(G; x) =

X

i�0

�

i

(G)x

i

:

Using the results of previous se
tions we 
an prove:

Proposition 4.1 The 
ube polynomial of a 
ube-free median graph G has

real zeros. Moreover, it has a unique zero if and only if G is a tree or the

Cartesian produ
t of two trees of the same order.

Proof. Let G be a 
ube-free median graph with n verti
es, m edges, s

squares, and k 
lasses of the relation �. Then, as G is 
ube-free, 
(G; x) =

sx

2

+mx+ n. By Proposition 2.1 we have

s = m� n+ 1 and k = �m+ 2n� 2 ;

8



and so


(G; x) = sx

2

+ (2s+ k)x+ (k + s+ 1): (2)

If s = 0 then G is a tree and the 
laim follows trivially. So assume that

s > 0. By Lemma 3.2 we infer that

(2s+ k)

2

� 4s(k + s+ 1) = k

2

� 4s � 0 ;

whi
h establishes that 
(G; x) has real zeros. Note that the 
ube polynomial

has a unique zero if and only if k

2

= 4s. By Lemma 3.2, this holds if and

only if G is the Cartesian produ
t of two trees of the same order. 2

Let F(G) denotes some set of edges 
onsisting of representatives of the

�-
lasses of a (
ube-free) median graph G. Thus, jF(G)j = k. For an

edge e = uv of a median graph G let U

e

be the subgraph of G indu
ed

by the verti
es x of G su
h that there is an edge f = xy with e�f and

d(u; x) < d(u; y).

Proposition 4.2 Let G be a 
ube-free median graph that is not a tree, and

let x

min

be the minimum point of 
(G; x). Then

x

min

= �1�

k

P

e2F(G)

jE(U

e

)j

:

Moreover, if G is 2-edge-
onne
ted, then x

min

� �2, and x

min

= �2 if and

only if G = C

4

.

Proof. Note �rst that sin
e G is not a tree, 
(G; x) has an extreme, more

pre
isely a minimum. Let G has n verti
es,m edges, s squares, and k 
lasses

of the relation �. From (2) we dedu
e x

min

= �1�

k

2s

.

As G is 
ube-free, every graph U

e

is a tree (possibly K

1

). Every edge f

of an U

e


orresponds to a square S of G, and there exists a unique graph

U

e

0

(distin
t from U

e

) su
h that the edge f also 
orresponds to S. There-

fore, 2s =

P

e2F(G)

(jV (U

e

)j � 1) =

P

e2F(G)

jE(U

e

)j whi
h proves the �rst

assertion.

Let now G be 2-edge-
onne
ted. Then ea
h �-
lass 
onsists of at least

two edges, and so ea
h tree U

e

has at least one edge. Hen
e

k

P

e2F(G)

jE(U

e

)j

�

1, and thus by the above, x

min

� �2. Finally, the equality is a
hieved if

and only every tree U

e

has exa
tly one edge whi
h is possible only if G is a

square. 2

9



In [8℄ a redu
tion is given asserting that re
ognizing median graphs is

roughly equivalent to �nding triangles in graphs, for the latter problem 
f.

[1℄. In fa
t, the 
orresponding median graphs in the redu
tion are 
ube-free,

so a fast re
ognition algorithm (say linear or \almost" linear) for 
ube-free

median graphs would imply su
h an algorithm for re
ognition of triangle-

free graphs.

Hen
e there is not mu
h hope for a linear re
ognition algorithm for

general 
ube-free median graphs. However, we are going to show that planar


ube-free median graphs 
an be re
ognized in linear time. For this sake we

need to re
all that a subgraph H of a graph G is 
alled gated in G if for

every x 2 V (G) there exists a vertex u in H su
h that u 2 I(x; v) for all

v 2 V (H): Note that if for some x su
h a vertex u in V (H) exists, it must

be unique.

Proposition 4.3 Let G be a median graph. Then one 
an de
ide in linear

time whether G is 
ube-free.

Proof. Let u be an arbitrary vertex of G and let T be a BFS-tree with

respe
t to u. We 
laim that G is 
ube-free if and only if every vertex of T

has down-degree at most two. (By the down-degree of a vertex w we mean

the number of neighbors of w that are 
loser to u than w.)

If G is 
ube-free then by [7, Lemma 3.35℄ the down-degrees are bounded

by two, otherwise we would have hyper
ubes of higher dimensions.

Conversely, suppose that H = Q

k

, k � 3, is a subgraph of G. It suÆ
es

to 
onsider the 
ase k = 3, for otherwise just 
onsider any indu
ed 3-
ube

of H . If u 2 H , then the vertex w of H with d

H

(u;w) = 3 lies in the

third distan
e level from u and is of down-degree at least three. So suppose

u =2 H . As H is 
onvex in G it is also gated (
f. [7, Lemma 2.23℄), so there

is a unique vertex v of H 
losest to u. Let w 2 H be the vertex of H with

d(v; w) = 3. By the gatedness, d(u;w) = d(u; v) + 3. But then w is of

down-degree at least three.

To 
on
lude the argument note that it 
an be easily 
he
ked in linear

time whether all the down-degrees of G in T are bounded by two. 2

Sin
e planar median graphs 
an be re
ognized in linear time by a result

of [8℄, Proposition 4.3 implies:

Corollary 4.4 Planar 
ube-free median graphs 
an be re
ognized in linear

time.
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We 
on
lude by noting that the re
ognition problem for planar graphs

that 
ontain no subgraph homeomorphi
 to the 3-
ube is eÆ
iently solved

in [6℄.
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