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Abstra
t

A geometri
 graph is a graph embedded in the plane in su
h a way

that verti
es 
orrespond to points in general position and edges to

segments 
onne
ting appropriate points. A non
rossing Hamiltonian

path is a Hamiltonian path whose embedding in the plane is a simple


urve in the plane. We study the problem asked by Mi
ha Perles

about the existen
e of a non
rossing Hamiltonian path for various


lasses of geometri
 graphs. Let h

1

(n) denote the largest k su
h

that when we remove edges of an arbitrary 
omplete subgraph of

size at most k from a 
omplete geometri
 graph on n verti
es the

resulting graph still has a non
rossing Hamiltonian path. We prove

that there exist 
onstants 0 < 


1

< 


2

su
h that 


1

�

p

n < h

1

(n) <




2

�

p

n. Let h

2

(n) denote the largest k su
h that when we remove an

arbitrary star with at most k edges from a 
omplete geometri
 graph

on n verti
es the resulting graph still has a non
rossing Hamiltonian

path. We show that h

2

(n) = dn=2e � 1. We also prove that h

3

(n) =

dn=2e � 1 where h

3

(n) is the largest k su
h that when we remove

at most k arbitrary edges from a 
omplete geometri
 graph on n

verti
es whose verti
es are in 
onvex position then the graph still

has a non
rossing Hamiltonian path. Further we prove that when we

remove any mat
hing from a 
omplete geometri
 graph the resulting

graph will have a non
rossing Hamiltonian path.



1 Introdu
tion

A geometri
 graph is a graph drawn in the plane so that verti
es are rep-

resented by points in general position (i.e., there are no three 
ollinear

points) and its edges are straight{line segments 
onne
ting the 
orrespond-

ing points. A topologi
al graph is de�ned similarly, ex
ept that an edge is

not drawn as a segment but as a simple (not{sel�nterse
ting) Jordan ar


whi
h does not pass through any verti
es ex
ept its endpoints. Further we

assume for simpli
ity that if two edges of topologi
al graph have a point in


ommon then they interse
t in this point. If any two edges of topologi
al

graph interse
t in at most one point we say that the graph is simple. So

any geometri
 graph is a spe
ial 
ase of a simple topologi
al graph.

Lately geometri
 and topologi
al graphs are intensively studied topi
.

There are lots of papers studying whi
h number of edges for
es a geometri-


al or topologi
al graph to 
ontain some �xed sub
on�guration (the trivial

result of this type following from Euler's polyhedral formula is that any

topologi
al graph with at least 3n � 5 edges must have two edges whi
h

interse
t). In re
ent paper [6℄ Pa
h et. al. has proven that any topologi
al

graph whi
h does not have three pairwise 
rossing edges must have at most

O(n) edges. This improves the previously know bound O(n

3=2

) and also

generalizes the result of Agarwal et. al. ([1℄) who proved the bound O(n)

for geometri
 graphs. In another re
ent paper [4℄ has been established that

for any k and l there exists a 
onstant C(k; l) su
h that if a topologi
al graph

has at least C(k; l) �n edges then it must have a k� l{gridlike 
on�guration

(i.e., it 
ontains k+ l edges su
h that ea
h of the �rst k edges 
ross ea
h of

the last l edges). Further interesting results 
an be found in [8℄, [7℄, [5℄, [9℄

to name a few or in surveys on geometri
 and topologi
al graphs ([3℄, [2℄).

In our paper we study a problem when a given geometri
 graph has

a non
rossing Hamiltonian path (i.e. Hamiltonian path whi
h does not


ross itself). The problem was presented by Mi
ha Perles on DIMACS

Workshop on Geometri
 Graph Theory in 2002. In our paper we fo
us on

some 
lasses of geometri
al graphs. Let h

1

(n) denote the largest k su
h that

when we remove edges of an arbitrary 
omplete subgraph of size at most

k from a 
omplete geometri
 graph on n verti
es the resulting graph still

has a non
rossing Hamiltonian path. We prove that there exist 
onstants

0 < 


1

< 


2

su
h that 


1

�

p

n < h

1

(n) < 


2

�

p

n (Theorems 1 and 3). Let

h

2

(n) denote the largest k su
h that when we remove an arbitrary star with

at most k edges from a 
omplete geometri
 graph on n verti
es the resulting

graph still has a non
rossing Hamiltonian path. In Theorem 6 we show that
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h

2

(n) = dn=2e � 1. We also prove that h

3

(n) = dn=2e � 1 where h

3

(n) is

the largest k su
h that when we remove at most k arbitrary edges from a


omplete geometri
 graph on n verti
es whose verti
es are in 
onvex position

then the graph still has a non
rossing Hamiltonian path (Theorems 4 and

5). Further we prove that when we remove any mat
hing from a 
omplete

geometri
 graph the resulting graph will have a non
rossing Hamiltonian

path (Theorem 2).

The organization of the paper is following: In the se
tion 2 we intro-

du
e basi
 de�nitions and notation. In se
tions 3 and 4 we study 
omplete

geometri
 graphs with removed 
omplete subgraph and we prove the asymp-

toti
ally tight bounds on the size of 
omplete subgraph removed. In se
tion

5 we prove the tight bounds on the number of edges removed from 
onvex

geometri
 graph and in se
tion 6 we prove the tight bounds on the size of a

star removed from a 
omplete geometri
 graph.

2 De�nitions and Notation

In this se
tion we introdu
e basi
 de�nitions and notation used throughout

this paper. A geometri
 graph G is an ordered triple (V;E; f) where (V;E)

is a graph and f is a proje
tion of V in R

2

(the Eu
lidean plane). Moreover

f satisti�es that f(V ) is a set of points in general position. The edge

(u; v) 2 E is represented by a straight-line segment 
onne
ting f(u) and

f(v). In the following text we will usually 
onsider graph and its 
on
rete

embedding and so we will use the term vertex also for the point in the

plane 
orresponding to the vertex and the term edge for a segment in a

the plane 
orresponding to an edge. A Hamiltonian path in graph G is a

path su
h that it 
ontains all the verti
es of G. A non
rossing Hamiltonian

path in geometri
 graph G = (V;E; f) is a Hamiltonian path whi
h does

not interse
t itself in the embedding f of the graph. A 
onvex hull of a

set of points X � R

2

; X = fx

1

; : : : ; x

n

g is a set of points H = fh 2 R

2

:

9a

1

; : : : a

n

su
h that 8i 2 f1; : : : ; ng a

i

2 R; a

i

� 0;

P

n

i=1

a

i

= 1 and h =

P

n

i=1

a

i

x

i

g. We say that a point p lies below a line l (line l must not be

parallel to y-axis) if it lies in the half-plane de�ned by l whi
h 
ontains �1

on the y axis. Similarly use the term above a line. A point u lies to the

left from v if x-
oordinate of u is less then or equal to x-
oordinate of v.

Analogously we de�ne that u is to the right from v. Let s be a segment in

R

2

de�ned by two points x; y 2 R

2

, x is to the left from y. p 2 R

2

lies

below the segment s if it lies below a line de�ned by x and y, to the right

3



from x and to the left from y. Let Z � R

2

; Z = fz

1

; : : : ; z

n

g be a set of

points in the plane. An x-monotone order of Z is su
h ordering of Z in

whi
h x-
oordinates of the points form a monotone sequen
e. Analogously

we 
an de�ne a y-monotone order of Z.

3 The Lower Bound for Complements of Cliques

In the two following se
tions we will work with the spe
ial 
lass C of geo-

metri
 graphs | 
omplements of 
omplete subgraphs graphs. A geometri


graph G = (V;E; f) is in C i� there exist X;Y � V su
h that V = X [ Y ,

X \ Y = ; and E =

�

V

2

�

n

�

X

2

�

(i.e., G is some 
omplete graph without

edges of some 
omplete subgraph). We will prove that there exists 
onstant




1

> 0 su
h that for any geometri
 graph from C where jX j � 


1

�

p

jV j

there exists a non
rossing Hamiltonian path.

Lemma 1 Let G = (V;E; f) be a geometri
 graph, G 2 C. If there exists

a line l su
h that all the verti
es from X are in one half-plane de�ned by l

and at least jX j verti
es from Y are in the other half-plane then there exists

a non
rossing Hamiltonian path in G.

Proof: We may WLOG assume that line l is parallel to the y-axis and

that all the verti
es from the set X are in the left half-plane. We will use

the pro
edure from �gure 1 to 
reate a non
rossing Hamiltonian path in G.

The pro
edure takes an upper segment from the 
onvex hull of verti
es not

yet added to the path (the whole set V in the beginning) whi
h 
rosses l

(see �gure 2 on the left). If the last vertex on the path or the left end of

the segment is from Y then we add to the path the left end of the segment

(�gure 2 on the right). Otherwise we add to the path the right end of

the segment (�gure 3 on the left). If l doesn't 
ross the 
onvex hull then

we simply add remaining verti
es to the path in an x-monotone order (see

�gure 3 on the right for the example of 
reated path).

It is 
lear that the algorithm �nishes when it adds all the verti
es to the

path. It is also easy to see that there are no two 
onse
utive verti
es from X

on the 
onstru
ted path and hen
e it is really a path in G. The only pla
e

in the algorithm where two verti
es from X 
ould be added 
onse
utively

to the path is when it is adding verti
es in an x-monotone order. But at

that time there is at most one point from X not on the path (the other

verti
es from X were added in the previous steps be
ause there are at least

jX j verti
es from Y in the right half-plane). What remains to prove is that

4



the path is non
rossing. We will 
he
k that after we add a new vertex to the

path the path does not interse
t the 
onvex hull of the remaining verti
es

in
luding the vertex just added to the path. From this it is obvious that

the path does not interse
t itself (at ea
h vertex ea
h of the following edges

of the path must lie in the 
onvex hull and the previous edges lie outside of

it). When the path 
ontains only one vertex (the one from the 
onvex hull

of all verti
es) the 
laim is obviously true. When we add the new vertex

to the path the edge 
onne
ting the new vertex with the previous vertex

on the path 
annot interse
t the 
onvex hull of the remaining verti
es | if

the edge interse
ted the 
onvex hull then the previous vertex on the path

would have to lie in the half-plane as shown in the �gure 4. But then we

get 
ontradi
tion with the 
hoi
e of the vertex in the previous step of the

algorithm (the vertex 
annot be an endpoint of the segment of the 
onvex

hull interse
ting l). From the indu
tion we know that any other edge of the

path 
annot interse
t the 
onvex hull and so we have proven that the path

does not interse
t itself.

Now we will prove a similar result for more general 
hoi
e of sets X and

Y :

Theorem 1 Let G = (V;E; f) be a geometri
 graph, G 2 C. If jY j �

2 � jX j � (jX j+ 1) then there exists a non
rossing Hamiltonian path in G.

Proof: We 
an WLOG assume that there are no two verti
es from V with

the same x 
oordinate. Now 
onsider partitioning of the plane into jX j+ 1

strips su
h that ea
h strip 
ontains a vertex from X on its boundary (see

�gure 5). From the pigeonhole prin
iple we know that there is a strip S with

at least 2 � jX j verti
es from jY j in it. Let x

l

denote the number of verti
es

from X to the left from S (we also 
ount the vertex on the left boundary of

S). Similarly we de�ne x

r

. Now we 
an 
ertainly 
hoose a vertex z from S

su
h that there are at least 2 �x

l

verti
es in S to the left from z and at least

2 � x

r

verti
es in S to the right from z. Now we apply following pro
edure

on the verti
es to the left from z (and then the analogous pro
edure on the

verti
es to the right from z). We �nd lines l

1

; l

2

su
h that z 2 l

1

\ l

2

, both

l

1

and l

2


ontain some vertex lying to the left from S and there is no vertex

lying to the left from S whi
h would lie above l

1

or below l

2

(see �gure 5).

It is 
lear that there are at least x

l

verti
es in S lying either below l

1

or

above l

2

. Lets WLOG assume that there are at least x

l

verti
es in S lying

5



Input: Two sets of points in the plane X, Y and line l

Output: Non
rossing Hamiltonian path

begin

PathLen := 0;

V := X [ Y ;

Left := False;

LastLeft := True;

forever do begin

Seg := CrossSegment(V , l);

if Seg = ; then

break;

if Left then begin

if (Path[PathLen-1℄ 2 Y ) or (Seg.Left 2 Y ) then begin

Path[PathLen℄ := Seg.Left;

PathLen := PathLen + 1;

V := V n Seg.Left;

LastLeft := True;

end

else

Left := False;

end

else begin

Path[PathLen℄ := Seg.Right;

PathLen := PathLen + 1;

V := V n Seg.Right;

Left := True;

LastLeft := False;

end;

end;

while V 6= ; do begin

if LastLeft then

P := Rightmost(V )

else

P := Leftmost(V );

Path[PathLen℄ := P;

PathLen := PathLen + 1;

V := V n P;

end;

Output(Path)

end.

Figure 1: An algorithm for �nding a non
rossing Hamiltonian path. Fun
-

tion CrossSegment returns a segment of 
onvex hull of given set whi
h

interse
ts l (a
tually there are two su
h segments so the fun
tion returns

the one whi
h interse
ts l at position with bigger y 
oordinate | we suppose

l is parallel to y axis). Fun
tions Leftmost and Rightmost return leftmost

respe
tively rightmost point from the given set.
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P

0

P

1

P

2

P

0

P

1

P

2

Figure 2: On the left is the �rst step of the algorithm. On the right is the

se
ond step of the algorithm | add left end of the segment to the path.

P

0

P

1

P

2

P

0

P

1

P

2

Figure 3: On the left is the third step of the algorithm | add right end of

the segment to the path. On the right is the whole non
rossing Hamiltonian

path.

7



P

0

P

1

Figure 4: If the segment interse
ted 
onvex hull the previous vertex on the

path would have to lie in the lower half-plane.

below l

1

. Let Z denote the set of verti
es lying to the left from z and below

l

1

. Now we 
an use Lemma 1 on the set Z (line l from the statement of the

lemma is the boundary of the strip S). From the lemma we get non
rossing

path 
ontaining all the verti
es from Z. Be
ause there are no verti
es from

Z above the �rst segment of the path (all the verti
es must lie below a

line de�ned by the segment of the 
onvex hull from the se
ond step of the

pro
edure from Lemma 1 and the whole area above the �rst segment of the

path lies above this line | see �gure 6) we 
an repla
e the �rst segment of

the path by the path going through all the verti
es above the line l

1

in an

x-monotone order (see �gure 7). By the repla
ing we got non
rossing path

using all the verti
es of V to the left from z ending in z. Analogi
ally we


an get similar path for the verti
es of V to the right from z, then join these

two paths in z and get non
rossing Hamiltonian path for G.
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z

l

1

l

2

Figure 5: Partitioning of the plane into the strips and 
hoi
e of the verti
es

on whi
h Lemma 1 should be used.

z

l

1

Figure 6: There are no verti
es lying above the �rst segment of the path

and below the line l

1
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z

Figure 7: Repla
ing the �rst segment of the path with an x-monotone path

Now using the Theorem 1 we 
an prove the following 
orollary:

Corollary 1 Let G = (V;E; f) be a geometri
 graph and let k = 2 �

�

�

jV j

2

�

� jEj

�

(i.e., k is twi
e the number of edges not present in G). If

2 � k � (k +1) � jV j � k then there exists a non
rossing Hamiltonian path in

G.

Proof: The idea of this proof is easy. We will just use Theorem 1 on the

original graph with removed edges of the 
omplete subgraph 
ontaining all

the edges missing in G.

More formally let X be the set of all verti
es from V whose degree is less

than jV j�1. The size of X is 
learly less than or equal to k. Let Y = V nX .

From the statement of the 
orollary we know that jY j � 2 � jX j � (jX j+ 1)

and hen
e the assumptions from the statement of Theorem 1 are satis�ed

and we 
an 
on
lude that G has a non
rossing Hamiltonian path.

Using the algorithm with the similar idea as the algorithm in Lemma 1

we 
an also prove the following result for the 
omplements of mat
hings:

Theorem 2 Let G = (V;E; f) be a geometri
 graph su
h that F =

�

V

2

�

nE

is a mat
hing (graph with maximum degree one) and jV j � 3. Then G has

a non
rossing Hamiltonian path.

Proof: The 
ase when jV j = 3 is trivial and so we 
an assume jV j � 4.

We will use the following algorithm for a 
onstru
tion of a non
rossing

10



y

1

y

2

y

3

y

4

Figure 8: The situation when we 
annot add last point to the non
rossing

path.

Hamiltonian path: �rst take any point on the 
onvex hull of V . Let x be

the last vertex on the path 
onstru
ted so far. Then at ea
h step we take

the vertex y on the 
onvex hull of the remaining points su
h that fx; yg is an

edge in G and it does not interse
t the 
onvex hull of the remaining points

and we add y to the path. The vertex y with desired properties will always

exist if there are at least two remaining verti
es. Let H

0

denote the 
onvex

hull in the previous step of the algorithm and H the 
onvex hull in the last

step. In the previous step x was on the 
onvex hull H

0

and so in the 
urrent

situation there must be some segment y

1

y

2

of the 
onvex hull H su
h that

both segments xy

1

and xy

2

do not interse
t the 
onvex hull H . Be
ause

at least one pair must be an edge in G (F was a mat
hing) we have just

proven the existen
e of y. If there is only one vertex and it is not 
onne
ted

by an edge to the last point on the path we 
annot add it to the path. Let

y

1

be the last remaining vertex and y

2

; y

3

; and y

4

be the last verti
es on

the path in the reverse order (remember that jV j � 4). In this situation we

remove the verti
es y

2

and y

3

from the path so we get a situation as drawn

in �gure 8. Be
ause F is a mat
hing y

4

must be 
onne
ted by an edge to

both y

1

and y

2

and one of these edges does not interse
t the 
onvex hull of

the remaining points. So we 
an WLOG add y

1

to the path and then �nish

the path by adding y

3

and y

2

.
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4 The Upper Bound

In this se
tion we will prove that there exist geometri
 graphs in C su
h

that the size of X is O(

p

jV j) and the graphs do not have a non
rossing

Hamiltonian path. By proving this we get two asymptoti
ally tight bounds

on the number of verti
es in X .

Lemma 2 Let G = (V;E; f) be a geometri
 graph su
h that all the verti
es

of V are in the 
onvex position. Let P = (v

i

1

; : : : ; v

i

n

) be a non
rossing

Hamiltonian path in G. Then for any j 2 f1; : : : ; n�2g holds that from the

three verti
es v

i

j

; v

i

j+1

; v

i

j+2

at least two are neighbors on the 
onvex hull of

V .

Proof: Assume that for some j no two verti
es are neighbors on the 
onvex

hull of V . Then the verti
es on the 
onvex hull are split into three nonempty

parts | WLOG the parts are the segments of 
onvex hull from v

i

j

to v

i

j+1

,

from v

i

j+1

to v

i

j+2

and from v

i

j+2

to v

i

j

. But non
rossing path 
an enter

only two of these three parts (on
e the path enters some part it 
annot leave

it without 
rossing itself) and hen
e su
h path 
annot be Hamiltonian.

Theorem 3 For ea
h n

0

2 N there exists n 2 N;n

0

� n su
h that there

exists a geometri
 graph G = (V;E; f); G 2 C; jV j = n satisfying jX j < 3�

p

n

without a non
rossing Hamiltonian path.

Proof: Lets have some n

0

. As n we 
hoose the smallest natural number

greater than n

0

su
h that n is the se
ond power of some natural number.

Now we 
reate a geometri
 graph on n verti
es. We pla
e n verti
es of the

graph on the 
ir
le with equal distan
es. Then we split the verti
es into

p

n

groups (ea
h of size

p

n) in su
h way that ea
h group will form a 
ontinuous

segment on the 
ir
le. Now we de�ne partitioning of V into X and Y (and

by this we de�ne edges in the graph). We will 
hoose arbitrarily one group

(let's 
all it g) and put all its verti
es to X . In the other groups we put

two verti
es on the borders to X and remaining points to Y (see �gure 9).

Clearly jX j = (

p

n � 1) � 2 +

p

n < 3 �

p

n so the only thing remaining to

prove is that the graph does not have a non
rossing Hamiltonian path.

Lets 
onsider �rst vertex u in g. Be
ause u 2 X it must be 
onne
ted to

some vertex v from Y by the path. We will write g

0

for the group 
ontaining

the vertex v. Be
ause both neighbors of u on the 
onvex hull are also from

12



Figure 9: Constru
tion of a graph on n verti
es with jX j = O(

p

n) without

a non
rossing Hamiltonian path

X , v 
annot be a neighbor of u. From this we 
an also trivially 
on
lude

that neither u nor v 
an be endpoints of the Hamiltonian path. Now we

fo
us our attention on the part of the path whi
h should 
ontain all the

remaining verti
es of g. From Lemma 2 we know that the path must go

from v either to some other vertex of g

0

or to the neighbor of u in g. From

any vertex of g the path must return ba
k to g

0

to the neighbor of the vertex

last used in g. From this we get that on the non
rossing Hamiltonian path

must be alternating verti
es from g and from g

0

in su
h a way that between

any two verti
es from g there must be a vertex w, w 2 g

0

\ Y . But we

have

p

n verti
es from g and only

p

n� 2 verti
es from g

0

\ Y and so this

is impossible.

5 Verti
es in Convex Position

In the following se
tion we will 
onsider a 
lass D of 
onvex geometri


graphs. A geometri
 graph G = (V;E; f) is in D i� f proje
ts the verti
es

of V on the set of jV j points in a 
onvex position. We will show that if

we remove djV j=2e � 1 edges from the 
omplete geometri
 graph then the

non
rossing Hamiltonian path still exists (Theorem 4) but if we remove

13



djV j=2e edges it need not exist (Theorem 5). It is interesting that the

bounds are tight.

Theorem 4 Let G = (V;E; f) be a geometri
 graph, G 2 D, n = jV j. Let

F =

�

V

2

�

n E. If jF j �

�

n

2

�

� 1 then there exists non
rossing Hamiltonian

path in G.

Proof: Let v

0

, v

1

, . . . , v

n�1

be the verti
es of G in 
lo
kwise order, starting

with arbitrary one. Consider a geometri
 graph G

0

= (V;

�

V

2

�

; f). Let P

i

be the path v

i

, v

i+1

, v

i�1

, v

i+2

, v

i�2

, . . . (
ounting the indi
es modulo

n) in G

0

. We observe that the paths P

0

; : : : ; P

bn=2


are pairwise disjoint

non
rossing Hamiltonian paths in G

0

. Sin
e jF j �

�

n

2

�

� 1 we are done for

n even | at least one of them must avoid F and hen
e it is a non
rossing

Hamiltonian path in G. If n is odd we observe that there are bn=2
 edges

fv

0

; v

n

g; fv

1

; v

n�1

g; : : : ; fv

bn=2
�1

; v

bn=2
+1

g whi
h are not in any P

i

. Let A

denote this set of edges. Be
ause the di�eren
es between the vertex numbers

in edges of A 
over all the numbers from the interval 1 : : : bn=2
 (
ounting

modulo bn=2
+ 1) we 
an WLOG assume that at least one of the edges of

F is in A (and hen
e is not in any P

i

). Now we 
an 
on
lude using the same

argument as for n even that one of the P

i

's is a non
rossing Hamiltonian

path.

Theorem 5 For ea
h n; n � 2 there exists a geometri
 graph G

n

= (V

n

; E

n

; f

n

)

su
h that G

n

2 D, jV

n

j = n, F

n

=

�

V

n

2

�

n E

n

, jF

n

j =

�

n

2

�

and G

n

does not

have a non
rossing Hamiltonian path.

Proof: Let v

0

, v

1

, . . . , v

n�1

be the verti
es of G

n

in 
lo
kwise order,

starting with arbitrary one. At �rst we make an easy observation: The �rst

(and the last) edge of a non
rossing Hamiltonian path P joins some two

verti
es of V that are adja
ent on the 
onvex hull of V . Consequently, if

v

i

and v

j

are not adja
ent and fv

i

; v

j

g is an edge of su
h path, P 
ontains

at least one edge of a 
onvex hull from ea
h of the intervals v

i

: : : v

j

and

v

j

: : : v

i

.

Let k =

�

n

2

�

. We 
hoose F

n

= ffv

0

; v

1

g; fv

1

; v

2

g; : : : ; fv

k�1

; v

k

gg and

E

n

as a 
omplement of F

n

. Let B = fv

0

; : : : ; v

k

g. Suppose there exists

non
rossing Hamiltonian path P avoiding F

n

. No edge in P may join two

points of B, as then by the observation above it would have to 
ontain an

14



edge from F

n

. Therefore B is independent set of P whi
h is impossible as

the greatest independent set of P is of size k.

6 Complement of Star

In this se
tion we will 
onsider 
lass of geometri
 graphs S. A geometri


graph G = (V;E; f) is in S i� E =

�

V

2

�

n F where F is a star K

1;k

(i.e.,

G 2 S i� G is a 
omplement of a star). We prove that for k � djV j=2e � 1

there always exists a non
rossing Hamiltonian path but for k � djV j=2e it

need not exist.

Theorem 6 For any geometri
 graph G = (V;E; f) on n verti
es, G 2 S

su
h that jF j �

�

n

2

�

� 1 there exists a non
rossing Hamiltonian path in G.

For any n; n � 2 there exists a geometri
 graph G

n

; G

n

2 S with jF

n

j =

�

n

2

�

su
h that there is no non
rossing Hamiltonian path.

Proof: Let C be a 
enter of star F . Lets split the plane into 
ones by

extensions of edges of F . If there is a 
one that 
ontains at least 2 verti
es

that are not 
overed by F , we use the 
onstru
tion from �gure 10 (left).

Otherwise there must be exa
tly one vertex in ea
h of the 
ones. At most

one of the 
ones spans angle greater than straight, let x be a vertex inside

it if su
h 
one exists, any if it does not. x splits its 
one into two, so at least

one of them spans angle smaller than straight. Now we use the 
onstru
tion

from �gure 10 (right).

Let V

n

and F

n

look as on �gure 11 (the important property is that all

verti
es not 
overed by F

n

are on the 
onvex hull of V

n

while none of F

n

verti
es ex
ept for its 
enter C and two border verti
es do). If n is odd we

pla
e the one remaining vertex of the star anywhere inside the 
onvex hull.

Suppose there is a path P with required properties. If C is the endpoint

of P , then the se
ond vertex is one of un
overed ones, the third one belongs

to one of half-planes determined by the �rst edge and P 
annot get to the

other half-plane without interse
ting its �rst edge and so the path 
annot

be Hamiltonian. Analogously if the C is in the middle of P , the edges of P

adja
ent to it split the plane into three parts, ea
h of them 
ontains at least

one vertex and P 
annot 
over more than two of them without interse
ting

itself.

15



Figure 10: Constru
tion of non
rossing Hamiltonian path. There are either

two un
overed verti
es in one 
one (on the left) or they are not (on the

right).
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