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Abstra
t

A CNF formula  is k-satis�able if ea
h k 
lauses of  
an be

satis�ed simultaneously. Let �

k

be the largest real number su
h that

for ea
h k-satis�able formula  with variables x

i

, there are proba-

bilities p

i

with the following property: If ea
h variable x

i

is 
hosen

randomly and independently to be true with the probability p

i

, then

ea
h 
lause of  is satis�ed with the probability at least �

k

.

We determine the numbers �

k

and design a linear-time algorithm

whi
h given a formula  either outputs that  is not k-satis�able

or �nds probabilities p

i

su
h that ea
h 
lause of  is satis�ed with

the probability at least �

k

. Our approa
h yields a robust linear-time

deterministi
 algorithm whi
h �nds for a k-satis�able formula a truth

assignment satisfying at least the fra
tion of �

k

of the 
lauses.

A related parameter is r

k

whi
h is the largest ratio su
h that

for ea
h k-satis�able CNF formula with m 
lauses, there is a truth

assignment whi
h satis�es at least r

k

m of its 
lauses. It was known

that �

k

= r

k

for k = 1; 2; 3. We 
ompute the ratio r

4

and show

�

4

6= r

4

. We also design a linear-time algorithm whi
h �nds a truth

assignment satisfying at least the fra
tion r

4

of the 
lauses for 4-

satis�able formulas.

1 Introdu
tion

CNF formulas have a prominent position in 
omputer s
ien
e be
ause of

their essential role in many hardness redu
tions and 
onstru
tions, see

[1, 2, 6, 11℄. We study an extremal problem whi
h relates lo
al and global

�
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satis�ability of CNF formulas. A CNF formula is k-satis�able if any k


lauses of it 
an be simultaneously satis�ed. The notion of k-satis�able

formulas was introdu
ed by Lieberherr and Spe
ker [7, 8℄; a separate se
-

tion (20.6) is devoted to this 
on
ept in a re
ent monograph on extremal


ombinatori
s by Jukna [5℄.

One of the problems whi
h we address is the following: Let  be a k-

satis�able formula with the variables x

1

; : : : ; x

n

. What is the largest number

�( ) for whi
h there are probabilities p

1

; : : : ; p

n

su
h that if ea
h x

i

is 
hosen

randomly and independently to be true with the probability p

i

, then ea
h


lause of  is satis�ed with the probability at least �( )? Observe that

�( ) = 1 i�  is satis�able. Probabilities p

i

may be also understood to

be a fra
tional truth assignment. Let �

k

be the largest number su
h that

�( ) � �

k

for ea
h k-satis�able formula  . In this paper, we 
ompute the

numbers �

k

for all k � 1 and dis
over a surprising 
onne
tion between them

and the voting paradox studied by Usiskin [10℄.

Based on our stru
tural results, we design a linear-time algorithm whi
h

for a k-satis�able formula with m 
lauses �nds probabilities and 
onstru
ts

a truth assignment su
h that at least �

k

�m 
lauses are satis�ed. The ratios

of satis�ed 
lauses of our algorithm dominate the ratios of the previous

algorithm (using a similar te
hnique) for the problem by Trevisan [9℄. By the

de�nition of �

k

, our algorithm is optimal in sense that no algorithm based

on fra
tional truth assignments 
an guarantee a larger fra
tion of satis�ed


lauses in the 
lass of k-satis�able formulas. In addition our algorithm is

robust, i.e., its input may be any formula and the algorithm either 
onstru
ts

a truth assignment or outputs that the input formula is not k-satis�able.

The numbers �

i

are a
tually related in this paper to the voting paradox

studied by Usiskin [10℄ whi
h is des
ribed in the next: LetX

i

for i = 1; : : : ; k

be independent real-valued random variables. We de�ne �(X

1

; : : : ; X

k

) to

be the following quantity:

minfP(X

1

> X

2

);P(X

2

> X

3

); : : : ;P(X

k�1

> X

k

);P(X

k

> X

1

)g

The k-th Usiskin number b

k

is the largest real number su
h that there exist

random variables X

1

; : : : ; X

k

with �(X

1

; : : : ; X

k

) � b

k

. The values of b

k

were determined by Usiskin [10℄. In addition, he showed that lim

k!1

b

k

=

3=4. We prove that b

k+1

= �

k

for all k � 1. Hen
e, the values of �

k

are

determined for all k (they were unknown for k � 4) and lim

k!1

�

k

= 3=4

(however, this was previously proved by Trevisan [9℄).

So far, another modi�
ation of the problem (whi
h is also 
onsidered in

this paper) was mainly studied: Let r

k

be the largest real number su
h that

2



ea
h k-satis�able CNF formula with m (not ne
essarily distin
t) 
lauses has

a truth assignment whi
h satis�es at least r

k

m 
lauses. Clearly, r

1

= 1=2

and �

k

� r

k

. The latter inequality is be
ause the expe
ted number of

satis�ed 
lauses for optimal probabilities p

i

is at least �

k

m and hen
e there

is a truth assignment whi
h satis�es at least �

k

m 
lauses.

We brie
y survey previously known results on the values of r

k

; the reader

is also wel
omed to see the se
tion 20.6 in the monograph [5℄. The study

of the problem was started by Lieberherr and Spe
ker. They showed r

2

=

p

5�1

2

� 0:6180 [7℄ and they 
onsequently established r

3

= 2=3 [8℄. Later,

Yannakakis [12℄ simpli�ed proofs of the lower bounds for r

2

and r

3

using

a probabilisti
 argument. Huang and Lieberherr [4℄ studied the asymptoti


behavior of r

k

and proved lim

k!1

r

k

� 3=4. The asymptoti
 behavior of r

k

was 
ompletely determined by Trevisan [9℄ by showing lim

k!1

r

k

= 3=4. We


ompute the value of r

4

. Namely, we prove:

r

4

=

3

5 +

3

q

3

p

69�11

2

�

3

q

3

p

69+11

2

� 0:6992

In addition, our proof gives a linear-time algorithm for 4-satis�able formulas

whi
h �nds an assignment satisfying at least the fra
tion r

4

of the 
lauses.

The just introdu
ed problem is a
tually studied for CNF formulas where

the non-negative weights are assigned to the 
lauses. This is the same prob-

lem be
ause the weights of the 
lauses 
an be simulated (with a negligible

error) by repeating the 
lauses several times in the formula (allowing an

exponential blow-up in the size). If  is a formula, let w( ) be the sum of

the weights of all its 
lauses and w

0

( ) be the maximum weight of the 
lauses

of  whi
h 
an be simultaneously satis�ed. Let 	

k

be the set of all k-

satis�able CNF formulas. Using the just de�ned notation, we 
an write:

r

k

= inf

 2	

k

w

0

( )

w( )

In this paper, we 
ompute the value of this in�mum for k = 4 whi
h sub-

stantially di�ers from the 
ases k < 4: In the 
ases of k = 1; 2; 3, Yannakakis

found a probability distribution for ea
h k-satis�able formula  su
h that

ea
h 
lause was satis�ed with probability at least r

k

(and hen
e �

k

= r

k

for k < 4). Thus the expe
ted weight of the satis�ed 
lauses with respe
t

to su
h a distribution is at least r

k

w( ) regardless the a
tual 
hoi
e of

the weight fun
tion. Su
h a probability distribution may be 
onsidered as

3



universal for a formula  for all possible 
hoi
es of weights of the 
lauses.

However su
h a distribution does not exist in general for 4-satis�able for-

mulas (hen
e �

4

6= r

4

) as shown in Proposition 1.

The paper is organized as follows. We re
all 
ertain equalities and

inequalities whi
h hold for Usiskin's numbers b

k

in Se
tion 2. Then, we

show that b

k+1

� �

k

in Se
tion 3. We 
omplete the proof of the equality

b

k+1

= �

k

in Se
tion 4 by establishing the opposite inequality b

k+1

� �

k

.

Next, we establish several identities for the 
laimed value of r

4

in Se
tion 5,

in parti
ular the equality r

4

= 1=(2� p

2

0

) where p

0

is a root of the equation

p

3

0

+ p

2

0

� 1 = 0. The mat
hing lower and upper bounds on r

4

are proved

in Se
tion 6 and Se
tion 7, respe
tively. Finally, we utilize the obtained

results to design our algorithms in Se
tion 8.

2 Usiskin's numbers

First, we de�ne re
ursively fun
tions f

k

for all non-negative integers k:

f

k

(x) =

�

1 for k = 0 and

1�

1�x

f

k�1

(x)

otherwise.

(1)

Note that the fun
tion f

1

is a
tually an identity, i.e., f

1

(x) = x. Observe

that the re
ursive de�nition of the fun
tions f

k


an be reversed, in parti
-

ular, the following holds for all k � 0:

f

k

(x) =

1� x

1� f

k+1

(x)

(2)

Usiskin showed that the number b

k

, k � 2, is the only solution x with

x 2 h1=2; 3=4) of the following equation [10℄:

f

k

(x) = 0 (3)

whi
h satis�es in addition that f

i

(x) > 0 for i = 1; : : : ; k � 1. It 
an be

shown that b

k

< 3=4 for all k and lim

k!1

b

k

= 3=4. Observe that the

equality of (3) 
an be rewritten to the following form:

1� b

k

= f

k�1

(b

k

) (4)

Based on (3), it is possible to 
onstru
t an equation of degree dk=2e whose

root is the number b

k

[10℄. Then, some of the Usiskin's numbers 
an be

4



expressed expli
itly, e.g., b

2

= 1=2, b

3

= (

p

5 � 1)=2, b

5

=

p

2=2 and b

10

=

p

3� 1.

We now state several lemmas on the values f

i

(b

k

):

Lemma 1 Let k � 2 be an integer. Then:

1 = f

0

(b

k

) > f

1

(b

k

) > : : : > f

k�1

(b

k

) > f

k

(b

k

) = 0

Proof: By the de�nition of the fun
tion f

0

, we have f

0

(b

k

) = 1. On the

other hand, the equality of (3) implies that f

k

(b

k

) = 0. We now show that

f

i

(b

k

) > f

i+1

(b

k

) for ea
h i = 0; : : : ; k � 1:

f

i

(b

k

) > f

i+1

(b

k

)

f

i

(b

k

) > 1�

1� b

k

f

i

(b

k

)

f

i

(b

k

)

2

� f

i

(b

k

) + 1=4 > 1=4� (1� b

k

)

(f

i

(b

k

)� 1=2)

2

> b

k

� 3=4

The last inequality holds be
ause its left-hand side is non-negative and its

right-hand side is negative (re
all that b

k

< 3=4).

Lemma 2 Let i, j and k be non-negative integers su
h that i + j � k � 1

and k � 2. Then:

f

i

(b

k

) � f

j

(b

k

) � 1� b

k

Moreover, the equality holds only if i+ j = k � 1.

Proof: By Lemma 1, it is enough to prove that f

i

(b

k

) � f

j

(b

k

) = 1 � b

k

for i + j = k � 1. The proof pro
eeds by indu
tion on i. If i = 0, then

f

i

(b

k

) = f

0

(b

k

) = 1 and f

j

(b

k

) = f

k�1

(b

k

) = 1� b

k

(the latter follows from

the equality of (4) ). Hen
e, let us assume that i � 1 and we need to show

that f

i

(b

k

) � f

k�1�i

(b

k

) = 1 � b

k

. By the equations of (1) and (2), it is

enough to prove:

�

1�

1� b

k

f

i�1

(b

k

)

�

�

1� b

k

1� f

k�i

(b

k

)

= 1� b

k

1�

1� b

k

f

i�1

(b

k

)

= 1� f

k�i

(b

k

)
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f

k�i

(b

k

) =

1� b

k

f

i�1

(b

k

)

f

i�1

(b

k

) � f

k�i

(b

k

) = 1� b

k

The last equality holds by the indu
tion hypothesis.

Lemma 3 Let i and k be non-negative integers su
h that k � 2. Then:

f

i

(b

k

) + f

k�i

(b

k

) = 1

Proof: The proof pro
eeds by indu
tion i. If i = 0, then f

i

(b

k

) = f

0

(b

k

) =

1 and f

j

(b

k

) = f

k

(b

k

) = 0 (the latter is from the de�nition of b

k

based on

the equality of (3) ). Let us suppose now that i > 0:

f

i

(b

k

) + f

k�i

(b

k

) = 1

1�

1� b

k

f

i�1

(b

k

)

+

1� b

k

1� f

k�i+1

(b

k

)

= 1

1� b

k

f

k�i+1

(b

k

)

=

1� b

k

1� f

i�1

(b

k

)

1� f

i�1

(b

k

) = f

k�i+1

(b

k

)

f

i�1

(b

k

) + f

k�i+1

(b

k

) = 1

Now, the last equality follows from the indu
tion hypothesis.

Lemma 4 Let i, j and k be positive integers su
h that i � j and i+ j � k.

Then:

f

i

(b

k

) � f

j�1

(b

k

) � f

i�1

(b

k

) � f

j

(b

k

)

Proof: If i = j, then the 
laim trivially holds. Hen
e, assume that i < j

in the rest. In parti
ular, f

i

(b

k

) > f

j

(b

k

) by Lemma 1. Let us �rst rewrite

the inequality from the statement to a little di�erent form:

f

i

(b

k

) � f

j�1

(b

k

) � f

i�1

(b

k

) � f

j

(b

k

)

f

i

(b

k

) �

1� b

k

1� f

j

(b

k

)

�

1� b

k

1� f

i

(b

k

)

� f

j

(b

k

)
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f

i

(b

k

)� f

i

(b

k

)

2

� f

j

(b

k

)� f

j

(b

k

)

2

f

i

(b

k

)� f

j

(b

k

) � f

i

(b

k

)

2

� f

j

(b

k

)

2

1 � f

i

(b

k

) + f

j

(b

k

)

f

i

(b

k

) + f

k�i

(b

k

) � f

i

(b

k

) + f

j

(b

k

)

The equality 1 = f

i

(b

k

) + f

k�i

(b

k

) holds by Lemma 3. The last inequality

above follows from Lemma 1 and the fa
t that k � i � j.

Lemma 5 Let i, j and k be non-negative integers su
h that i + j � k � 1

and k � 2. Then:

f

i

(b

k

) � f

j

(b

k

) � f

i+j

(b

k

)

Proof: We 
an assume that i � j. If i = 0, the inequality follows from the

fa
t that f

0

(b

k

) = 1. Otherwise, Lemma 4 implies that:

f

i

(b

k

) � f

j

(b

k

) � f

i�1

(b

k

)f

j+1

(b

k

) � : : : � f

0

(b

k

)f

i+j

(b

k

) = f

i+j

(b

k

)

3 The Lower Bound on �

k

We �rst introdu
e some notation used in this se
tion and Se
tion 8. The

true value is denoted by 1 and the false value by 0. Following this notation,

x

1

denotes the literal x and x

0

the literal :x. Let  now be a formula and

x a variable 
ontained in it. Then, 
l

"

 

(x) is the 
ardinality of the smallest

set C of 
lauses of  su
h that there is no truth assignment whi
h satis�es

all the 
lauses of C and whi
h assigns 1� " to the variable x. If there is not

su
h set C, then 
l

"

 

(x) =1.

We state and prove two simple lemmas on the values of 
l

"

 

(x):

Lemma 6 Let  be a k-satis�able formula. Then, the following holds for

ea
h variable x 
ontained in  :


l

0

 

(x) + 
l

1

 

(x) � k + 1

Moreover, if  
annot be satis�ed, then ea
h 
l

"

 

(x) is �nite.
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Proof: If  
annot be satis�ed, then a set C of all the 
lauses of  satis�es

the properties required by the de�nition of 
l

"

 

(x). Then, ea
h of 
l

"

 

(x) is

�nite.

Assume that there is a variable x su
h that 
l

0

 

(x) + 
l

1

 

(x) � k. Let C

"

be a set of the size 
l

"

 

(x) of the 
lauses whi
h 
an be satis�ed only when

the value of the variable x is ". Then, the 
lauses of C

0

[ C

1


annot be

simultaneously satis�ed, but jC

0

[ C

1

j � k.

Lemma 7 Let  be a k-satis�able formula and let (x

"

1

1

_ : : : _ x

"

n

n

) be a


lause of  . Then, the following holds:


l

1�"

1

 

(x

1

) + : : :+ 
l

1�"

n

 

(x

n

) � k

Proof: Assume that 
l

1�"

1

 

(x

1

) + : : : + 
l

1�"

n

 

(x

n

) < k, in parti
ular, all

the numbers 
l

1�"

i

 

(x

i

) are �nite. Let C

i

be a set of the size 
l

1�"

i

 

(x

i

) of


lauses whi
h 
an be satis�ed only when the value of x

i

is 1 � "

i

. Let C

be now the set 
ontaining the 
lause (x

"

1

1

_ : : : _ x

"

n

n

) and all the 
lauses of

the sets C

i

. If there is a truth assignment whi
h satis�es all the 
lauses of

C, then the value of x

i

must be 1� "

i

(be
ause of the 
lauses of C

i

). But,

then the 
lause (x

"

1

1

_ : : : _ x

"

n

n

) is not satis�ed. Hen
e, there is no truth

assignment whi
h satis�es all the 
lauses of the set C, but jCj � k.

Theorem 1 Let  be a k-satis�able formula. Then, b

k+1

� �( ). Hen
e,

b

k+1

� �

k

.

Proof: Let x

1

; : : : ; x

n

be variables of the formula  . If the formula  
an

be satis�ed, then there are probabilities p

1

; : : : ; p

n

su
h that ea
h 
lause

is satis�ed with the probability equal to one (
onsider the probabilities p

i

derived from a satisfying truth assignment). Assume in the rest that the

formula  is unsatis�able. In parti
ular, all the numbers 
l

"

 

(x

i

) are �nite

by Lemma 6.

We now de�ne the probabilities p

i

:

p

i

=

8

>

<

>

:

f


l

1

 

(x

i

)

(b

k+1

) if 
l

1

 

(x

i

) � k=2,

f

k�
l

0

 

(x

i

)

(b

k+1

) if 
l

0

 

(x

i

) � k=2,

1=2 otherwise.
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The probabilities p

i

are well-de�ned be
ause the inequalities 
l

0

 

(x

i

) � k=2

and 
l

1

 

(x

i

) � k=2 
annot hold both by Lemma 6. A variable x

i

is 
alled

neutral if p

i

= 1=2, i.e., both 
l

0

 

(x

i

) and 
l

1

 

(x

i

) are at least k=2.

Choose ea
h x

i

randomly and independently to be true with the prob-

ability p

i

. By Lemmas 1 and 3, if 
l

"

 

(x

i

) � k=2, then x

i

is 
hosen to be

" with the probability greater than 1=2. We show that ea
h 
lause of  

is satis�ed with the probability at least b

k+1

. Let us �x a 
lause � of the

formula  . If � 
ontains at least two neutral variables, then it is satis�ed

with the probability at least 3=4 � b

k+1

. Hen
e, we 
an assume that �


ontains at most one neutral variable.

We �rst 
onsider the 
ase that the 
lause � 
ontains a neutral variable.

If � also 
ontains a literal x

"

i

for x

i

with 
l

"

 

(x

i

) � k=2, then the 
lause �

is satis�ed with the probability at least 3=4 > b

k+1

. Hen
e, it is enough to


onsider only the 
ase that the 
lause � is of the form:

� = (x

"

0

i

0

_ x

"

1

i

1

_ : : : x

"

l

i

l

)

where p

i

0

= 1=2 and 
l

1�"

j

 

(x

i

j

) < k=2 for j = 1; : : : ; l. By Lemma 3 and

the de�nition of p

i

, x

"

j

i

j

is 
hosen to be 1� "

j

with the probability equal to:

f


l

1�"

j

 

(x

j

)

(b

k+1

)

Sin
e 
l

"

0

 

(x

i

0

) � (k + 1)=2, we have that 
l

1�"

1

 

(x

i

1

) + : : : + 
l

1�"

l

 

(x

i

l

) �

(k+1)=2� 1 by the de�nition of 
l

"

0

 

(x

i

0

). Lemmas 1 and 5 now bound the

probability that ea
h variable x

"

j

i

j

is 
hosen to be 1� "

j

for all j = 1; : : : ; l

as follows:

l

Y

j=1

f


l

1�"

j

 

(x

j

)

(b

k+1

) � f

d(k+1)=2e�1

(b

k+1

)

Observe that f

d(k+1)=2e

(b

k+1

) � 1=2 by Lemmas 1 and 3. Thus, we 
an

majorize using Lemmas 2 and 3 the upper bound 1=2 � f

d(k+1)=2e�1

(b

k+1

)

on the probability that the 
lause � is not satis�ed as follows:

1=2 � f

d(k+1)=2e�1

(b

k+1

) � (1� f

d(k+1)=2e

(b

k+1

)) � f

d(k+1)=2e�1

(b

k+1

) =

f

k+1�d(k+1)=2e

(b

k+1

) � f

d(k+1)=2e�1

(b

k+1

) = 1� b

k+1

The �nal 
ase is that the 
lause � 
ontains no neutral variables. Let us

assume that the 
lause � is of the following form:

� = (x

"

1

i

1

_ : : : x

"

l

i

l

)

9



If there are distin
t j and j

0

su
h that 
l

"

j

 

(x

i

j

) � k=2 and 
l

"

j

0

 

(x

i

j

0

) � k=2,

then ea
h of x

j

and x

j

0

is 
hosen to be "

j

and "

j

0

, respe
tively, with the

probability at least 1=2. Hen
e, � is satis�ed with the probability at least

3=4 > b

k+1

.

Let us 
onsider now the 
ase that there is exa
tly one j su
h that


l

"

j

 

(x

i

j

) � k=2. We 
an assume that su
h j is equal to 1. The variable

x

i

1

is 
hosen to be "

1

with the probability f


l

"

1

 

(x

i

1

)

(b

k+1

) due to the de�-

nition of p

i

1

. By the assumption that no variable of � is neutral, we have


l

1�"

j

0

 

(x

i

j

0

) � k=2 for j

0

6= 1. The de�nition of 
l

"

1

 

(x

i

1

) now implies that:


l

1�"

2

 

(x

i

2

) + : : :+ 
l

1�"

l

 

(x

i

l

) � 
l

"

1

 

(x

i

1

)� 1

The variable x

"

j

i

j

for j = 2; : : : ; l is 
hosen to be 1� "

j

with the probability:

f


l

1�"

j

 

(x

j

)

(b

k+1

)

By Lemmas 1 and 5, we 
an now bound the probability that ea
h variable

x

"

j

i

j

is 
hosen to be 1� "

j

for all j = 2; : : : ; l:

l

Y

j=2

f


l

1�"

j

 

(x

j

)

(b

k+1

) � f


l

"

1

 

(x

i

1

)�1

(b

k+1

)

Hen
e, the 
lause � is satis�ed with the probability at least:

1� (1� f


l

"

1

 

(x

i

1

)�1

(b

k+1

)) � f


l

"

1

 

(x

i

1

)�1

(b

k+1

) =

1� f

k+1�
l

"

1

 

(x

i

1

)�1

(b

k+1

) � f


l

"

1

 

(x

i

1

)�1

(b

k+1

) = b

k+1

The �rst equality follows from Lemma 3 and the last one from Lemma 2.

Finally, if there is no j su
h that 
l

"

j

 

(x

i

j

) � k=2, we have 
l

1�"

j

 

(x

i

j

) �

k=2 for all j be
ause no variable of � is neutral. The variable x

"

j

i

j

is 
hosen

to be 1� "

j

with the probability equal to:

f


l

1�"

j

 

(x

j

)

(b

k+1

)

By Lemma 7, we have that 
l

1�"

1

 

(x

i

1

)+ : : :+
l

1�"

l

 

(x

i

l

) � k. By Lemmas 1

and 5, we 
an now bound the probability that ea
h variable x

"

j

i

j

is set to

value 1� "

j

for all j = 1; : : : ; l:

l

Y

j=1

f


l

1�"

j

 

(x

j

)

(b

k+1

) � f

k

(b

k+1

) = 1� b

k+1

10



Thus, the 
lause � is satis�ed with the probability at least b

k+1

.

4 The Upper Bound on �

k

Theorem 2 Let  be the following formula:

 = (x

1

) ^ (:x

1

_ x

2

) ^ (:x

2

_ x

3

) ^ : : : ^ (:x

k�1

_ x

k

) ^ (:x

k

)

The formula  is k-satis�able and b

k+1

� �( ). Hen
e, b

k+1

� �

k

for all

k � 1.

Proof: Let k be a �xed integer. We �rst show that the formula  is k-

satis�able, i.e., that any formula  

0

obtained from  by removing a single


lause 
an be satis�ed. If the missing 
lause is (x

1

) or (:x

k

), then set all

variables to be false or true, respe
tively. Otherwise, the missing 
lause is

(:x

i

_ x

i+1

) for some i, 1 � i � k � 1. Then, set all the variables x

i

0

for

i

0

< i to be true and all the others to be false.

Let p

1

; : : : ; p

k

be �xed probabilities. We prove that if ea
h variable x

i

is


hosen randomly and independently to be true with the probability p

i

, then

 
ontains a 
lause whi
h is satis�ed with the probability at most b

k+1

.

Assume that all the 
lauses are satis�ed with the probability at least b

k+1

.

We show that then ea
h 
lause is satis�ed with the probability exa
tly b

k+1

.

We prove by indu
tion on i that p

i

� f

i

(b

k+1

) and that if p

i

= f

i

(b

k+1

),

then p

i

0

= f

i

0

(b

k+1

) for all i

0

< i. If i = 1, then p

1

� f

1

(b

k+1

) = b

k+1

be
ause the 
lause (x

1

) is satis�ed with the probability at least b

k+1

. Let

i � 2. Sin
e the 
lause (:x

i�1

_x

i

) is satis�ed with the probability at least

b

k+1

, we have:

1� p

i�1

(1� p

i

) � b

k+1

By the indu
tion hypothesis and the equality of (1), we get:

1� f

i�1

(b

k+1

)(1� p

i

) � b

k+1

1� b

k+1

� f

i�1

(b

k+1

)(1� p

i

)

1� b

k+1

f

i�1

(b

k+1

)

� 1� p

i

p

i

� 1�

1� b

k+1

f

i�1

(b

k+1

)

11



p

i

� f

i

(b

k+1

)

In addition, if p

i

= f

i

(b

k+1

), then all the inequalities are stri
t, in parti
ular,

p

i�1

= f

i�1

(b

k+1

). Hen
e, p

i

0

= f

i

0

(b

k+1

) for all i

0

< i.

So, p

k

� f

k

(b

k+1

). Sin
e the 
lause (:x

k

) is satis�ed with the probability

at least b

k+1

, we have 1� f

k

(b

k+1

) � 1� p

k

� b

k+1

. Thus, p

k

= f

k

(b

k+1

).

This implies that p

i

= f

i

(b

k+1

) for all i and ea
h 
lause is satis�ed with the

probability exa
tly b

k+1

by Lemma 2.

5 Properties of r

4

In this se
tion, we establish several identities whi
h are satis�ed by the 
laimed

value of r

4

. Let q

0

be the unique real solution of the following equation:

q

3

0

= (1� q

0

)

2

(5)

Using Cardano's formula, we have:

q

0

=

3

s

3

p

69 + 11

54

�

3

s

3

p

69� 11

54

+

1

3

� 0:5698

Let us de�ne p

0

=

p

q

0

� 0:7547. It is easy to 
he
k from (5) that p

0

and

q

0

satisfy the following equation:

p

4

0

= q

2

0

= p

0

(1� q

0

) (6)

The �rst and the last part of equation (6) together with the de�nition

p

0

=

p

q

0

gives:

p

3

0

+ p

2

0

� 1 = 0 (7)

The 
laimed value of r

4


an be determined from the values of p

0

and q

0

:

r

4

=

1

1 + p

3

0

=

1

2� p

2

0

=

1

2� q

0

=

3

5 +

3

q

3

p

69�11

2

�

3

q

3

p

69+11

2

� 0:6992

(8)
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6 The Lower Bound on r

4

We prove that r

4

is at least the value given by (8) in the next theorem:

Theorem 3 Let  be a 4-satis�able CNF formula. Then:

w

0

( )

w( )

�

1

2� p

2

0

In parti
ular:

r

4

�

1

2� p

2

0

Proof: Consider a �xed 4-satis�able formula  . It is possible to assume

that no 
lause of  
ontains simultaneously a positive and a negative o

ur-

ren
e of the same variable (su
h a 
lause is always satis�ed and removing

it from  
an only de
rease the ratio w

0

( )=w( )). If  does not 
ontain

a 
lause of size one, then set ea
h variable randomly and independently

to be true with the probability 1=2. The expe
ted weight of the satis�ed


lauses is at least 3w( )=4 (ea
h 
lause is satis�ed with the probability at

least 3=4) and hen
e there is a truth assignment whi
h satis�es 
lauses of

the total weight at least 3w( )=4 � w( )=(2� p

2

0

).

Assume in the rest that  
ontains 
lauses of size one. It is also possible

to assume that all the o

urren
es of variables in 
lauses of size one are

positive: If this is not true and  
ontains a 
lause (:x), then 
hange

all positive o

urren
es of x to negative and vi
e versa. Observe that no

variable 
an appear both positively and negatively in 
lauses of size one

be
ause  is 4-satis�able. Now, let X be the set of variables whi
h o

ur in

the 
lauses of size one. In addition, assume that the sum of the weights of


lauses 
ontaining a literal

1

x for x 2 X is equal to one (this 
an be assured

by multiplying all the weights of all the 
lauses by the same suitable 
onstant

whi
h 
learly preserves the ratio w

0

( )=w( )).

We 
an also assume that there is no 
lause (:x_:y) for x 2 X and any

variable y. If there is su
h a 
lause, 
hange all negative o

urren
es of y to

positive and vi
e versa (note that y 62 X be
ause  is 4-satis�able). If this

does not help, then  
ontains a 
lause (:x_ y) and a 
lause (:x

0

_:y) for

some x; x

0

2 X . But then, the 
lauses (x), (x

0

), (:x _ y) and (:x

0

_ :y) of

 
ontradi
t the 4-satis�ability of the formula  .

1

We stri
tly distinguish between a literal and a variable when speaking about 
on-

tainment in 
lauses, e.g., a 
lause (:x _ y) 
ontains a variable x but it does not 
ontain

a literal x.

13



A

1

A

2

A

3

A

4

A

5

A

6

A

7

A

8

A

9

x

p

� � � � � � � �

:x ?

p p p p

� � � �

y ? �

p

� �

p p

� �

:y ? � ? ?

p p

�

p

�

z,:z ? � ?

p

� ? ? ?

p

Table 1: Distribution of 
lauses of a 4-satis�able formula into nine sets

A

1

; : : : ; A

9

. The sign

p

denotes that a literal of the parti
ular type must

be present in a 
lause, the sign � that it 
annot be present and the sign ?

that it 
an be present (but it does not need); x represents a variable from

the set X , y from Y and z from Z.

Let Y be the set of variables y whi
h o

ur in the 
lauses of type (:x_y)

and whi
h are not 
ontained in X , i.e., Y is the set of all the variables whi
h

are not 
ontained in X and whi
h are 
ontained in a 
lause of size two

together with a literal of the form :x for x 2 X . Finally, let Z be the set

of the remaining variables 
ontained in  , i.e., the variables of  in
luded

neither to X nor to Y .

We divide 
lauses of the formula  into nine disjoint sets (see Table 1):

� The set A

1


onsists of the 
lauses 
ontaining a literal x for x 2 X .

� The set A

2


onsists of the 
lauses 
ontaining only literals of the form

:x for x 2 X .

� The set A

3


onsists of the 
lauses whi
h 
ontain a literal :x for x 2 X

and a literal y for y 2 Y and whi
h are not in A

1

.

� The set A

4


onsists of the 
lauses whi
h 
ontain a literal :x for x 2 X

and a variable from Z and whi
h are 
ontained neither in A

1

nor in

A

3

.

� The set A

5


onsists of the 
lauses 
ontaining only literals of the form

:x for x 2 X and literals of the form :y for y 2 Y .

� The set A

6


onsists of the 
lauses 
ontaining no variable from X but

whi
h do 
ontain a literal of the form y and a literal of the form :y

0

for y; y

0

2 Y .
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� The set A

7


onsists of the 
lauses 
ontaining only literals of the type

y for y 2 Y and literals with the variables of Z.

� The set A

8


onsists of the 
lauses 
ontaining only literals of the type

:y for y 2 Y and literals with the variables of Z.

� The set A

9


onsists of the 
lauses 
ontaining only variables from

the set Z.

It is easy to 
he
k that ea
h 
lause belongs to exa
tly one of the nine sets

de�ned above. Note that by the assumption on the weights of 
lauses 
on-

taining a literal x for x 2 X , the sum of the weights of the 
lauses of A

1

is equal to 1. Note also that the sets A

2

; : : : ; A

9


ontain only 
lauses of

size two and more. Let � be the sum of the weights of 
lauses 
ontained in

the sets A

2

, A

3

, A

5

and A

8

and let Æ be the sum of the weights of 
lauses

of the set A

7

.

Assume �rst that � is small, namely � � 1=p

3

0

. Let us 
onsider the fol-

lowing probability distribution: Set a variable ofX to be true with the prob-

ability p

0

, a variable of Y with the probability q

0

and a variable from Z with

the probability 1=2. We analyze the probability that a 
lause of  is satis�ed

for ea
h of the nine possible 
lause types:

� A 
lause of A

1

is satis�ed with a probability at least p

0

be
ause it


ontains a literal x for x 2 X .

� A 
lause of A

2

is satis�ed with a probability at least 1� p

4

0

be
ause it


onsists of at least four (be
ause of 4-satis�ability) literals of the type

:x for x 2 X .

� A 
lause of A

3

is satis�ed with a probability at least 1� p

0

(1� q

0

) =

1� p

4

0

be
ause it 
ontains both a literal :x for x 2 X and a literal y

for y 2 Y .

� A 
lause of A

4

must be of size at least three (by the de�nition of

the set Y ) and hen
e it is satis�ed with a probability at least minf1�

p

2

0

=2; 1� p

0

q

0

=2; 1� p

0

=4g = 1� p

2

0

=2 � 1=(2� p

2

0

).

� A 
lause of A

5

must be of size at least three (again by the de�nition of

the set Y ) and hen
e it is satis�ed with a probability at least minf1�

p

2

0

q

0

; 1� p

0

q

2

0

g = 1� p

4

0

.

� A 
lause of A

6

is satis�ed with a probability at least 1� q

0

(1� q

0

) �

3=4 � 1=(2� p

2

0

).
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� A 
lause of A

7

is satis�ed with a probability at least minf1 � (1 �

q

0

)=2; 1� (1� q

0

)

2

g = (1 + q

0

)=2 � 3=4 � 1=(2� p

2

0

).

� A 
lause of A

8

is satis�ed with a probability at least minf1� q

2

0

; 1�

q

0

=2g = 1� p

4

0

.

� A 
lause of A

9

is satis�ed with a probability at least 3=4 � 1=(2�p

2

0

).

We prove, under the assumption � � 1=p

3

0

(whi
h was made earlier) that

the expe
ted weight of the satis�ed 
lauses of  is at least w( )=(2 � p

2

0

).

Sin
e the expe
ted weight of the satis�ed 
lauses of A

4

, A

6

, A

7

and A

9

is

at least 1=(2 � p

2

0

) of the sum of their weights, it is enough to prove that

the expe
ted weight of the satis�ed 
lauses of A

1

, A

2

, A

3

, A

5

and A

8

is

at least 1=(2 � p

2

0

) of the sum of their weights. The expe
ted weight of

the satis�ed 
lauses of A

1

is at least 1 � p

0

and of the 
lauses of A

2

, A

3

, A

5

and A

8

is at least � � (1 � p

4

0

). Hen
e, it is enough to show the following

inequality:

1 � p

0

+ � � (1� p

4

0

)

1 + �

�

1

2� p

2

0

But the previous inequality 
an be easily veri�ed using the assumption

� � 1=p

3

0

and the equality (8):

p

0

+ �(1� p

4

0

)

1 + �

�

p

0

+ (1� p

4

0

)=p

3

0

1 + 1=p

3

0

=

p

4

0

+ 1� p

4

0

p

3

0

+ 1

=

1

2� p

2

0

Assume now that � > 1=p

3

0

. We 
onsider two probability distributions

and we show that the expe
ted weight of the satis�ed 
lauses is large enough

for at least one of them. The �rst one is the distribution de�ned above, i.e.,

variables from X are set to be true with the probability p

0

, from Y with

the probability q

0

and from Z with the probability 1=2. Again, the expe
ted

weight of the satis�ed 
lauses of A

4

, A

6

and A

9

is at least 1=(2 � p

2

0

) of

the sum of their weights. The expe
ted weight of the satis�ed 
lauses in

the rest of  is at least 1 �p

0

+� � (1�p

4

0

)+ Æ � (1+p

2

0

)=2. If p

0

+�(1�p

4

0

)+

Æ(1+ p

2

0

)=2 � (1+�+ Æ)=(2� p

2

0

), then the expe
ted weight of the satis�ed


lauses of the whole formula  is at least w( )=(2 � p

2

0

). This happens if

the following inequalities hold:

p

0

+ �(1� p

4

0

) + Æ(1 + p

2

0

)=2 � (1 + � + Æ)=(2� p

2

0

)

Æ

�

1 + p

2

0

2

�

1

2� p

2

0

�

� �

�

1

2� p

2

0

� 1 + p

4

0

�

� p

0

+

1

2� p

2

0
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Æ

�

2� p

2

0

+ 2p

2

0

� p

4

0

2

� 1

�

� �

�

�1 + p

2

0

+ 2p

4

0

� p

6

0

�

� 2p

0

+ p

3

0

+ 1

Æ �

�

�

�1 + p

2

0

+ 2p

4

0

� p

6

0

�

� 2p

0

+ p

3

0

+ 1

p

2

0

(1� p

2

0

)=2

(9)

We apply (7) to (9):

Æ �

��p

3

0

(1� 2p

0

+ p

3

0

) + (1� 2p

0

+ p

3

0

)

p

2

0

(1� p

2

0

)=2

=

(1� �p

3

0

)(p

3

0

� 2p

0

+ 1)

p

2

0

(1� p

2

0

)=2

=

(1� �p

3

0

)(1� p

0

� p

2

0

)

p

2

0

(1 + p

0

)=2

=

(1� �p

3

0

)(p

3

0

� p

0

)

p

2

0

(1 + p

0

)=2

=

(�p

3

0

� 1)(1� p

0

)

p

0

=2

(10)

The other probability distribution whi
h we 
onsider is simpler: All

the variables of X and Y are set to be false and the variables of Z are

set to be true with the probability equal to 1=2. The expe
ted weight of

the satis�ed 
lauses of A

4

, A

6

and A

9

is at least 3=4 of the sum of their

weights (all the 
lauses of A

4

and A

6

are satis�ed and a 
lause of A

9

is

satis�ed with the probability at least 3=4). Among the remaining 
lauses

all the 
lauses of A

2

, A

3

, A

5

and A

8

are satis�ed, hen
e the expe
ted weight

of the satis�ed 
lauses of A

1

, A

2

, A

3

, A

5

, A

7

and A

8

is at least �. Hen
e,

if � � (1 + � + Æ)=(2 � p

2

0

), the expe
ted weight of the satis�ed 
lauses

of the whole formula  is at least w( )=(2 � p

2

0

). Thus, this distribution

provides a suÆ
ient expe
ted weight of the satis�ed 
lauses if the following

inequality hold (the last equality is derived using (7) ):

Æ � �(2� p

2

0

)� (1 + �) = �(1� p

2

0

)� 1 = �p

3

0

� 1 (11)

We have shown that for the �rst probability distribution, the expe
ted

weight of the satis�ed 
lauses is suÆ
ient, i.e., it is at least w( )=(2 � p

2

0

),

if (10) holds, and for the se
ond distribution, it is suÆ
ient if (11) holds.

We now 
omplete the proof by showing that at least one of the inequalities

(10) and (11) holds providing � > 1=p

3

0

:

(�p

3

0

� 1)(1� p

0

)

p

0

=2

� �p

3

0

� 1

1� p

0

� p

0

=2

1 � 3p

0

=2

Sin
e p

0

� 2=3, the last inequality 
learly holds.
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We show that unlike in the 
ase of k-satis�able formulas for k = 1; 2; 3

there is no universal probability distribution for 4-satis�able formulas in

general:

Proposition 1 There is a 4-satis�able formula  and � > 0 su
h that for

ea
h probability distribution over its variables (where ea
h of the variables

is set independently of the others), weights of the 
lauses of  
an be 
hosen

in su
h a way that the expe
ted weight of the satis�ed 
lauses of  is smaller

than 1=(2� p

2

0

)� �.

Proof: Consider the following 4-satis�able CNF formula:

 = (x) ^ (x

0

) ^ (:x _ y) ^ (:x

0

_ y

0

) ^ (:y _ :y

0

)

Let p, p

0

, q and q

0

, respe
tively, be the probability that the variable x,

x

0

, y and y

0

, respe
tively, is set to be true. It 
an be easily veri�ed that

minfp; p

0

; 1 � p + pq; 1 � p

0

+ p

0

q

0

; 1 � qq

0

g < 1=(2 � p

2

0

) � � for a �xed

� > 0 regardless the a
tual 
hoi
e of p, p

0

, q and q

0

. Assume, e.g., that

1� p+ pq < 1=(2� p

2

0

) � �. If the weights of all the 
lauses ex
ept for the


lause (:x _ y) to be negligible, then the expe
ted weight of the satis�ed


lauses is at most (1=(2 � p

2

0

) � �)w( ). If the minimum is attained by

another term, we pro
eed analogously.

7 The Upper Bound on r

4

We �rst present a 
onstru
tion of a 
ertain 4-satis�able formula. Next,

we show that any truth assignment of it behaves in some sense almost like

a random assignment and then we prove the upper bound by a 
areful 
hoi
e

of parameters in the 
onstru
tion of the formula.

The formula SAT

4

(n; �; �; 
) is de�ned as follows: It has n variables

x

i

; 1 � i � n, and n

k

variables y

~a

where ~a ranges over all ordered k-tuples

of numbers 1; : : : ; n for k = bn

1=3


. We say that two ordered k-tuples ~a and

~

b have a 
ommon entry if there is i whi
h is an entry both of ~a and

~

b; we do

not require that i has the same position in ~a and

~

b, e.g., i may be the �rst

entry of ~a and the last one of

~

b. The 
lauses of the formula SAT

4

(n; �; �; 
)

are the following:

� n 
lauses (x

i

) for 1 � i � n ea
h of weight 1=n.
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� kn

k


lauses (:x

i

_ y

~a

) for all pairs i and ~a su
h that i is 
ontained

in ~a. If i is 
ontained in ~a several times, then the formula 
ontains

as many 
lauses (:x

i

_ y

~a

) as is the number of o

urren
es of i in ~a.

Ea
h of these kn

k


lauses has the weight equal to �=(kn

k

), i.e., the

sum of their weights is equal to �.

� 
lauses (:y

~a

_:y

~

b

) for all ordered pairs of k-tuples ~a and

~

b whi
h do not

have a 
ommon entry. Note that ea
h 
lause of this type is in
luded

to the formula twi
e be
ause the pairs of ~a and

~

b are 
onsidered to be

ordered. All the 
lauses of this type have the same weight 
hosen in

su
h a way that the sum of their weights is equal to �.

�

�

n

4

�


lauses (:x

i

1

_:x

i

2

_:x

i

3

_:x

i

4

) for all unordered quadruples i

1

,

i

2

, i

3

and i

4

of di�erent numbers between 1 and n. All these 
lauses

have the same weight equal to y=

�

n

4

�

, i.e., the sum of their weights is

equal to 
.

We �rst show that the formula SAT

4

(n; �; �; 
) is 4-satis�able:

Lemma 8 The SAT

4

(n; �; �; 
) is 4-satis�able for all n, �, � and 
.

Proof: LetW be a minimal set of 
lauses of SAT

4

(n; �; �; 
) whi
h 
annot

be simultaneously satis�ed. Assume for the sake of 
ontradi
tion that jW j �

4. By the minimality ofW , any variable either does not appear in the 
lauses

ofW at all or it has both a positive and a negative o

urren
e in the 
lauses

of W . Sin
e jW j � 4, W 
annot 
ontain a 
lause of size four. Moreover,

W must 
ontain at least one 
lause of the type (:y

~a

_ :y

~

b

) (otherwise, it


ontains only the 
lauses of types (x

i

) and (:x

i

_ y

~a

) whi
h 
an be satis�ed

by setting all the variables to be true). If W 
ontains a 
lause (:y

~a

_ :y

~

b

),

it must 
ontain also 
lauses (:x

i

_ y

~a

) for some i 
ontained in ~a and (:x

j

_

y

~

b

) for some j 
ontained in

~

b. Sin
e the 
lause (:y

~a

_ :y

~

b

) is present in

SAT

4

(n; �; �; 
), we have i 6= j. But then, W must 
ontain also the 
lauses

(x

i

) and (x

j

) whi
h implies that jW j > 4.

Next, we prove that any truth assignment behaves on SAT

4

(n; �; �; 
)

like a random assignment. Observe that p+�(1�p+pq)+�(1�q

2

)+
(1�

p

4

) is the expe
ted weight of the satis�ed 
lauses of SAT

4

(n; �; �; 
) when

the variables x

i

are set to be true with the probability p and the variables

y

~a

with the probability q.
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Lemma 9 The weight of the satis�ed 
lauses of SAT

4

(n; �; �; 
) is equal to

p+�(1� p+ pq+O(n

�1=12

)) + �(1� q

2

+O(n

�1=3

)) + 
(1� p

4

+O(n

�1

))

for all n, �, � and 
 where p is equal to the fra
tion of variables x

i

set

to true and q is the fra
tion of variables y

~a

set to true. The 
onstants in

the fun
tions O(n

�1=12

), O(n

�1=3

) and O(n

�1

) are independent of n, �, �,


, p and q and the a
tual terms estimated by them 
an be both negative and

positive.

Proof: Let k = bn

1=3


 be the size of the tuples ~a as in the 
onstru
tion

of SAT

4

(n; �; �; 
). We deal with ea
h of the four types of the 
lauses


ontained in SAT

4

(n; �; �; 
) separately:

� (x

i

) for 1 � i � n

There are exa
tly pn 
lauses x

i

, 1 � i � n satis�ed. Hen
e the weight

of the satis�ed 
lauses of this type is exa
tly p.

� (:x

i

_ y

~a

) for i 
ontained in ~a

Let �(~a) be the number of entries of ~a whi
h 
orrespond to the vari-

ables x

i

set to be true by the assignment (
ounting multipli
ity if i

is 
ontained several times in ~a). Cherno� bounds [3℄ 
an be used to

bound the number of ordered k-tuples ~a for whi
h �(~a) di�ers signi�-


antly from the \average value" kp:

jf~a; �(~a) � (1 + �)pkgj � e

��

2

pk=3

n

k

jf~a; �(~a) � (1� �)pkgj � e

��

2

pk=2

n

k

Set � = n

1=4

=pk � n

�1=12

. Observe that ex
ept for at most e

��(n

1=6

)

n

k

tuples ~a, all tuples ~a satisfy that the number of their entries i whi
h


orrespond to the variables x

i

set to true is within the di�eren
e of n

1=4

from pk. If y

~a

is false and the number of su
h i's is within the di�er-

en
e of n

1=4

from pk, then there are satis�ed (1�p+O(n

1=4�1=3

))k =

(1 � p + O(n

�1=12

))k 
lauses out of all the k 
lauses (:x

i

_ y

~a

) 
on-

taining the literal y

~a

. Hen
e the ratio of the satis�ed 
lauses of the

type (:x

i

_y

~a

) is equal to q+(1�q)(1�p+O(n

�1=12

))+e

��(n

1=6

)

=

1� p+ pq +O(n

�1=12

).

� (:y

~a

_ :y

~

b

) for ~a and

~

b with no 
ommon entry

Consider all ordered pairs of literals :y

~a

and :y

~

b

(in
luding those

with ~a =

~

b); exa
tly 1� q

2

of them 
ontain a satis�ed literal. There

are n

2k

su
h pairs. However only some of them 
orrespond to real
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lauses. The number of the 
lauses of the type (:y

~a

_ :y

~

b

) is at

least n

k

(n� k)

k

. Hen
e the error made by approximating the ratio of

the satis�ed 
lauses by 1� q

2

is of the order 1�

(n�k)

k

n

k

= O(k

2

=n) =

O(n

�1=3

).

� (:x

i

1

_ :x

i

2

_ :x

i

3

_ :x

i

4

)

Consider all n

4

ordered quadruples of (not ne
essarily distin
t) literals

:x

i

; exa
tly (1�p

4

)n

4

of them 
ontain a satis�ed literal. The number

of ordered quadruples 
orresponding to the 
lauses of the formula

is 4!

�

n

4

�

(4! quadruples 
orrespond to ea
h 
lause). Hen
e at most

n

4

�n(n�1)(n�2)(n�3) = �(n

3

) of the quadruples do not 
orrespond

to the 
lauses and the fra
tion of the satis�ed 
lauses of this type is

1� p

4

+O(n

�1

).

Theorem 4 For ea
h � > 0, there exists a 4-satis�able formula  su
h that

w

0

( ) � w( )=(2� p

2

0

) + �.

Proof: Set �, � and 
 to be the unique solution of the following system

of equations:

�p

4

0

+ �p

4

0

+ 
p

4

0

� p

0

= 0 (12)

1� �+ �q

0

� 4
p

3

0

= 0 (13)

�p

0

� 2�q

0

= 0 (14)

The values of �, � and 
, respe
tively, are approximately equal to 1:234,

0:819 and 0:272, respe
tively.

Consider a formula SAT

4

(n; �; �; 
) for a suÆ
iently large n, i.e., su
h

that the error term �O(n

�1=12

) + �O(n

�1=3

) + 
O(n

�1

) from Lemma 9 is

smaller than the 
onsidered �. The formula SAT

4

(n; �; �; 
) is 4-satis�able

by Lemma 8. The value w

0

(SAT

4

(n; �; �; 
)) is equal up to an additive error

of � to the maximum of the fun
tion p+�(1�p+pq)+�(1�q

2

)+
(1�p

4

)

for 0 � p; q � 1 by Lemma 9 and the 
hoi
e of n.

The �rst partial derivatives a

ording to p and q are the following:

�

�p

�

p+ �(1� p+ pq) + �(1� q

2

) + 
(1� p

4

)

�

= 1� �+ �q � 4
p

3

�

�q

�

p+ �(1� p+ pq) + �(1� q

2

) + 
(1� p

4

)

�

= �p� 2�q
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Hen
e, the fun
tion p + �(1 � p + pq) + �(1 � q

2

) + 
(1 � p

4

) attains its

maximum for one of the following pairs of values (p; q): (0; 0), (0; 1), (1; 0),

(1; 1), (1; �=2�) and (p

0

; q

0

). The last pair is by the 
hoi
e of �, � and 


to satisfy (13) and (14). It is easy to 
he
k that the values of the fun
tion

p+�(1�p+pq)+�(1�q

2

)+
(1�p

4

) for (p; q) = (0; 0) and for (p; q) = (p

0

; q

0

)

dominate all the others. By (6) and (12), the value of p+ �(1 � p + pq) +

�(1 � q

2

) + 
(1 � p

4

) is equal to � + � + 
 both for (p; q) = (0; 0) and

(p; q) = (p

0

; q

0

).

We now estimate the ratio w

0

(SAT

4

(n; �; �; 
))=w(SAT

4

(n; �; �; 
)) us-

ing the fa
t that the maximum of the fun
tion p + �(1 � p + pq) + �(1 �

q

2

) + 
(1 � p

4

) is equal to � + � + 
 and it is within the error of � from

w

0

(SAT

4

(n; �; �; 
)). We have also w(SAT

4

(n; �; �; 
)) = 1+�+�+
 due

to the 
onstru
tion of SAT

4

(n; �; �; 
). The desired estimate on the ratio

now follows using the equalities (8) and (12):

w

0

(SAT

4

(n; �; �; 
))

w(SAT

4

(n; �; �; 
))

�

�+ � + 


1 + �+ � + 


+ � =

1

1 + p

3

0

+ � =

1

2� p

2

0

+ �

8 The Algorithms

One 
an 
he
k that the numbers 
l

"

 

(x) 
an be repla
ed in the proof of

Theorem 1 by any numbers �

"

 

(x) whi
h have the following three properties:

1. �

0

 

(x) + �

1

 

(x) � k + 1 for ea
h variable x of  ,

2. �

1�"

1

 

(x

1

) + : : : + �

1�"

l

 

(x

l

) � k for ea
h 
lause (x

"

1

_ : : : _ x

"

l

) of  

and

3. �

"

0

 

(x

0

) � 1+�

1�"

1

 

(x

1

)+: : :+�

1�"

l

 

(x

l

) for ea
h 
lause (x

"

0

_: : :_x

"

l

).

Moreover, all the numbers �

"

 

(x) need not to be �nite (this assumption only

simpli�ed several arguments in the proof). The numbers 
l

"

 

(x) have the

�rst two of the above properties by Lemmas 6 and 7 and the third one

followed from their de�nition. Instead of 
l

"

 

(x), our algorithms use the

numbers im

"

 

(x) whi
h are de�ned to be the (largest) numbers whi
h have

the following properties:
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� If  
ontains a 
lause (x

"

), then im

"

 

(x) = 1.

� If  
ontains a 
lause (x

"

0

_: : :_x

"

l

), then im

"

0

 

(x

0

) � 1+im

1�"

1

 

(x

1

)+

: : :+ im

1�"

l

 

(x

l

).

� If there is no restri
tion on the value of im

"

 

(x), set im

"

 

(x) to 1.

The third property on the numbers �

"

 

(x) is satis�ed by the de�nition of

im

"

 

(x). Observe that if im

"

 

(x) is �nite, then there is a set C of 
lauses of

the size im

"

 

(x) su
h that the 
lauses of C 
an be satis�ed only if the value

of x is ". Thus, 
l

"

 

(x) � im

"

 

(x). We 
an 
on
lude that if  is k-satis�able,

then the numbers im

"

 

(x) have all the three properties needed in the proof

of Theorem 1. Note the numbers im

"

 

(x) may also have the properties for

a formula whi
h is not k-satis�able.

Trevisan [9℄ 
onsidered similar numbers but he required instead of �

"

0

 

(x

0

) �

1+�

1�"

1

 

(x

1

)+: : :+�

1�"

l

 

(x

l

) that �

"

0

 

(x

0

) � 1+maxf�

1�"

1

 

(x

1

); : : : ; �

1�"

l

 

(x

l

)g.

Hen
e Trevisan's numbers 
orrespond to depths of 
ertain \derivations" that

x is " and our numbers im

"

 

(x) to their sizes. This 
auses that the ratios of

the algorithm obtained by Trevisan are worse, but on the other hand, our

analysis is less straightforward.

The linear time algorithm of Figure 1 
omputes the numbers im

"

 

(x).

On
e the numbers im

"

 

(x) are 
omputed, one 
an 
he
k (in linear time)

whether the numbers im

"

 

(x) have the above mentioned three properties. If

this is not the 
ase, then the input formula is not k-satis�able. Otherwise,

the probabilities p

i


an be de�ned as in the proof of Theorem 1. In parti
-

ular, ea
h 
lause of  with respe
t to the probabilities p

i

is satis�ed with

the probability at least b

k+1

:

Theorem 5 There is a linear time algorithm whi
h for a given formula  

with variables x

i

either outputs that  is not k-satis�able or �nds probabil-

ities p

i

su
h that ea
h 
lauses is satis�ed with the probability at least �

k

if

a variable x

i

is 
hosen to be true with the probability p

i

.

Using the algorithm from Theorem 5, we 
an �nd a truth assignment

whi
h satis�es at least the fra
tion of b

k+1

of the 
lauses using a derandom-

ization method proposed by Yannakakis [12℄:

Theorem 6 There is a deterministi
 linear time algorithm whi
h for a

given formula  with m 
lauses either outputs that  is not k-satis�able

or �nds a truth assignment su
h that at least b

k+1

�m 
lauses are satis�ed.
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Input: a formula  

Output: the numbers im

"

 

(x)

unmark all literals x

"

set all im

"

 

(x) to 1

for ea
h 
lause (x

"

) set im

"

 

(x) to 1

while there is an unmarked literal x

"

with im

1�"

 

(x) <1 do


hoose an unmarked x
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Figure 1: A linear time algorithm 
omputing the numbers im

"

 

(x).

Similarly, the same method 
an be applied to the result presented in

Se
tion 6:

Theorem 7 There is a deterministi
 linear time algorithm whi
h for a

given 4-satis�able formula  with m 
lauses either outputs that  is not

k-satis�able or �nds a truth assignment su
h that at least r

4

�m 
lauses are

satis�ed.
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