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Abstra
t

We de�ne four new aestheti
s | Combinatorial Entropies | for

graph drawings, sket
hes and images and show their relevan
e for

pi
ture pro
essing by means of results of integral geometry.We in
lude

an analysis of two pi
tures.

1 Introdu
tion

Global 
hara
teristi
s (sometimes 
alled aestheti
s [3℄, [4℄) of graph

drawings, s
hemata and visual information in general are diÆ
ult to

�nd. These 
ombinatorial 
hara
teristi
s (su
h as 
rossing-, bend-,

area-, angle- or length- minimization) are mostly NP-
omplete (even

to approximate) and have other drawba
ks from the pra
ti
al point

of view: in some 
ases these parameters are not invariant to s
ale and

rotation and, perhaps most importantly, the determination of these

parameters assumes an analyti
 des
ription of the drawing.

Papers [1℄, [10℄ suggested a di�erent "aestheti
s" whi
h is based

on the integral geometry and the geometri
 probability ([11℄, [5℄). The

�
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de�ned parameter Fra
tional Length [6℄ or Combinatorial Entropy [1℄

(two terms with the same meaning) has several advantages:

{ the drawing (pi
ture, visual data) need not be given analyti
ally,

the input may be a s
anned pi
ture. This allows us analyze, to

sort and to 
ompare real pi
tures, s
enes, photos and visual art

in general;

{ Combinatorial Entropy is s
ale and rotation invariant;

{ Combinatorial Entropy is easy to determine and it is "robust".

Combinatorial Entropy of a drawing was linked in [12℄ to the


rossing number for VLSI and 2-layer drawing models.

A serious drawba
k of Combinatorial Entropy is that it is de�ned

for drawings and 
urves only. The shaded and 2-dimensional areas

have to be repla
ed and prepro
essed for real 
omputation. This is the

weakest point of Combinatorial Entropy be
ause results are strongly

dependant on the way how a prepro
essing is done.

In this note we suggest several enri
hments of the global anal-

ysis of pi
tures whi
h allows us to 
ompare more realisti
 images

with bla
k and white areas (or ink blots) and also shaded parts (i.e.

gray levels). The resulting parameters are still 
alled Combinatorial

Entropy (we sometimes add subs
ript or adje
tive to indi
ate whi
h

measure we have in mind).

The method, whi
h is an adaptation of te
hniques of integral ge-

ometry (as in detail e.g. in [11℄), is brie
y explained in Se
tion 2. We

derive basi
 formulas (3), (6) and Propositions 1, 2, whi
h are used in

the de�nition of various forms of the Combinatorial Entropy. In Se
-

tion 3 we de�ne 
ombinatorial entropy for pi
tures with shaded areas

and gray tones (weighted areas) and we give some interpretation of

these parameters. It is also here where we formulate the Hereditary

Thesis (as a re�nement of [9℄) whi
h in the present setting �nds yet

another interpretation (and this suggested to study "
al
ulus of par-

titions" whi
h we are presently developing jointly with V. Dou
hov�a).

In Se
tion 4 we give an analysis of various forms of two pi
tures

[7℄, [8℄. The note 
on
ludes with a brief summary and outline for

future resear
h.
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2 An outline of the method

2.1 S
hemata, sket
hes and drawings

Respe
ting the group of isometries of plane a line P is de�ned by its

distan
e p (p � 0) from the origin and by the angle � (0 � � � 2�)

that the dire
tion perpendi
ular to P makes with �xed dire
tion

(Poin
arr�e). The 
oordinates (p; �) are therefore the polar 
oordi-

nates of foot of the perpendi
ular from the origin onto the line P .

The measure of a set of lines X is then de�ned by the following

integral

m(X) =

Z

X

dp d�: (1)

The measure of a set of lines is 
ounted as the integral of di�erential

form dP = dp d� over given set (dP is also 
alled the density of the

set P ).

The measure of a set of lines that interse
ts a given bounded


onvex set K (with the support fun
tion p = p(�)) is then given by

m(P ;P \K 6= ;) =

Z

P\K 6=;

dp d� =

2�

Z

0

p d� = C; (2)

where C is the length of �K (the perimeter of K).

Let � be a pie
ewise di�erentiable 
urve parametrized by the ar


length (x = x(s) and y = y(s)). Let the length of � be L. Let

line P interse
ts the 
urve � at a point (x; y) and forms with the

tangent at this point an angle �. Coordinates (s; �) determine line

P uniquely. In this parametrization the density dP of lines has the

form dP = jsin �j ds d�. Integration over all lines that interse
t �

we get on right side 2L. On the left side we 
ount line P so many

times as it has interse
tions with �. Let this 
ount be n. Then we

get

R

n dP = 2L. Let C be the perimeter of 
onvex hull of � (i.e. the

measure of the set of lines whi
h interse
ts �), then average number

of interse
tions of 
urve � with a random line is

E(n) =

2L

C

: (3)

The above derivation 
an be easily 
hanged to the weighted 
ase

(whi
h 
an be interpreted as the grayness or intensity of the line). Let

w(s) be a weight fun
tion on �. We now 
ount every line a

ording

to the weight of its interse
t points with �. We have an analogy to

(3):
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Proposition 1: Let � and C be as above. Let w(s) be the pie
ewise

di�erentiable fun
tion, parametrized by the ar
 length of � and let

~n be the sum of w(s) in interse
tion points of � with random line.

Then the mean value of ~n is

E(~n) =

2

C

Z

L

0

w(s)ds: (4)

Remark: The linear drawing 
an be well approximated by 
urves.

In fa
t every (
onne
ted) line drawing D 
an be 
onsidered as a 
losed


urve C by traversing every ar
-segment (between 
rossings) twi
e by

two "perturbated" "-
lose ar
s (we have then an Eulerian graph so

su
h traversing is possible for every 
onne
ted pi
ture). It is 
lear

that the number of 
rossings of most lines P with C will be twi
e the

number of 
rossings of P with P. On the other hand the length L of

C is twi
e the length of pi
ture P. As the result of this we 
an use

formulas (3), (4) (whi
h are derived for 
urves) for line drawing and

interpret them a

ordingly (of 
ourse without doubling ar
s).

2.2 Blots and spots

Let D be an open 
onne
ted set in plane with total area F and let

P be a line. Denote � the total length of the interse
tion P \ D.

Formula � dp is the di�erential of area and so we have F =

R

1

0

� dp.

Integration over all dire
tions then yields

Z

D\P 6=;

� dP =

Z

D\P 6=;

� dp d� =

�

Z

0

F d� = �F: (5)

Let C be now perimeter of the 
onvex hull of D. The formula for

mean length of a 
hord is then

E(�) =

�F

C

: (6)

The weighted formula for the 2-dimensional 
ase 
an be done

similarly. Let w be a weight fun
tion on D then w(D) de�nes a

surfa
e in R

3

. Denote ~� the length of w(P \ D) (i.e. the length of


urve de�ned on a surfa
e w(D)). Then ~� dp is the di�erential of

area of the surfa
e.

Proposition 2: Let D be an open 
onne
ted set in plane and C

perimeter of its 
onvex hull. Let w be a pie
ewise di�erentiable fun
-

tion from D to R. Let

~

F be total area of surfa
e w(D) and ~� be
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the length of a 
urve obtained as image of interse
tion of D with a

random line. Then the mean value of ~� is

E(~�) =

�

~

F

C

: (7)

3 Interpretation of Combinatorial En-

tropies

Suppose a pi
ture drawing P be given. De�ne the (unweighted, 1-

dimensional) Combinatorial Entropy EC

1

(P) as the average number

of interse
tions of the pi
ture P with a random line.

This is dis
ussed in detail in [1℄ and the formula (3) allows us to

interpret this number as the average line density of P | hen
e the

alternative name Fra
tional Length.

Suppose now drawing P be given with various line intensities

measured by the weight fun
tion w : P ! R. De�ne the (weighted, 1-

dimensional) Combinatorial Entropy EC

w

1

(P) as the average weight

of interse
tions of the pi
ture P with a random line.

Proposition 1 allows us to interpret this number as the density

of weighted length of 
urve (EC

w

1


ould be also 
alled weighted Fra
-

tional Length).

Now suppose a pi
ture P with bla
k and white areas given. Con-

sider lines P interse
ting P and denoteEC

2

the average 1-dimensional

measure of interse
tion of P with P. Formula (6) allows us to inter-

pret EC

2

as the average length of 
hord in P.

In two examples in Se
tion 4 we modi�ed a gray pi
ture to a

bla
k and white variant by simple thresholding.

Finally, suppose a pi
ture P with shaded areas given. (This most

general 
ase simply 
orresponds to a di�erentiable fun
tion w : P ! R

whi
h de�nes a surfa
e in R

3

). Then we 
an de�ne the 2-dimensional

weighted Combinatorial Entropy EC

w

2

as the average length of the


ross
ut 
urves on the surfa
e. These measures are illustrated by

examples in Se
tion 4.

Let us remark that 2-dimensional entropies EC

2

and EC

w

2

are

not invariant under s
ale (as expe
ted from the dimension point of

view). But we are mostly not interested in the absolute value of 2-

dimensional entropies. The main purpose of these parameters is to

enhan
e 
omparison of 
ombinatorial entropies of a parti
ular visual

data. We are espe
ially interested in the 
omparison of values of EC

2

,

EC

w

2

in various parts of the pi
ture. We formulate this as an updated

form of
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Hereditary Thesis: A pi
ture is harmonious if any two of its simi-

larly meaningful parts have similar 
ombinatorial entropies.

Of 
ourse "similarity of meaning" is neither de�ned nor a primi-

tive notion. However in 
on
rete instan
es this is often not a handi-


ap. Besides if no preferen
es in a pi
ture are given then the uniform

partitions serve as a good model. This is illustrated on the se
ond

example (Figure 2 of the following se
tion).

4 Two examples

There is no spa
e in this short note to in
lude more examples whi
h

we tested. We in
lude an analysis of two 
on
rete pi
tures taken from

[7℄, [8℄ and illustrate some of the features of Combinatorial Entropies.

The painting [7℄ was s
anned and pro
essed in four di�erent ways:

�rst are redrawn main 
ontours P

1

a

and enri
hed 
ontours P

1

b

, then

the bla
k and white version P

1




is obtained by thresholding from the

grays
ale (s
anned) image P

1

d

.

All our measurements (see Table 1) are based on large number

| 

a 10

4

| of experiments. For bla
k and white images (a){(
)

we 
an use all four methods whereas grays
ale image (d) 
an be

measured only by 2-dimensional methods. 1-dimensional weighted

method EC

w

1

gives in this 
ase same results as EC

1

(be
ause all lines

have weight 1).

P

1

a

P

1

b

P

1




P

1

d

EC

1

7:01 10:71 � 10:84 (� 10:84)

EC

2

10:58 16:71 34:63 (34:63)

EC

w

2

12:94 20:54 40:12 366:25

Table 1: Combinatorial Entropies for pi
tures of Figure 1.

EC

1

is de�ned only for line drawings P

1

a

and P

1

b

. For bla
k and

white image P

1




we 
an approximate EC

1

by 
ounting every interval

of interse
tion P

1




\ P as one interse
tion with a 
urve. By this

approximation we obtain larger value than for P

1

b

. This is due to noisy

parts of image whi
h are 
ounted as lines. These anomalies, whi
h

arise from thresholding, 
ause that we 
annot distinguish between

images P

1

b

and P

1




. Moreover 1-dimensional methods 
annot be used

for grays
ale image P

1

d

(we 
an only de�ne EC

1

(P

1

d

) as the EC

1

of


orresponding bla
k and white image P

1




). These are main reasons

why we are developing 2-dimensional methods.
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(a) { main 
ontour (b) { more detailed 
ontours

(
) { bla
k and white (d) { grays
ale

Figure 1: EUROCOMB'03 poster, [7℄.
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2-dimensional entropies depend on image size (for this 
ase 560�

400) and are in general larger then 
orresponding 1-dimensional en-

tropies (be
ause of nonzero width of lines). In fa
t EC

2

(P

1

d

) 
annot

be measured (be
ause P

1

d

is the grays
ale image) but it is natural to

de�ne it as EC

2

of 
orresponding bla
k and white image P

1




.

EC

2

well distinguishes three bla
k and white images and EC

w

2

does the same for all four images. This is the main feature of 2-

dimensional Combinatorial Entropies, whi
h we see as a re�nement

of our earlier method ([1℄, [9℄, [10℄). This is the 
ase in all examples

we tested (further 
omputional results and their interpretation 
an

be found in [2℄). From 1- and 2-dimensional measurements we 
an

additionally obtain for example average widths of lines (whi
h for

given images are 1:5, 1:56 and 3:19).

Neither EC

w

2

nor EC

2

is s
ale invariant but we 
an 
onsider their

ratio. EC

w

2

=EC

2

is s
ale invariant if we 
hange number of quantizing

levels a

ordingly to s
ale of image. These ratios are 1:22, 1:23, 1:16

and 10:58 in the 
ase of Figure 1. We 
an interpret these numbers as

measure of 
hange of intensity in pi
ture.

The se
ond pi
ture P

2

(Figure 2) whi
h we analyze here is [8℄.

We 
onsider four versions: P

2

a

is s
anned gray version, the pi
ture

P

2

b

is P

2

a

pro
essed for 
ontours (following [1℄), the pi
ture P

2




is

bla
k and white version of P

2

a

(with threshold at 81 on a s
ale 0{255)

and the pi
ture P

2

d

is uniform partition of P

2

a

illustrating values for

Hereditary Thesis.

From 1-dimensional entropies EC

1

(Table 2a, 2b) we 
an see that

bottom of the pi
ture has larger density of 
urves. But 2-dimensional


ase (Table 2
) shows that more 
hanges in intensity are in bottom-

left and top-right parts of image. Therefore the most 
omplex part

of image is its bottom-left. From the small value of ratio (Table 2d)

in bottom-right re
tangle we 
an 
on
lude that in this part dominate

one 
olor areas.

From di�eren
es between parts in Table 2d we 
an also see that

uniform division is not sensitive to 
ontent of this pi
ture. It means

(following Hereditary Thesis) that this division is not harmonious

with given pi
ture. This is the inverse use of Hereditory Thesis: it

may be used either to test wheather an image is harmonious or it 
an

be used for �nding meaningful parts (via Combinatorial Entropies).
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(a) { grays
ale (s
anned) version (b) { line 
ontours

(
) { bla
k and white version (d) { uniform division

Figure 2: Antropogeometry, [8℄.
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10:81 11:44 6:94 7:43

24:49 16:41

13:85 13:47 10:01 9:23

(a) { EC

1

(P

2

b

) (b) { EC

1

(P

2




)

196:67 203:53 1:88 2:13

425:95 1:95

222:47 197:50 2:28 1:70

(
) { EC

w

2

(P

2

a

) (d) { EC

w

2

=EC

2

(P

2

a

)

Table 2: Sele
ted Combinatorial Entropies for parts of P

2

.

5 Summary, 
on
luding remarks

We de�ned four (in
reasingly more sensitive) statisti
al measures of

(line and 2-dimensional) drawing and painting. These measures are


alled Combinatorial Entropies and we showed their visual relevan
e

using results from integral geometry (so 
alled kinemati
 formulae).

Numerous examples were tested and they suggest that these pa-

rameters 
apture well some of the features of visual data. Parti
ularly

the Hereditary Thesis (as an eviden
e for a balan
ed of harmonious

drawing) was tested. Of these experiments two examples are in
luded

in this note.

It remains to be seen whether higher order 
ombinatorial en-

tropies are related to other well known 
hara
teristi
 of pi
tures. Par-

ti
ularly the balan
e of shade and light areas may have a meaning for

design and analysis of s
enes.

We want to introdu
e 
olor Combinatorial Entropy and 
omment

on the interpretation of ve
tor weights after a better understanding

of the analysis of gray pi
tures.

Further details are going to appear in the full version of this

paper [2℄.
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