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Abstra
t

We study the maximum possible number of interse
tions of a sim-

ple k{gon with a simple l{gon for k; l � 3 odd. We generalize this

problem to a larger 
lass of obje
ts. We prove that the number of

interse
tions 
annot ex
eed kl�k� (l�3)=2. This improves the best

known upper bound and gives alternative solution of the 
ase l = 5.

1 Introdu
tion

Determining the maximum 
omplexity of the union of two or more geometri


obje
ts in the plane is among basi
 extremal geometri
 problems, see e.g

[1℄, [2℄, [3℄, [4℄, [6℄, [7℄ and [8℄. Let k; l � 3 be given integer numbers. We

are interested in the problem of determining the maximum possible number

f(k; l) of interse
tions of a simple k{gon and a simple l{gon. This problem

was studied in [3℄ { the 
ases when k or l is even are solved there, but an

unre
overable error appears in the 
ase of k and l being both odd. For k

and l both even is f(k; l) = kl and for k even and l odd is f(k; l) = kl � k.

For k and l both odd easy bounds kl�k� l+3 � f(k; l) � kl�k are proved

in [3℄. The same problem was studied in [2℄ for odd k and l. The problem

was solved for l = 5 when f(k; 5) = 4k� 2 and for k; l � 7 the upper bound

from [3℄ was improved to f(k; l) � kl � k � dl=6e. The 
onje
ture that the

lower bound is tight was formulated in [2℄.

A similar problem was also studied in [5℄.

We extend the de�nition of polygon to a larger 
lass of obje
ts and

generalize the polygon{
rossing problem. This de�nes the fun
tion g(k; l) �

f(k; l). The main result of this paper about the f(k; l) is the following

theorem
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Theorem 1 Let k; l � 3 be odd integers. Then

f(k; l) � kl� k � (l � 3)=2:

This theorem is an easy 
onsequen
e of theorem 8 (whi
h proves the

same upper bound for the fun
tion g(k; l)) proved in Se
tion 6. Note that

the obtained upper bound is exa
tly in the middle between the easy upper

and lower bounds proved in [3℄.

Theorem 1 improves the upper bound proved in [2℄ and together with

the fa
t that f(k; l) is even gives also an alternative proof of the equality

f(k; 5) = 4k � 2 also proved in [2℄.

We introdu
e basi
 de�nitions and notation in Se
tion 2. We re
all

known results about the fun
tion f(k; l) proved in [2℄ and [3℄ in Se
tion 3.

We prove several auxiliary lemmas in Se
tion 4. We prove the statement of

theorem 8 for a spe
ial 
on�guration in Se
tion 5 (theorem 7). Finally we

prove theorem 8 in general 
ase in Se
tion 6.

The general problem of determining the exa
t value of f(k; l) (and

g(k; l)) for k; l � 7 odd remains open. We also do not know if f(k; l) = g(k; l)

in general and if the fun
tion g(k; l) is symmetri
.

2 De�nitions and Notation

We mean by a segment a 
losed line segment. If A and B are points of

the plane, then we write AB for the segment 
onne
ting them. We assume

throughout the whole paper that all the end{points of all the segments are

in general position. Two segments interse
t if they share an interior point

and we 
all that point their interse
tion. Two segments miss ea
h other

if they do not interse
t. For a segment s = AB we denote by l

s

the line

given by the points A and B. Points A and B are separated by a line l if

the segment AB is interse
ted by l (in other words if the points A and B

are lying in the di�erent halfplanes given by l). We also say that the pair

(A;B) of points is separated by l if the points A and B are separated by l.

The sequen
e of non{interse
ting segmentsA

1

A

2

; A

2

A

3

; : : : ; A

k

A

k+1

where

A

i

6= A

j

for i 6= j is 
alled a path; we write shortly A

1

A

2

: : : A

k

A

k+1

in-

stead of A

1

A

2

; A

2

A

3

; : : : ; A

k

A

k+1

in the paper. The length of the path is

the number of segments whi
h it 
ontains. If A

k+1

= A

1

, then the sequen
e

forms a k{gon; if we do not want to emphasize the length of the sequen
e,

we say a polygon instead of a k{gon. The points A

1

; A

2

; : : : ; A

k

are 
alled

verti
es of the k{gon. Inserse
tions of two polygons are the interse
tions of
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segments whi
h form their boundaries. For given k; l � 3 we denote f(k; l)

the maximum number of interse
tions of some k{gon and l{gon.

The sequen
e of non{interse
ting segments A

1

B

1

; A

2

B

2

; : : : ; A

k

B

k

(k �

1) su
h that every two of the pointsA

1

; A

2

; : : : ; A

k

; B

1

; B

2

; : : : ; B

k

ex
ept for

the pairs (B

1

; A

2

), (B

2

; A

3

),. . . , (B

k

; A

1

) are di�erent is 
alled a generalized

k{gon (or a generalized polygon). The pairs of points (B

1

; A

2

), (B

2

; A

3

),

. . . , (B

k

; A

1

) (some of whi
h 
an possibly degenerate to a single point) are


alled vertex pairs of the generalized polygon. The length of the generalized

polygon is the number of segments whi
h it 
ontains. It is 
lear that every

polygon is also a generalized polygon (with all vertex pairs degenerated to

a single point). Let K be a generalized polygon and let L be a (normal)

polygon. We say that a vertex pair (A;B) of K �ts with L if for every

segment s of L the points A and B are not separated by the line l

s

. We


all a pair (K;L) �tting if every vertex pair (A;B) of K �ts with L. In the

other words when lines given by the segments of L separates the plane to

some 
ells, every two points of every vertex pair of K are lying in the same


ell (see �gure 1).

Figure 1: A �tting pair of a generalized k{gon and a (normal) l{gon.

By a (k; l){�tting pair we mean every �tting pair (K;L) of a generalized

k{gon and a (normal) l{gon.
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Now we 
an de�ne for given k � 1 and l � 3 the number g(k; l) as

the maximum number of interse
tions of some �tting pair of generalized

k{gon and (normal) l{gon. Suppose that we have a k{gon K and an l{gon

L. Every k{gon is also a generalized k{gon and the pair (K;L) is �tting,

be
ause every vertex pair of K is degenerated to a single point and thus

not separated by any line. Hen
e it is 
lear that f(k; l) � g(k; l) for k � 3.

Note that it is no more 
lear from the de�nition of g(k; l) that the fun
tion

g is symmetri
.

3 Known results

In this se
tion we will re
all some known results about the fun
tion f(k; l).

The following theorems and lemmas are based on very elementary arguments

and are proved (using a di�erent notation) in [3℄. They solve the easy 
ase

when at least one of the numbers k and l is even. However in 
ase of k; l

being both odd the lower and upper bounds in theorem 4 are equal only if

l = 3. Note that the upper bounds in theorem 2, 3 and 4 and also the fa
t

that f(k; l) is even for every k and l easily follows from lemma 1.

Lemma 1 Let K be a k{gon and let p be a line. The number of inter-

se
tions of p with the segments of K is even and at most k. Thus no line

interse
ts all the segments of a polygon with odd number of verti
es.

Theorem 2 Let k; l � 3 be two even integers. Then f(k; l) = kl (the lower

bound is shown by �gure 2).

K

L

Figure 2: A k{gon K and an l{gon L with kl interse
tions for k and l both

even.
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Theorem 3 Let k � 3 be even and let l � 3 be odd. Then f(k; l) = k(l�1)

(the lower bound is shown by �gure 3).

K

L

Figure 3: A k{gon K and an l{gon L with k(l� 1) interse
tions for even k

and odd l.

Theorem 4 Let k; l � 3 be two odd integers. Then kl � k � f(k; l) �

kl � k � l + 3 (the lower bound is shown by �gure 4).

K

L

Figure 4: A k{gon K and an l{gon L with kl � k � l + 3 interse
tions for

both k and l odd.

Note: Figures 2, 3 and 4 
an be generalized for arbitrary k, l by an easy

tri
k. We 
an substitute one segment of the polygon K (or L) whi
h looks

like I by three segments whi
h look like a narrow N. This 
an obviously be

done in su
h a way that we obtain suÆ
iently many new interse
tions.

The following two theorems proved in [2℄ determine the exa
t value of

f(k; l) for l = 5 and improve the upper bound in theorem 4 for k; l � 7 odd.
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Theorem 5 Let k � 5 be odd. Then f(k; 5) = 4k � 2.

Theorem 6 Let k; l � 7 be odd. Then f(k; l) � kl � k � dl=6e.

4 Auxiliary results

In this se
tion we will prove few easy lemmas whi
h will be needed later for

the investigation of the upper bound on the fun
tion g(k; l).

Lemma 2 Let k � 1 and l � 3 be odd integers and let (K;L) be a (k; l){

�tting pair. Then every segment of K interse
ts at most l � 1 segments of

L and every segment of L interse
ts at most k � 1 segments of K.

Proof: The lemma follows from an easy parity argument. Let s be a

segment of K. Suppose for 
ontradi
tion that every segment of L interse
ts

s. Hen
e it is 
lear that every pair of neighbouring verti
es of L is separated

by the line l

s

. But the number of the verti
es of L is odd so there has to be

at least one pair of neighbouring verti
es whi
h is not separated by the line

l

s

. This leads us to a 
ontradi
tion. We see that s interse
ts at most l � 1

segments of L.

The proof of the se
ond part of this lemma 
an be done in the same way.

We just have to realize that the points of no vertex pair of K are separated

by a line given by a segment of L. 2

Note: We have just proved something slightly stronger. For every segment

s of K the line l

s

interse
ts even number of the segments of L and for every

segment s of L the line l

s

interse
ts even number of the segments of K.

This result holds also without the assumtions on parity of k and l.

Lemma 3 Suppose that there is a k� l 
hessboard with some 
he
kers sat-

isfying the following properties:

(1) In every row and in every 
olumn there is at least one 
he
ker.

(2) For every 
he
ker there is some other 
he
ker in the same row or in the

same 
olumn. In the other words there is no 
he
ker being the only in its

row and 
olumn at the same time.

(3) There is no pair of two identi
al rows with only one 
he
ker (su
h pairs

of 
olumns are allowed).

Then the number of 
he
kers at the 
hessboard is at least k + l=2.
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Proof: Let us denote 
 the number of 
he
kers at the 
hessboard. Let m

(m � k) be the number of rows with the only one 
he
ker. Due to property

(1) there are at least two 
he
kers in every other row. By simple 
ounting


he
kers in every row we see that 
 � m + 2(k �m) = 2k � m. Now let

us 
ount 
he
kers in every 
olumn. All the m rows with only one 
he
ker

has this 
he
ker in di�erent 
olumns due to the property (3). In all this m


olumns there have to be at least two 
he
kers, otherwise the property (2)

would be violated. In every other 
olumn there is at least one 
he
ker due

to property (1). We 
on
lude that 
 � 2m + (l �m) = l +m. By adding

both obtained estimates we have 2
 � 2k + l. 2

Lemma 4 Let P = A

1

A

2

: : : A

n

(n � 2) be a path and let B

1

B

2

and C

1

C

2

be two segments interse
ting all segments of a path P . Then either the

pairs (B

1

; C

1

) and (B

2

; C

2

) or the pairs (B

1

; C

2

) and (B

2

; C

1

) are both not

separated by any line l

A

k

A

k+1

, k = 1; 2; : : : ; n� 1.

Proof: For n = 2 the statement of this lemma is trivial. Let us 
onsider

the 
ase n = 3 �rst. When the segment s interse
ts both segments A

1

A

2

and A

2

A

3

we see that one of the endpoints of s has to lie in the region �

and the other in the region � (see �gure 5). Points in the region � (or �) are

not separated by the lines l

A

1

A

2

and l

A

2

A

3

. When we have two segments

B

1

B

2

and C

1

C

2

interse
ting both A

1

A

2

and A

2

A

3

, one endpoint of both

segments lies in the region � and the other endpoint of both segments lies

in the region �. The statement of lemma easily follows from this.

A

1

A

2

A

3

s

l

A

1

A

2

l

A

2

A

3

�

�

Figure 5: A segment s interse
ting a path A

1

A

2

A

3

.

The 
ase n > 3 is an easy 
onsequen
e of the 
ase n = 3. Let us have

the segments B

1

B

2

and C

1

C

2

both interse
ting all segments of the path
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A

1

A

2

: : : A

n

. We 
an WLOG suppose that the points B

1

and C

1

are not

separated by the line l

A

1

A

2

. The 
ase n = 3 shows us that the points B

1

and C

1

are not separated by the line l

A

2

A

3

. Using the 
ase n = 3 for the

path A

2

A

3

A

4

we see that the points B

1

and C

1

are not separated by the

line l

A

3

A

4

. By repeating this argument we see that the points B

1

and C

1

are

not separated by any line l

A

k

A

k+1

, k = 1; 2; : : : ; n� 1. The same arguments

hold for the points B

2

and C

2

. 2

5 Spe
ial 
ase

The purpose of this se
tion is to prove the following 
laim:

Theorem 7 Let k; l � 3 be odd integers and let (K;L) be a (k; l){�tting

pair. Assume that there is a segment AB of K and a segment XY of L

su
h that AB interse
ts every segment of L ex
ept for XY . Let WX and

Y Z be the two segments of L adja
ent to XY . Assume, that the points W

and Z are not separated by the line l

XY

. Then the number of interse
tions

of K and L is at most kl � k � (l � 3)=2.

Proof: First we will prove that there exists a set S of at most (l + 3)=2

segments of L, su
h that no segment of K interse
ts all the segments in S.

We will 
onsider two 
ases separately (see �gure 6):

W

XY

Z

W

XY

Z

Figure 6: Two possible mutual positions of the points W , X , Y and Z.

� The points W;X; Y and Z are in 
onvex position or possibly W =

Z in the 
ase l = 3 (the left part of �gure 6). Then no segment

may interse
t WX;XY and Y Z simultaneously. We 
an 
hoose S =

fWX;XY; Y Zg.
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� The points W;X; Y and Z are not in 
onvex position (the right part

of �gure 6). We 
an WLOG suppose that the point W lies inside

the triangle XY Z. Let s

1

; s

2

; s

3

; : : : ; s

l�3

be the 
onse
utive seg-

ments of L on that path from W to Z whi
h do not pass through

the points X and Y . We prove that the set S = fWX;XY; Y Zg [

fs

1

; s

3

; s

5

; : : : ; s

2i+1

; : : : ; s

l�4

g ful�lls our requirements. Assume for


ontradi
tion that there is a segment CD of K whi
h interse
ts all

the segments of the set S (see �gure 7).

A

B

W

XY

Z

C

D

l

AB

l

CD

Q

W

Q

Z

Q

Y

Q

X

Figure 7: The segment CD intere
ts all segments of the set S.

The line l

AB


annot interse
t the segment XY due to lemma 2, be-


ause it is interse
ting all other segments of L. Hen
e it follows that

the line l

AB

separates X and Y from W and Z. The line l

CD

in-

terse
ts all the segments WX , XY and Y Z and hen
e separates X

and Z from W and Y . These two lines split the plane into four parts

(\quadrants"), ea
h 
ontaining one of the points W;X; Y and Z. We

denote by Q

W

, Q

X

, Q

Y

and Q

Z

the quadrants 
ontaining the points

W , X , Y and Z respe
tively. Observe that the line l

AB

has to inter-

se
t the segment CD and the line l

CD

does not interse
t the segment
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AB. Hen
e the segment AB is separated from the point X by the line

l

CD

.

We denote by V

i�1

and V

i

the endpoints of the segments s

i

(V

0

=W

and V

l�3

= Z).

Now we prove by indu
tion that V

i

2 Q

W

for every i even and V

i

2 Q

X

for every i odd. The statement is obvious for i = 0. If i > 0 and i is

even then by indu
tion hypothesis V

i�1

2 Q

X

. However the segment

s

i

must interse
t the segment AB. The segment AB is separated

from Q

X

by the line l

CD

so s

i

must also interse
t the line l

CD

. It

follows that the two endpoints of s

i

lie in the opposite quadrants, so

V

i

2 Q

W

. If i is odd, then s

i

2 S, so s

i

interse
ts both AB and CD.

By indu
tion hypothesis V

i�1

2 Q

W

, so V

i

must lie in the opposite

quadrant Q

X

. This 
ompletes the indu
tion.

It follows that V

l�3

2 Q

W

, whi
h yields a 
ontradi
tion, be
ause

V

l�3

= Z and Z 2 Q

Z

. We found the set S of the required prop-

erties.

Now we are ready to �nish the proof of theorem 7. Letm be a 
ardinality

of the set S (m � (l+ 3)=2). Every segment of K interse
ts at most m� 1

segments of S. Hen
e there are at most k(m� 1) interse
tions between the

segments of K and the segments of S. Moreover, ea
h of the l�m segments

of L not belonging to S interse
t at most k�1 segments ofK due to lemma 2.

Hen
e there are at most (k � 1)(l �m) interse
tions between the segments

of K and the segments of L whi
h do not belong to S. Thus the total

number of interse
tions of K and L is at most k(m� 1) + (l�m)(k � 1) =

kl � k � l +m � kl � k � (l � 3)=2. 2

6 Proof of the upper bound

In this se
tion we prove theorem 8 whi
h states the upper bound on number

of interse
tions from theorem 1 for a (k; l)-�tting pairs. Theorem 1 is an

easy 
onsequen
e of theorem 8 due to the fa
t f(k; l) � g(k; l).

Theorem 8 Let k � 1 and l � 3 be odd integers. Let K be a generalized

k{gon and let l be a (normal) l{gon. Let (K;L) be a �tting pair. Then the

number of interse
tions of K and L is at most kl � k � (l � 3)=2. In the

other words

g(k; l) � kl � k � (l � 3)=2:
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Proof: We will pro
eed by indu
tion on k. For k = 1 the generalized

polygon K 
onsist of one segment A

1

B

1

only. Moreover (B

1

; A

1

) is its

vertex pair and hen
e is not separated by any line given by the segment of

L. There 
annot be any interse
tions between the segment of K and the

segments of L and hen
e g(k; l) = 0 � kl � k � (l � 3)=2. For k = 3 and

l odd we see from lemma 2 that every segment of L interse
t at most two

segments of K and hen
e g(k; l) � 2l � kl � k � (l � 3)=2.

Now suppose that we have k > 3 odd and the statement of theorem 8

holds for all k

0

< k odd. Let (K;L) be a (k; l){�tting pair. Consider a k� l


hessboard C with some 
he
kers 
onstru
ted as follows. The rows of C will


orrespond to the segments of K and the 
olumns of C will 
orrespond to

the segments of L. The �eld in the interse
tion of some row and 
olumn of

C will be o

upied by a 
he
ker if and only if the 
orresponding segments of

K and L do not interse
t. The empty �elds of C 
orrespond to interse
ting

pairs of segments of K and L. We have to prove that C 
ontains at most

kl � k � (l � 3)=2 empty �elds i.e. at least k + (l � 3)=2 
he
kers. When C

satis�es the assumptions of lemma 3 we 
an �nd at least k + l=2 
he
hers

and our theorem holds. Hen
e we only need to 
onsider 
ases when at least

one of the 
onditions of lemma 3 is violated.

� The 
ondition (1) is violated. There exists some empty row or some

empty 
olumn of C. This means that the 
orresponding segment of K

(or L) interse
ts every segment of L (or K). This 
ontradi
ts lemma

2. This 
ase is impossible.

� The 
ondition (2) is violated. There exists some row and some 
olumn

su
h that their only 
he
ker lies in their interse
tion. This means that

the 
orresponding segment AB of K and the 
orresponding segment

XY of L have the following property: The segment AB interse
ts

every segment of L ex
ept for the segment XY and vi
e versa. We

easily see that the line l

XY

does not interse
t the segment AB, oth-

erwise lemma 2 would be 
ontradi
ted. Hen
e the points A and B

lie in the same halfplane given by the line l

XY

. Let WX and Y Z be

the two segments of L adja
ent to Y . As both of them interse
t the

segment AB, the points W and Z have to lie in the same halfplane

given by the line l

XY

and are not separated by this line. It is 
lear

that the assumptions of theorem 7 are satis�ed and thus the number

of interse
tions of K and L is at most kl � k � (l � 3)=2 in this 
ase.

� The 
ondition (3) is violated. There exist two identi
al rows with only
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one �eld o

upied with a 
he
ker in C. This means that there exist two

segments AB and A

0

B

0

of K and a segment XY of L su
h that both

AB and A

0

B

0

interse
t all the segments of L ex
ept for the segment

XY .

Let WX and Y Z be the segments of L adja
ent to the segment XY .

Consider �rst the 
ase that points W and Z are not separated by the

line l

XY

. We see that the assumptions of the theorem 7 are satis�ed

and thus the number of interse
ions of K and L is at most kl � k �

(l � 3)=2. Now we will deal with the 
ase that the points W and Z

are separated by the line l

XY

(see �gure 8).

Z Y

W

X

B

A

B

0

A

0

Figure 8: The points W and Z are separated by the line l

XY

.

As the segments AB and A

0

B

0

interse
ts the segmentsWX and Y Z in

the di�erent halfplanes given by the line l

XY

it is 
lear that the pairs

(A;B) and (A

0

; B

0

) are separated by the line l

XY

. We 
an WLOG

suppose that the points A and A

0

are not separated by the line l

XY

(as drawn in �gure 8). It is also 
lear that the points A and A

0

are not

separated by the line WX . As the segments AB and A

0

B

0

interse
t

all the segments of L ex
ept for XY we 
on
lude from lemma 4 used

for the path P 
onsisting of all segments of L ex
ept for XY that the

points A and A

0

are not separated by any line given by a segment of

L. The same arguments apply for the points B and B

0

.

Now WLOG suppose that (A;A

0

) is not a vertex pair of K. (If (A;A

0

)

is a vertex pair of K then (B;B

0

) is not, be
ause k � 3.) The points

A and A

0

split the of segments of K into two parts K

1

and K

2

whi
h

are also generalized polygons. We will show that both of them form

a �tting pair with L. There are two possibilities (see �gure 9).
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0
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B

0
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1

K

2

K

B

A

0

A

B

0

K

1

K

2

K

Figure 9: The parts K

1

and K

2

of a generalized polygon K.

{ The points A and A

0

are endpoints of two segments of the same

part K

i

, i = 1 or i = 2 (the upper part of �gure 9). Then the

points A and A

0

form a vertex pair in the part K

i

and as shown

above they are not separated by any line given by a segment of

L and therefore the vertex pair (A;A

0

) �ts with L. Other vertex

pairs of K

i

are also vertex pairs of K and therefore �t with L. It

is 
lear that the pair (K

i

; L) is �tting. Let j = 3� i. Denote C

and C

0

the se
ond vertex belonging to A and A

0

in a vertex pair

in K respe
tively. Then (C;C

0

) is a vertex pair of K

j

. We see

that the pairs (C;A), (A;A

0

) and (A

0

; C

0

) are not separated by

any line given by a segment of L and thus the vertex pair (C;C

0

)

�ts with L. The other vertex pairs of K

j

are also vertex pairs of

K and therefore �t with L. It is 
lear that also the pair (K

j

; L)

is �tting.

{ The point A is endpoint of some segment of K

1

and the point A

0

is endpoint of some segment of K

2

(the lower part of �gure 9).

The arguments in this 
ase are similar to the previous ones.
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Lengths of both K

1

and K

2

are at least 1 and together give k. We 
an

WLOG suppose that the length of K

1

is odd (
all it o) and the length

of K

2

is even (
all it e). We use the indu
tion hypothesis for K

1

{

the number of interse
tions of K

1

and L is at most ol� o� (l� 3)=2.

For the K

2

we use the fa
t that every segment of K

2

interse
ts at

most l � 1 segments of L due to lemma 2. Therefore the number of

interse
tions of K

2

and L is at most el� e. Summing together we get

at most (e+ o)l � o� e� (l � 3)=2 = kl � k � (l � 3)=2 interse
tions

of K and L.

The proof of theorem 8 is �nished. 2

7 Con
lusion

We have generalized the polygon{
rossing problem to a 
lass of �tting pairs

of a generalized k{gon and a (normal) l{gon. For k � 1 and l � 3 both

odd we have proved the upper bound g(k; l) � kl � k � (l � 3)=2 whi
h

also improves best known upper bound for the fun
tion f(k; l) and gives

alternative solution of the 
ase l = 5. The original 
onje
ture that f(k; l) =

kl � k � l + 3 remains open for k; l � 7. The gap between the upper and

lower bound is still linear in the number of verti
es. We do not know if

f(k; l) = g(k; l) in general. We also do not know if the fun
tion g(k; l) is

symmetri
.
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