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Abstra
t

In the paper we show that the simultaneous existen
e of a lo
ally

surje
tive and of a lo
ally inje
tive graph homomorphisms between a


onne
ted graph G and a 
onne
ted and �nite graph H assures that

all su
h homomorphisms are in fa
t lo
ally bije
tive.

We give a short proof of this assertion whi
h uni�es previously

known partial results of this form. We utilize the notion of universal


over, and relate its properties to the notion of degree re�nement,

whi
h was used as a prin
ipal tool in other works.

1 Introdu
tion

In this paper we 
onsider so 
alled lo
ally 
onstrained graph homomor-

phisms. For graphs G and H a (graph) homomorphism is a vertex mapping

f : V

G

! V

H

satisfying the property that (f(u); f(v)) is an edge of H

whenever verti
es u and v are adja
ent in G.

In addition, we 
onsider three types of \lo
al" restri
tions. We may

request that for every vertex u of G the set of its neighborsN

G

(u) is mapped

� bije
tively onto N

H

(f(u)), then the mapping f is 
alled lo
ally bije
-

tive, or also a full 
overing proje
tion, or
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� inje
tively into N

H

(f(u)), then f is 
alled lo
ally inje
tive, or also a

partial 
overing proje
tion, or

� surje
tively onto N

H

(f(u)), then f is 
alled lo
ally surje
tive, or also

a surje
tive 
overing proje
tion.

(The symbol N

H

(f(u)) denotes the set of all neighbors of f(u) in the graph

H .)

All these three sorts of mappings have interesting theoreti
al and pra
-

ti
al aspe
ts. Full 
overs were �rst 
onsidered in algebrai
 graph theory

[3℄. As spe
ial 
ases of 
overing spa
es from algebrai
 topology [14℄, graph


overs are used in many appli
ations in topologi
al graph theory [9℄.

Partial 
overs were applied in a hardness proof for the existen
e of dis-

tan
e 
onstrained labelings of graphs [8℄, a notion stemming from a highly

pra
ti
al problem of interferen
e-free frequen
y assignment for wireless net-

works.

Surje
tive 
overs have been introdu
ed by Everett and Borgatti [6℄, who


alled them role 
olorings. They originated in the theory of so
ial behavior.

The graph H , i.e. the role graph, models roles and their relationships, and

we ask whether roles (i.e. the verti
es of the role graph) 
an be assigned

to individuals of a given so
iety su
h that the relationships are preserved:

Ea
h person playing a parti
ular role has among its neighbors exa
tly all

ne
essary roles as they are pres
ribed by the model.

Computational appli
ations of graph 
overs were used by Angluin [2℄

who studied \lo
al knowledge" in distributed 
omputing environments, and

by Cour
elle and M�etivier [5℄ who showed that nontrivial minor-
losed graph


lasses 
annot be re
ognized by lo
al 
omputations.

In [4℄ Bodlaender raised the question of 
omputational 
omplexity of

H-
over problems. The H-(partial) 
over problem asks if a given input

graph G (partially) 
overs H (here H is 
onsidered a �xed parameter of the

problem). Similarly we de�ne the H-role assignment problem. In [1℄ Abello

et al. showed that there are both polynomial-time solvable (easy) and NP-


omplete (diÆ
ult) versions of this problem depending on the parameter

graphH . The 
omplexity of the H-
over problem was further studied in [10,

11℄. Several in�nite 
lasses of both polynomial and NP-
omplete instan
es

were re
ognized, however, 
urrently no good 
onje
ture 
on
erning a good


hara
terization of graphsH , for whi
h theH-
over problem is polynomially

solvable, is at hand (assuming, of 
ourse, P6=NP).

At this point we would like to highlight two stru
tural theorems that
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provide an important tool for proving NP-hardness redu
tion from the H-


over problem to the H-partial 
over and the H-role assignment problems.

Theorem 1 ([7℄) Let G be a �nite graph and let H be a �nite 
onne
ted

graph. Suppose there is a lo
ally bije
tive homomorphism from G to H.

Then any lo
ally inje
tive homomorphism from G to H is lo
ally bije
tive,

i.e. a full 
over.

An similarly:

Theorem 2 ([12℄) Let G be a �nite graph and let H be a �nite 
onne
ted

graph. Suppose there is a lo
ally bije
tive homomorphism from G to H.

Then any lo
ally surje
tive homomorphism from G to H is lo
ally bije
tive,

i.e. a full 
over.

Let us remark that both of these theorems 
an be strengthened su
h

that instead of the existen
e of a full 
overing proje
tion it suÆ
es to as-

sume that both graphs have the same degree re�nement matrix (see [7, 12℄)

whi
h is a weaker 
ondition (see e.g. [10℄). The notion of degree re�nement

and of its matrix originated in the graph isomorphism theory and was very

useful in proving relationship between the existen
e of full and other 
over-

ing proje
tions. Sin
e this stru
ture 
an be 
omputed in polynomial time

(
f. Se
tion 4), it frequently parti
ipated in NP-hardness 
onstru
tions for

various graph 
overing problems.

In our study we involve the notion of the universal 
over instead of

the degree re�nement to link all these theorems together. This notion was

de�ned by Angluin in [2℄ in a study on 
ommon 
overs. We show, that by

use of this stru
ture we 
an generalize these two stru
tural theorems in a

uni�ed one, whi
h is moreover valid also for in�nite graphs G:

Theorem 3 Let G be a graph and let H be a �nite 
onne
ted graph. Sup-

pose there is a lo
ally surje
tive homomorphism g : G ! H and a lo
ally

inje
tive homomorphism h : G! H. Then both g and h are lo
ally bije
tive,

i.e. full 
overs.

The paper is organized as follows: The next se
tion provides de�nitions

used later. Our main result, Theorem 3, is proved in the third se
tion. Sev-

eral relationships between universal 
overs and degree re�nement matri
es

are dis
ussed in the last se
tion.

3



2 Preliminaries

If not stated otherwise we 
onsider simple graphs G = (V

G

; E

G

), i.e. with

no loops or multiple edges. Here V

G

is a vertex set and E

G

is an edge set,

i.e. a set of pairs of distin
t verti
es from V

G

. If the set V

G

is �nite then

we say that G is a �nite graph.

A walk in G is a �nite sequen
e of verti
es in whi
h any 
onse
utive

pair of verti
es forms an edge of G. If a walk A ends by the same vertex as

another walk B starts, we 
an 
on
atenate these two walks and denote the

resulting walk by A ÆB.

A path is a walk where ea
h vertex appears at most on
e. A graph is


alled 
onne
ted if for any pair of verti
es exists a �nite walk that 
onne
ts

them. It follows that su
h a �nite path also exists. A forest is a possibly

in�nite graph in whi
h any two verti
es are 
onne
ted by at most one �nite

path. A 
onne
ted forest is 
alled a tree.

The distan
e between two verti
es in a 
onne
ted graph is equal to the

length (the number of edges) of the shortest walk 
onne
ting these two

verti
es. It is obvious that su
h a walk is always a path. The diameter of a

�nite 
onne
ted graph G is equal to the maximum distan
e taken over all

pairs of verti
es of G.

We say that a walk A

0

is a forth-and-ba
k extension of A, if A

0

is formed

as A

1

Æ (u; v; u) Æ A

2

from the walk A of form A

1

Æ A

2

. In other words

walks A and A

0

are almost identi
al, only the edge (u; v) is traversed in two


onse
utive steps in the walk A

0


ompared to the walk A.

We de�ne an equivalen
e relation � on the 
lass of all �nite walks as

the symmetri
 and transitive 
losure of the forth-and-ba
k extension re-

lationship. Two walks are equivalent if both are obtained from the same

walk by a serie of forth-and-ba
k extensions. It is natural to represent ea
h

equivalen
e 
lass by a walk in whi
h no edge is traversed twi
e in two 
on-

se
utive steps. We use notation A = [B℄

�

to express the fa
t that the walk

A represents the 
lass 
ontaining the walk B.

With a 
onne
ted graph G we asso
iate its universal 
over T

G


on-

stru
ted as follows: Fix an arbitrary vertex u 2 V

G

. The vertex set V

T

G

of

the universal 
over 
onsists of all �nite walks in the graph G starting from

the vertex u, fa
torized by the relation �. Two su
h walks A and B form

an edge of T

G

, if A = [B Æ (u; v)℄

�

for some edge (u; v) of G, or equivalently,

if one of these two walks extends the other by a single edge at the end.

It is an easy observation that T

G

is in fa
t a tree. Moreover T

G

fully


overs G, be
ause the mapping f : T

G

! G su
h that f((u; : : : ; v)) = v is
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a lo
ally bije
tive homomorphism. Unless G itself is a �nite tree (in whi
h


ase T

G

is �nite and T

G

' G), T

G

is an in�nite graph.

The de�nition of T

G

is independent of the 
hoi
e of the initial vertex u

up to an isomorphism: If we initiate the 
onstru
tion of a universal 
over

T

0

G

in another vertex v we may de�ne an isomorphism f : T

G

! T

0

G

by

f(A) = [B ÆA℄

�

where B is an arbitrary walk from v to u in G.

3 Main result

In this se
tion we give a short proof of Theorem 3. Before we prove the

theorem we explore a relationship between 
overing proje
tions on graphs

and on their universal 
overs.

Let G and H be two simple 
onne
ted graphs and let f be an arbi-

trary homomorphism G ! H . We derive a mapping f

0

: V

T

G

! V

T

H

by

f

0

(A) = [(f(u

1

); f(u

2

); : : : ; f(u

n

))℄

�

, for A = (u

1

; u

2

; : : : ; u

n

). (Without

loss of generality we may assume that if verti
es of T

G

are walks starting in

the vertex u

1

, then the verti
es of T

H

are walks emanating from f(u

1

).)

Lemma 1 If a mapping f : V

G

! V

H

is a full or partial or surje
tive,

resp., 
overing proje
tion, then the mapping f

0

: V

T

G

! V

T

H

is also 
overing

proje
tion with the same lo
al 
onstraint (i.e. full or partial or surje
tive,

resp.).

Proof: To validate this statement it is suÆ
ient to observe that for an

arbitrary walk A = (u

1

; : : : ; u

n

), its neighborhood N

T

G

(A) is in one-to-one


orresponden
e to the neighborhood N

G

(u

n

) of the vertex u

n

in G.

When N

G

(u

n

) is mapped bije
tively onto N

H

(f(u

n

)), and N

T

G

(A) is in

one-to-one 
orresponden
e with N

G

(u

n

). Similarly N

T

H

(f

0

(A)) is in one-

to one 
orresponden
e with N

H

(f(u

n

)). The 
omposition of these three

relations is a bije
tive mapping between N

T

G

(A) and N

T

H

(f

0

(A)).

N

T

G

(A) ! N

G

(u

n

) �! N

H

(f(u

n

)) ! N

T

H

(f

0

(A))

The proof for inje
tive and surje
tive mappings f is analogous. �

Lemma 2 (i) Any lo
ally surje
tive homomorphism f from a graph G to a


onne
ted graph H is globally surje
tive.

(ii) Any lo
ally inje
tive homomorphism f from a 
onne
ted graph G to a

forest H is globally inje
tive.
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Proof: (i) Suppose a vertex v of H remains (globally) un
overed. Then v is


onne
ted by a path to some 
overed vertex of H and we get a 
ontradi
tion

with the lo
al surje
tivity of f along this path.

(ii) Suppose there are two verti
es u; v in G su
h that f(u) = f(v) in H .

As G is 
onne
ted, u and v are 
onne
ted by a path in G. This path must

be mapped by f to a 
y
le in H (whi
h is impossible if H is a forest). �

The next lemma 
ontains the 
ore argument of our paper.

Lemma 3 Let G be a 
onne
ted graph and let H be a �nite 
onne
ted graph.

Suppose there is a lo
ally surje
tive homomorphism g : G! H and a lo
ally

inje
tive homomorphism h : G ! H. Further let g

0

and h

0

be de�ned as

above. Then

� g and h are lo
ally bije
tive homomorphisms

� g

0

and h

0

are isomorphisms between the 
orresponding universal 
overs

T

G

and T

H

.

Proof: Consider the universal 
overs T

G

and T

H

for G and H . Due to the

previous lemma the derived mapping g

0

is a surje
tive 
overing proje
tion

from T

G

to T

H

and h

0

is a partial 
overing proje
tion between the same

graphs.

A

ording to Lemma 2 g

0

is globally surje
tive and h

0

is globally inje
tive.

Denote by d the diameter of the graph H . For a universal 
over T and a

vertex A 2 V

T

we denote byM(A) the set of all verti
es that are at distan
e

at most d + 1 from A. For any A the set M(A) indu
es a �nite subtree of

T .

Sele
t a vertex B 2 V

T

H

su
h that jM(B)j is maximal. Due to the global

surje
tivity of g

0

there exists a vertex A 2 V

T

G

su
h that g

0

(A) = B. Also

denote h

0

(A) = C.

Now we get

jM(A)j � jM(g

0

(A))j = jM(B)j � jM(C)j = jM(h

0

(A))j � jM(A)j (1)

The �rst inequality follows from the lo
al surje
tivity of g

0

, the se
ond

from the 
hoi
e of B and the third from the inje
tivity of h

0

.

Sin
e both sides of the inequality are the same, we get in fa
t the equality.

From jM(A)j = jM(g

0

(A))j follows that g

0

a
ts as an isomorphism be-

tween M(A) and M(g

0

(A)). The same holds for h

0

as well. Observe that

the set M(A) was sele
ted su
h that every vertex v of H appears as the
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last vertex of some walk A

v

2 M(g

0

(A)). Moreover the parti
ular A

v


an

be 
hosen su
h that all its neighbors are still inside M(g

0

(A)).

Sin
e g

0

restri
ted toM(A) was shown to be an isomorphism, we get that

for some A

u

2 M(A) with g

0

(A

u

) = A

v

the proje
tion g

0

maps bije
tively

N(A

u

) onto N(A

v

). From this immediately follows that the mapping g a
ts

as a bije
tion between N(u) and N(v) = N(g(u)).

The last argument holds for any vertex u, so we have derived that g is

a lo
ally bije
tive homomorphism, i.e. a full 
overing proje
tion between G

and H . By a substitution of h instead of g the same result 
an be derived

also for the mapping h.

By Lemma 2 any lo
ally bije
tive homomorphism between two trees is

an isomorhism. �

To get the proof of Theorem 3 we apply Lemma 3 separately on ea
h


omponent of G.

By a similar argument we 
an get the following 
orollary.

Corollary 1 Let G and H be 
onne
ted graphs and let H be �nite. If the

two universal 
overs T

G

and T

H

of G and H are isomorphi
 then any lo
ally

inje
tive or lo
ally surje
tive homomorphism from G to H is lo
ally bije
tive.

Proof: The statement follows from the fa
t that any lo
ally surje
tive or

lo
ally inje
tive graph homomorphism between the two isomorphi
 trees T

G

and T

H

is lo
ally bije
tive.

The proof of this assertion mimi
s the proof of Lemma 3. We sele
t

B 2 V

T

H

whi
h maximizes jM(B)j and adjust equation (1) so it uses the tree

isomorphism instead one of the two lo
ally 
onstrained homomorphisms.

The remaining argumentation follows the same guidelines. �

4 Con
luding remarks

Remarks on �niteness. Observe that the �niteness of the graph H is ne
-

essary. A 
ounterexample 
an be 
onstru
ted as follows: Take G = H =

(N; f(i; i+1) : i 2 Ng) and the mapping h : V

G

! V

H

su
h that h(i) = i+1.

Then h is lo
ally inje
tive but not lo
ally bije
tive.

It does not make any sense to 
onsider the 
ase when G is �nite and

H is in�nite and 
onne
ted sin
e then no lo
ally surje
tive homomorphism

from G to H exists. This follows immediately from Lemma 2 part (i).
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Universal 
over versus degree re�nement. We have already mentioned that

in [7, 12℄ results were derived by use of so 
alled degree re�nement matrix.

At this pla
e we would like to relate this notion to our results. First let us

brie
y review the de�nition of degree re�nement.

The degree partition of a (�nite) graph G is a partition of its verti
es

into the minimum number of sets S

1

; : : : S

t

for whi
h there are 
onstants r

i;j

su
h that for every 1 � i; j � t, every vertex in S

i

is adja
ent to r

i;j

verti
es

in S

j

. The degree re�nement of G is the t� t matrix R = (r

i;j

). Two degree

re�nements R

1

; R

2

are 
onsidered as the same if there is a permutation

matrix P su
h that R

1

= P

T

R

2

P: The degree re�nement matrix 
an be

easily 
omputed (see e.g. [13℄).

Now let us quote a theorem of Leighton whi
h relates our results to the

notion of degree re�nement:

Theorem 4 ([13℄) Given any two �nite 
onne
ted graphs G and H, the

following 
onditions are equivalent:

(i) G and H share a 
ommon �nite full 
over,

(ii) G and H have the same universal 
over (i.e. T

G

' T

H

)

(iii) G and H share a 
ommon (possibly in�nite) full 
over,

(iv) G and H have the same degree re�nement.

Hen
e, in Corollary 1, our assumption T

G

' T

H


an be repla
ed by

any of the equivalent 
onditions from Theorem 4. This implies that our

approa
h and that of [7, 12℄ are in fa
t build on the same essen
e.
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