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Abstra
t. We show that all graphs with a simple extension prop-

erty are proje
tive. As a 
onsequen
e of this result we settle in the

aÆrmative a 
onje
ture of Larose and Tardif and 
hara
terize all ho-

mogeneous graphs whi
h are proje
tive.

1. Introdu
tion

For graphs G, H , a homomorphism f : G ! H is a map f : V (G) !

V (H), for whi
h ff(x); f(y)g 2 E(H) whenever fx; yg 2 E(G). An opera-

tion (polymorphism in [1, 4, 12℄) on H is any homomorphism f : H

n

! H ,

for some n � 1. Here H

n

= H � : : : �H is the dire
t produ
t de�ned on

V (H) � : : : � V (H) 
oordinatewise. (Alternatively, H

n


an be de�ned as

the maximal graph on the set V (H) � : : : � V (H) with the property that

all proje
tions �

i

: (x

1

; : : : ; x

n

) ! x

i

are homomorphisms.) Larose and

Tardif [8℄ de�ned (in the analogy with posets) proje
tive graphs as graphs

for whi
h any idempotent operation (i.e., any homomorphism f : H

n

! H

whi
h satis�es f(x; : : : ; x) = x) is a proje
tion. They also asked if most

graphs on a large set are proje
tive.

In this note we show that all graphs with a natural extension property

are proje
tive. Sin
e almost all graphs on n verti
es have good extension

properties, this result implies that the fra
tion of all graphs on n verti
es

whi
h are proje
tive tends to one as n tends to in�nity. Another 
onsequen
e

of our theorem is the 
hara
terization of all homogeneous proje
tive graphs.
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2. Fair graphs

We say that a graph H is fair if for any two sets A, B, of verti
es of H ,

su
h that A � B, jAj � 2, jBj � 5, and A is independent, there exists a

vertex v of H adja
ent to all verti
es from A and to no verti
es from B nA.

Our main result states that ea
h fair graph, �nite or in�nite, is proje
tive.

Theorem 1. Every fair graph is proje
tive.

Proof. Our argument is based on the following non-trivial result of Larose

and Tardif [8℄.

Theorem 2. A graph H is proje
tive if and only if it is 2-proje
tive; i.e.,

if the only homomorphism f : H � H ! H satisfying f(v; v) = v is a

proje
tion.

Thus, let H be fair graph and let a homomorphism f : H �H ! H be

su
h that f(v; v) = v for every v 2 V (H). Let us start with the following

observation.

Claim 1. If f(v; w) = u for some v; w; u 2 V (H), then either v = u, or

w = u.

Proof. Suppose that u =2 fv; wg and v is not adja
ent to w. Sin
e H is fair,

there exists a vertex t 2 V (H) whi
h is adja
ent to both v and w and is

not adja
ent to u. Then verti
es (v; w) and (t; t) are adja
ent in H �H but

u = f(v; w) is not adja
ent to t = f(t; t), whi
h 
ontradi
ts the fa
t that f

is a homomorphism.

Now let u 6= v; w and fv; wg 2 E(H). Sin
e H is fair, there are two

di�erent non-adja
ent verti
es v

0

; w

0

2 V (H) n fv; w; ug su
h that the only

edges between sets S = fv; w; ug and T = fv

0

; w

0

g, are fv; v

0

g and fw;w

0

g.

Sin
e f(v; w); (v

0

; w

0

)g 2 E(H � H), the verti
es u and u

0

= f(v

0

; w

0

) are

adja
ent in G. But in this 
ase the vertex u

0

must be di�erent from both

v

0

and w

0

, whi
h, sin
e fv

0

; w

0

g =2 E(H), 
ontradi
ts the �rst part of the

proof. �

Claim 2. If for v; w 2 V (H), v 6= w, we have f(v; w) = v, then f(r; s) = r

for every r; s 2 V (H).

Proof. First let us prove the 
laim under additional assumptions that all

verti
es v; w; r; s are di�erent and H 
ontains no edges between the sets

U = fv; wg and W = fr; sg. Claim 1 implies that f(r; s) is equal to either r

or s. Let us suppose then that f(r; s) = s. Sin
e H is fair, there are verti
es

�s 6= v; w and �v 6= r; s, su
h that �s is adja
ent to v and r, but not to s, while
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�v is adja
ent to s and w, but not to v. Then (�s; �v) is adja
ent in H � H

to both (v; w) and (r; s), so f(�s; �v) must be adja
ent in H to both v and s.

However, neither �s nor �v have this property, whi
h 
ontradi
ts Claim 1.

Now let v; w; r; s 2 V (H) be su
h that v 6= w and f(v; w) = v. Sin
e H

is fair, there are two di�erent verti
es t; u of H whi
h are adja
ent to none

of verti
es v; w; r; s. Thus, applying twi
e the argument from the �rst part

of the proof we infer that f(t; u) = t and f(r; s) = r. �

Now Theorem 1 is an immediate 
onsequen
e of Claim 2. �

Let us remark that the proje
tivity of the graph G follows already from

Claim 1 as proved in [8℄. However under stronger assumption of fairness we

have an easy proof of this fa
t.

It is well known and easy to 
he
k that the probability that a graph G

n


hosen at random from the family of all graphs with vertex set f1; 2; : : : ; ng is

fair tends to 1 as n!1 (see, for instan
e, the proof of Theorem 10.5 in [5℄),

so Theorem 1 implies that G

n

is asymptoti
ally almost surely proje
tive.

Theorem 3. The probability that the random graph G

n

is proje
tive tends

to 1 as n!1. �

Remark. Sin
e the probability that G

n

is rigid tends to one as n ! 1,

the above result implies that with probability 1 � o(1) the random graph

G

n

is also strongly rigid (for the de�nitions and dis
ussion of these notions

see [10, 12℄).

Some parti
ular graphs are of independent interest. For example, the

proje
tivity of 
omplete graphs emerges naturally in the analysis of uniquely


olorable graphs. The fa
t that a �nite 
omplete graph is proje
tive was

observed by V. M�uller [9℄ (see also [11℄ for an easy proof whi
h applies

to a more general 
lass of �nite graphs). Here we give yet another simple

argument whi
h shows that a 
omplete graph of any 
ardinality is proje
tive.

Proposition 4. Every �nite or in�nite 
omplete graph with at least 3 ver-

ti
es is proje
tive.

Proof. Let f : K

�

�K

�

! K

�

be a homomorphism su
h that f(v; v) = v

for ea
h v 2 V (K

�

). We show �rst that for every u 2 V (K

�

) the set

f

�1

(u) is 
ontained in one line, i.e., either f

�1

(u) � fug � V (K

�

), or

f

�1

(u) � V (K

�

)� fug.

Indeed, suppose that this is not the 
ase and there exist (v; w); (r; s) 2

V (K

�

)� V (K

�

) and u 2 V (K

�

) su
h that f(v; w) = f(r; s) = u, and pairs

(v; w); (r; s) do not lie on one line. This means that v 6= r and w 6= s; but
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then f(v; w); (r; s)g is an edge of K

n

�K

n

mapped by f into a loop at the

vertex u 
ontradi
ting the fa
t that K

�


ontains no loops. Hen
e, for every

u 2 V (K

�

), f

�1

(u) is 
ontained in a line.

Now take two verti
es v

0

; v

00

2 V (K

�

), v

0

6= v

00

. Then, sin
e f(v

0

; v

0

) =

v

0

and f(v

00

; v

00

) = v

00

, we have f(v

0

; v

00

) 2 fv

0

; v

00

g; let us assume that

f(v

0

; v

00

) = v

0

. Take any v

000

2 V (K

�

), v

000

6= v

0

, and suppose that f(v

0

; v

000

) =

v

000

. Then any 
hoi
e of f(v

000

; v

0

) would 
ontradi
t the assumption that

ea
h of the sets f

�1

(v

0

) and f

�1

(v

000

) is 
ontained in one line. Hen
e, for

all u 2 V (K

�

), we have f(v

0

; u) = v

0

, i.e., f

�1

(v

0

) = fv

0

g � V (K

�

). Thus,

for every v 2 V (K

�

), the set f

�1

(v) is a full line, whi
h 
learly implies that

f is a proje
tion. �

As another 
onsequen
e of Theorem 1 we 
hara
terize all proje
tive ho-

mogeneous graphs. A 
ountable graph G is 
alled homogeneous (sometime

ultrahomogeneous) if any partial isomorphism between two �nite subgraphs

of G extends to an isomorphism of G. All homogeneous undire
ted graphs

were 
lassi�ed by La
hlan and Woodrow [7℄ as follows. The �nite homoge-

neous graphs are: 
omplete graphs K

n

; their 
omplements { empty graphs

D

m

; balan
ed n-partite graphs on nm verti
es K

n

[D

m

℄; the 
omplements of

K

n

[D

m

℄; and two 'spe
ial' graphs: the 
y
le C

5

and the Window graph W

whi
h is the line graph of K

3;3

. The in�nite homogeneous graphs are: 
om-

plete graphs; empty graphs; the Rado graph whi
h is the (unique) example

of random in�nite 
ountable graph; graphs U

k

, k � 3, whi
h are universal

and homogeneous K

k

-free graphs, uniquely determined by the amalgama-

tion property of the 
lass Forb(K

k

) of all �nite K

k

-free graphs (U

k


an be


onstru
ted as Fraiss�e limit of this 
lass; see, for instan
e, [3, 7℄); and the


omplements of U

k

.

From the above result of La
han and Woodrow and Theorem 1 we obtain

the following 
hara
terization of homogeneous proje
tive graphs.

Theorem 5. The family of all proje
tive homogeneous undire
ted graphs


onsists of the following elements:

(i) two spe
ial graphs C

5

and W ;

(ii) 
omplete graphs;

(iii) graphs U

k

, k � 2, and their 
omplements;

(iv) the Rado graph.

Proof. Note �rst that ea
h proje
tive graph is 
onne
ted and its verti
es


an be distinguished by their neighbourhood. It rules out all �nite homo-

geneous graphs ex
ept of two spe
ial graphs and 
omplete graphs. C

5

is
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proje
tive by [8℄, the fa
t that the graph W is proje
tive 
an be veri�ed by

a dire
t inspe
tion, similar to that given in [8℄. The 
omplete graphs are

proje
tive by Proposition 4. Finally all graphs U

k

, k � 3, and Rado graph,

are easily seen to be fair. The 
omplementary graphs are handled easily

by the 
omplenetary fairness property as in Theorem 1. Thus the assertion

follows. �

We 
on
lude this note with two remarks. First we observe that a simi-

lar argument 
an be used to other 
ountable universal graphs of the type

Forb(F) where F is a set od `forbidden' subgraphs, as well as to some other

stru
tures (su
h as oriented graphs, posets and relational stru
tures). More-

over, a

ording to La
hlan [6℄ (see also [2℄) the homogeneous stru
tures are

of two types: the stable and unstable ones. In the undire
ted graph 
ase the

unstable ones are formed by U

k

, their 
omplements, and the Rado graph; all

other homogeneous graphs are stable. Thus our result seems to suggest that

all unstable stru
tures tend to be proje
tive while the stable proje
tive ones

perhaps 
ould be 
hara
terized (it is possible at least for some parti
ular


ases like oriented graphs). We shall return to this problem elsewhere.
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