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Abstra
t

We show the number of triangles of G

n;

1

2

is almost uniformly dis-

tributed among residue 
lasses modulo q, where q is a prime number

bounded by �(log n). This implies a 
onsequen
e of a 
onje
ture

of Bollob�as, Pebody and Riordan (that almost every random graph

G

n;

1

2

is uniquely determined by its Tutte polynomial): almost every

pair of independently 
hosen random graphs G

n;

1

2

has di�erent Tutte

polynomials.

1 Introdu
tion

The Tutte polynomial of a graph G = (V;E) is the bivariate polynomial

T (G;x; y) =

X

A�E

(x� 1)

r(E)�r(A)

(y � 1)

jAj�r(A)

;

where r(A) = jV j � k(A) and k(A) denotes the number of 
omponents of

the graph (V;A).

It is 
lear that two isomorphi
 graphs have the same Tutte polynomial.

On the other hand, there are examples of non-isomorphi
 graphs with the

same Tutte polynomial (see [3, 1℄). In this 
ontext, the question of how

mu
h information about the graph its Tutte polynomial 
ontains is natural.

A random graph G

n;

1

2

, for n natural number, is a graph on an n element

vertex set su
h that any pair of verti
es forms an edge with probability

1

2

independently of other pairs. Let G

n;

1

2

denote the 
orresponding probability

�
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spa
e. Note that su
h a random graph dense; the expe
tation of the number

of edges is

1

2

�

n

2

�

and the expe
tation of the number of triangles is

1

8

�

n

3

�

. The

following 
onje
ture was presented in [1℄.

Conje
ture 1.1 Almost every graph G 2 G

n;

1

2

is su
h that T (G;x; y) =

T (G

0

;x; y) implies G

�

=

G

0

.

The main result of this paper stated below implies a weaker result.

Theorem 1.2 There are numbers q

0

and n

0

and a fun
tion f 2 �(logn)

su
h that for any n > n

0

, any prime number q, q

0

< q < f(n), and any


hoi
e of k 2 f0; 1; : : : ; q � 1g the probability that a random graph G

n;

1

2


ontains k triangles modulo q is q

�1

(1 + o(1)).

Sin
e the number of triangles of any simple graph 
an be easily derived

from its Tutte polynomial, we 
an state this easy 
onsequen
e of Theo-

rem 1.2.

Corollary 1.3 The probability that two independently 
hosen random graphs

G

n;

1

2

have the same Tutte polynomial is of order O(1= logn).

The another open problem is to �nd or to prove an existen
e of a family


ontaining almost every graph su
h that the Tutte polynomial distinguish

any pair of graphs inside this family. Solving this problem aÆrmatively

may give us better understanding and a hope for positive answer to the

Conje
ture 1.1.

2 Counting 2-paths

Let G be a random graph from G

n;

1

2

with the vertex set V . Let V

1

be a

set of

�

n

4

�

pairs of verti
es V

1

= fu

1

; v

1

; u

2

; v

2

; : : : ; u

b

n

4




; v

b

n

4




g (suppose n

large enough) and let V

2

be a subset of V � V

1

. Denote the size of V

2

by

l. Fix a pair u

i

; v

i

of verti
es of V

1

. For w 2 V

2

, let X

w

be an indi
ator

of the existen
e of both edges fu

i

; wg and fv

i

; wg. Then X =

P

w2V

2

X

w


ounts the number of 2-paths 
onne
ting verti
es fu; vg and having the

middle vertex in V

2

. Note that the probability of su
h a path through a

�xed vertex w is

�

1

2

�

2

. Denote by p

j

(l) the probability that X = j. Sin
e

edges from distin
t verti
es of V

1

going to V

2

are independent, the number

2



of su
h 2-paths is independent for distin
t pairs of verti
es of V

1

, and p

j

(l)

is also independent of the exa
t 
hoi
e of V

2

.

Assume q to be an arbitrary �xed integer greater than 1 and smaller than

n. Denote by s

i

(l) =

P

j�i(mod q)

p

j

(l) the probability that the number of


onne
ting 2-path is equal to i modulo q.

Lemma 2.1 Let 1 � q < n. There exists a number 
 = 
(q) > 0 su
h that

s

i

(l) � 
 for i = 0; 1; : : : ; q � 1 and l � q � 1.

Proof: Using the re
ursion p

i

(l) =

1

4

p

i�1

(l� 1)+

3

4

p

i

(l� 1) one 
an derive

s

i

(l) =

1

4

s

i�1

(l � 1) +

3

4

s

i

(l � 1) (where s

�1

(l) means s

q�1

(l)).

It is easy to observe that if s

i

(l

0

) � 
 for all possible i's and some l

0

and 
, then also s

i

(l) � 
 for all l � l

0

. Note that s

i

(q � 1) = p

i

(q � 1),

and 
learly, ea
h p

i

(q � 1) �

�

1

4

�

q�1

. Hen
e for any l � q � 1 and any

i = 1; 2; : : : ; q � 1 we have s

i

(l) �

�

1

4

�

q�1

. By setting 
(q) =

�

1

4

�

q�1

we


omplete the proof.

�

Lemma 2.2 Let n be suÆ
iently large natural number. Then with probabil-

ity at least 1�

1

15

�

log

2

n

n

1=3

a graph G 2 G

n;

1

2

has, for any q � q

0

= blog

2

n

1=3


,

disjoint pairs u

k

; v

k

of verti
es of G (k = 1; 2; : : : ; q � 1) where the number

of 2-paths 
onne
ting u

k

and v

k

is k modulo q.

Proof: Let V

1

be the set of

�

n

4

�

pair of verti
es as des
ribed above and let

V

2

= V �V

1

. We want to 
hose pairs u

k

; v

k

from the pairs of verti
es forming

V

1

. By Lemma 2.1 the probability that the number of 2-paths 
onne
ting u

i

and v

i

is equal to k modulo q is at least 
(q) for any k = 0; 1; : : : ; q� 1 (and

hen
e at most 1�(q�1)
(q)). Moreover, these probabilities are independent

for distin
t pairs u

i

; v

i

and u

j

; v

j

.

Denote the event that there is a pair u

i

; v

i

(among the pairs from V

1

)


onne
ted by exa
tly k 2-paths (
ounted modulo q) by Y

k

(Y

k

= 1 if su
h

a pair exists, Y

k

= 0 otherwise). Then the probability P [Y

1

; Y

2

; : : : ; Y

q�1

℄

is equal to 1 � P

�

9k : Y

k

�

. Assume the edges inside V

1

are �xed. The

probability that verti
es u

i

; v

i

are 
onne
ted by k 2-paths is s

i

0

(jV

2

j), where

i

0

is su
h that the number of 2-paths with the middle vertex inside V

1

plus i

0

is equal to k modulo q. Hen
e P

�

Y

k

�

=

Q

b

n

4




i=1

(1�s

i

0

(jV

2

j)) � (1�
(q))

b

n

4




.

P

�

9k : Y

k

�

�

q�1

X

k=1

P

�

Y

k

�

�

q�1

X

k=1

(1� 
(q))

b

n

4




= (q � 1)(1� 
(q))

b

n

4




:
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Let q

0

= blog

2

n

1=3


. Sin
e q � q

0

and 
(q) � 
(q

0

) we 
an bound

P

�

9k : Y

k

�

� q

0

(1� 
(q

0

))

b

n

4




= q

0

�

1� 
(q

0

)

2

�

b

n

4




(1 + 
(q

0

))

b

n

4




�

�

q

0

(1 + 
(q

0

))

b

n

4




�

q

0

1 +

�

n

4

�


(q

0

)

:

From Lemma 2.1 we have 
(q

0

) =

�

1

4

�

q

0

�1

�

�

1

4

�

logn

1=3

= 2

�2 logn

1=3

=

n

�2=3

. Hen
e

P

�

9k : Y

k

�

�

logn

1=3

1 +

�

n

4

�

n

�2=3

�

logn

1=3

n

5

n

�2=3

=

1

15

logn

n

1=3

:

�

3 Proof of the Theorem

Using the results of [2℄ we 
an state the following useful proposition.

Proposition 3.1 Let q be a suÆ
iently large prime number; then the num-

ber of subsets S � f1; 2; : : : ; q � 1g su
h that the sum

P

i2S

i � k mod q is

2

q�1

q

�1

(1 + o(1)) for any k = 0; 1; : : : ; q � 1.

Combining the result of Lemma 2.2 with the previous proposition we


an prove Theorem 1.2.

Proof of Theorem 1.2: Let us 
onsider a graph G 2 G

n;

1

2

. It is possible

to �nd disjoint pairs of verti
es u

i

; v

i

su
h that the number of 
onne
ting

2-paths between u

i

and v

i

is equal to i modulo q for all i = 1; 2; : : : ; q � 1

with probability at least 1�

1

15

logn

n

1=3

. Let us de�ne graphs G

S

for any S �

f1; 2; : : : ; q � 1g obtained from G by adding all edges fu

i

; v

i

g with i 2 S (if

they are not in G) and by deleting all edges fu

i

; v

i

g with i 62 S (if they are

in G). The probability of all G

S

in the probability spa
e G

n;

1

2

is the same.

From now on, all 
omputation will be done modulo q. Let t

0

be the

number of triangles of G

;

. Sin
e the pairs u

i

; v

i

are disjoint, edges fu

i

; v

i

g

do not a�e
t the number of 2-paths between these pairs. Then the number

of triangles of G

S

is t

0

+

P

i2S

i. By Proposition 3.1, the probability that

4



the number of triangles of G

S

is equal to k modulo q is q

�1

(1+o(1)), where

S is 
hosen randomly so that ea
h element is 
hosen independently with

probability

1

2

.

Now, 
onsider an arbitrary ordering of pairs of verti
es and to ea
h graph

G 2 G

n;

1

2

assign (if possible) the pairs u

i

; v

i

, i = 1; 2; : : : ; q � 1, des
ribed

above whi
h are minimum in the �xed ordering. Note that graphs G

1

and

G

2

are assigned the same pairs u

i

; v

i

and are identi
al on all other pairs if

and only if they are G

S

1

and G

S

2

for some G and S

1

; S

2

� f1; 2; : : : ; q� 1g.

Hen
e they have the same probability in G

n;

1

2

.

Up to a

�

1

15

logn

n

1=3

�

-fra
tion, we have partitioned the graphs of G

n;

1

2

into


lasses of equal size su
h that in ea
h 
lass the number of triangles 
omputed

modulo q is almost uniformly distributed. Sin
e

logn

n

1=3

tends to 0 for n going

to in�nity, we 
an 
on
lude that the probability that G

n;

1

2


ontains exa
tly

k triangles modulo q is q

�1

(1 + o(1)) for any k = 0; 1; : : : ; q � 1.

�
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