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Abstra
t. We investigate Heyting varieties determined by prohibi-

tion of systems of 
on�guraations in Priestley duals; we 
hara
terize

the 
on�guration systems yielding su
h varieties. On the other hand,

the question whether a given �nitely generated Heyting variety is ob-

tainable by su
h means is solved for the spe
ial 
ase of systems of

trees.

Priestley duality provides a 
orresponden
e between bounded distributive

latti
es and 
ertain ordered topologi
al spa
es. (See [11℄ and [12℄, and for

an elementary exposition [4℄.) In a previous arti
le [2℄ we showed, among

other things, that the 
lass of all Heyting algebras whose Priestley spa
es


ontain no 
opy of a given single (�nite) 
on�guration formed a variety i�

the 
on�guration was a tree.

Consequently, prohibiting any system of trees presents a Heyting variety

as well. But if a system of prohibited 
on�gurations has more than one

element, it need not 
onsist of trees alone, or be repla
eable by su
h, to yield

a variety. One of our two main results 
hara
terizes just su
h 
on�guration

systems.

Our other major result addresses the opposite question: given a variety,

when 
an it be obtained by prohibiting a system of trees? (The general

question of when a variety results from the prohibition of any system of


on�gurations is beyond the s
ope of this arti
le.) We present a 
omplete


hara
terization for the 
ase of �nitely generated varieties; spe
ial 
onsid-

eration is given to varieties generated by a single obje
t.

The se
ond author would like to express his thanks for the support by the proje
t LN

00A056 of the Ministry of Edu
ation of the Cze
h Republi
, by the NSERC of Canada

and by the Gudder Trust of the University of Denver.

The third author would like to express his thanks for the support by the NSERC of

Canada and a partial support by the proje
t LN 00A056 of the Ministry of Edu
ation of

the Cze
h Republi
.

1



There are two topi
s that we needed to dis
uss in some detail, in our


ontext for more or less te
hni
al purposes, but these subje
ts may be of

some interest in their own right. One of them is the nature of the Priestley

equivalents of Heyting homomorphisms, and the other is the order stru
ture

of 
oprodu
ts of Priestley spa
es, a topi
 whi
h in general seems to be far

from fully understood. To ea
h of these we devote a spe
ial se
tion.

1. Preliminaries

1.1. General. No spe
ial knowledge of 
ategory theory|beyond no-

tions su
h as fun
tor, produ
t or 
oprodu
t|is assumed. More general

(
o)limits and the 
omma-
onstru
tion 
ome in remarks and are not essen-

tial for the main text. ([9℄, [1℄)

From universal algebra we assume the notion of variety and Birkho�'s

Theorem. Subdire
t irredu
ibility and J�onsson's Lemma are also mentioned,

again mostly in remarks. ([3℄)

From topology, the reader is assumed to be a
quainted with the standard

properties of 
ompa
t Hausdor� spa
es and with the Stone-

�

Ce
h 
ompa
t-

i�
ation. ([6℄)

1.2. Distributive latti
es and Heyting algebras. Distributive lat-

ti
es are assumed to have a bottom element 0 and a top element 1, and the

homomorphisms are assumed to preserve them. The resulting 
ategory will

be denoted by

DLat:

In the 
ategory of Heyting algebras, posessing a binary operation! satis-

fying a ^ b � 
 i� a � b! 
, the homomorphisms also preserve the extra

operation. Thus, the resulting 
ategory

Hey

is not a full sub
ategory of DLat. Note, however, that the produ
ts in Hey

are the same as in DLat, namely the standard 
artesian produ
ts.

1.3. Filters and ideals. Filters and ideals in a distributive latti
e L

will always be non-void and proper (6= L). Re
all that ea
h ideal (�lter) is


ontained in a prime one. Moreover, if J \ F = ; for an ideal J and �lter

F , then there exist both a prime ideal J

0

� J and a prime �lter F

0

� F

su
h that J

0

\ F

0

= ;.
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1.4. Posets. Finite posets are sometimes referred to as 
on�gura-

tions and typi
ally denoted by P;Q;R, while for general posets we use

X;Y; Z. The set of all minimal (maximal) elements in X is denoted by

minX (maxX). If M is a subset of (X;�) we write

#M = fx j 9y 2M; x � yg and "M = fx j 9y 2M; x � yg;

and M is said to be de
reasing, or a down-set (in
reasing, or an up-set)

if M =#M (M ="M). We abbreviate " fxg and # fxg to "x and #x,

respe
tively.

In the �nite 
ase we denote by wd(P ) (the width of P ) the maximum

size of an anti
hain (independent set) in P , and ht(P ) (the height of P ) the

maximum length n of a 
hain x

0

< x

1

< � � � < x

n

in P . Re
all Dilworth's

Theorem stating that jP j � ht(P ) � wd(P ).

The immediate su

essor relation (the fa
t that x < y and if x � z � y

then x = z or z = y) will be denoted by x � y.

A poset P is a forest if "x is a 
hain for ea
h x 2 P . A (�nite) P is said

to be sharp if it has a top element, denoted by >

P

. Trees are sharp forests;

here they will typi
ally be denoted by T .

1.5. Priestley duality (see e.g. [11℄,[12℄). A Priestley spa
e is an

ordered 
ompa
t Hausdor� spa
e X su
h that if x � y then there is a 
lopen

down-set U su
h that x =2 U 3 y. Note that this sort of separation entails

the Hausdor� property. Priestley maps are monotone and 
ontinuous; the

resulting 
ategory will be denoted by

PSp:

Contravariant fun
tors P : DLat! PSp and D : PSp! DLat are de�ned

by

P(L) = (fx j x is a prime ideal in Lg;�; �); P(h)(x) = h

�1

(x)

D(X) = (fa j a is a 
lopen down-set in Xg;\;[); D(f)(a) = f

�1

(a):

Note that �nite posets 
orrespond as �nite Priestley spa
es pre
isely to

�nite distributive latti
es, and hen
e to �nite Heyting algebras; the maps

in the Heyting 
ase are more spe
ial, see Se
tion 2. Finite sharp posets


orrespond pre
isely to subdire
tly irredu
ible �nite Heyting algebras.

1.6. Representing and prohibiting 
on�gurations. We say that P

is represented in X , and write P ,! X , if there is a map f : P ! X su
h
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that x � y i� f(x) � f(y). If there is no su
h map we write P ,!j X . If P

is a 
lass of 
on�gurations we set

F(P) = fX j 8P 2 P; P ,!j Xg � PSp:

1.7. Some spe
ial posets.

Posets D(n; k) and T (n; k) are both de�ned on the set

f>g [ (f1; 2; : : : ; kg � f1; 2; : : : ; ng);

ordered in the �rst 
ase by (i; j) < > and (i; j) � (i

0

; j

0

) i� either (i; j) =

(i

0

; j

0

) or i > i

0

, and in the se
ond 
ase by (i; j) < > and (i; j) � (i

0

; j

0

)

i� i > i

0

and j = j

0

. The \broom" B(n; k) is the subposet of D(n; k + 1)


onsisting of the top element > together with those pairs (i; j) su
h that

j = 1 whenever i � k.

Finally, the \fork" F , the \hook" H , the \diamond" D, N and M are as

in the following pi
ture, in that order.

e

e

e

e

�

�

�

�

e

e e

e

�

�

e

e

e

e

�

�

�

�

�

�

�

�

k

k

e

k

k




a

b

d

�

� �

�

H

H

H

e

e

e

e

e

e

�

�

�

�

�

�

Of 
ourse F is B(1; 2). The labeling of N is intentional and will be used in

6.12.

2. h-spa
es and h-maps

2.1. It is a well-known fa
t that a Priestley spa
e X is isomorphi
 to a

P(H) for a Heyting algebra H i�

whenever U � X is 
lopen then also "U is 
lopen.

Priestley spa
es with this property will be referred to as h-spa
es. Further-

more, the Priestley maps f : X ! Y 
orresponding to Heyting homomor-

phisms, hen
eforth 
alled h-maps, are known to be 
hara
terized by the

formula

f(#x) =#f(x) for every x 2 X .

The resulting sub
ategory of PSp will be denoted by

HPSp:
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2.2. The one-one h-maps 
orrespond pre
isely to the Heyting onto ho-

momorphisms. The following is an immediate

Observation. A Priestley embedding j : X � Y is an h-map i� X is


losed and X = #X.

This situation will be indi
ated by

X < Y:

2.3. The onto h-maps, whi
h will be referred to as h-quotients, 
orre-

spond pre
isely to the one-one Heyting homomorphisms. The existen
e of

an h-quotient Y ! X will be indi
ated by

X < Y:

2.3.1. An h-
ongruen
e on a �nite poset P is an equivalen
e � su
h that

(1) x � y � z and x � z implies x � y � z,

(2) if x � y � y

0

then there is an x

0

� x su
h that x

0

� y

0

.

Proposition. A relation � on P is an h-
ongruen
e i� there is an h-

quotient f : P ! Q su
h that

x � y � f(x) = f(y):

Proof. ( is immediate.

): Let � be an h-
ongruen
e. Denote by [x℄ the equivalen
e 
lass 
on-

taining x and set [x℄ � [y℄ i� [y℄ �"[x℄. Then � is obviously re
exive and

transitive, and if [x℄ � [y℄ � [x℄ there are y

0

� y and x

0

� x su
h that

x � y

0

� x

0

, and x

0

� y

0

� x by (1). Thus � is a partial order on

Q = P= �. Consider the mapping f = (x 7! [x℄) : P ! Q. If x � y and

y � y

0

we have by (2) an x

0

2 [x℄ su
h that x

0

� y

0

; thus [x℄ � [y℄ and f

is monotone. Finally, if [x℄ � [y℄ = f(y), that is, [y℄ � "[x℄, we have an

x

0

2 [x℄ su
h that x

0

� y, and f(x

0

) = [x

0

℄ = [x℄. �

2.4. Lemma. Let either Q < P or let there be a monotone one-one

map j : Q! P . Then ht(Q) � ht(P ).

Proof. Let f : P ! Q be an h-quotient and 
onsider x

n

� x

n�1

�

� � � � x

1

in Q. Then we 
an indu
tively 
hoose y

1

; : : : ; y

n

in P su
h that

f(y

i

) = x

i

and su
h that y

n

< y

n�1

< � � � < y

1

. Extend this 
hain to a

maximal one. The se
ond statement is trivial. �
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2.5. Write

Q << P

if there is an R su
h that Q < R < P .

Lemma. Let P;Q be sharp with ht(P ) = ht(Q). Then Q << P i�

Q < P .

Proof. Let Q < R < P with h-quotient f : P ! R, and identify Q

with a down-set in R. Then by 2.4 ht(Q) � ht(R) � ht(P ) = ht(Q), hen
e

>

R

= >

Q

and R = #>

R

= Q = f(P ). �

2.6. Let P be a �nite poset. The universal 
over

e

P of P is the poset

(fx

n

x

n�1

� � �x

1

j x

k+1

� x

k

; x

1

maximalg;�)

with

� � � i� � is an extension of �:

De�ne 


P

:

e

P ! P by setting 


P

(x

n

� � �x

1

) = x

n

. We have the straightfor-

ward

2.6.1. Observations. 1.

e

P is a forest and it is a tree i� P is sharp.

2. 


P

:

e

P ! P is an h-quotient.

2.6.2. Lemma. Let f : X ! Y be an h-quotient and let g : P ! Y be

monotone. Then there is a monotone h :

e

P ! X su
h that f � h = g � 


P

.

Proof. For a maximal x 2 P 
hoose h(x) 2 X su
h that fh(x) = g(x).

Now let h(x

n

� � �x

1

) be already 
hosen so that fh(x

n

� � �x

1

) = g(x

n

). If

x

n+1

x

n

� � �x

1

2

e

P we have g(x

n+1

) � g(x

n

) and hen
e we 
an 
hoose

h(x

n+1

x

n

� � �x

1

) = z su
h that z � g(x

n

) and f(z) = g(x

n+1

). �

2.7. A poset Q is a 
over of P if there is a monotone Æ : Q ! P and

an onto monotone ' :

e

P ! Q, su
h that Æ � ' = 


P

. Note that under these


ir
umstan
es Æ is obviously an h-quotient.

2.7.1. Proposition. Let f : X ! Y be an h-quotient and let P be a

�nite subposet of Y . Then there is a 
over Æ : Q ! P su
h that Q is a

subposet of X.

Proof. For the embedding j : P � Y take a monotone h :

e

P ! X su
h

that fh = j


P

by 2.6.2. Set Q = h(

e

P ), ordered as a subposet of X , let

j

0

: Q � X be the in
lusion map, and de�ne h

0

:

e

P ! Q by h

0

(�) = h(�).

The onto map h

0

is evidently monotone.

Now if h

0

(�) � h

0

(�) then

j


P

(�) = fh(�) = fj

0

h

0

(�) � fj

0

h

0

(�) = fh(�) = j


P

(�);
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and sin
e j is an embedding, 


P

(�) � 


P

(�). Thus the rule

Æ(h

0

(�)) = 


P

(�)


orre
tly de�nes a monotone map Æ : Q! P . �

3. Notes on 
oprodu
ts

3.1. Proposition. Let X

i

, i 2 J , be Priestley spa
es; 
onsider them dis-

joint to simplify the notation. In the Stone-

�

Ce
h 
ompa
ti�
ation �J of (the

dis
rete) J , identify the i 2 J with the 
orresponding prin
ipal ultra�lters.

Then the 
oprodu
t X =

`

i2J

X

i


an be represented so that

(1) X =

S

u2�J

X

u

, where the union is disjoint, the X

i

with i 2 J

are the original spa
es, and all the X

u

with u 2 �J are order-

independent;

(2)

S

i2J

X

i

is dense in X, ea
h X

i

is 
lopen in X, and the 
oprodu
t

inje
tions �

i

are the embeddings X

i

� X.

Proof. Let D

i

be the Priestley duals of X

i

. Then

Q

D

i


orresponds to

`

X

i

. Consider the embeddings �

i

: 2 ! D

i

and the resulting � : 2

J

!

Q

D

i

. The Priestley dual of 2

J

is �J , with the trivial order, and hen
e

for the onto map " :

`

X

i

! �J 
orresponding to �, the X

u

= "

�1

(u) are

order-independent. It is easy to 
he
k that "

�1

(i) = �

i

(X

i

). Finally, sin
e

`

j2J

X

j

= X

i

t

`

j 6=i

X

j

we easily 
on
lude that X

i

is 
lopen in X . The

density of

S

i2J

X

i

is obvious. �

3.2. Proposition. Let X be a �nite poset. Then the 
o-power

J

X 
an

be represented as (�

i

= (x 7! (x; i)) : X ! X��J)

i2J

, with X��J ordered

by (x; u) � (y; v) i� x � y and u = v.

Proof. If f

i

: X ! Y are Priestley maps de�ne g

x

: J ! Y by

g

x

(i) = f

i

(x) and 
onsider the 
ontinuous extensions g

x

: �J ! Y . Set

f(x; u) = g

x

(u). Then f is obvously 
ontinuous, and f�

i

(x) = f

i

(x).

Sin
e the uniqueness of f is a 
onsequen
e of the density of X � J in

X � �J , it remains to be shown that f is monotone. Let x � y and

f(x; u) = g

x

(u) � g

y

(u) = f(y; u). Then there is a 
lopen de
reasing U

with g

x

(u) =2 U 3 g

y

(u), and u 2 g

�1

y

(U) \ g

�1

x

(X n U) = V open in �J .

As J is dense there is an i 2 V \ J . Then g

y

(i) = f

i

(y) 2 U and sin
e U is

de
reasing, f

i

(x) 2 U 
ontradi
ting g

x

(i) 2 X n U . �

7



3.3. Proposition. Let T be a tree and let T ,!

`

i2J

X

i

. Then there is

an i 2 J su
h that T ,! X

i

.

Proof. Re
all from [2℄ that a T -
omplement of a map a : T ! L is a map


 : T ! L su
h that

� for t 2 minT , a(t) ^ 
(t) � a

0

(t) where a

0

(t) =

W

t��

a(�),

� a(t) ^ 
(t) �

W

��t


(�) _ a

0

(t) otherwise,

� and a(>

T

) = 1,

and that T ,!j X i� in L = (X) every a : T ! L has a T -
omplement. It

is easy to see that for any system L

i

, i 2 J , if a : T ! L

i

have 
omplements,

this holds also for

Q

L

i

. �

3.4. Thus, prohibiting a 
on�guration P is preserved in a 
oprodu
t if

P is a tree and

`

X

i

is general, or if P is a general 
onne
ted poset and the

system X

i

, i 2 J 
onsists of any number of �nite spa
es with only �nitely

many isomorphism types. This situation 
hanges at the �rst opportunity,

namely with the simplest sharp non-tree, the diamond D and a 
oprodu
t

of a 
ountable in
reasing system of �nite X

i

. This will be dis
ussed in this

subse
tion.

Re
all from [2℄ that D ,!j X i� in L = D(X) we have

(noD)

8a

1

; a

2

9k 9b

i

; 


i

1

; 


i

2

; i = 1; : : : ; k; su
h that

V

b

i

= 0;




i

1

_ 


i

2

= 1; a

1

^ 


i

1

� b

i

_ a

2

; and a

2

^ 


i

2

� b

i

_ a

i

:

3.4.1. Lemma. For every n there is a �nite X

i


ontaining no diamond

su
h that in the Heyting algebra L

n

= D(X

n

) there are a

1

; a

2

for whi
h the

b

i

from (noD) have to be at least n in number.

Proof. Set X

n

= f?; 1; 2;>g � f1; 2; : : : ; ng with the order de�ned by

(write xy for (x; y))

?i � 1j � >j i� i = j;

?i � 2j � >j i� i 6= j:

Obviously, D ,!j X

n

. In L

n

, the down-set latti
e of X

n

, 
onsider

a

n

i

= fi;?g� f1; 2; : : : ; ng:

Claim. Let b; 


1

; 


2

be su
h that a

n

1

\ 


1

� b [ a

n

2

, a

n

2

\ 


2

� b [ a

n

1

and

?i;?j =2 b for two distin
t i; j. Then 


1

[ 


2

6= X.

Indeed, sin
e b is a down-set it 
annot 
ontain any of 1i; 1j; 2i; 2j. Sin
e

a

n

1

\ 


1

� b [ a

n

2

, 1i; 1j =2 


1

and hen
e >i;>j =2 


1

. Sin
e a

n

2

\ 


2

� b [ a

n

1

,
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2i; 2j =2 


2

and hen
e 


2

\ (f>g � f1; : : : ; ng) = ;. Thus, 


1

[ 


2

does not


ontain >i;>j.

Now if b

i

; 


i

1

; 


i

2

satisfy (noD) then ea
h of the b

i

omits at most one ?i

and hen
e they are at least n in number. �

3.4.2. Proposition. There exist �nite X

i

of 
onstant height su
h that

D ,!

`

1

n=1

X

n

while D ,!j X

n

for all n.

Proof. In the example in 3.4.1, (noD) 
annot be satis�ed in

Q

L

n

=

D(

`

X

n

) sin
e if a

i

= (a

n

i

)

n

had the b

i

; 


i

1

; 


i

2

, i = 1; : : : ; k as required, the

k would suÆ
e for all the 
oordinates. �

3.4.3. In [2℄ it was shown that prohibiting a tree (or forest, 
o-tree

or 
o-forest) P in a Priestley spa
e X 
ould be expressed by a �rst order

latti
e 
ondition on D(X). The problem of whether this was true of other


on�gurations remained open. Now we see from the example of the diamond

D that the answer is negative. More generally, we have

Proposition. Let P be a 
onne
ted 
on�guration su
h that the 
ondition

P ,!j X 
an be expressed by a �rst order formula in the language of latti
es

holding in D(X). Then the 
ondition P ,!j X is preserved by 
oprodu
ts.

Proof. Let P ,!j X

i

, i 2 J . By 3.1,

`

i2J

X

i


an be represented as

a disjoint union

S

u2�J

X

u

with X

u

order independent. Thus, if P ,!

`

i2J

X

i

, we have P ,! X

u

for some of the ultra�lters u.

Now by [7℄, X

u

is the Priestley dual of the ultraprodu
t

Q

u

D(X

i

). Sup-

pose there is a �rst order formula F on D(X) 
hara
terizing P ,!j X . Then

F holds for all the D(X

i

) and hen
e, by  Lo�s's Theorem ([8℄), it holds for

Q

u

D(X

i

)

�

=

D(X

u

), 
ontradi
ting P ,! X

u

. �

3.4.4. If D ,!

`

i2J

X

i

then the order stru
ture of X

i

is not quite

arbitrary, though. We have (re
all 1.6)

Proposition. If D ,!

`

i2J

X

i

then for some i 2 J either D ,! X

i

or

T (2; 2) ,! X

i

.

Proof. The 
ondition that D ,!j X and T (2; 2) ,!j X 
an be expressed as

(1) no two in
omparable non-minimal x

1

; x

2

have a 
ommon upper

bound.

We will show that this is equivalent to

(2) for every a

1

; a

2

2 L = D(X) there exist b

1

; b

2

; 


1

; 


2

su
h that a

i

^




i

= 0, b

i

^ a

i

� a

j

_ 


j

and b

1

_ b

2

= 1.

9



Sin
e (2) is obviously preserved by produ
ts, the statement will follow.

We will work with X = P(L).

(2))(1): Let x

1

; x

2

be in
omparable non-minimal elements, and assume

for the sake of argument that they are both 
ontained in some x. Then

there are a

i

2 x

i

nx

j

su
h that if 
^a

i

= 0 then 
 2 x

i

. (Indeed, let y ( x

i

.

Choose a

0

i

2 x

i

n y, a

00

i

2 x

i

n x

j

and set a

i

= a

0

i

_ a

00

i

. Then a

i

=2 x

j

and if


^ a

i

= 0 we have 
^ a

0

i

= 0 and hen
e 
 2 y � x

i

.) Now for the b

i

; 


i

from

(2), 


i

2 x

i

, a

j

_


j

2 x

j

and hen
e b

i

^a

i

2 x

j

and 
onsequently b

i

2 x

j

� x

and 1 = b

1

_ b

2

2 x, a 
ontradi
tion.

(1))(2): Let (2) not hold. Then there are a

1

; a

2

su
h that if b

i

^ a

i

�

a

j

_ 


j

and a

j

^ 


j

= 0 then b

1

_ b

2

6= 1. Then

I = fb

1

_ b

2

j 9


1

; 


2

; a

i

^ 


i

= 0 and b

i

^ a

i

� a

j

_ 


j

g

is a proper ideal and we 
an 
hoose a proper prime ideal x � I . Set F = Lnx

and let

� I

i

be the ideal generated by a

i

and all the 
 with 
 ^ a

i

= 0,

� and F

i

be the �lter generated by F and a

i

.

Then I

j

\ F

i

= ;. Indeed, if b ^ a

i

� a

j

_ 
 and a

j

^ 
 = 0 then

b = 0 _ b 2 I � x and hen
e b =2 F . Choose prime ideals x

i

� I

i

su
h that

x

i

\ F

j

= ;. Now, sin
e x

i

\ (L n x) = ;, x

i

� x, and as a

j

=2 x

i

3 a

i

they

are in
omparable. As x

i


ontains all the 
 with 
^a

i

= 0, it is not minimal.

(Let K be the proper �lter fa

0

^ d j a

0

� a

i

; d =2 x

i

g. Then by 1.3 there is

a prime ideal y disjoint from K and therefore 
ontained in x

i

and omitting

a

i

). �

3.5. Sin
e T (2; 2) is the 
over

e

D of the diamond D, the Proposition

below is an extension of the statement 3.4.4 for 
oprodu
ts of h-spa
es. It


an be 
onje
tured that it holds in the general 
ontext; for our purposes the

restri
ted statement suÆ
es.

Proposition. Let X

i

, i 2 J , be h-spa
es and let P ,!

`

X

i

for a


onne
ted P . Then there is a 
over Q of P and i 2 J su
h that Q ,! X

i

.

Proof. For p 2 P 
hoose a 
lopen down-set U

p

su
h that U

p

\P = #p\P ,

and su
h that U

p

� U

q

whenever p � q. Set

A

p

=

\

q�p

U

q

\

\

q�p

(X n U

q

)

Note that for all p and q,

(�) 9x 2 A

q

9y 2 A

p

; x � y i� q � p

10



For if y � x 2 A

q

� U

q

then y 2 U

q

sin
e U

q

is a down-set, hen
e A

p

\U

q

6= ;

and q � p.

De�ne indu
tively B

p

3 p as follows. For p minimal set B

p

= A

p

. If B

q

have been already determined for q < p set

B

p

= A

p

\

\

q<p

"B

q

:

Then by 2.1 all the B

p

are 
lopen. Obviously p 2 B

p

, and by the de�nition

and (�),

q � p i� B

p

� "B

q

.

Sin
e Y =

S

X

i

is dense in

`

X

i

we have non-empty C

p

= Y \B

p

and sin
e

Y = "Y = #Y we see that

(��) q � p i� C

p

� "C

q

:

Now 
hoose for p

n

p

n�1

: : : p

1

2

e

P values '(p

n

p

n�1

: : : p

1

) 2 C

p

n

as follows:

'(p

1

) is 
hosen arbitrarily, and if we already have '(p

n�1

: : : p

1

) 2 C

p

n�1


hoose, by (��), '(p

n

: : : p

1

) 2 C

p

n

su
h that

'(p

n

: : : p

1

) � '(p

n�1

: : : p

1

):

Set Q = f'(�) j � 2

e

Pg and de�ne

Æ : Q! P

by setting Æ('(p

n

: : : p

1

)) = p

n

. This is 
orre
t sin
e if '(p

n

: : : p

1

) =

'(p

0

m

: : : p

1

) then C

p

n

\ C

p

0

m

6= ; and hen
e p

n

= p

0

m

. Sin
e ' is monotone

by 
onstru
tion, it remains only to note that Æ is monotone by (��). �

4. varieties determined by prohibiting 
onfigurations

4.1. The 
lass F(P), 
onsisting of those X 2 PSp su
h that P ,!j X

for all P 2 P, is obviously 
losed under subspa
es and �nite 
oprodu
ts.

Sometimes it is 
losed under general 
oprodu
ts (see 3.3) and sometimes

not (see 3.4.2). With trivial ex
eptions it 
annot be 
losed under �nite

produ
ts, for if X 
ontains x < y then every 
on�guration is representable

in a suÆ
iently large power X

n

- see, e.g., [5℄, [10℄, or [13℄. Nor is F(P)


losed under quotients, for su
h 
losure, together with �nite 
oprodu
ts,

yields 
olimits, and any �nite poset 
an be obtained from points and one-


hains as a �nite 
olimit { see the 
omma-
onstru
tion, e.g. in [9℄.

11



4.2. In [2℄ we have shown, however, that prohibiting trees yield varieties

of Heyting algebras. This is possible sin
e the nature of quotients in HPSp

di�ers from that in PSp, so that the above note on 
olimits does not apply.

In this se
tion we will deal with the question of when F

H

(P), the sub
ategory

of HPSp de�ned analogously to F(P) in PSp, 
onstitutes in the duality a

variety. By Birkho�'s Theorem, 2.2 and 2.3, this happens i� it is 
losed

under

� all 
oprodu
ts, and

� all h-quotients.

4.3. Proposition. Let P be a 
lass of �nite 
onne
ted posets. Then the

following statements are equivalent.

(1) The dual image of F

H

(P) is a variety.

(2) The dual image of F

H

(P) is a quasivariety.

(3) For every P 2 P and for every 
over Q of P there is a P

0

2 P su
h

that P

0

,! Q

Proof. Sin
e the subobje
ts 
ome free, (1)�(2).

(2))(3): Let P be in P and let Q be a 
over of P . Then we have an

h-quotient f : Q ! P and sin
e P =2 F

H

(P) also Q =2 F

H

(P) and there has

to be a P

0

2 P with P

0

,! Q.

(3))(2): I. F

H

(P) is 
losed under 
oprodu
ts.

Let

`

i2J

X

i

=2 F

H

(P). Then P ,!

`

X

i

for some P 2 P. By 3.5 there

is a 
over Q of P , and an i 2 J su
h that Q ,! X

i

. If P

0

2 P is su
h that

P

0

,! Q we have P

0

,! X

i

and X

i

=2 F

H

(P).

II. F

H

(P) is 
losed under h-quotients.

Let f : X ! Y be an h-quotient and let Y =2 F

H

(P). Then there is a

P 2 P su
h that P ,! Y and by 2.7.1 there is a 
over Q of P su
h that

Q ,! X . If P

0

2 P is su
h that P

0

,! Q we have P

0

,! X and X =2 F

H

(P).

�

4.4. Example. Thus we have for instan
e the following two distin
t

varieties based on the prohibition of the diamond: F

H

(D;T (2; 2)) and

F

H

(D;T

0

), where T

0

is obtained from T (2; 2) by omitting one of the two

minimal points. Note that neither of the two systems 
an be repla
ed by a

system of trees to obtain the same variety. For if either system, denoted V,

were of the form F

H

(T) for a system T of trees then we would have a T 2 T

su
h that T ,! D. But every T ,! D lies in V.

12



5. Finitely generated varieties determined by systems of trees

5.1. Let G be a �nite system of �nite posets. Denote by

V(G )

the dual image of the variety of Heyting algebras generated by all the D(P ),

P 2 G . By abuse of language we will speak of a variety of h-spa
es. It is

easy to see that

(5.1.1) V(G ) = fX j X <<

a

i2J

P

i

; P

I

2 G g:

In this se
tion we will present a pro
edure to de
ide whether V(G ) 
an

be des
ribed as a F

H

(T) where T is a system of trees. (The symbol T will

always be used in this sense). Re
all that by [2℄, but also by 4.3, F

H

(T) is

always a variety.

5.2. Set �(G ) = fT j T is a tree; 8P 2 G ; T ,!j Pg. We have

Proposition. There is a T su
h that V(G ) = F

H

(T) i� V(G ) =

F

H

(�(G )).

Proof. Sin
e obviously G � F

H

(�(G )) and V(G ) is the smallest variety


ontaining G we have

(5.2.1) V(G ) � F

H

(�(G )):

Now obviously T

1

� T

2

implies F

H

(T

1

) � F

H

(T

2

). Thus, if V(G ) = F

H

(T)

then we see, �rst, that T � �(G ) and then F

H

(T) = V(G ) � F

H

(�(G )) �

F

H

(T). �

5.3. For a poset X set

T (X) = fT a tree j T ,!j Xg :

In view of 5.2, V(G ) 
an be obtained as F

H

(T) for a system of trees T i�

we have the impli
ation

if X is su
h that T ,!j X for every T 2 �(G ) then X 2 V(G ),

in other words,

((8P 2 G ; T ,!j P ) T ,!j X) ) X 2 V(G )

whi
h 
an be rewritten as

(5.3.1) T (X) �

[

P2G

T (P ) ) X 2 V(G ):

13



5.4. Interpreting for our 
ontext J�onsson's Lemma on subdire
tly

irredu
ibles, we obtain

Lemma. Let X be sharp and �nite, X 2 V(G ). Then X << P for some

P 2 G .

This statement 
an also be easily dedu
ed from 3.4.

5.5. For a system G set

n(G ) = max fjP j j P 2 G g

Proposition. A �nitely generated variety V(G ) is F

H

(T) for a system

of trees T i� for every sharp X with jX j � n(G )

2

,

T (X) �

[

P2G

T (P ) ) 9P 2 G ; X << P:

Thus, the question 
an be de
ided in a �nite number of steps.

Proof. I. First, we will prove that it suÆ
es to 
he
k the 
ondition (5.3.1)

just for the sharp X .

Let Y be a general h-spa
e. For m 2 max(Y ) 
onsider Y (m) =#m. Then

Y (m) is an h-spa
e and the embeddings j

m

: Y (m) � Y are h-maps. Thus

we have an h-map f :

`

Y (m) ! Y de�ned by f � �

m

= j

m

, obviously an

h-quotient. Now let (5.3.1) hold for sharp X and let T (Y ) �

S

P2G

T (P ).

We have T (Y (m)) � T (Y ) and hen
e T (Y (m)) �

S

P2G

T (P ), and Y (m)

is in V(G ). As Y <

`

Y (m), also Y 2 V(G ).

II. Now about the size. If a sharp X is bigger than n(G )

2

then it 
ontains,

by Dilworth's Theorem, a tree bigger than n(G ) (this also in
ludes the 
ase

of in�nite X) and hen
e not 
ontained in any of the P 2 G .

III. Finally, by 5.4 we 
an repla
e X 2 V(G ) by the existen
e of a P 2 G

su
h that X << P . �

6. Well-
hara
terized 
onfigurations

6.1. A sharp �nite poset P is said to be well-
hara
terized if

T (X) � T (P ) ) X << P:

By (5.3.1) this is the same as saying that V(P ) is F

H

(T) for a 
lass of

trees. The terminology is borrowed from 
omputer s
ien
e, where \good


hara
teristi
s" means, loosely speaking, that both a property V and its
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negation :V may be re
ognized by spe
i�
 �nite means. If P has the

property, obviously weaker, that

for every tree T; T ,! P ) T << P

we will say that P is tree-varietal.

6.2. Notation. For p 2 P set

m(p) = minP\ #p; and P

hki

= fp 2 P j jm(P )j = kg:

6.3. Lemma. Let P be a tree. Then for p; q 2 P either m(p)\m(q) = ;

or p; q are 
omparable.

Proof. In a tree we 
annot have x < p; q with in
omparable p; q. �

6.4. Lemma. Let f : P ! Q be an h-quotient. Then f(minP ) = minQ.

Proof. If x 2 minP then # f(x) = f(fxg) and hen
e f(x) 2 minQ.

If y 2 minQ 
hoose x

0

2 P with f(x

0

) = y, and an x 2 m(x

0

). Then

f(x) 2 #f(x

0

) = fyg. �

6.5. Lemma. Let R < Q, let f : P ! Q be an h-quotient and let

jminRj � jminP j. Then f restri
ts to a bije
tion from minP onto minQ =

minR.

Proof. Sin
e R = #R in Q we have minR � minQ. By 6.4, jminRj �

jminQj � jminP j � jminRj. Thus, minQ = minR and f restri
ted to

minP is one-one. �

6.6. Lemma. Let f : P ! Q be an h-quotient and let jminQj =

jminP j. Then f(P

h1i

) = Q

h1i

and f(P n P

h1i

) = Q nQ

h1i

.

Proof. Let x 2 P

h1i

and suppose for the sake of 
ontradi
tion that y

1

; y

2

2

m(f(x)) are distin
t. Choose x

0

1

; x

0

2

� x with y

i

= f(x

0

i

), and 
hoose x

i

2

m(x

0

i

). Then f(x

i

) = y

i

and hen
e x

1

; x

2

are distin
t elements of m(x), a


ontradi
tion. Now let x =2 P

h1i

, say x

1

; x

2

2 m(x) are distin
t. Then by

6.5 f(x

1

); f(x

2

) are distin
t in m(f(x)). �

6.7. Lemma. Let R < Q, let f : P ! Q be an h-quotient, let jminRj =

jminQj and jR

h1i

j = jP

h1i

j. Then f = f

1

[f




where f

1

: P

h1i

! R

h1i

= Q

h1i

is a bije
tion onto and f




: P n P

h1i

! Q nQ

h1i

is onto. Consequently,

(6.7.1) for x 2 P

h1i

and y 2 P; x � y i� f(x) � f(y):
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Proof. Take the de
omposition from 6.6. Sin
e R = # R in Q, R

h1i

�

Q

h1i

and hen
e jR

h1i

j � jQ

h1i

j � jP

h1i

j = jR

h1i

j and the statement immedi-

ately follows. �

6.8. Lemma. Let P be tree-varietal and let m(x

0

) � m(y) = minP .

Then there is an x � y su
h that m(x) = m(x

0

).

Proof. Take a 
hain C of length ht(P) and 
onsider the tree T = C [

minP ,! P . By 2.5 there is an h-quotient f : P ! T . On T de�ne an

equivalen
e � by setting

s � t i� m(s) = m(t):

If s � r � t and s � t then obviously s � r; if s � t � t

0

we have

m(s) � m(t) = m(t

0

) and by 6.3, s is 
omparable with t

0

. If m(s) = m(t

0

)

then s � t

0

� t, and if m(s) 6= m(t

0

) then s < t

0

and we have s � s � t

0

.

Thus� is an h-
ongruen
e (see 2.3.1), and 
onsequently also the equivalen
e

� de�ned by

x � y i� f(x) � f(y)

is an h-
ongruen
e on P . Sin
e by 6.5 f is a bije
tion on minP we have

x � y i� m(x) = m(y):

Now we have x

0

� > � y and hen
e there is an x � y su
h that x

0

� x.

�

6.9. Proposition. Let P be tree-varietal with wd(P ) = n > 1. Then

P = P

h1i

[ P

hni

, jminP j = n, and P

h1i

is a disjoint union of independent


hains.

Proof. Let T 
onsist of top t

0

and n independent elements y

1

; : : : ; y

n

<

y

0

. Sin
e T ,! P we have an h-quotient f : P ! Q, and T = # T

in Q. As jminP j � n = jminT j, by 6.5 f maps minP bije
tively onto

minQ = minT . Let x

i

2 minP be sent to y

i

. For x 2 P we have

(6.9.1) x � x

i

i� f(x) � y

i

:

(For if y

i

= f(x

0

), x

0

� x and x

00

2 m(x

0

) we have f(x

00

) = y

i

and hen
e

x

00

= x

i

). Take an x

0

su
h that f(x

0

) = y

0

. Let x 2 P be arbitrary. Sin
e

m(x) � m(x

0

) = minP there is, by 6.8, an x

0

� x

0

su
h that m(x

0

) = m(x).

If f(x

0

) = y

0

= f(x

0

), x is in P

hni

. If f(x

0

) = y

i

for some i, m(x) = m(x

0

) =

fx

i

g and x 2 P

h1i

.

As for the se
ond statement, its falsity would imply the existen
e of

some x 2 minP and distin
t z

1

; z

2

2 P

h1i

su
h that z

1

; z

2

> x, in whi
h


ase fz

1

; z

2

g [ (minP n fxg) would be an anti
hain of size n + 1. �
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6.10. Proposition. Let P be tree-varietal, wd(P ) = n > 1. Then for

every x 2 P

h1i

and y 2 P

hni

, x � y.

Proof. Set U = fy 2 P

hni

j 8x 2 P

h1i

; y � xg. Obviously >

P

2 U . Let

(6.10.1) C : t

k

< t

k�1

< � � � < t

0

be a longest 
hain in U . Consider the tree

T = P

h1i

[ C:

Let T < Q and let f : P ! Q be an h-quotient. Sin
e obviously T

h1i

= P

h1i

we 
an apply Lemma 6.7. Let f(x) 2 C. If y 2 P

h1i

then f(y) 2 T

h1i

=

Q

h1i

= P

h1i

and we have, by (6.7.1), y � x so that x 2 U . Thus

(6.10.2) f

�1

(C) � U:

Consequently if we �nd, using the property of h-maps, a 
hain x

k

< x

k�1

<

� � � < x

0

in P su
h that f(x

i

) = t

i

, this 
hain is in U , and by the maximality

of k, x

0

= >

P

. Hen
e f(x

0

) = >

Q

= >

T

and we have T = #>

T

= #

>

Q

= Q. Now if x 2 P

hni

then f(x) 2 Q

hni

= T

hni

and hen
e f(x) 2 C,

and x 2 U by (6.10.2) again. �

6.11. Re
all the notation from 1.6. We have

Observations. 1. For a tree T , T ,! D(n; k) i� T is a subtree of

B(n; k).

2. If P is well 
hara
terized and if both H ,! P and F ,! P then either

N ,! P or M ,! P .

Proof. 1. If a tree T ,! D(n; k) des
ends from >

T

, the �rst moment it

bifur
ates it has to stop.

2. Sin
e the only trees in N are subtrees of F and H , we have N << P .

Consider an h-quotient f : P ! Q with N < Q and 
hoose a

0

; b

0

su
h that

f(a

0

) = a and f(b

0

) = b. Then there are 


0

; d

0

< a

0

and d

00

< b

0

su
h that

f(


0

) = 
 and f(d

0

) = f(d

00

) = d. Then either we 
ould have 
hosen d

0

= d

00

and N ,! P or this was not possible and then M ,! P . �

6.12. Theorem. A sharp �nite poset with more than one element is

well 
hara
terized i� it is either D(n; k) or T (n; k).

Proof. I. Let P be well 
hara
terized, wd(P ) = n. Then it is tree-

varietal and hen
e 
an be de
omposed into P

hni

and P

h1i

. Let k be the

length of a longest 
hain in P

hni

. Then B(n; k) ,! P and hen
e, by 6.11.1,

D(n; k) << P . Let D(n; k) < Q and let f : P ! Q be an h-quotient.

Then ne
essarily f(P

h1i

) = fkg � f1; 2; : : : ; ng so that f(P

hni

) � f>g [

f1; 2; : : : ; k � 1g � f1; : : : ; ng = D

0

. Now jP

hni

n f>

P

gj � (k � 1) � n by
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Dilworth's Theorem, whi
h implies that f is one-one on P

hni

, and being an

h-map it yields an isomorphism P

hni

�

=

D

0

. Then by 6.7 and 6.10 we see

that P is D

0

with n independent 
hains atta
hed below. If n � 2, k � 2

and if some of the 
hains have at least two elements then P 
ontains both

F and H and hen
e by 6.11.2 it 
ontains either N or M , whi
h it does

not. Thus either P = D(n; k) or P = f>g [ P

h1i

. In the latter 
ase, if

some 
hain 


k

< 


k�1

< � � � < 


1

in P

h1i

were longer than another, say

d

l

< d

l�1

< � � � < d

1

, then adding 


k

< d

l

into the order makes a poset Q


ontaining no trees but those representable in P , while Q << P is impossible.

Thus P = T (n; k).

II. Proving that D(n; k) is well 
hara
terized is easy. By 6.11.1 we have to

prove that if a sharp P 
ontains only subtrees of B(n; k) then P << D(n; k).

But su
h a P 
onsists of a top > and at most k layers L

1

; : : : ; L

l

su
h that

x � y i� y = > or x = y or x 2 L

i

, y 2 L

j

with i > j. Then, produ
ing an

h-quotient f : D(n; k) ! P is straightforward.

Now about T (n; k). Let T (P ) � T (T (n; k)). If P is a 
hain, P < T (n; k).

If not, we 
an have x � x

1

; x

2

with x

1

6= x

2

only if x = >, sin
e T (n; k)

does not 
ontain F . Let x

1

; x

2

; : : : ; x

l

be all the elements of P immediately

below >

P

. Sin
e, for l � k, T (n; l) < T (n; k) we 
an assume that l = k.

De�ne a mapping f : T (n; k) ! P by setting

f(>) = >; f(1; i) = x

i

;

f(i+ 1; j) � f(i; j) if there is su
h an f(i + 1; j) 2 P and

f(i+ 1; j) = f(i; j) if there is none.

As the 
hains in P 
annot be longer than those in T (n; k) we readily see

that f is an h-quotient. �
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