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Abstra
t

We prove that the k-th power G

k

of a 
hordal graph G with

maximum degree � is O(

p

k�

(k+1)=2

)-degenerated for even values

of k and O(�

(k+1)=2

)-degenerated for odd ones. In parti
ular, this

bounds the 
hromati
 number �(G

k

). The bound proven for odd

values of k is the best possible. Another 
onsequen
e is the bound

�

p;q

(G) �

j

(�+1)

3=2

p

6

k

(2q� 1) +�(2p� 1) on the least possible span

�

p;q

(G) of an L(p; q)-labeling for 
hordal graphs G with maximum

degree �. On the other hand, a 
onstru
tion of su
h graphs with

�

p;q

(G) � 
(�

3=2

q +�p) is presented.

1 Introdu
tion

The 
on
ept of an L(p; q)-labeling of graphs (and in parti
ular that of an

L(2; 1)-labeling) is an important graph-theoreti
al model for assignment of

radio frequen
ies. An L(p; q)-labeling is an assignment of numbers 0; : : : ;K

to the verti
es of an input graph G su
h that ea
h two adja
ent verti
es

re
eive numbers whi
h di�er by at least p and ea
h two verti
es at distan
e

two re
eive numbers whi
h di�er by at least q. The number K is 
alled the

span and the minimum span for whi
h a proper labeling exists is denoted

by �

p;q

(G). L(p; q)-labelings have also been intensively studied from the

algorithmi
 point of view [5, 6℄.
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A study of relation between the minimum span of an L(2; 1)-labeling and

the maximum degree � of a graph G started in the paper of Griggs and

Yeh [8℄. They 
onje
tured that ea
h graph G has an L(2; 1)-labeling with

the span at most �

2

and proved the upper bound �

2

+ 2�. This bound

was later improved to �

2

+ � by Chang et. al. [3℄. The best 
urrently

known upper bound �

2

+ � � 1 is a 
onsequen
e of a re
ent result for

the 
hannel assignment problem of the author and

�

Skrekovski [10℄. The


onje
ture of Griggs and Yeh remains unsettled but it is known to be true

for several spe
ial 
lasses of graphs, among them 
hordal graphs. The upper

(�+3)

2

=4 for 
hordal graphs was proved by Sakai [11℄. The general bound

(�+2p�1)

2

=4 for the 
ase of L(p; 1)-labelings of 
hordal graphs was shown

in [4℄. In the present paper, we prove asymptoti
ally optimal bounds of

O(�

3=2

) on the minimum span of an L(2; 1)-labeling and O(�

3=2

q+�p) on

the minimum span of an L(p; q)-labeling for 
hordal graphs with maximum

degree �.

1.1 Results

We are a
tually 
on
erned with a more general problem, namely 
oloring

arbitrary powers of 
hordal graphs. A graph is said to be 
hordal if it


ontains no indu
ed 
y
le of length four or more. It is well-known that

a graph is 
hordal if and only if it has a perfe
t elimination sequen
e. A

perfe
t elimination sequen
e is an ordering v

1

; : : : ; v

n

of verti
es of G su
h

that for ea
h i, the neighbors of the vertex v

i

pre
eding it in the sequen
e

form a 
lique in G. The k-th power G

k

of a graph G is the graph on the

same vertex set su
h that two verti
es in G

k

are joined by an edge if their

distan
e in G is at most k. Note that �(G

2

) = �

1;1

(G) + 1. It is known

[1℄ that if the girth of G is at least 7, then �(G

2

) � O(�

2

= log�) and

otherwise the 
hromati
 number of G may rea
h �(�

2

) (this is witnessed

by bipartite in
iden
e graphs of proje
tive planes). Our results establish

that �(G

2

) � O(�

3=2

) if G is 
hordal.

More generally, we show that if G is a 
hordal graph with maximum

degree �, then G

k

is O(

p

k�

(k+1)=2

)-degenerated (Theorem 2), i.e., ea
h

subgraph H of G

k


ontains a vertex of degree at most O(

p

k�

(k+1)=2

). If

k is odd, we even prove that G

k

is O(�

(k+1)=2

)-degenerated (Theorem 4).

The bound proven for odd values of k in Theorem 4 is the best possible.

Theorems 2 and 4 have several interesting 
orollaries: First, if G is a


hordal graph with maximum degree �, then the 
hromati
 number of its k-

th power G

k

is at most O(

p

k�

(k+1)=2

) if k is even and at most �

(k+1)=2

=4+

2



O(�

(k�1)=2

) if k is odd. The minimum span of an L(2; 1)-labeling of G is at

most O(�

3=2

) and the minimum span of an L(p; q)-labeling of G is at most

O(�

3=2

q +�p). All our results are asymptoti
ally tight (for a �xed k) and

the presented upper bound for odd powers of 
hordal graphs is even the best

possible as remarked above (
f. Theorems 4 and 5): We show a 
onstru
tion

of 
hordal graphs G on n verti
es with maximum degree � su
h that G

k

is a


lique for n = 
(�

(k+1)=2

) in Se
tion 5. The lower bound 
(�

3=2

q+�p) for

the minimum span of an L(p; q)-labeling of 
hordal graphs is then presented

(Corollary 3).

The shown upper and lower bounds mat
h for odd powers of 
hordal

graphs, but they do not mat
h for even powers. Though in the 
ase of

the se
ond power and L(2; 1)-labeling, the proven leading 
oeÆ
ients are

quite 
lose. Namely, we establish in Corollary 1 for a 
hordal graph G with

maximum degree � that:

�(G

2

) �

�

(� + 1)

3=2

p

6

�

+�+ 1 � 0:4082�

3=2

+O(�)

And in Theorem 3:

�

2;1

(G) �

�

3=2

p

6

+O(�) � 0:4082�

3=2

+O(�)

On the other hand, there exists a 
hordal graph G with maximum degree

� su
h that (Theorem 6):

�

2;1

(G) � �(G

2

)� 1 �

2�

3=2

3

p

3

�O(�

23=21

) � 0:3849�

3=2

�O(�

23=21

)

We 
onje
ture that the lower bound is tight:

Conje
ture 1 If G is a 
hordal graph with maximum degree �, then:

�(G

2

) � �

2;1

(G) + 1 �

2�

3=2

3

p

3

+O(�)

1.2 Separators in Chordal Graphs

The proof of one of our upper bound theorems (Theorem 2) is based on

a partial separator lemma whi
h we prove in Se
tion 2 and is of its own

interest. We 
all Lemma 1 a partial separator lemma be
ause we 
ut only a

3



part of the set U (of size between � and 2�) from the rest of the graph. We

remark that the following separator theorem for 
hordal graphs was proved

by Gilbert, Rose and Edenbrandt in [7℄: For ea
h 
hordal graph G and ea
h

set U � V (G), there is a 
lique C in G su
h that every 
omponent of G nC


ontains at most jU j=2 verti
es of U . However, the proof of this result does

not seem to be possible to be adopted to our 
ase. The main obsta
le is that

the te
hnique used for proving the above result does not seem to provide

some lower bounds on the size of the 
ut part of the graph.

2 A Partial Separator Lemma

It is well-known [2℄ that the 
lass of 
hordal graphs is pre
isely the 
lass

of interse
tion graphs of subtrees of a tree, i.e., for ea
h 
hordal graph G,

there exists a tree T su
h that for ea
h vertex v of G there is a subtree T

v

of T with the following property: The verti
es v and v

0

of G are joined by

an edge if and only if T

v

\T

v

0

6= ;. Su
h a representation of a 
hordal graph


an be polished to a little more restri
ted interse
tion representation whi
h

we 
all a ni
e tree representation of a 
hordal graph. We leave details of a

straightforward proof of the next proposition to the reader (A�B denotes

the symmetri
 di�eren
e of sets A and B):

Proposition 1 Let G be a 
hordal graph. Then, there exists a rooted tree

T with subtrees T

v

for ea
h vertex v 2 V (G) representing the graph G. Let

T

u

= fv 2 V (G) ju 2 T

v

g for u 2 V (T ). In addition, the representation T

satis�es the following:

� T

v

\ T

w

6= ; for v; w 2 V (G) if and only if vw 2 E(G).

� Ea
h vertex of T has at most two 
hildren.

� If u is a leaf or the root of T , then T

u

= ;.

� If u is a vertex of T with a single 
hild u

0

, then jT

u

�T

u

0

j � 1.

� If u is a vertex of T with two 
hildren u

0

and u

00

and a parent u

0

, then

T

u

= T

u

0

= T

u

0

= T

u

00

.

Sket
h of proof: Let T

0

be a tree representation of the 
hordal graph

G. Repla
e ea
h vertex of T

0

of degree three or more by a 3-regular sub-

tree. This assures the properties the se
ond and the last property of the

statement. Next, repla
e ea
h edge of the tree T

0

by a suÆ
iently long path

4



ending (or starting) ea
h subtree T

v

, v 2 V (G), on the path one at time.

Similarly add suÆ
iently long paths to the leaves of T

0

su
h that subtrees

T

v

, v 2 V (G), end one at time on them. The obtained tree representation

of G 
an be rooted at any of its leaves.

Proposition 1 makes the proof of the following lemma quite simple:

Lemma 1 Let G be a 
hordal graph, U a subset of V (G) and 1 � � � jU j

a real number. Then G 
ontains a 
lique C su
h that there is subgraph G

0

of G 
onsisting of a disjoint union of some of the 
omponents of G nC and

� � jU \ V (G

0

)j � 2�.

Proof: Let T be a ni
e tree representation of G as des
ribed in Propo-

sition 1. Let T (v) be a subtree of T rooted at the vertex v of T and let

�(v), v 2 V (T ), be the number of subtrees T

u

with u 2 U whi
h are fully


ontained in T (v) and v 62 T

u

, i.e., �(v) = jfu 2 U jT

u

� T (v) n fvggj.

Noti
e the following:

� If v is the root of T , then �(v) = jU j.

� If v is a leaf of T , then �(v) = 0.

� If v has a single 
hild v

0

, then �(v) is either �(v

0

) or �(v

0

) + 1.

� If v has two 
hildren v

0

and v

00

, then �(v) = �(v

0

) + �(v

00

).

Choose a vertex v of T su
h that �(v) � � but �(v

0

) < � for ea
h 
hild v

0

of

v in T . Let C be the 
lique 
onsisting of the verti
es w whose tree 
ontains

v, i.e., v 2 T

w

. Let further G

0

be the subgraph of G indu
ed by the verti
es

w su
h that T

w

� T (v) n fvg. Note that G

0

is a union of 
omponents of

G n C. In addition, jU \ V (G

0

)j = �(v) � �. The vertex v is not a leaf of

T be
ause � > 0. If v has a single 
hild v

0

, then jU \ V (G

0

)j < �+ 1 � 2�

be
ause jT

v

�T

v

0

j � 1 and �(v

0

) < �. If v has two 
hildren v

0

and v

00

, then

jU \ V (G

0

)j = �(v) = �(v

0

) + �(v

00

) < 2� by the 
hoi
e of the vertex v.

The proved fa
tor 2 in Lemma 1 is the best possible: Consider three

paths 
onsisting of m verti
es and identify the ends of the paths to get a

tree with a single vertex v of degree three. The obtained graph G is a tree

and hen
e it is 
hordal. Let U be all the verti
es of G ex
ept for v. The

tightness is witnessed for the 
hoi
e � = m+ 1 as m tends to in�nity.
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3 Even Powers and L(p; q)-labelings

The result of the following theorem is improved for odd values of k in the

next se
tion, but we state the theorem in its general form:

Theorem 2 Let G be a 
hordal graph with maximum degree � � 2 and let

k � 2. Then ea
h subgraph H of G

k


ontains a vertex of degree at most:

$

r

91k � 118

384

(� + 1)

(k+1)=2

%

+�

Proof: We 
an suppose that G is 
onne
ted. Assume that the statement

of the theorem is false and let H be a subgraph of G

k

with minimum degree

at least d

0

:=

�

q

91k�118

384

(� + 1)

(k+1)=2

�

+ � + 1. Apply Lemma 1 for

� = d

0

=3 � 1 and U = V (H). Let C be the 
lique and G

0

the union

of some of 
omponents of G n C as it is des
ribed in the statement of the

lemma. Let G

0

= G n (G

0

[ C), U

0

= U \ V (G

0

) and U

0

= U \ V (G

0

).

Set �

0

to be jU

0

j. We 
ount the number of indu
ed paths in G of length at

most k from a vertex u 2 U

0

to a vertex w 2 U

0

through a vertex v 2 C.

The length of a path is the distan
e between its end-verti
es. Sin
e the

minimum degree of H in G

k

is at least d

0

and jU

0

j = �

0

, there must be

at least �

0

(d

0

� jCj � �

0

) �

2(d

0

��)

2

9

su
h paths (observe that jCj � �

be
ause �

0

> 0 and G is 
onne
ted). Next, the number of su
h paths is

bounded from above and then we obtain a 
ontradi
tion by 
ombining both

the bounds.

Let deg

0

(v), deg

C

(v) and deg

0

(v) be the number of neighbors of v 2 C

among V (G

0

), C and V (G

0

), respe
tively. Note that deg

0

(v) + deg

C

(v) +

deg

0

(v) � �. The number of indu
ed paths of length l between a ver-

tex of U

0

and of U

0

whi
h 
ontain exa
tly one vertex of C is at most

P

v2C

deg

0

(v) deg

0

(v)(l � 1)(� � 1)

l�2

. This is be
ause a vertex v of the


lique C 
an be one of l � 1 inner verti
es of the path, there are deg

0

(v)


hoi
es for its neighbor in G

0

and deg

0

(v) 
hoi
es for its neighbor in G

0

and

there are at most ��1 
hoi
es at ea
h vertex in G

0

and in G

0

to 
ontinue the

path. Note that even not all su
h paths join a vertex of U

0

and U

0

. Hen
e

the number of su
h indu
ed paths of length at most k with one vertex of C

is bounded by the following sum:

k

X

l=2

X

v2C

deg

0

(v) deg

0

(v)(l�1)(��1)

l�2

�

X

v2C

deg

0

(v) deg

0

(v)(k�1)�

k�2

�

6



X

v2C

deg

0

(v)(� � deg

C

(v) � deg

0

(v))(k � 1)�

k�2

�

X

v2C

(�� deg

C

(v))

2

4

(k � 1)�

k�2

=

X

v2C

(� + 1� jCj)

2

4

(k � 1)�

k�2

�

jCj(� � jCj+ 1)

2

4

(k � 1)�

k�2

�

(� + 1)

3

�

k�2

(k � 1)

27

(1)

Let D

0

=

P

v2C

deg

0

(v) and D

0

=

P

v2C

deg

0

(v) be the number of edges

joining the 
lique C to G

0

and to G

0

respe
tively. Note that D

0

+ D

0

+

2jCj(jCj � 1) � jCj�. An indu
ed path between a vertex of U

0

and of U

0


annot 
ontain three or more verti
es of C and if it 
ontains two verti
es,

su
h two verti
es must be 
onse
utive. The number of the indu
ed paths

of length l 
ontaining an edge of C is at most D

0

D

0

(l� 2)(�� 1)

l�3

. This

is be
ause an edge of C 
an be one of l � 2 inner edges of the path, there

are at most D

0

verti
es of G

0

adja
ent to C and at most D

0

verti
es of G

0

adja
ent to C and there are at most �� 1 
hoi
es at ea
h vertex in G

0

and

G n (C [ G

0

) how to 
ontinue the path. The following sum hen
e bounds

the number of su
h indu
ed paths of length at most k:

k

X

l=2

D

0

D

0

(l � 2)(�� 1)

l�3

� D

0

D

0

(k � 2)�

k�3

�

(jCj(� + 2� 2jCj))

2

4

(k � 2)�

k�3

�

(� + 1)

4

�

k�3

(k � 2)

64

(2)

Summing (1) and (2), we get the desired upper bound on the number of the

indu
ed paths of length at most k:

(� + 1)

3

�

k�2

(k � 1)

27

+

(� + 1)

4

�

k�3

(k � 2)

64

�

91k � 118

1728

(� + 1)

k+1

Comparing the upper and the lower bounds yields a 
ontradi
tion with the

inequality d

0

>

q

91k�118

384

(� + 1)

(k+1)=2

+ � following from the 
hoi
e of

d

0

:

2(d

0

��)

2

9

�

91k � 118

1728

(� + 1)

k+1

(d

0

��)

2

�

91k � 118

384

(� + 1)

k+1

d

0

�

r

91k � 118

384

(� + 1)

k+1

+�
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An immediate 
onsequen
e of Theorem 2 is the following bound for


hromati
 number of powers of 
hordal graphs:

Corollary 1 Let G be a 
hordal graph with maximum degree � � 1. Then:

�(G

k

) �

$

r

91k � 118

384

(� + 1)

(k+1)=2

%

+�+ 1 = O(

p

k�

(k+1)=2

)

In parti
ular:

�(G

2

) �

�

(� + 1)

3=2

p

6

�

+�+ 1 � 0:4082�

3=2

+O(�)

Another 
orollary of Theorem 2 is a O(�

3=2

)-bound on the minimum

span of a L(2; 1)-labeling and a L(p; q)-labeling:

Theorem 3 Let G be a 
hordal graph with maximum degree � � 1. Then:

�

p;q

(G) �

�

(� + 1)

3=2

p

6

�

(2q � 1) + �(2p� 1) =

�

3=2

p

6

(2q � 1) +O(�p)

In parti
ular:

�

2;1

(G) �

�

(� + 1)

3=2

p

6

�

+ 3� =

�

3=2

p

6

+O(�) � 0:4082�

3=2

+O(�)

Proof: Let v

1

; : : : ; v

n

be an ordering of the verti
es of G su
h that v

i

has

at most

j

(�+1)

3=2

p

6

k

+ � neighbors among the verti
es v

1

; : : : ; v

i�1

in G

2

.

Su
h an ordering exists by Theorem 2. Label the verti
es of G in this order

by labels from 0 to

j

(�+1)

3=2

p

6

k

(2q � 1) + �(2p � 1) in a greedy fashion.

Consider a step when a label to the vertex v

i

is to be assigned. Ea
h of the

neighbors of v

i

in G

2

among v

1

; : : : ; v

i�1

prevents assigning at most 2q � 1

di�erent labels to v

i

. In addition, ea
h of (at most �) neighbors of v

i

in G

among v

1

; : : : ; v

i�1

prevents assigning at most 2p� 1� (2q � 1) = 2p� 2q

additional labels to v

i

. Altogether at most

j

(�+1)

3=2

p

6

k

(2q � 1) +�(2p� 1)

labels are forbidden and thus there is at least a single label whi
h 
an be

assigned to v

i

.
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4 Odd Powers

The proof of degenera
y in the 
ase of odd powers of 
hordal graphs is based

on a simple proof of the well-known fa
t that odd powers of 
hordal graphs

are 
hordal. As noted in the introdu
tion, the proven upper bound is the

best possible (
f. Theorem 5).

Theorem 4 Let G be a 
hordal graph with maximum degree � � 2 and let

k � 3 be an odd integer. Then, G

k

is d-degenerated for the following 
hoi
e

of d:

d =

8

>

>

<

>

>

:

k if � = 2,

j

(�+2)

2

4

k

� 1 if � � 3 and k = 3,

�

�+1

2

�

+

j

(�+1)

2

4

k

(��1)

(k�1)=2

�1

��2

� 1 otherwise.

Proof: If � = 2, then G is a union of disjoint paths and hen
e G

k

is

k-degenerated. Let us assume that � � 3 in the rest of the proof. Let T

be a (not ne
essarily ni
e) tree representation of G where T

v

is the subtree

representing a vertex v of G. Let T

0

be the following tree representation of

G

k

: The underlying tree of T

0

is the same one as of T . A vertex v of G

k

is

represented by a tree T

0

v

=

S

w2N

(k�1)=2

(v)

T

w

where N

i

(v) is the set of all

the verti
es at distan
e at most i from v in G. It is easy to 
he
k that ea
h

of T

0

v

is 
onne
ted, i.e., a subtree of T

0

. In addition, T

0

u

\ T

0

v

6= ; if (and

only if) u and v are at distan
e at most 2 �

k�1

2

+ 1 = k in G. Hen
e T

0

is

a tree representation of G

k

and in parti
ular G

k

is 
hordal.

If !(G

k

) is the size of the largest 
lique of G

k

, then the graph G

k

is

d-degenerated with d = !(G

k

)� 1 (
onsider a perfe
t elimination sequen
e

for G

k

). We prove the following inequality:

!(G

k

) �

8

<

:

j

(�+2)

2

4

k

if k = 3,

�

�+1

2

�

+

j

(�+1)

2

4

k

(��1)

(k�1)=2

�1

��2

otherwise.

Let C

0

be a largest 
lique of G

k

. Then there exists a vertex u

0

of T

0

su
h

that u

0

2 T

0

v

for ea
h v 2 C

0

. Let C be the 
lique of G 
omprised by all

the verti
es v su
h that u

0

2 T

v

and p its size. The distan
e of a vertex

v from C (in G) is the smallest distan
e of the vertex v from some vertex

of C. The 
lique C

0


onsists (pre
isely) of all the verti
es whi
h are at

distan
e at most (k � 1)=2 from C (re
all the de�nition of T

0

). There are

9



at most p(� � (p � 1)) verti
es at distan
e one and additional at most

p(� � (p � 1))(� � 1) verti
es at distan
e two from C. In general, the

number of verti
es at distan
e i from C is at most p(�� (p�1))(��1)

i�1

.

Hen
e the size of C

0

is bounded from above by the following sum:

p+ p(� + 1� p) + p(� + 1� p)(�� 1) + : : :+ p(� + 1� p)(�� 1)

(k�3)=2

If k = 3, then the size of C

0

is at most:

p+ p(� + 1� p) = p(� + 2� p) �

�

�+ 2

2

��

�+ 2

2

�

=

�

(� + 2)

2

4

�

In the general 
ase k � 5, the size of C

0

is at most:

p+ p(� + 1� p)

(�� 1)

(k�1)=2

� 1

�� 2

�

�

�+ 1

2

�

+

�

�+ 1

2

��

�+ 1

2

�

(�� 1)

(k�1)=2

� 1

�� 2

=

�

�+ 1

2

�

+

�

(� + 1)

2

4

�

(�� 1)

(k�1)=2

� 1

�� 2

An immediate 
orollary of Theorem 2 is the following bound for the


hromati
 number of odd powers of 
hordal graphs:

Corollary 2 Let G be a 
hordal graph with maximum degree � and let

k � 3 be an odd integer. Then:

�(G

k

) �

8

>

>

>

>

<

>

>

>

>

:

2 if � = 1,

k + 1 if � = 2,

j

(�+2)

2

4

k

if � � 3 and k = 3,

�

�+1

2

�

+

j

(�+1)

2

4

k

(��1)

(k�1)=2

�1

��2

otherwise.

5 Lower bounds

We �rst prove the tightness of Theorem 4:

10



Theorem 5 Let k � 3 be an odd integer and let � � 3 be an integer. There

is a 
hordal graph G on n verti
es su
h that G

k

is a 
lique for the following


hoi
e of n:

n =

8

>

>

>

>

<

>

>

>

>

:

2 if � = 1,

k + 1 if � = 2,

j

(�+2)

2

4

k

if � � 3 and k = 3,

�

�+1

2

�

+

j

(�+1)

2

4

k

(��1)

(k�1)=2

�1

��2

otherwise.

Proof: If � = 1, then set G to be K

2

. If � = 2, set G to be a path on

k + 1 verti
es. If � � 3 and k = 3, then it is enough to 
hoose G as a


lique of size

�

�+2

2

�

su
h that ea
h vertex of it is adja
ent to

�

�

2

�

verti
es

of degree one. Assume in the rest that � � 3 and k � 5.

Let G 
onsist of a 
lique of size

�

�+1

2

�

su
h that ea
h of the verti
es

of the 
lique has

�

�+1

2

�

neighbors ea
h of degree one. These verti
es of

degree one form the �rst level. Ea
h vertex of the �rst level has � � 1

neighbors whi
h form the se
ond level, ea
h vertex of the se
ond level has

��1 neighbors whi
h form the third level, et
. The graph G has altogether

(k�1)=2 levels. It is easy to verify that the maximum degree of G is � and

G

k

is a 
lique. The number of verti
es of G is equal to the following sum:

�

�+ 1

2

�

+

�

�+ 1

2

��

�+ 1

2

�

+

�

�+ 1

2

��

�+ 1

2

�

(�� 1) + : : :+

�

�+ 1

2

� �

�+ 1

2

�

(�� 1)

(k�3)=2

=

�

�+ 1

2

�

+

�

(� + 1)

2

4

�

(�� 1)

(k�1)=2

� 1

�� 2

We use the following result of Iwanie
 and Pintz [9℄ in our lower bound


onstru
tion in the 
ase of even powers:

Proposition 2 For ea
h n � 2, there is a prime p su
h that n� n

23=42

�

p � n.
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Theorem 6 Let k � 2 be an even integer and let � � 12. If k � 4, then

there exists a 
hordal graph G on n verti
es su
h that G

k

is a 
lique for the

following 
hoi
e of n:

n =

(

2�

3=2

3

p

3

�O(�

23=21

) � 0:3849�

3=2

�O(�

23=21

) if k = 2,

18

25

p

15

�

(k+1)=2

�O(�

k=2+2=21

) if k � 4.

In parti
ular, there is a 
hordal graph G with maximum degree � su
h that:

�

2;1

(G) � �(G

2

)� 1 �

2�

3=2

3

p

3

�O(�

23=21

) � 0:3849�

3=2

�O(�

23=21

)

Proof: Consider �rst the 
ase that k = 2. Let q

0

=

j

q

�

3

k

� 1 � 1.

If q

0

� 2, let p be a prime su
h that q

0

� q

23=42

0

� p � q

0

(it exists by

Proposition 2) and (X;�) be a proje
tive plane of order p (thus jX j =

p

2

+ p + 1). If q

0

= 1, let p = 1 and (X;�) be a pair of sets su
h that

jX j = 3 and � 
ontains all three pairs of elements of X . In the rest of

the proof, it does not matter whether (X;�) is a proje
tive plane or a

\triangle". Let m =

j

2

q

�

3

k

� 4. The desired graph G 
onsists of verti
es

v

x

for ea
h x 2 X and verti
es v

1

�

; : : : ; v

m

�

for ea
h � 2 P . Thus G has

altogether (p

2

+ p+ 1)(m+ 1) =

2�

3=2

3

p

3

�O(�

23=21

) verti
es.

The verti
es v

x

, x 2 X , form a 
lique of size jX j = p

2

+ p + 1. Ea
h

vertex v

i

�

, � 2 � and 1 � i � m, is joined by an edge to ea
h vertex v

x

,

x 2 X , su
h that x 2 �. The sequen
e of verti
es 
ontaining the verti
es

v

x

�rst and then the verti
es v

i

�

is a perfe
t elimination sequen
e and hen
e

G is 
hordal. In order to show that G

2

is a 
lique, we need to verify that

ea
h pair of non-adja
ent verti
es has a 
ommon neighbor. This is 
lear for

a pair 
onsisting of a vertex v

x

and a vertex v

i

�

. Consider next a pair of

verti
es v

i

�

and v

i

0

�

0

. The sought 
ommon neighbor of the two verti
es is any

vertex v

x

su
h that x 2 � \ �

0

(su
h an x 2 X exists be
ause (X;�) is a

proje
tive plane).

It remains to verify that the maximum degree of G is at most �. The

degree of a vertex v

x


ontained in the 
entral 
lique is the following:

p

2

+ p+ (p+ 1)m � (q

0

+ 1)(q

0

+m) �

r

�

3

�

 

r

�

3

+ 2

r

�

3

!

= �

The degree of a vertex v

i

�

is even smaller, namely (p+ 1)m.
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If k � 4, we pro
eed as follows. The graph G is as in the 
ase k = 2 for

the 
hoi
e of parameters q

0

=

j

q

3�

5

k

�1 and m =

j

2

q

�

15

k

. The number p

is again a prime between q

0

�q

23=42

0

and q

0

. If q

0

= 1, then p = 1 and (X;�)

is a triangle. We 
onsider the verti
es v

i

�

to form the �rst level (similarly as

in the proof of Theorem 5), ea
h of these verti
es has ��m(p+1) neighbors

whi
h form the se
ond level. Additional (k � 4)=2 levels are formed as in

the beginning in the 
ase of odd k by adding � � 1 new verti
es to ea
h

vertex of the pre
eding level. The maximum degree of G is � and G

k

is a


lique. The number of verti
es of G forming the last level is equal to the

following produ
t:

(p

2

+ p+ 1)m(��m(p+ 1))(�� 1)

(k�4)=2

=

3�

5

� 2

r

�

15

�

�

��

2�

5

�

� (�� 1)

(k�4)=2

�O(�

k=2+2=21

) =

18

25

p

15

�

(k+1)=2

�O(�

k=2+2=21

)

Hen
e the number of verti
es of G is

18

25

p

15

�

(k+1)=2

�O(�

k=2+2=21

).

The 
onstru
tion presented in Theorem 6 gives also a good lower bound

on the minimum span of an L(p; q)-labeling of a 
hordal graph:

Corollary 3 There exists a 
hordal graph G with maximum degree � su
h

that �

p;q

(G) � 
(�

3=2

q +�p).

Proof: Consider the 
hordal graph G from Theorem 6 on n =

2�

3=2

3

p

3

�

O(�

23=21

) verti
es su
h thatG

2

is a 
lique. Hen
e, �

p;q

(G) �

�

2�

3=2

3

p

3

� 1

�

q�

O(�

23=21

q). On the other hand, sin
e G 
ontains a 
lique of size q

2

0

+ q

0

+

1 = �(�) (for the 
hoi
e of q

0

from the proof of Theorem 6), we have

�

p;q

(G) � 
(�p). Combining both the bounds on �

p;q

(G) give the 
laimed

bound.
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