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Abstra
t

For ea
h n > 2 we 
onstru
t a 
onvex body K � R

3

and a �nite

family F of disjoint translates of K su
h that any n� 1 members F

admit a line transversal, but F has no line transversal.

1 Introdu
tion

For a wider ba
kground of the questions 
onsidered in this note we refer to

Wenger [10℄ or other surveys on Helly-type results and geometri
 transversal

theory.

Let F be a family of 
onvex sets in R

d

. A line that interse
ts every

member of F is 
alled a line transversal of F . In 1989 Tverberg [9℄ proved

the following: If F is a family of disjoint translates of a 
ompa
t 
onvex

set in R

2

su
h that any 5 members of F admit a line transversal, then F

admits a line transversal.
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This statement was �rst 
onje
tured by Gr�unbaum [3℄ in a paper where

he proved a spe
ial 
ase, namely when K is a parallelogram. Prior to this,

Danzer [1℄ proved the 
ase where K is a dis
. In 1986 Kat
halski [5℄ proved

the weaker statement in whi
h the number 5 is repla
ed by 128 (this was

the �rst Helly-type theorem for line transversals for general translates).

It should also be noted that Tverberg's transversal theorem is the best

possible, meaning if any of the assumptions are weakened the 
on
lusion no

longer holds.

What 
an be said about line transversals of families of disjoint translates

in R

3

? A spe
ial 
ase of a theorem by Santal�o [8℄ asserts that if F is a

family of disjoint translates of a parallelotope in R

3

and any 40 members

admit a line transversal, then F admits a line transversal. A re
ent result

by Holmsen, Kat
halski, and Lewis [4℄ shows that there is a bounded Helly

number for line transversals to families of disjoint unit balls in R

3

. But for

translates of a general 
ompa
t 
onvex set in R

3

the Helly number is no

longer bounded, as the following theorem shows.

Theorem 1 For any integer n > 2 there exists a 
ompa
t 
onvex set K �

R

3

and a �nite family F of disjoint translates of K in R

3

su
h that any

n � 1 members of F admit a line transversal, and yet F admits no line

transversal.

2 Proof of Theorem 1

Similar to almost all previous examples with lines in R

3

, our 
onstru
tion

uses the hyperboli
 paraboloid � � R

3

with equation z = xy (we imagine

the z-axis being verti
al). For a 2 f0; 1; : : : ; 6g let h

a

� R

3

be the plane

fx = ag. Let l

a

be the line h

a

\ � and let s

a

be the segment on l

a

with

y 2 [0; 1℄. Note that ea
h line transversal of fs

0

; s

1

; : : : ; s

6

g lies on � and is

one of the lines fy = y

0

; z = xy

0

; y

0

2 [0; 1℄g.

We 
hoose a very small " > 0 and we let �

�

be the verti
al plane fx =

�+"yg, 0 < � < 1. The interse
tion �\�

�

is the graph of a 
onvex fun
tion.

Further let t

j

� � be the line fy = j=n; z = xyg, j = 1; 2; : : : ; n; see Fig. 1.

For ea
h i we de�ne (n � 1)-point set P

i

= fp

ij

: j 2 f1; 2; : : : ; ng n figg,

where fp

ij

g = t

j

\ �

i=2n

.

We now introdu
e 
onditions on the 
onvex body K and the family F

of translates of K. First of all we want F to 
ontain translates K

a

for

a 2 f0; 1; : : : ; 6g su
h that K

a

\� = s

a

and K

a

lies above � for a even and

below � for a odd.
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Figure 1: Some of the obje
ts in the 
onstru
tion (for n = 3).

We 
laim that every line transversal of fK

0

;K

1

; : : : ;K

6

g is also transver-

sal of fs

0

; s

1

; : : : ; s

6

g. To see this, note that any line transversal t of

fK

a

: a = 0; 2; 4; 6g has to go above � (non-stri
tly) at every se
tion with

the plane h

a

, a = 0; 2; 4; 6, and sin
e t interse
ts � at most twi
e, it goes


ompletely above � in at least 2 of the 3 intervals [0; 2℄, [2; 4℄, and [4; 6℄.

Similarly, if t is a transversal of fK

a

: a = 1; 3; 5g, it has to go 
ompletely

below � in at least 1 of the intervals [1; 3℄ and [3; 5℄. Therefore, every line

transversal of fK

0

;K

1

; : : : ;K

6

g shares as segment with �, and so it lies


ompletely on �.

Next, we want F to 
ontain translates L

i

, for i = 1; 2; : : : ; n, su
h that

L

i

lies above � and L

i

\ � = P

i

.

Let us assume, for the moment, that there exists a 
onvex body K that

satis�es the 
onditions above su
h that F is a family of disjoint translates

of K. Then ea
h n� 1 members of F admit a line transversal, but not the

entire family. To see this, note that t

i

is the unique transversal to F nfL

i

g,

and that t

i

misses L

i

.

The 
onstru
tion. Now we give an expli
it 
onstru
tion of K that

satis�es the 
onditions above. First we 
onstru
t a set X � R

3


onsisting of

segments �

0

; �

1

; : : : ; �

6

and points q

ij

, i = 1; 2; : : : ; n, j 2 f1; 2; : : : ; ngnfig,

all lying in the narrow verti
al strip f0 � x � Æg, with Æ > 0 small. Then
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we de�ne K = 
onv(X).

First we let X

0

be the segment �

0

= s

0

, lying within the verti
al plane

h

0

= fx = 0g. Having 
onstru
ted X

i�1

, i = 1; 2; : : : ; n, we obtain X

i

by

appending a suitably translated 
opy Q

i

= fq

ij

: j 2 f1; 2; : : : ; ng n figg

of the set P

i

. This means that we let m

i�1

be the point of X

i�1

with the

largest y-
oordinate (e.g., m

0

= (0; 1; 0)), we de�ne v

i

as the translation

ve
tor that moves m

i�1

to the point of P

i

with the smallest y-
oordinate

(i.e., v

1

= p

12

�m

0

for i = 1 and v

i

= p

i1

�m

i

for i = 2; 3; : : : ; n), and we

set Q

i

= P

i

� v

i

and X

i

= X

i�1

[Q

i

. We note that Q

1

[ : : : [Q

n

all lie in

the verti
al plane fy = "x+ 1g.

Having 
onstru
ted X

n

, we similarly append to it translated 
opies

�

2

; �

4

; �

6

of the segments s

2

; s

4

; s

6

, respe
tively, in this order. These lie

in the verti
al plane h

Æ

= fx = Æg, where Æ is the maximum x-
oordinate in

X

n

; that is, the x-
oordinate of the last point q

n(n�1)

2 Q

n

. See Fig. 2(a).

Let X

L

denote the set 
onstru
ted so far. For later use, we note that X

L

is monotone, in the following sense: If p; q 2 X

L

are points, with y(p) < y(q)

(y(p) is the y-
oordinate of p), then x(p) � x(q), with equality only if p; q

lie on a 
ommon segment �

a

.

Next, we let X

U

= �

1

[�

3

[�

5

, where �

a

is a translate of s

a

, a = 1; 3; 5,

su
h that X

U

lies within the verti
al strip fx = 0; 0 � y � 3g, very high

above X

L

, and forms the graph of a 
on
ave fun
tion. Expli
itly, �

5

=

fx = 0; z = 5y +M; 0 � y � 1g, �

3

= fx = 0; z = 3y +M + 2; 1 � y � 2g,

�

1

= fx = 0; z = y +M + 6; 2 � y � 3g, where M is a very large number.

Finally, we set X = X

L

[X

U

.

Let F

X

be the family of translates of X 
onsisting of:

� X + v

i

, for i 2 f1; 2; : : : ; ng, and

� X + w

a

, for a 2 f1; 2; : : : ; 6g, where w

a

is the translation ve
tor with

�

a

+ w

a

= s

a

.

The family F is obtained by repla
ing ea
h member of F

X

by its 
onvex

hull, i.e. a translate of K = 
onv(X).

Che
king the properties of F. We now show that the family F has

the desired properties when " > 0 is 
hosen suÆ
iently small. For this

we �rst 
onsider the family F

X

rather than F . The set X is 
onstru
ted

so that the members of F

X

interse
t � exa
tly the way we want; that is,

(X + v

i

) \ � = P

i

and (X + w

a

) \ � = s

a

.

To see this, note that the slope (in the h

0

plane) of the segments q

ij

q

i(j+1)

is very 
lose to

i

2n

. If follows that ea
h X + v

i

lies above � and interse
ts
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Figure 2: (a) The set X

L

for n = 3 (proje
tion to the yz plane); (b) the set

X

U

(shown in a smaller s
ale than X

L

).

it only in P

i

. Similarly, we 
he
k that for a = 0; 2; 4; 6, X +w

a

lies above �

and interse
ts it exa
tly in s

a

, and for a = 1; 3; 5, X +w

a

lies below � and

interse
ts it exa
tly in s

a

.

Clearly, the translates in F are disjoint, sin
e they lie in disjoint parallel

verti
al strips (parallel to the yz plane and of width Æ). It remains that

the interse
tions of the members of F

X

with � are not enlarged by taking


onvex hulls. We begin with a simple observation:

Observation 2 Let p; q be points lying above � (not ne
essarily stri
tly),

su
h that x(p) � x(q) and y(p) � y(q). Then all points of the segment pq

lie above � (non-stri
tly). Moreover, an interior point of the segment pq


an lie on � only if x(p) = x(q) and all of the segment pq lies on �.

To see this, 
onsider the verti
al plane � passing through p and q (if

x(p) = x(q) and y(p) = y(q) then the 
laim 
learly holds, so we may assume

that � is unique). The interse
tion � \ � is the graph of a 
onvex fun
tion,

so the segment pq lies (non-stri
tly) above it. Moreover, that fun
tion is
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stri
tly 
onvex unless x(p) = x(q) or y(p) = y(q), and in these 
ases it is a

line. 2

Now let us 
onsider a translate X + v

i

2 F

X

. First we 
he
k that


onv(X

L

+v

i

)\� = P

i

; this is immediate from Observation 2 (if we 
onne
t

two points in X

L

+ v

i

by a segment, all interior points of that segment lie

stri
tly above �, and similarly if we 
onne
t these \�rst-generation" points

by segments).

The set 
onv(X

U

+ v

i

) lies high above �. Any segment 
onne
ting a

point of 
onv(X

L

+ v

i

) to 
onv(X

U

+ v

i

) is almost verti
al, and so su
h

segments do not 
reate any new interse
tions with �. The union of all su
h

segments already equals 
onv(X + v

i

) (if A;B � R

3

are 
onvex sets, then

S

fab : a 2 A; b 2 Bg is 
onvex).

The argument for 
onv(X+w

a

)\� = s

a

, a = 0; 2; 4; 6, is almost identi
al

and we omit it. Finally, 
onv(X+w

a

)\� = s

a

for a = 1; 3; 5 is easy as well:

The situation with 
onv(X

U

+ w

a

) is 
lear, as it lives within the verti
al

plane h

a

, whi
h is interse
ted by � in a line, and the 
ontribution of X

L

+w

a

is dis
ussed as above. This 
ompletes the proof of Theorem 1. 2

3 Remarks

We 
on
lude with some remarks 
on
erning the 
onstru
tion in Se
tion 2.

1. Although the set K is very 
at, we note that it must indeed be 3-

dimensional. If not, and F is a �nite family of translates of K su
h

that every 3 members have a line transversal, then either F lies in a


ommon plane, or all members lie in distin
t parallel planes. In both


ases the Helly number is bounded: in the �rst 
ase by Tverberg's

transversal theorem, and in the se
ond 
ase by a theorem of Gr�unbaum

(see Theorem 5.6 of [2℄).

2. It has already been noted that the members of F lie in disjoint parallel

strips. Using this observation, labeling the strips going from left to

right, say, gives an ordering of the members of F . And by the disjoint-

ness of the strips it follows that any n� 1 members of F are met by a

line transversal 
onsistently with the ordering. Thus the 
onstru
tion

in Se
tion 2 a
tually proves the following statement (whi
h is stronger

than Theorem 1).
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Theorem 3 There is no Hadwiger-type theorem for line transversals

to families of disjoint translates in R

3

.

3. Our example 
an also be easily modi�ed to refute a theorem of the

following type: \There exist 
 and k su
h that if every k members of

a family of disjoint translates of a given 
onvex body in R

3

have a line

transversal, then all but at most 
 members of that family have a line

transversal."

The modi�
ation goes as follows. First, instead of the 7 segments

s

0

; s

1

; : : : ; s

6

, we use suÆ
iently many segments s

a

so that if any at

most 
 of them are removed, a 7-tuple still remains for whi
h the ar-

gument in the proof (that any transversal of the 
orresponding 
opies

K

a

of K lies on �) still works. And se
ond, we 
hoose the parameter

n suÆ
iently large depending on k and 
, and instead of the simple

set system ff1; 2; : : : ; ng n fig : i = 1; 2; : : : ; ng used for de�ning the

sets P

i

, we use another set system in whi
h every k sets interse
t but

no n� 
 do.

4. On the other hand, we do not have an example disproving a fra
tional

Helly theorem of the following type:

There exists a natural number k su
h that for every � > 0

there is a � > 0 su
h that wheneverK is a 
onvex body in R

3

and F = fK

1

;K

2

; : : : ;K

n

g is a family of disjoint translates

of K su
h that at least �

�

n

k

�

among the

�

n

k

�

subfamilies of

F of size k admit a line transversal, then some at least �n

sets of F have a line transversal.

This, if true, would be an analogue of the result of Kat
halski and Liu

[6℄; see, e.g., [7℄ for re
ent examples of fra
tional Helly theorems in

situations where Helly-type theorems fail.
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