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Abstra
t

A family of permutations F � S

n

with a probability distribution

on it is 
alled k-restri
ted min-wise independent if we have Pr[min�(X) = �(x)℄ =

1

jXj

for every subset X � [n℄ with jXj � k, every x 2 X, and � 2 F


hosen at random. We present a simple proof of a result of Norin:

every su
h family has size at least

�

n�1

b

k�1

2




�

. Some features of our

method might be of independent interest.

�
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The best available upper bound for the size of su
h family is 1 +

P

k

j=2

(j � 1)

�

n

j

�

. We show that this bound is tight if the goal is to

imitate not the uniform distribution on S

n

, but a distribution given

by assigning suitable priorities to the elements of [n℄ (the stationary

distribution of the Tsetlin library, or self-organizing lists). This is

analogous to a result of Karlo� and Mansour for k-wise independent

random variables.

We also investigate the 
ases where the min-wise independen
e


ondition is required only for sets X of size exa
tly k (where we have

only an 
(log log n + k) lower bound), or for sets of size k and k�1

(where we already obtain a lower bound of n�k+2).

1 Introdu
tion

Let S

n

denote the set of all permutations of [n℄ = f1; 2; : : : ; ng. A family

F � S

n

of permutations with a probability distribution on it is 
alled min-

wise independent if, for any set X � [n℄, the following 
ondition holds: For

every x 2 X and for � 
hosen at random from F , we have

Pr[min�(X) = �(x)℄ =

1

jX j

:

That is, we require that all elements of X have equal 
han
e of be
oming

the minimum element of the image of X under �. We 
all this 
ondition

the min-uniform 
ondition for X .

As for the probability distribution on F , two basi
 
ases 
an be distin-

guished: Either the distribution is required to be uniform (then we 
all F a

uniform family), or it 
an be arbitrary (then we speak of a biased family).

Min-wise independent families of permutations were introdu
ed and thor-

oughly investigated by Broder, Charikar, Frieze, and Mitzenma
her [3℄.

They are essential to algorithms for dete
ting near-dupli
ate do
uments,

su
h as used in pra
ti
e by the AltaVista Web indexing software; see, e.g.,

[3℄ for explanation and referen
es. A partial list of subsequent works in this

area is [4, 5, 9, 10, 15, 17℄.

Size of min-wise independent families. Broder et al. [3℄ showed that

the size of any uniform min-wise independent family is at least the least


ommon multiple of 2; 3; : : : ; n, whi
h is of order e

n�o(n)

. They 
onstru
ted

a uniform min-wise independent family of size at most 4

n

, and later Takei,

Itoh, and Shinozaki [17℄ provided a 
onstru
tion exa
tly mat
hing the lower

bound just mentioned.
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Biased min-wise independent families 
an be somewhat smaller, but they

still require exponential size: The bounds from [3℄ are 
(

p

n 2

n

) from below

and n2

n�1

�1 from above (the latter bound uses the linear programming

approa
h of Koller and Megiddo [13℄, whi
h we brie
y dis
uss in Se
tion 3).

Thus, min-wise independent families are ne
essarily exponentially large

and thus impra
ti
al for some appli
ations. The 
ondition of min-wise in-

dependen
e 
an be relaxed in various ways.

Approximate min-wise independen
e. One of them is approxi-

mate min-wise independen
e [3℄, where the probability of min�(X) = �(x)

is only 
lose to

1

jXj

, rather than equal to it. That is, we require that

�

�

�

Pr[min �(X) = �(x)℄ �

1

jXj

�

�

�

�

"

jXj

, where " > 0 is a pres
ribed error pa-

rameter. This 
on
ept seems very suitable for appli
ations, and very small

approximate min-wise independent families have been 
onstru
ted. We re-

fer to Broder et al. [3℄, Indyk [9℄, and Saks et al. [15℄ for upper and lower

bounds.

Restri
ted min-wise independen
e. In this paper we study a di�erent

relaxation of min-wise independen
e, where the min-uniform 
ondition is

required to hold exa
tly, but only for some sets X . Namely, we 
all a family

F k-restri
ted min-wise independent if the min-uniform 
ondition holds for

all X � [n℄ with jX j � k.

This perhaps most natural 
on
ept of restri
ted min-wise independen
e

was also introdu
ed by Broder et al. [3℄. By a sophisti
ated method using

graph entropy, they proved a lower bound of 


�

k2

k=2

log(n=k)

�

for the size

of any (possibly biased) k-restri
ted min-wise independent family. They

also noted that for uniform k-restri
ted min-wise independent families, one

obtains a lower bound of e

k�o(k)

by the method used for uniform min-wise

families, and that the upper bound of

P

k

j=2

j

�

n

j

�

(= �(n

k

) for k �xed)

for biased k-restri
ted min-wise independent families follows by the linear

programming approa
h. The problem was further investigated by Itoh et al.

[10℄, who 
onstru
ted an expli
it uniform k-restri
ted min-wise independent

family of size n

(1+

2

lgn

)k

, and proved a lower bound of n�1 (for any k � 3).

Re
ently Norin [14℄ proved the following stronger lower bound:

Theorem 1 ([14℄) Let F be a k-restri
ted min-wise independent family

(with an arbitrary, possibly biased, probability distribution), and let n � 2k.

Then

jFj �

�

n� 1

b

k�1

2




�

:
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In Se
tion 2 we present an alternative proof of this fa
t. Although we

found it without knowing of Norin's work, it has some similarities to his

proof, but it is 
onsiderably simpler and shorter. Some of the features of

our proof, su
h as the use of 
omplex random variables, appear to be new

in this 
ontext and 
ould be useful in other problems as well.

Re
ently we have learned that Itoh et al. [11℄ independently proved a

lower bound similar to Theorem 1 but slightly stronger, namely,

P

(k�1)=2

i=0

�

n�1

i

�

for k odd and

P

k=2�1

i=0

�

n�1

i

�

+

�

n�2

k=2�1

�

for k even. Their method di�ers from

both Norin's and ours in several ways.

Non-uniform distributions on S

n

. While we do not know whether the

lower bound in Theorem 1 
an be improved, we show that in a more general

setting, the upper bound of order n

k

obtained by the linear programming

approa
h is tight.

In that more general setting, we do not want our family F of permu-

tations to imitate, as far as the minima of at most k-element sets are 
on-


erned, the uniform distribution on S

n

, but rather distributions where a

random permutation is sele
ted a

ording to some given priorities of the

elements. The priorities are positive real numbers w

1

; w

2

; : : : ; w

n

, and a

random permutation � is 
hosen, brie
y speaking, by \sampling from the

priorities without repla
ement". More pre
isely, we sele
t � in n steps as

follows: We maintain a 
urrent set C of elements, whi
h is initialized to

[n℄ before the �rst step. In the ith step, we pi
k the element that be
omes

the ith element in the ordering given by � (that is, we pi
k �

�1

(i)). We

pi
k it at random from the 
urrent set C, where ea
h a 2 C is 
hosen with

probability

w

a

P

b2C

w

b

:

The 
hosen element is deleted from C and we 
ontinue with the next step.

This distribution is known as the stationary distribution of the Tsetlin

library Markov 
hain [18℄, and it arises naturally in 
omputer s
ien
e (e.g.,

for self-organizing lists), as well as in many applied 
ontexts; see, for in-

stan
e, Fill [7℄.

The above algorithmi
 des
ription 
an easily be turned into a formal de-

s
ription of the resulting probability distribution � = �(w

1

; : : : ; w

n

) on S

n

,

but we omit the formulas. The important property for us, whose (straight-

forward) proof we also omit, is that for X � [n℄ and x 2 X , the probability
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of min �(X) = �(x) for � 
hosen at random from � is

w

x

P

y2X

w

y

:

It should be 
lear what is meant by saying that a family F � S

n

(with

a probability distribution on it) is k-restri
ted min-wise independent with

respe
t to a given probability distribution � on S

n

: For any at most k-element

X � [n℄ and any x 2 X , the probability of min�(X) = �(x) is the same for

� sele
ted at random from F and for � sele
ted at random from �. Now we


an state our (exa
t) result:

Theorem 2

(i) Let � be an arbitrary probability distribution on S

n

. Then there exists

a (biased) family F � S

n

of size at most

1 +

k

X

j=2

(j � 1)

�

n

j

�

that is k-restri
ted min-wise independent with respe
t to �.

(ii) There exist positive priorities w

1

; : : : ; w

n

su
h that the upper bound

in (i) 
annot be improved for the distribution � = �(w

1

; : : : ; w

n

). In

fa
t, the set of positive ve
tors (w

1

; : : : ; w

n

) 2 R

n

that do not have

this property is 
ontained in the zero set of a non-zero polynomial in

w

1

; : : : ; w

n

, and thus it is nowhere dense and of measure zero.

In parti
ular, for k = n we obtain the bound (n�2)2

n�1

.

The theorem is proved in Se
tion 3. It is analogous to a result of Karlo�

and Mansour 
on
erning k-wise independent random variables (although it

is proved di�erently); for 
omparison, we outline the relevant notions and

results.

Remark on k-wise independent random variables. Random vari-

ables X

1

; X

2

; : : : ; X

n

on some probability spa
e are 
alled k-wise indepen-

dent if every k of them are mutually independent. The investigation of

k-wise independen
e predates the study of min-wise independent permuta-

tions (and most of the questions, results, and te
hniques 
on
erning min-

wise independen
e have their analogs and inspirations there). Here we fo
us

on results whi
h seem most relevant to our topi
. For simpli
ity, we 
onsider

k �xed in the following dis
ussion.
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Alon et al. [1℄ 
onstru
ted a family of n k-wise independent random

variables, ea
h attaining values 0 and 1 with probability

1

2

, on a spa
e of

size O(n

bk=2


). They also proved that any family of n k-wise independent

random variables require size 
(n

bk=2


), provided that none of the variables

attains a single value with probability 1 (a spe
ial 
ase of this result was

independently obtained by Chor, Goldrei
h, H�astad, Friedman, Rudi
h, and

Smolensky [6℄).

On the other hand, Karlo� and Mansour [12℄ showed that, for suitably


hosen probabilities p

1

; : : : ; p

n

(for example, p

i

=

k

n

will do), a family of k-

wise independent 0/1 random variables X

1

; : : : ; X

n

, where X

i

attains value

1 with probability p

i

, requires spa
e size 
(n

k

). This is the inspiration for

Theorem 2.

Thus, the existen
e of a spa
e of size O(n

bk=2


) for the uniform 0/1 
ase


an be 
onsidered as a \lu
ky 
oin
iden
e" made possibly by symmetry.

A very interesting open problem is, whether a \lu
ky" 
onstru
tion of an

k-restri
ted min-wise independent family of permutations (with respe
t to

the uniform distribution) exists, of size mu
h smaller than n

k

.

Restri
ted min-wise independen
e for sets of size exa
tly k. The

min-uniform 
ondition for all X of size exa
tly k does not generally imply

the min-uniform 
ondition for sets X of smaller size. One way of seeing this

is to note that the order of the last k�1 elements in the permutations of F

does not a�e
t the min-uniform 
ondition for sets of size k (or larger), while

it does a�e
t the min-uniform 
ondition for sets smaller than k.

We thus de�ne, for a set S � [n℄, a family of permutations to be S-

restri
ted min-wise independent if the min-uniform 
ondition holds for all

X � [n℄ with jX j 2 S. We will 
onsider mainly the 
ase with S = fkg.

The problem of estimating the size of fkg-restri
ted min-wise indepen-

dent families was raised by Emo Welzl, and it seems 
hallenging. We do

not know of any substantial improvement of the O(n

k

) upper bound, but

neither the proof method of Theorem 1 nor some other approa
hes used for

lower bounds in the literature seem appli
able here. At �rst sight, it is not

even obvious that su
h a family 
annot have size depending only on k. (On

the other hand, if we admit more general distributions on S

n

as in Theo-

rem 2, we 
an obtain an exa
t bound, (k�1)

�

n

k

�

+1, by following the proof

of Theorem 2 almost literally.) Some results in this dire
tion are presented

in Se
tion 4.

6



2 The lower bound for k-restri
ted min-wise

independent families

All known proofs of Theorem 1 use the following somewhat surprising prop-

erty of k-restri
ted min-wise independent families. We present a short proof

(avoiding some 
al
ulations from [14℄).

Proposition 3 ([14℄) Let F be a k-restri
ted min-wise independent family,

let X be a k-element subset of [n℄, and let X = A [ fxg [ B be a partition

of X. Then, for � 
hosen from F at random,

Pr[�(A) < �(x) < �(B)℄ =

1

(a+ 1)

�

k

a+1

�
; (1)

where a = jAj (this probability is the same as for � 
hosen uniformly at

random from S

n

). Here �(A) < �(x) means that every element of A pre
edes

x in the ordering given by �.

Proof. We pro
eed by indu
tion on a = jAj. The 
ase a = 0 follows

immediately from the min-uniform 
ondition.

Now we suppose that (1) holds for all X and all partitions X = A[fxg[

B with jAj < a. Let us 
onsider someX and some partitionX = A[fxg[B

with jAj = a. We have

1

k � a+ 1

= Pr[�(x) < �(B)g℄ =

=

X

C�A

Pr[�(C) < �(x) < �(B [ (A n C))℄ :

For every proper subset C � A probability Pr[�(C) < �(x) < �(B [ (A n C))℄

is, by the indu
tive assumption, the same as if � were sele
ted uniformly

at random from S

n

. Therefore, Pr[�(A) < �(x) < �(B)℄ must also be the

same as for � sele
ted uniformly at random from S

n

. The proposition is

proved. 2

For later use, we note that the proof of the validity of (1) with jAj � a

requires the min-uniform 
ondition only for sets of size k�a; k�a+1; : : : ; k.

In our proof of Theorem 1 we are going to use a result on the rank of


ertain in
lusion matri
es. Let L

n

(i; j), 1 � j � i � n, be the 0/1 matrix

7



with rows indexed by all i-element subsets S � [n℄, 
olumns indexed by all

j-element subsets T � [n℄, and with the entry at position (S; T ) equal to

1 if T � S and equal to 0 otherwise. This matrix is a representative of a

wide 
lass of so-
alled in
lusion matri
es; see, e.g., Babai and Frankl [2℄.

We need the following statement.

Theorem 4 (Gottlieb [8℄) For every i; j, 1 � j � i � n, the matrix

L

n

(i; j) has full rank; that is

rankL

n

(i; j) = min

��

n

i

�

;

�

n

j

��

:

A di�erent proof, whi
h establishes mu
h more, 
an be found in [2℄.

Proof of Theorem 1. Our basi
 strategy is inspired by Alon, Babai,

and Itai [1℄. We suppose that a k-restri
ted min-wise independent family

F with its probability distribution is given, and we de�ne a suitable family

(X

i

: i 2 I) of random variables on F . We 
onsider the jI j � jI j matrix

M

I

:=

�

E[X

i

X

j

℄

�

i;j2I

(where E[X ℄ denotes the expe
tation of X) and

prove that it is non-singular. Then it follows that jFj � jI j. Indeed, let

us 
onsider ea
h random variable X

i

as a ve
tor with jFj 
omponents. We

verify that these jI j ve
tors are linearly independent and, 
onsequently, the

ve
tor spa
e of all jFj-
omponent ve
tors has dimension at least jI j.

To 
he
k the linear independen
e of the ve
tors X

i

, let us suppose that

(�

i

: i 2 I) are s
alars su
h that

P

i2I

�

i

X

i

= 0. Then, for every j 2 I ,

X

j

X

i2I

�

i

X

i

=

X

i2I

�

i

X

i

X

j

= 0;

and therefore,

E

�

X

i2I

�

i

X

i

X

j

�

=

X

i2I

�

i

E[X

i

X

j

℄ = 0:

Sin
e M

I

is non-singular, it follows that �

i

= 0 for all i 2 I , and so the X

i

are linearly independent.

In the 
onstru
tion of Alon et al. [1℄, the X

i

attain real values, and they

are 
onstru
ted so that M

I

is a non-singular diagonal matrix. We are going

to use a more general M

I

and 
omplex random variables.

8



We let ` := b

k�1

2


. Our random variables will be indexed by `-element

subsets S � [n� 1℄; that is, I =

�

[n�1℄

`

�

. They are de�ned as follows:

X

S

(�) =

8

<

:

1 if �(n) < �(S),

i if �(S) < �(n), and

0 otherwise.

Here i =

p

�1 is the imaginary unit. In other words, X

S

has value 1 if n

appears as the �rst element of the set S [ fng, value i if n appears as the

last element, and value 0 otherwise.

We have

X

S

X

T

=

8

>

>

<

>

>

:

1 if �(n) < �(S [ T ),

�1 if �(S [ T ) < �(n),

i if either �(S) < �(n) < �(T ) or �(T ) < �(n) < �(S), and

0 otherwise.

Using Proposition 3, we 
an 
al
ulate the expe
tations E[X

S

X

T

℄, i.e.,

the matrix M

I

:

E[X

S

X

T

℄ =

(

0 if S \ T 6= ;, and

i

2

(`+1)

(

2`+1

`+1

)

if S \ T = ;:

Thus, M

I

is a 
onstant multiple of the \interse
tion matrix" with the entry

(S; T ) being 1 for S \ T = ; and 0 otherwise. This, in turn, is the same as

the matrix L

n

(n�`�1; `), whi
h is non-singular by Theorem 4. Theorem 1

is proved. 2

3 Bounds for more general distributions on

S

n

Proof of part (i) of Theorem 2. We follow the method of Koller

and Megiddo [13℄. Let � be a given probability distribution on S

n

, and for

X � [n℄ and x 2 X , let p

X;x

be the probability of min�(X) = �(x) for �


hosen at random from �. (So p

X;x

=

1

jXj

if � is the uniform distribution.)

To ea
h permutation � 2 S

n

, we assign a real variable �

�

. Under the


onditions �

�

� 0 for all � and

X

�2S

n

�

�

= 1; (2)

9



these variables spe
ify a probability distribution on S

n

. If we, moreover,

postulate the 
onditions

X

�2S

n

:min�(X)=�(x)

�

�

= p

X;x

(3)

for every at most k-element X � [n℄ and every x 2 X , any solution to this

system of linear inequalities spe
i�es a probability distribution making S

n

into a k-restri
ted min-wise independent family (with respe
t to �).

Next, we note that some of the equations in the above system are re-

dundant. Namely, for every �xed X , we have

X

x2X

X

�2S

n

:min�(X)=�(x)

�

�

=

X

�2S

n

�

�

= 1;

and so one of the jX j equations (3) 
an be omitted for every X . Hen
e,

the 
onditions on the �

�


an be spe
i�ed by a system of m

0

:= 1 +

P

2�jXj�k

(jX j�1) linear equations (m

0

is pre
isely the number appearing

in the upper bound we want to prove).

This system 
ertainly has a solution (namely, the one given by �

�

=

�(f�g)), and hen
e there is also a basi
 solution with at most m

0

non-zero


omponents. By 
olle
ting the permutations with �

�

6= 0 in su
h a solution,

we obtain a (biased) k-restri
ted min-wise independent family of the desired

size. 2

It follows from part (ii) of Theorem 2 that no further equations from the

above system 
an be eliminated. This 
an also be easily shown dire
tly, by


he
king that the matrix of the system has rank m

0

.

For the proof of part (ii) we need some preparations. Let x = (x

1

; x

2

; : : : ; x

n

)

be a ve
tor of n variables (indeterminates), and let R(x) denote the �eld of

rational fun
tions in x

1

; x

2

; : : : ; x

n

with real 
oeÆ
ients. Ea
h element of

R(x) 
an thus be written as p(x)=q(x) for some n-variate polynomials p(x)

and q(x) 6= 0.

For ea
h X � [n℄ with 2 � jX j � k, we �x one element a

X

2 X , and

we let I = f(X; a) : a 2 X; a 6= a

X

g. (We now write a instead of x for the

element of X , in order to avoid 
onfusion with the variables x

i

.) Note that

jI j = m

0

� 1, where m

0

is as in the proof of part (i) above.

For every (X; a) 2 I , we de�ne the rational fun
tion

f

X;a

(x) :=

x

a

P

b2X

x

b

10



If w = (w

1

; w

2

; : : : ; w

n

) is a ve
tor of priorities spe
ifying a probability

distribution �(w) = �(w

1

; : : : ; w

n

) on S

n

, then f

X;a

(w) is the probability of

min�(X) = �(a).

Lemma 5 The rational fun
tions f

X;a

(x), (X; a) 2 I, plus the 
onstant

rational fun
tion 1, are linearly independent when R(x) is 
onsidered as a

(real) ve
tor spa
e.

Proof. Suppose that �

1

and �

X;a

, (X; a) 2 I , are real numbers su
h that

�

1

+

X

(X;a)2I

�

X;a

f

X;a

(x) = 0:

(the rational fun
tion equal to 0 everywhere). Substituting for f

X;a

and

rearranging, we obtain

�

1

+

X

X

N

X

(x)

D

X

(x)

= 0; (4)

where D

X

(x) =

P

b2X

x

b

and N

X

(x) =

P

a2Xnfa

X

g

�

X;a

x

a

. We are going

to show that N

X

(x) is identi
ally 0 for ea
h X ; then �

1

= 0 as well and the

desired linear independen
e follows.

Let us �x some X . We multiply the equation (4) by the polynomial

R(x) :=

Q

Y 6=X

D

Y

(x) (the produ
t is over all Y of size between 2 and

k ex
ept for Y = X). The left-hand side of the resulting equality is

R(x)N

X

(x)=D

X

(x) plus a polynomial, and so R(x)N

X

(x)=D

X

(x) is a poly-

nomial, too. Sin
e the (irredu
ible) polynomialD

X

(x) does not divide R(x),

it must divide N

X

(x), and this is possible only if N

X

(x) is the zero polyno-

mial. The lemma is proved. 2

Proof of part (ii) of Theorem 2. Suppose that w = (w

1

; : : : ; w

n

) is a

ve
tor of positive priorities, F � S

n

is family of m < m

0

permutations, and

p

�

, � 2 F , are probabilities su
h that F with the distribution given by these

p

�

is k-restri
ted min-wise independent with respe
t to the distribution �(w)

on S

n

.

Then the numbers f

X;a

(w), as well as the number 1, are expressible as

a sum of some of the p

�

. More expli
itly, for y = (y

�

: � 2 F), we let

`

1

(y) =

P

�2F

y

�

and

`

X;a

(y) =

X

�2F :�(a)=min�(X)

y

�

; (X; a) 2 I:

11



Then we have 1 = `

1

(p) and f

X;a

(w) = `

X;a

(p).

Now `

1

(y) and `

X;a

(y) are m

0

homogeneous linear polynomials in m <

m

0

variables, and so they are linearly dependent. So there exist real numbers

�

1

and �

X;a

, (X; a) 2 I , su
h that �

1

`

1

(y)+

P

(X;a)2I

�

X;a

`

X;a

(y) is the zero

polynomial. Then we obtain

�

1

+

X

(X;a)2I

�

X;a

f

X;a

(w) = 0: (5)

On the other hand, the rational fun
tion

F (x) = �

1

+

X

(X;a)2I

�

X;a

f

X;a

(x)

is non-zero (as an element of R(x)) by Lemma 5. Therefore, the w satisfying

(5) are zeros of F (x), and hen
e zeros of a non-zero polynomial.

So for ea
h �xed family F � S

n

of fewer thanm

0

permutations, the set of

w for whi
h F 
an be made k-restri
ted min-wise independent with respe
t

to jmu(w) by some 
hoi
e of the probabilities p

�

is 
ontained in the zero set

of a non-zero polynomial. By taking the produ
t of these polynomials over

the �nitely many possible 
hoi
es of F , we get a polynomial P (x) su
h that

whenever there exists a k-restri
ted min-wise independent family F with

respe
t to �(w) with jFj < m

0

, then P (w) = 0. Theorem 2 is proved. 2

4 Remarks on fkg-restri
ted min-wise inde-

pendent families

Let N(n; k) denote the minimum 
ardinality of a family F � S

n

su
h that

for every k-element X � [n℄ and every x 2 X , F 
ontains a permutation �

with min �(X) = �(x). Clearly, N(n; k) is a lower bound for the size of any

(possibly biased) fkg-restri
ted min-wise independent family.

Spen
er [16℄ proved that N(n; 3) � log

2

log

2

n (to see this, 
onsider a

family of fewer permutations and, by iterated appli
ation of the Erd}os{

Szekeres lemma, �nd elements a; b; 
 su
h that b is between a and 
 in ea
h

of the permutations). It is also easy to see that N(n; k) � N(n � 1; k �

1)+ 1: Given a family attaining N(n; k), we delete one (arbitrarily 
hosen)

permutation �, as well as the �rst element under that permutation. We

thus get:

12



Proposition 6 If F is a (possibly biased) fkg-restri
ted min-wise indepen-

dent family, k � 3, then

jF

k

j � N(n; k) � dlog

2

(log

2

(n� k + 2))e+ k � 2:

For a uniform family F , the leading 
onstant 
an be improved a little.

Namely, 
onsider a subfamily F

0

� F 
onsisting ofN(n; k)�1 permutations.

Then there are X , jX j = k, and x 2 X su
h that min�(X) 6= �(x) for all

� 2 F

0

. Then, for � 
hosen at random from F , we have

1

k

= Pr[min�(X) = �(x)℄ �

jFj � jF

0

j

jFj

=

jFj � (N(n; k)� 1)

jFj

:

This yields the following:

Proposition 7 If F is a uniform fkg-restri
ted min-wise independent fam-

ily, k � 3, then

jFj �

k

k � 1

�

dlog

2

(log

2

(n� k + 2))e+ (k � 3)

�

:

As a 
onstru
tion due to Hajnal, presented in [16℄, shows, we have

N(n; k) = O(log logn) for every �xed k, and thus, unfortunately, the lower

bound in Proposition 6 
annot be further improved by this approa
h.

The following proposition addresses an \intermediate 
ase" between k-

restri
ted min-wise independent families and fkg-restri
ted min-wise inde-

pendent families.


ases

Proposition 8 Let F � S

n

be a (possibly biased) fk�1; kg-restri
ted min-

wise independent family. Then jFj � n� k + 2.

Proof. We pro
eed as in the proof of Theorem 1, de�ning a suitable

family (X

i

)

i2I

of random variables. This time we let I := [n � k + 2℄,

S := fn� k + 3; n� k + 4; : : : ; ng, and

X

i

=

�

1 if �(i) < �(S), and

0 otherwise.

We have E

�

X

2

i

�

=

1

k�1

. By the remark following the proof of Proposition 3,

we 
an further 
al
ulate E[X

i

X

j

℄ =

2

k(k�1)

for i 6= j. The resulting matrix

M

I

is easily 
he
ked to be non-singular, and the proposition is proved. 2

13



Open problems

1. The most interesting questions seems to be the order of magnitude

for k-restri
ted min-wise independent families of permutations with k

�xed and n!1. Is the exponent about

k

2

, or about k, or. . . ?

2. Can one improve the lower (or upper) bound for fkg-restri
ted min-

wise independent families?
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