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Abstra
t

Let K � R

d

be a suÆ
iently round 
onvex body (the ratio of the


ir
ums
ribed ball to the ins
ribed ball is bounded by a 
onstant) of a

suÆ
iently large volume. We investigate the randomized integer 
on-

vex hull I

L

(K) = 
onv(K \L), where L is a randomly translated and

rotated 
opy of the integer latti
e Z

d

. We estimate the expe
ted num-

ber of verti
es of I

L

(K), whose behaviour is similar to the expe
ted

number of verti
es of the 
onvex hull of VolK random points in K.

In the planar 
ase, we also des
ribe the expe
tation of the missed

area Vol (K n I

L

(K)). Surprisingly, for K a polygon, the behaviour

in this 
ase is di�erent from the 
onvex hull of random points.
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1 Introdu
tion

Let Z

d

denote the d-dimensional integer latti
e. Let K � R

d

be a 
onvex

body, i.e., a 
onvex 
ompa
t set with nonempty interior. The integer 
onvex

hull I(K) of K is the 
onvex hull of all latti
e points in K:

I(K) = 
onv(K \ Z

d

):

I(K) is a 
onvex polytope whi
h is of 
entral interest in integer program-

ming. For instan
e, when maximizing a linear fun
tion f on the integer

points in K, one looks for the maximum of f on I(K).

Randomized integer 
onvex hull. In this paper is we study the average

behaviour of a randomized version of the integer 
onvex hull. The latti
e

Z

d

is repla
ed by L, a randomly translated and rotated 
opy of Z

d

, and we

investigate

I

L

(K) = 
onv(K \ L)

for a �xed 
onvex bodyK. More pre
isely, for a translation ve
tor t 2 [0; 1)

d

and a rotation � 2 SO(d) around the origin, we set L

t;�

= �(Z

d

+ t), and

we de�ne

L = fL

t;�

: t 2 [0; 1)

d

; � 2 SO(d)g:

A probability measure on L is de�ned as the produ
t of the Lebesgue mea-

sure on [0; 1)

d

and of the normalized Haar measure on SO(d). This measure

is invariant under isometries of R

d

.

The expe
ted number of verti
es. First we are interested in the

expe
ted number of verti
es

E [f

0

(I

L

(K))℄ ;

where K is �xed and the expe
tation is with respe
t to a random 
hoi
e of

L 2 L.

As is 
ommon in the investigation of similar problems, we express the

results using the fun
tion u:K ! R given by

u(x) = Vol (K \ (2x�K)):

That is, u(x) is the volume of the so 
alled Ma
beath region, whi
h is

the interse
tion of K with K re
e
ted about x (more information about

properties of the Ma
beath regions are given in Se
tion 2). We also set

K(u < t) = fx 2 K : u(x) < tg:
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We need to assume that our 
onvex body K is round and suÆ
iently

large. Let us write C

D

or C

d

D

for the set of all 
onvex bodies in R

d

for

whi
h R=r � D, where K 
ontains a ball of radius r and is 
ontained in a


on
entri
 ball of radius R.

Theorem 1.1 Given d and D, there exist 
onstants 


0

; 


1

; 


2

, depending

only on d and D, su
h that for all K 2 C

D

with VolK > 


0

,




1

VolK(u < 1) � E [f

0

(I

L

(K))℄ � 


2

VolK(u < 1):

With the 
onvenient Vinogradov � notation, the last inequalities say

that, as VolK !1,

VolK(u < 1)� E [f

0

(I

L

(K))℄� VolK(u < 1);

where the implied 
onstants depend only on d and D.

A 
omparison with random polytopes. It is interesting and instru
-

tive to 
ompare the randomized integer 
onvex hull with a random polytope

ins
ribed in K. The random polytope K

n

is de�ned as the 
onvex hull of

n random points x

1

; : : : ; x

n


hosen independently and uniformly from K.

The proper s
aling for 
omparison with Theorem 1.1 is VolK = n. Under

this 
onvention,

VolK(u < 1)� E [f

0

(K

n

)℄� VolK(u < 1) (1)

as n ! 1, with the implied 
onstants depending only on d [BL1℄ (no

additional assumptions on K are needed here). The same estimates hold

for the expe
ted number of i-dimensional fa
es of K

n

, E [f

i

(K

n

)℄ [B�a89℄.

Theorem 1.1 and (1) show a strong analogy between random polytopes

and the randomized integer 
onvex hull. Most likely, E [f

i

(I

L

(K))℄ behaves

like E [f

i

(K

n

)℄ for all i, but a proof looks hopeless for the time being.

The expe
ted missed area. When approximating a 
onvex body K by

an ins
ribed polytope P , the volume of K n P , the part of K missed by P ,

serves as a measure of approximation. When P is the random polytope K

n

,

and VolK = n, we have [BL1℄

VolK(u < 1)� E [Vol (K nK

n

)℄� VolK(u < 1):

An analogous result for the randomized integer 
onvex hull 
an be 
onve-

niently formulated using the fun
tion v:K ! R de�ned by

v(x) = minfVol (K \H) : H is a halfspa
e with x 2 Hg: (2)
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The fun
tions u and v behave very similarly. For instan
e, u(x) � 2v(x),

and a

ording to a result from [BL1℄, if v(x) � (2d)

�2d

VolK or if u(x) �

(12d

3

)

�d

VolK, then

v(x) � (3d)

d

u(x) (3)

Thus the above estimate for the missed volume 
an be written as

VolK(v < 1)� E [Vol (K nK

n

)℄� VolK(v < 1):

Here the analogy between random polytopes and the integer 
onvex hull no

longer holds. We show this for d = 2 with the following results.

Theorem 1.2 For K 2 C

2

D

, as AreaK !1,

Z

K

dx

v(x) + 1

� E [Area (K n I

L

(K))℄�

Z

K

dx

v(x) + 1

with the implied 
onstants depending only on D.

Theorem 1.3 For any planar 
onvex body K, we have

(logAreaK)

2

�

Z

K

dx

v(x) + 1

� (AreaK)

1

3

as AreaK !1 (the implied 
onstants are universal).

The upper bound here is the best possible, as we will show after the

proof of Theorem 1.3. The lower bound is also the best possible, apart from

the 
onstant: letting Q to be a square it is not hard to see that

Z

Q

dx

v(x) + 1

� (logAreaQ)

2

where the implied 
onstant is universal. The same applies to any �xed


onvex polygon.

The example of the square Q shows that for the random polygon, the

expe
ted missed area is logAreaQ, while for the randomized integer 
onvex

hull it is (logAreaQ)

2

. So this is where the analogy breaks down. The

reason may be that I(Q) 
ontains many more latti
e points on its boundary

than Q

n

. Another explanation is that what is measured here is a metri


and not 
ombinatorial quantity.
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We mention that for a smooth 
onvex body K 2 C

d

D

, the missed volume

of �K n I(�K) behaves the same way as for random polytopes when �!1

(
f. [BL2℄):

�

d

d�1

d+1

� Vol (�K n (I(�K))� �

d

d�1

d+1

:

So the misbehaviour of the square, and of 
onvex polygons in general, is an

unexpe
ted fa
t (at least for the authors).

Other related results. Let us mention some other known results 
on-


erning the integer 
onvex hull. Motivated by problems in integer program-

ming, Cook et al. [CHKM℄ show that for a rational polyhedron K � R

d

,

f

0

(I(K))� (sizeK)

d�1

, where the size of K is the number of digits needed

to des
ribe the inequalities de�ning K. (K is a rational polyhedron if the

de�ning inequalities have integral 
oeÆ
ients.) This bound is the best pos-

sible in general [BHL℄.

The following estimate was proved in [BL2℄ for the integer 
onvex hull

of large balls, and more generally, for I(�K) with a �xed smooth K and

�!1:

�

d

d�1

d+1

� f

i

(I(�K))� �

d

d�1

d+1

with the implied 
onstants depending on K. We note that this behaviour

is again analogous to that of a random polytope (and to the randomized

integer 
onvex hull as in Theorem 1.1), sin
e for K �xed and smooth and

K

0

= �K the fun
tion � 7! VolK

0

(u < 1) has order �

d

d�1

d+1

.

2 Preliminaries

Ma
beath regions. In the subsequent proofs we are going to use

the properties of Ma
beath regions and minimal 
aps extensively. The

Ma
beath region, or M -region for short, of a 
onvex body K 
entred at

x 2 K is

M(x) =M

K

(x) = [x+ (K � x)℄ \ [x� (K � x)℄ = K \ (2x�K):

The de�nition 
omes from Ma
beath [Ma℄; also see [ELR℄ and [BL1℄. The

region M(x) is 
entrally symmetri
 with 
entre x. Its 
opies blown up by a

fa
tor � > 0 from the 
entre x are denoted by

M(x; �) = x+ �(M(x) � x):
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With this notation u(x) = VolM(x) and K(u < t) = fx 2 K : u(x) < tg.

Ma
beath proved [Ma℄ that u

1=d

is a 
on
ave fun
tion on K. The quantity

VolK(u < tVolK)

VolK

is invariant under nondegenerate aÆne transformations, is positive and non-

de
reasing for t > 0, and is equal to 1 for t � 1. It is shown in [BL1℄ that

for 0 < t < 
 (where 
 depends only on d)

t

�

log

1

t

�

d�1

�

VolK(u < tVolK)

VolK

� t

2

d+1

; (4)

with the implied 
onstant depending only on d. Here the lower bound

is rea
hed on polytopes, and the upper bound on smooth enough 
onvex

bodies. The last estimates and Theorem 1.1 imply that, for all 
onvex

bodies K 2 C

D

,

(logVolK)

d�1

� E [f

0

(I

L

(K))℄� (VolK)

d�1

d+1

;

as VolK !1. The upper bound is rea
hed for smooth 
onvex bodies, and

the lower bound is attained for polytopes.

Minimal 
aps. We re
all the de�nition (2) of v:K ! R:

v(x) = minfVol (K \H) : H is a halfspa
e with x 2 Hg:

The minimum is rea
hed on a halfspa
e H

0

. Then C(x) = K \H

0

is 
alled

a minimal 
ap. The minimal 
ap of x 2 K need not be unique, but we �x

one of the minimal 
aps and denote it by C(x). The next two results are

Lemma 2 and Theorem 7 from [BL1℄. The former is used in the proof of

inequality (3).

Lemma 2.1 If x 2 K and v(x) < (2d)

�2d

VolK, then

C(x) �M(x; 3d):

The following theorem expresses an \almost 
on
avity" property of the

fun
tion u:

Theorem 2.2 If K is a d-dimensional 
onvex body, " � (2d)

�2d

and � > 1,

then

VolK(u < "VolK) � 


d

�

�d

VolK(u < �"VolK);

with the positive 
onstant 


d

depending only on d.
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3 The expe
ted number of verti
es

In this se
tion we prove Theorem 1.1. We begin with a few auxiliary 
laims.

The �rst three hold for an arbitrary 
onvex body K in R

d

.

Claim 3.1 If x is a vertex of I(K), then M(x) \ Z

d

= fxg.

Proof. If z 6= x is another element of M(x) \ Z

d

, then so is its re
e
tion

2x � z about x. But then x is the midpoint of the segment [z; 2x � z℄ �

M(x) \ Z

d

and 
annot be a vertex of I(K). 2

Claim 3.2 If C(x) \ Z

d

= fxg, then x is a vertex of I(K).

Proof. Trivial. 2

Claim 3.3 If dist(x; �K) = Æ, then

v(x) �

dÆ

2r

VolK; :

where r is the radius of the largest ball ins
ribed in K.

Proof. The ball B(x; Æ) 
entred at x and of radius Æ tou
hes �K at y, say.

Let us write h

t

for the hyperplane orthogonal to x � y and 
ontaining the

point

y + t

x� y

kx� yk

:

Let U = max

t

Vol

d�1

(h

t

\K), and let C be the smaller of the 
aps 
ut o�

from K by h

Æ

. Now VolK �

2r

d

U . Consequently,

v(x) � VolC � ÆU �

dÆ

2r

VolK:

2

Lemma 3.4 Let K 2 C

d

D

have a suÆ
iently large volume (larger than a

suitable fun
tion of d and D). IfM(x; 3d)\Z

d

= fxg, then C(x)\Z

d

= fxg.
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Proof. We observe that B(x;

p

d) 6� M(x; 3d), sin
e B(x;

p

d) 
ontains

many latti
e points besides x. Then B(x;

p

d=3) is not 
ontained in K.

Thus Æ = dist(x; �K) �

p

d=3, and we 
an use Claim 3.3:

v(x) �

dÆ

2r

VolK �

d

3=2

6r

VolK � (2d)

�2d

VolK

if VolK is suÆ
iently large, sin
e r !1. We 
an now apply Lemma 2.1.

2

Lemma 3.5 If C is an 0-symmetri
 
onvex body in R

d

and VolC �

�

2

p

d+2

�

d

,

then

Prob[C \ �Z

d

= f0g℄ �

1

2

;

where the probability is with respe
t to a random rotation � 2 SO(d).

Proof. Let us assume z 2 Z

d

, z 6= 0, and let Q(z) denote the aligned unit


ube 
entred at z. If x 2 Q(z), then kx � zk �

p

d=2, whi
h is the radius

of the smallest ball 
ontaining Q(z). Then, writing � = (1 +

p

d=2)

�1

, we

have

kxk � kzk+

p

d

2

� kzk=�;

and 
onsequently, kzk � �kxk:

Now we 
ompute

E

�

jC \ �Z

d

j

�

= E

�

j�C \ Z

d

j

�

=

X

z2Z

d

Prob[z 2 �C℄

= 1 +

X

z2Z

d

nf0g

Z

Q(z)

Prob[z 2 �C℄ dx

� 1 +

Z

R

d

nQ(0)

Prob [�x 2 �C℄ dx

as points 
loser to the origin have higher probability of being 
ontained in

a rotated 
opy of C. The last integral, when taken over all x 2 R

d

, is equal

to �

�d

VolC. So

E

�

jC \ �Z

d

j

�

� 1 + �

�d

VolC � 2:
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We set p = Prob[C \ �Z

d

= f0g℄. Then

2 � E

�

jC \ �Z

d

j

�

= Prob[C \ �Z

d

= f0g℄ +

1

X

k=1

(2k + 1)Prob[jC \ �Z

d

j = 2k + 1℄

� p+ 3 � Prob[jC \ �Z

d

j > 1℄ = p+ 3(1� p) = 3� 2p;

implying p � 1=2. 2

Now we re-express the expe
ted number of verti
es of I

L

(K). For a point

x 2 K, let P

�

(x) denote the probability that x is a vertex of I

L

(K), where

L = �(Z

d

) + x is the integer latti
e randomly rotated around 0 and then

translated to x (or equivalently, the origin is �rst translated to x and then

a random rotation around x is applied). The probability is with respe
t to

a random 
hoi
e of � 2 SO(d).

Lemma 3.6 The expe
tation of f

0

(I

L

(K)) with respe
t to a random 
hoi
e

of L 2 L satis�es

E [f

0

(I

L

(K))℄ =

Z

K

P

�

(x) dx:

Proof. For L 2 L and z 2 L we de�ne

�(L; z) =

�

1 if z is a vertex of I

L

(K)

0 otherwise.

We note that the value of � does not 
hange by applying the same isometry

on K, L and z. We 
al
ulate

E [f

0

(I

L

(K))℄ =

Z

L

X

z2L

�(L; z) dL

=

Z

SO(d)

Z

[0;1)

d

X

z2�(Z

d

+t)

�(�(Z

d

+ t); z) dt d�

=

Z

SO(d)

Z

[0;1)

d

X

w2Z

d

�(�(Z

d

+ t); �(w + t)) dt d�

=

Z

SO(d)

Z

R

d

�(�(Z

d

+ y); �y) dy d�

9



=

Z

SO(d)

Z

R

d

�(�(Z

d

) + �y; �y) dy d�

=

Z

SO(d)

Z

R

d

�(�(Z

d

) + x; x) dx d�

=

Z

K

Z

SO(d)

�(�(Z

d

) + x; x) d� dx

=

Z

K

P

�

(x) dx

as 
laimed. 2

Proof of Theorem 1.1. We begin with the upper bound. Claim 3.1 and

Minkowski's theorem show that P

�

(x) = 0 if u(x) > 2

d

. Thus

E [f

0

(I

L

(K))℄ =

Z

K(u�2

d

)

P

�

(x) dx � VolK(u � 2

d

):

The last expression is � VolK(u < 1) by Theorem 2.2 with � = 2

d

and

" = (VolK)

�1

, whi
h gets smaller than (2d)

�2d

when VolK is large enough.

Next, we derive the lower bound in Theorem 1.1 using Lemma 3.5. We

set � = (3d)

�d

(

2

p

d+2

)

d

. We have

Z

K

P

�

(x) dx �

Z

K(u��)

P

�

(x) dx

By Lemma 3.5 M(x; 3d)\

�

�(Z

d

) + x

�

= fxg with probability at least 1=2.

Then Claims 3.4 and 3.2 imply that x is a vertex of I

L

(K). Thus

E [f

0

(I

L

(K))℄ �

Z

K(u��)

1

2

dx �

1

2

VolK(u � �)� VolK(u < 1);

where the last inequality, again, follows from Theorem 2.2 with � = 1=�

and " = �(VolK)

�1

. 2

4 The expe
ted missed area

In this se
tion we begin with the proof of Theorem 1.2. We are going to

establish the upper bound, and the following lower bound for the expe
ted

missed area:
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Proposition 4.1 For K 2 C

2

D

, as AreaK !1,

Z

K(v�1); w(x)�1=3

dx

v(x)

� E [Area (K n I

L

(K))℄

with the implied 
onstants depending only on D. Here w(x) is the width of

the minimal 
ap C(x) in the dire
tion orthogonal to the line that 
uts it o�

from K.

The lower bound of Theorem 1.2 will then follow from the following

result:

Theorem 4.2 If K 2 C

2

D

, then, as AreaK !1,

Z

K(v�1); w(x)�1=3

dx

v(x)

�

Z

K

dx

v(x) + 1

:

The proof of this theorem is lengthy, and it is given in Se
tion 6.

Auxiliary 
laims. The following two lemmas are about a re
tangle T

with sides of length w and `, where w < ` (w is thought of as the width, and `

as the length of T ). Let A = wl denote the area of T . We write P for the set

of primitive ve
tors in Z

2

; that is, P = f(a; b) 2 Z

2

: a; b relatively primeg.

Lemma 4.3 Let A > 1 and w � 1=3. Then, for a random latti
e L 2 L,

Prob[T \ L = ;℄�

1

A

:

Proof. Here it is more 
onvenient to think of the latti
e as being �xed

(equal to Z

2

), while a random isometry is applied to T ; namely, �rst a

random rotation, and then a random translation in [0; 1)

2

. Moreover, the

translation ve
tor 
an be 
hosen from any basi
 parallelogram of the latti
e

Z

2

, instead of [0; 1)

2

.

Let us 
onsider z 2 P with kzk �

1

3w

. Then T has a position T

0

lying


ompletely between two 
onse
utive z-latti
e lines (i.e., lines parallel to z

and 
ontaining points of Z

2

). We �rst 
he
k that su
h a position determines

z uniquely. If not, then there is another z

0

2 P with T

0

lying 
ompletely

between two 
onse
utive z

0

-latti
e lines. So T

0

lies in a parallelogram with

sides z and z

0

, whi
h is latti
e point free, implying A � 1. To pla
e T

between two 
onse
utive z-latti
e lines, we 
an �rst 
hoose the rotation from

11



� 3w

z

Figure 1: Latti
e-point free positions of T

an angular range of at least ', where sin' �

1

`

�

2

3kzk

� w

�

(see Fig. 1), and

for ea
h su
h rotation the lower left 
orner of T 
an be pla
ed anywhere

in the shaded parallelogram of measure

1

3

. Thus the set of positions for a

given z has probability at least

1

3

' >

1

3

sin' �

1

3`

�

2

3kzk

� w

�

�

1

9`

1

kzk

:

Summing this for all z 2 P with kzk �

1

3w

, we get that the probability in

question is at least

1

9`

X

kzk�1=(3w)

1

kzk

�

1

`w

=

1

A

:

2

Lemma 4.4 For every re
tangle T with parameters w; ` and A = w`

Prob[T \ L = ;℄�

1

A

:

Proof. Let us 
onsider a latti
e-point free position T

0

of T . By the Flatness

Theorem (
f. [Kh℄, [KL℄ and [Hu℄ for the planar 
ase) there is a z 2 P su
h

that T

0

interse
ts at most three 
onse
utive z-latti
e lines. This implies

12



z

Figure 2: Latti
e-point free positions of T ; an upper bound

w �

4

kzk

. The range of admissible rotations ' 
an be estimated by (see

Fig. 2)

' �

2

�

sin' �

2

�

4

kzk`

:

So for �xed z the probability in question is at most

8

�kzk`

. Summing this

for all z 2 P with kzk �

3

w

yields the lemma. 2

Sin
e ea
h planar 
onvex body of area A 
an be en
losed in a re
tangle

of area at most 2A, we obtain:

Corollary 4.5 Let C(A) be the set of all 
onvex bodies in R

2

having area

A. Then, as A!1,

1

A

� sup

K2C(A)

Prob[K \ Z

2

= ;℄�

1

A

:

Claim 4.6 If K 2 C

2

D

and dist(x; �K) <

p

2, then the minimal 
ap C(x)


ontains a re
tangle T (x) with x at the midpoint of an edge of T (x) and

AreaT (x)� AreaC(x);

with the implied 
onstant depending only on D.

13



Proof. Elementary plane geometry. Omitted. 2

For both the upper and lower bounds in Theorem 1.2, we estimate the

missed area using the formula

E [Area (K n I

L

(K))℄ =

Z

K

Prob[x =2 I

L

(K)℄ dx (5)

where Prob is understood with x �xed and L 2 L random (a formal proof


an be done along similar lines as the proof of Lemma 3.6). Note that

x =2 I

L

(K) implies that x is 
lose to the boundary: it is easy to see that

if a square 
entred at x and having edge length 2 is 
ontained in K, then

x 2 I

L

(K) for every L 2 L.

Proof of the upper bound in Theorem 1.2. If x =2 I

L

(K), then there

is a halfplane H 
ontaining x on its boundary and su
h that H \K \L = ;.

The re
tangle T (x) as in Claim 4.6 is the union of two internally disjoint

re
tangles T

+

(x) and T

�

(x), both having x as a vertex. The 
ap H \ K


ontains one of them. Thus

Prob[x =2 I

L

(K)℄ � Prob[T

+

(x) \ L = ;℄ + Prob[T

�

(x) \ L = ;℄:

The last two probabilities are equal. So, writing b

1

for the implied 
onstant

in Lemma 4.3, we have

E [Area (K n I

L

(K))℄ �

Z

K

2 � Prob[T

+

(x) \ L = ;℄ dx

�

Z

min

�

2;

2b

1

v(x)

�

dx =

Z

K(v�2b

1

)

2 dx+

Z

K(v�2b

1

)

2b

1

v(x)

:

For the �rst term we have

Z

K(v�2b

1

)

2 dx � 2(2b

1

+ 1)

Z

K(v�2b

1

)

dx

v(x) + 1

;

while the se
ond term is

Z

K(v�2b

1

)

dx

v(x)

�

�

1 +

1

2b

1

�

Z

K(v�2b

1

)

dx

v(x) + 1

:

This implies the upper bound in the theorem. 2

14



Proof of Proposition 4.1. We start with (5) and we observe that

C(x) \ L = ; implies x =2 I

L

(K). Thus,

E [Area (K n I

L

(K))℄ �

Z

K

Prob[C(x) \ L = ;℄ dx:

Let T

�

(x) be the minimal re
tangle 
ontaining C(x) and having width w(x)

in dire
tion orthogonal to L. Sin
e AreaT

�

(x)� AreaC(x) we have, using

Lemma 4.4,

E [Area (K n I

L

(K))℄ �

Z

K

Prob[T

�

(x) \ L = ;℄ dx

�

Z

K(v�1); w(x)�1=3

dx

v(x)

:

2

5 Proof of Theorem 1.3

This is quite easy and is based on

Z

K

dx

v(x) + 1

=

X

1�n�A+1

Z

K(n�1�v<n)

dx

v(x) + 1

:

In the nth term, the integrand is between

1

n+1

and

1

n

. Now the general

upper bound (4) shows that AreaK(v < n)� n

2=3

A

1=3

as long as n � 
A

(where 
 > 0 is a universal 
onstant). So

Z

K

dx

v(x) + 1

�

X

1�n�A+1

1

n

�

AreaK(v < n)�AreaK(v < n� 1)

�

=

X

1�n�A+1

�

1

n

�

1

n+ 1

�

AreaK(v < n) +

1

A+ 1

AreaK

�

X

1�n�
A

n

2=3

A

1=3

n

2

+

X


A<n�A+1

A

n

2

+

A

A+ 1

� A

1=3

:

The proof of the lower bound is almost identi
al, but we use the lower

bound from (4), saying that AreaK(v < n) � n log

A

n

when n � 
A, again

15



with a universal and positive 
:

Z

dx

v(x) + 1

�

X

1�n�A

1

n+ 1

�

AreaK(v < n)�AreaK(v < n� 1)

�

�

X

1�n�A

AreaK(v < n)

�

1

n+ 1

�

1

n+ 2

�

�

X

1�n<
A

�

n log

A

n

�

1

(n+ 1)(n+ 2)

� (logA)

2

:

2

Remark. The upper bound in Theorem 1.3 is the best possible (apart

from the 
onstant), as the 
ase of the disk of radius r shows easily. Also,

the same order of magnitude o

urs with every suÆ
iently smooth 
onvex

body K of area A. To see this, note that

Z

K

dx

v(x) + 1

�

Z

K(v<1)

dx

v(x) + 1

�

1

2

AreaK(v < 1):

Here AreaK(v < 1) � A

1=3

, sin
e the right hand side of inequality (4) is

the best possible for suÆ
iently smooth 
onvex bodies.

6 Proof of Theorem 4.2

Let us write A = AreaK, where K 2 C

2

D

. We have

�r

2

� A � �R

2

= �D

2

r

2

;

and so r !1 as A!1.

A 
hange of variables. Let us assume the origin is the 
entre of the

ins
ribed ball B(r; 0). Every point x 2 K distin
t from 0 
an be written as

x = x(z; t) = z� tz

0

, where z 2 �K is the point where the ray 0x interse
ts

the boundary of K, z

0

= z=kzk is the unit ve
tor in the z-dire
tion, and

t 2 [0; kzk).

Considering �K equipped with the ar
 length measure, we have

Z

K

f(x) dx �

Z

�K

Z

kzk

0

f(x(z; t)) dt dz;

16



for any (measurable) fun
tion f . On the other hand, if we remove a disk or

radius � r around 0 from the integration domain, then both ingerals agree

up to a 
onstant. For example,

Z

KnB(0;r=2)

f(x) dx�

Z

�K

Z

t: x(z;t)62B(0;r=2)

f(x(z; t)) dt dz (6)

with the implied 
onstant depending on D.

For z 2 �K, we introdu
e three signi�
ant values t

i

= t

i

(z), i = 1; 2; 3,

of the parameter t:

� t

1

is where the area of the minimal 
ap is 1, i.e., v(x(z; t

1

)) = 1.

� t

2

is where the width of the minimal 
ap be
omes 1=3; more pre
isely,

t

2

= infft � 0 : w(x(z; t

2

)) � 1=3g. (Unlike v(x(z; t)), the fun
tion

t 7! w(x(z; t)) need not be either 
ontinuous or monotone, although

su
h situations are not typi
al.)

� t

3

is where the minimal 
ap be
omes \large"; namely, v(x(z; t

3

)) =

A

0

= A=(10D

2

).

We note that

x

3

= x(z; t

3

) =2 B(0; r=2); (7)

for otherwise, C(x

3

) would 
ontain the 
ap of B(0; r) of depth r=2, whose

area is more than r

2

=3 > A=10D

2

= A

0

(this explains the 
hoi
e of A

0

).

This will allow us to use (6).

Insigni�
an
e of the border region K(v � 1). Here is the �rst step

towards the proof of Theorem 4.2.

Lemma 6.1 For any planar 
onvex body K we have, as AreaK !1,

Z

K(v�1)

dx

v(x)

� AreaK(v � 1);

where the implied 
onstant is universal.

Proof. The statement is equivariant under area preserving aÆne transfor-

mations. So we assume that K is sandwi
hed between two 
on
entri
 
ir
les

of radius r and 2r. (This is L�owner's theorem, 
f. [DGK℄). Then

AreaK(v � 1) �

Z

�K

Z

t

1

0

dt dz =

Z

�K

t

1

dz:

17
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Figure 3: Bounding v(x).

Now we need to bound v(x) from below for x = x(z; t) with t � t

1

;

see Fig. 3. The area of C(x) is at most the area of C(x

1

) plus the area of

the triangle azb, and the latter equals (t=t

1

)

2

Area (a

1

zb

1

) � (t=t

1

)

2

. Hen
e

v(x) � (t=t

1

)

2

+ 1. (This also shows that t

3

=t

1

!1 as A !1.) We thus

have, using (7) and (6),

Z

K(v�1)

dx

v(x)

�

Z

�K

Z

t

3

t

1

1

(t=t

1

)

2

+ 1

dt dz;

and the inner integral is at least

R

2t

1

t

1

dt=((t=t

1

)

2

+ 1)� t

1

. 2

Corollary 6.2 For any planar 
onvex body K we have, as AreaK !1,

Z

K(v�1)

dx

v(x)

�

Z

K

dx

v(x) + 1

�

Z

K(v�1)

dx

v(x)

where the implied 
onstant is universal.

Proof. Indeed,

1

2

Z

K(v�1)

dx

v(x)

�

Z

K

dx

v(x) + 1

=

Z

K(v�1)

dx

v(x) + 1

+

Z

K(v�1)

dx

v(x) + 1

�

Z

K(v�1)

dx

v(x)

+ AreaK(v � 1)�

Z

K(v�1)

dx

v(x)

:

18



2

Further redu
tions. From now on, we assume K 2 C

2

D

. The last


orollary above shows that Theorem 4.2 is equivalent to

Z

K(v�1); w(x)�1=3

dx

v(x)

�

Z

K(v�1)

dx

v(x)

:

Next, we observe that the \
entral region" of K, with v � A

0

= A=10D

2

,

is insigni�
ant for the right-hand side. Indeed,

R

K(v�A

0

)

dx

v(x)

�

R

K

dx

A

0

=

10D

2

, while

R

K(v�1)

dx

v(x)

�

R

K

dx

v(x)+1

� (logA)

2

, using Corollary 6.2 and

the lower bound in Theorem 1.3. Hen
e, setting

K

0

= K(1 � v � A

0

);

we see that Theorem 4.2 follows from

Z

x2K

0

; w(x)�1=3

dx

v(x)

�

Z

x2K

0

dx

v(x)

:

Using (6) and (7), we 
an 
hange to the z; t variables, and it suÆ
es to

prove

Z

�K

Z

t

2

t

1

dt dz

v(x(z; t))

�

Z

�K

Z

t

3

t

1

dt dz

v(x(z; t))

(8)

(we re
all that t

2

is where the width of the 
ap C(x(z; t

2

)) be
omes 1=3).

The proof is divided into two main steps. We let � be a suÆ
iently large


onstant depending on D, whose value will be spe
i�ed later. Let S � �K


onsist of those z for whi
h there is no disk of radius � 
ontained in K

and tou
hing �K at z. First we prove that the 
ontribution of S to the

right-hand side of (8) is negligible:

Lemma 6.3 We have

Z

S

Z

t

3

t

1

dt dz

v(x(z; t))

� 1;

with the impli
it 
onstant depending on D and on �.

For ea
h z 2 �K n S, we will be able to 
ompare the inner integrals in

(8). Namely, we let `

2

= `

2

(z) be the half-length of the 
hord 
utting the

minimal 
ap C(x

2

) from K, where x

2

= x(z; t

2

), and we prove the following

two lemmas:
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Figure 4: A lower bound for v(x).

Lemma 6.4 For � = �(D) suÆ
iently large and for ea
h z 2 �K n S,

Z

t

2

t

1

dt

v(x)

�

log `

2

`

2

;

with the implied 
onstant depending only on D (and not on z).

Lemma 6.5 For � = �(D) suÆ
iently large and for ea
h z 2 �K n S,

Z

t

3

t

2

dt

v(x)

�

log `

2

`

2

;

with the implied 
onstant depending only on D (and not on z).

In fa
t, the inequalities in the last two lemmas hold with universal 
on-

stants, but they start to be true for large A = AreaK that depends on

D.

Lemmas 6.3, 6.4, and 6.5 together imply (8), and thus Theorem 4.2 as

well.

The proof of Lemma 6.3 needs the following simple lower bound for v(x):

Claim 6.6 For x = x(z; t) 2 K

0

, we have v(x) � t

2

=(2D).

Proof. We observe that C(x) 
ontains one of the small triangles in Fig. 4

(one of them is shaded), of area at least t

2

=(2D). (We also note that z 2

C(x), sin
e otherwise, 0 2 C(x), and the area of C(x) would be too large.)

2

Dealing with sharp 
orners: proof of Lemma 6.3. The set S is the

union of (at most 
ountably many) ar
s S

i

; see Fig 5. The length of S

i

is

20



�

�

i

S

i

� R

� r � �
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Figure 5: Estimating the length of S.

at most 2� tan�

i

with

�

i

�

�

2

� ar
sin

r � �

R

�

�

2

� ar
sin

1

2D

;

sin
e � is a 
onstant and r ! 1. Further,

P

�

i

� �. We 
an assume

D � 2, and we get that the total length of S is at most

jSj �

X

2� tan�

i

� 10�D:

Using Claim 6.6, we 
al
ulate

Z

S

Z

t

3

t

1

dz dt

v(x)

�

Z

S

Z

R

0

dz dt

maxf1;

t

2

2D

g

�

Z

S

 

Z

p

2D

0

dt+

Z

1

p

2D

2D

t

2

dt

!

dz

� 2

p

2D � jSj � 20

p

2D�� 1;

sin
e � depends only on D. Lemma 6.3 is proved. 2
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Properties of the minimal 
ap C(x

2

). We need some preparations

for the proofs of the remaining two lemmas. We assume z 2 �K n S and

x = x(z; t) with minimal 
ap C(x). We let � be the line 
utting o� C(x) from

K. Let q = [z

0

; z

00

℄ = � \K be the 
orresponding 
hord with z

0

; z

00

2 �K.

The midpoint of the 
hord [z

0

; z

00

℄ is x, and `(x) = kx � z

0

k is half of the

length of the 
hord.

Proposition 6.7 If w(x) � 1, then

`(x) � diamM(x) � 2diamC(x)� `(x)

with the implied 
onstant depending on D only.

Proof. The �rst inequality follows from [z

0

; z

00

℄ � M(x). For the se
ond

observe that M(x) is symmetri
 about x, so

diamM(x) = 2maxfky�xk : y 2M(x)g = 2maxfky�xk : y 2M(x)\Hg;

where H is the halfpa
e with C(x) = K\H , sin
eM(x)\H � C(x). Thus,

the right-hand side above is at most 2diamC(x). For the last inequality in

the proposition we note that, for all y 2 C(x), kx�yk � `(x). as otherwise,

the angle z

0

yz

00

would be too small. (The pi
ture is similar to Fig. 6. This

is where we use w(x) � 1.) 2

We now set t = t

2

; then x = x(z; t

2

) = x

2

, `(x

2

) = `

2

. The line 
utting

o� C(x

2

) is �

2

, and q

2

= [z

0

; z

00

℄ is the 
orresponding 
hord. We re
all

that t

2

= infft � 0 : w(x(z; t)) � 1=3g. So w(x

2

) � 1=3, and there are x

arbitrarily 
lose to x

2

with w(x) � 1=3.

Claim 6.8

(i) The angle between lines �

2

and z0 satis�es � � 1=(2D).

(ii) The diameter of C(x

2

) is � `

2

.

(iii) We have 1� t

2

� 1.

(iv) For every 
 � 1 there exists � = �(D; 
) su
h that `

2

� 
.

Proof. Almost all of this is simple plane geometry. Part (i) is obvious

from Fig. 6 as B(0; r �

1

3

) is disjoint from C(x

2

).

Further, (ii) is 
ontained in Proposition 6.7
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Figure 6: Estimating �.

We know that w(x

2

) � 1=3, and t

2

� 1 follows from this and (i).

Next, we 
he
k that w(x

2

)� 1. By the de�nition of t

2

, there are points

x

0

with w(x

0

) � 1=3 arbitrarily 
lose to x

2

. Choose su
h a sequen
e x

0

; then

M(x

0

)!M(x

2

). Now, by Proposition 6.7,

v(x

2

) = AreaC(x

2

) � diamC(x

2

)w(x

2

)� `

2

w(x

2

);

and `(x

0

)w(x

0

) � u(x

0

)! u(x

2

) � 2v(x

2

), showing that

`(x

0

) � 6v(x

2

)� `

2

w(x

2

):

Again by Proposition 6.7 and M(x

0

)!M(x) we have (provided x

0

is 
lose

enough to x

2

)

`(x

0

)� diamM(x

0

) �

1

2

diamM(x

2

) � `

2

:

This proves that w(x

2

)� 1.

We 
onsider a point y 2 �K at distan
e w(x

2

)� 1 from the line �

2

; see

Fig. 7. By symmetry, we may suppose that y lies to the left of z, say. We

know that the angle yz

00

z

0

is � 1=`

2

. Considering the triangle x

2

z

00

~z then

yields t

2

� 1 as required.

Finally, if � is 
hosen mu
h larger than w

2

, then the orthogonal proje
-

tion z

�

of z on the line �

0

2

lies on the segment z

0

z

00

, sin
e there is a disk

of radius � avoiding z

0

and z

00

and having z on the boundary; see Fig. 8.

Moreover, kz � z

�

k = t

2

sin� � 1, with the impli
it 
onstant independent
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Figure 8: A lower bound on `
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.
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Figure 9: Estimating the width and diameter of M(x).

of �. So the 
hord [z

0

; z

00

℄ is longer than a 
hord of a disk of radius � that


uts o� from it a small 
ap of width at least kz � z

�

k � t

2

. The length of

su
h a 
hord is �

p

�t

2

and (iv) follows. 2

Proof of Lemma 6.4. We need to bound the integral

Z

t

2

t

1

dt

v(x)

from below, and so an upper bound on v(x) is needed. For this, we employ

M(x), the Ma
beath region with 
entre x, where x = x(z; t) and t 2 [t

1

; t

2

℄.

We note that v(x) = o(A) (by Claim 3.3, say), and so Lemma 2.1 applies

and yields v(x)� u(x) = AreaM(x).

By 
onsidering the tangents toM(x) at z and at the point 2x�z 
entrally

symmetri
 to it, we see that M(x) has width at most 2t (Fig. 9). Next, we


onsider the line � through x parallel to the 
hord 
utting o� C(x

2

). �


uts M(x) into two symmetri
 parts, one of whi
h is 
ontained in C(x

2

). It

follows that the diameter of M(x) is no larger than twi
e the diameter of

C(x

2

), whi
h is � `

2

by Proposition 6.7. Hen
e v(x)� u(x)� t`

2

.

We have t

2

� 1 by Claim 6.8(iii). We need to show that t

1

is small,

namely, t

1

� 1=

p

`

2

. To this end, we pass a line parallel to �

2

through x

1

(Fig. 10), and we note that the 
ap 
ut o� by it has area at least 1 and

it 
ontains the shaded triangle (or the 
orresponding triangle on the other

side). This triangle is similar to the triangle x

2

zz

0

with the ratio t

1

=t

2

, and
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Figure 10: Estimating t

1

.

the latter triangle has area

1

2

`

2

t

2

sin� � t

2

`

2

(using Claim 6.8(i)). Hen
e

1 � (t

1

=t

2

)

2

t

2

`

2

� t

2

1

`

2

(as t

2

� 1), and we get t

1

� 1=

p

`

2

as needed.

Then

Z

t

2

t

1

dt

v(x)

�

Z

1

1=

p

`

2

dt

t`

2

�

log `

2

`

2

:

Lemma 6.4 is proved. 2

Proof of Lemma 6.5. It is 
onvenient to break the integral

Z

t

3

t

2

dt

v(x)

into two ranges.

The �rst range is t

2

� t � 2t

2

. We have already noted that v(x

2

)� t

2

`

2

in the proof of Lemma 6.4, and the same estimate holds, by the monotoni
ity

of v(x(z; t)) in t, for all t � t

2

. Thus

Z

2t

2

t

2

dt

v(x)

�

Z

2t

2

t

2

dt

t

2

`

2

=

1

`

2

;

whi
h is negligible 
ompared to our target expression (log `

2

)=`

2

, by Claim 6.8(iv).

To handle the remaining range [2t

2

; t

3

℄, we let q

0

be the segment of

length 2r parallel to q

2

(the 
hord 
utting o� C(x

2

)) with 
enter at 0, and

let T = 
onv(q

2

[ q

0

) (Fig. 11). The trapezoid T is 
ontained in K, and

so its minimal 
aps are no smaller than the minimal 
aps of K. By (7),
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Figure 11: The trapezoid T .

the distan
e of x

3

= x(z; t

3

) from 0 is at least r=2, and this is also a lower

bound on the height of T .

We now distinguish two 
ases, a

ording to the value of `

2

.

1. `

2

� r=2. The area of the minimal 
ap of T at a point x = x(z; t) (on

the axis of symmetry of T ) is at least min((t � t

2

)r; r

2

=2) � tr (as

t� r). Hen
e

Z

t

3

2t

2

dt

v(x)

�

Z

r

1

dt

tr

�

log r

r

�

log `

2

`

2

:

2. For `

2

� r=2, the area of the minimal 
ap of T for x is at least

min

�

r

2

=2; (t� t

2

)`

2

+

(t� t

2

)

2

kx

2

� 0k

(r � `

2

)

�

� t`

2

+ t

2

;

and

Z

t

3

2t

2

dt

v(x)

�

Z

1

1

dt

t`

2

+ t

2

�

log `

2

`

2

:

This establishes Lemma 6.5. 2
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7 Open problems

The method used for estimating the expe
ted number of verti
es of I

L

(K)

does not seem to extend to fa
es of larger dimensions. It would be very

interesting to 
ount higher-dimensional fa
es as well. It seems that the order

of magnitude of E [f

k

(I

L

(K))℄ should be similar to that of E [f

0

(I

L

(K))℄.

As for extending the analysis of the expe
ted missed area, one 
ould

perhaps begin with the following question: Is it true that

1

A

� sup

C

Prob[C \ L = ;℄�

1

A

;

where the supremum is over all 
onvex bodies C in R

d

of volume A, and

A!1? It is suÆ
ient to look at boxes of volume A, of 
ourse.
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