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Abstract

Let K C R? be a sufficiently round convex body (the ratio of the
circumscribed ball to the inscribed ball is bounded by a constant) of a
sufficiently large volume. We investigate the randomized integer con-
vez hull I (K) = conv(K NL), where L is a randomly translated and
rotated copy of the integer lattice Z¢. We estimate the expected num-
ber of vertices of I (K), whose behaviour is similar to the expected
number of vertices of the convex hull of Vol K random points in K.
In the planar case, we also describe the expectation of the missed
area Vol (K \ Ir(K)). Surprisingly, for K a polygon, the behaviour
in this case is different from the convex hull of random points.
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1 Introduction

Let Z¢ denote the d-dimensional integer lattice. Let K C R be a convex
body, i.e., a convex compact set with nonempty interior. The integer convex
hull I(K) of K is the convex hull of all lattice points in K:

I(K) = conv(K NZ%).

I(K) is a convex polytope which is of central interest in integer program-
ming. For instance, when maximizing a linear function f on the integer
points in K, one looks for the maximum of f on I(K).

Randomized integer convex hull. In this paper is we study the average
behaviour of a randomized version of the integer convex hull. The lattice
Z% is replaced by L, a randomly translated and rotated copy of Z¢, and we
investigate

IL(K) =conv(KNL)

for a fixed convex body K. More precisely, for a translation vector ¢ € [0, 1)¢
and a rotation p € SO(d) around the origin, we set L; , = p(Z? + t), and
we define

L={L,: te[0,1)% pe SO)}.

A probability measure on £ is defined as the product of the Lebesgue mea-
sure on [0,1)¢ and of the normalized Haar measure on SO(d). This measure
is invariant under isometries of R¢.

The expected number of vertices. First we are interested in the
expected number of vertices

E [fo(IL(K))],

where K is fixed and the expectation is with respect to a random choice of
Lel.

As is common in the investigation of similar problems, we express the
results using the function u: K — R given by

u(z) = Vol (K N (2z — K)).

That is, u(z) is the volume of the so called Macheath region, which is
the intersection of K with K reflected about z (more information about
properties of the Macbeath regions are given in Section 2). We also set

Ku<t)={re K :u(zr) <t}



We need to assume that our convex body K is round and sufficiently
large. Let us write Cp or CY, for the set of all convex bodies in R? for
which R/r < D, where K contains a ball of radius r and is contained in a
concentric ball of radius R.

Theorem 1.1 Given d and D, there exist constants cg,c1,cq, depending
only on d and D, such that for all K € Cp with Vol K > ¢y,

1 Vol K (u < 1) < E[fo(IL(K))] < caVol K(u < 1).

With the convenient Vinogradov < notation, the last inequalities say
that, as Vol K — oo,

VolK(u< 1) K E[fo(IL(K))] < Vol K(u < 1),

where the implied constants depend only on d and D.

A comparison with random polytopes. It is interesting and instruc-
tive to compare the randomized integer convex hull with a random polytope
inscribed in K. The random polytope K, is defined as the convex hull of
n random points x1,...,T, chosen independently and uniformly from K.
The proper scaling for comparison with Theorem 1.1 is Vol K = n. Under
this convention,

VolK(u< 1) K E[fo(K,)] < VolK(u < 1) (1)

as n — oo, with the implied constants depending only on d [BL1] (no
additional assumptions on K are needed here). The same estimates hold
for the expected number of i-dimensional faces of K, E[f;(K,)] [B489).

Theorem 1.1 and (1) show a strong analogy between random polytopes
and the randomized integer convex hull. Most likely, E [f;(IL,(K))] behaves
like E [f;(K,,)] for all i, but a proof looks hopeless for the time being.

The expected missed area. When approximating a convex body K by
an inscribed polytope P, the volume of K \ P, the part of K missed by P,
serves as a measure of approximation. When P is the random polytope K,,,
and Vol K = n, we have [BL1]

Vol K(u < 1) < E[Vol (K \ K,,)] < Vol K (u < 1).

An analogous result for the randomized integer convex hull can be conve-
niently formulated using the function v: K — R defined by

v(z) = min{Vol (K N H) : H is a halfspace with z € H}. (2)



The functions u and v behave very similarly. For instance, u(z) < 2v(z),
and according to a result from [BL1], if v(z) < (2d)~2¢Vol K or if u(x) <
(12d%)~4Vol K, then

v(z) < (3d)"u(x) 3)

Thus the above estimate for the missed volume can be written as
Vol K(v < 1) < E[Vol (K \ K,,)] < Vol K (v < 1).

Here the analogy between random polytopes and the integer convex hull no
longer holds. We show this for d = 2 with the following results.

Theorem 1.2 For K € (%), as Area K — oo,

dz dz
/]{W<<E[Area(K\IL(K))]<</KW

with the implied constants depending only on D.

Theorem 1.3 For any planar convex body K, we have

(log Area K)* < / dz < (Area K)s

Kk v(z)+1
as Area K — oo (the implied constants are universal).

The upper bound here is the best possible, as we will show after the
proof of Theorem 1.3. The lower bound is also the best possible, apart from
the constant: letting @) to be a square it is not hard to see that

dx
_ log A 2
/Qv( le<<(og rea Q)

7)

where the implied constant is universal. The same applies to any fixed
convex polygon.

The example of the square @Q shows that for the random polygon, the
expected missed area is log Area (), while for the randomized integer convex
hull it is (log Area@)2. So this is where the analogy breaks down. The
reason may be that I(Q)) contains many more lattice points on its boundary
than @),. Another explanation is that what is measured here is a metric
and not combinatorial quantity.



We mention that for a smooth convex body K € C%, the missed volume
of AK'\ I(AK) behaves the same way as for random polytopes when A — oo
(cf. [BL2)):
AT <« Vol (VK \ (I(\K)) < A7

So the misbehaviour of the square, and of convex polygons in general, is an
unexpected fact (at least for the authors).

Other related results. Let us mention some other known results con-
cerning the integer convex hull. Motivated by problems in integer program-
ming, Cook et al. [CHKM] show that for a rational polyhedron K C R,
fo(I(K)) < (size K)4~1, where the size of K is the number of digits needed
to describe the inequalities defining K. (K is a rational polyhedron if the
defining inequalities have integral coefficients.) This bound is the best pos-
sible in general [BHL].

The following estimate was proved in [BL2] for the integer convex hull
of large balls, and more generally, for I(AK) with a fixed smooth K and
A — oo:

AT < f{(I(AK)) < Aot

with the implied constants depending on K. We note that this behaviour
is again analogous to that of a random polytope (and to the randomized
integer convex hull as in Theorem 1.1), since for K fixed and smooth and

K' = AK the function A — Vol K'(u < 1) has order A

2 Preliminaries

Macbeath regions. In the subsequent proofs we are going to use
the properties of Macbeath regions and minimal caps extensively. The
Macbeath region, or M-region for short, of a convex body K centred at
ze K is

M(z)=Mg(z)=z+ (K —z)|N[z— (K —z)]=KnN((2z—-K).

The definition comes from Macbeath [Ma]; also see [ELR] and [BL1]. The
region M (z) is centrally symmetric with centre x. Its copies blown up by a
factor A > 0 from the centre = are denoted by

M(z,\) =z + MM(z) — z).



With this notation u(z) = Vol M (z) and K(u < t) = {z € K : u(z) < t}.
Macbeath proved [Ma] that u'/? is a concave function on K. The quantity
Vol K (u < tVol K)

Vol K
is invariant under nondegenerate affine transformations, is positive and non-

decreasing for ¢t > 0, and is equal to 1 for ¢ > 1. It is shown in [BL1] that
for 0 < t < ¢ (where ¢ depends only on d)

<7, (4)

(106 L -t « Vol K (u < tVol K)
5% Vol K

with the implied constant depending only on d. Here the lower bound

is reached on polytopes, and the upper bound on smooth enough convex

bodies. The last estimates and Theorem 1.1 imply that, for all convex
bodies K € Cp,

(log Vol )"~ < E [fo(I1(K))] < (Vol K) 7,
as Vol K — oo. The upper bound is reached for smooth convex bodies, and

the lower bound is attained for polytopes.

Minimal caps. We recall the definition (2) of v: K — R:
v(z) = min{Vol (K N H) : H is a halfspace with € H}.

The minimum is reached on a halfspace Hy. Then C(z) = K N Hy is called
a minimal cap. The minimal cap of x € K need not be unique, but we fix
one of the minimal caps and denote it by C(z). The next two results are
Lemma 2 and Theorem 7 from [BL1]. The former is used in the proof of
inequality (3).

Lemma 2.1 Ifz € K and v(z) < (2d)"2%Vol K, then
C(z) C M(x,3d).

The following theorem expresses an “almost concavity” property of the
function wu:

Theorem 2.2 If K is a d-dimensional convex body, ¢ < (2d)~2% and A\ > 1,
then
Vol K (u < eVol K) > cgA"*Vol K (u < A\eVol K),

with the positive constant cq depending only on d.



3 The expected number of vertices

In this section we prove Theorem 1.1. We begin with a few auxiliary claims.
The first three hold for an arbitrary convex body K in RY.

Claim 3.1 If z is a vertex of I(K), then M(z) NZ% = {z}.

Proof. If z # x is another element of M (z) N Z?, then so is its reflection
2z — z about . But then z is the midpoint of the segment [z,2z — 2] C
M (x) N Z? and cannot be a vertex of I(K). a

Claim 3.2 If C(z) N Z? = {x}, then x is a vertex of 1(K).
Proof. Trivial. O

Claim 3.3 If dist(x,0K) = 0, then

dé
< —VolK,.
v(z) < 5 Vol K,

where 1 is the radius of the largest ball inscribed in K.

Proof. The ball B(z,d) centred at x and of radius § touches K at y, say.
Let us write h; for the hyperplane orthogonal to  — y and containing the
point
Y

|z —yll
Let U = max; Vol 4—1 (hy N K), and let C' be the smaller of the caps cut off
from K by hs. Now Vol K > 27U. Consequently,

Y+

v(z) < VolC < 46U < g—iVolK.

O

Lemma 3.4 Let K € C% have a sufficiently large volume (larger than a
suitable function of d and D). If M (x,3d)NZ? = {z}, then C(z)NZ = {z}.



Proof. We observe that B(z,v/d) ¢ M(x,3d), since B(x,/d) contains
many lattice points besides z. Then B(x,/d/3) is not contained in K.
Thus ¢ = dist(z,0K) < v/d/3, and we can use Claim 3.3:

3/2
v(z) < d—‘sv 1K < dG—VolK < (2d)7*Vol K

if Vol K is sufficiently large, since r — co. We can now apply Lemma 2.1.
O

d

Lemma 3.5 IfC is an 0-symmetric convez body in R? and Vol C < (\/5+2) ,
then 1
Prob[C N pZ® = {0}] > 2

where the probability is with respect to a random rotation p € SO(d).

Proof. Let us assume z € Z%, 2 # 0, and let Q(2) denote the aligned unit
cube centred at z. If 2 € Q(z), then ||z — z|| < V/d/2, which is the radius
of the smallest ball containing Q(z). Then, writing o = (1 + v/d/2)~*
have

Vd
llell < NIzl + == < ll=ll/e,

and consequently, ||z|| > «af|z||
Now we compute

E[[CNnpz'] = E[pCNZY] = Probz € pC]
z€Z4
= 1+ Z / Prob[z € pC|dz

z€Z\ {0}
<1 +/ Prob [ax € pC] dz
RI\Q(0)
as points closer to the origin have higher probability of being contained in

a rotated copy of C'. The last integral, when taken over all z € R?, is equal
to a~4Vol C. So

E[|CNpZY] <1+a VolC < 2.



We set p = Prob[C N pZ? = {0}]. Then

2 > E[|CnpZ"]

Prob[C N pZ¢ = {0}] + Z 2k + 1)Prob[|C N pZ?| = 2k + 1]
k=1
> p+3-Prob[|[CNpZ4 >1]=p+3(1-p)=3-2p,

implying p > 1/2. O

Now we re-express the expected number of vertices of I, (K). For a point
x € K, let P,(z) denote the probability that x is a vertex of I (K), where
L = p(Z?) + x is the integer lattice randomly rotated around 0 and then
translated to x (or equivalently, the origin is first translated to # and then

a random rotation around z is applied). The probability is with respect to
a random choice of p € SO(d).

Lemma 3.6 The ezpectation of fo(IL(K)) with respect to a random choice
of L € L satisfies

E [fo(IL(K))] :/KPp(a:) de.

Proof. For L € £ and z € L we define

[ 1 if zis a vertex of IL,(K)
(L,2) = { 0 otherwise.

We note that the value of x does not change by applying the same isometry
on K, L and z. We calculate

()] = [ Y

x(p(Z? +t),2) dtdp

Il
%\
o\

ze (Zdth)

_ d w
_ /SO /01 S X(p(Z + 1), plw + 1)) dt dp

weZ?

= / / p(Z" +y), py) dy dp
SO(d) /R4



= / / X(p(Z%) + py, py) dy dp
50(d) /R4
= / / xX(p(ZY) + z, ) dz dp
50(d) /R4
= / p(Z%) + x,2) dp dz
K Jso(d
= / Pp(a:)d
K
as claimed. a

Proof of Theorem 1.1. We begin with the upper bound. Claim 3.1 and
Minkowski’s theorem show that P,(z) = 0 if u(x) > 2¢. Thus

B ol (k)] = | oy D@ S VLK <20

The last expression is < Vol K (u < 1) by Theorem 2.2 with A = 2 and

= (Vol K)~!, which gets smaller than (2d) 2? when Vol K is large enough.

Next, we derive the lower bound in Theorem 1.1 using Lemma 3.5. We
set p = (3d)~¢ (\f+2) We have

/ P,(z)dz > / P,(z) dz
K K (u<n)

By Lemma 3.5 M(z,3d) N (p(Z%) + =) = {z} with probability at least 1/2.
Then Claims 3.4 and 3.2 imply that z is a vertex of I, (K). Thus

Bk > [ Gde> gVolK(u<n) > Vol K(u< 1),
K(u<n)

where the last inequality, again, follows from Theorem 2.2 with A = 1/n
and e = n(Vol K)~ . O
4 The expected missed area

In this section we begin with the proof of Theorem 1.2. We are going to

establish the upper bound, and the following lower bound for the expected
missed area:

10



Proposition 4.1 For K € C%, as Area K — oo,

d
/ T« E[Area(K \ I (K))]
K(v>1), w(z)<1/3 v(w)

with the implied constants depending only on D. Here w(x) is the width of
the minimal cap C(x) in the direction orthogonal to the line that cuts it off
from K.

The lower bound of Theorem 1.2 will then follow from the following
result:

Theorem 4.2 If K € (%), then, as Area K — oo,

/ dx N / dx
K(v>1), w(z)<1/3 V(T) g v(z) +17

The proof of this theorem is lengthy, and it is given in Section 6.

Auxiliary claims. The following two lemmas are about a rectangle T'
with sides of length w and ¢, where w < £ (w is thought of as the width, and ¢
as the length of T'). Let A = wl denote the area of T'. We write P for the set
of primitive vectors in Z?; that is, P = {(a,b) € Z? : a, b relatively prime}.

Lemma 4.3 Let A > 1 and w < 1/3. Then, for a random lattice L € L,

Prob[T N L = 0] > %
Proof. Here it is more convenient to think of the lattice as being fixed
(equal to Z?), while a random isometry is applied to 7'; namely, first a
random rotation, and then a random translation in [0,1)2. Moreover, the
translation vector can be chosen from any basic parallelogram of the lattice
Z?, instead of [0,1)2.

Let us consider z € P with ||z]] < 5-. Then T has a position T" lying
completely between two consecutive z-lattice lines (i.e., lines parallel to z
and containing points of Z?). We first check that such a position determines
z uniquely. If not, then there is another z' € P with T’ lying completely
between two consecutive z'-lattice lines. So T” lies in a parallelogram with
sides z and z’, which is lattice point free, implying A < 1. To place T
between two consecutive z-lattice lines, we can first choose the rotation from

11



Figure 1: Lattice-point free positions of 7'

an angular range of at least ¢, where sing > } (ﬁ - w) (see Fig. 1), and
for each such rotation the lower left corner of 7" can be placed anywhere
in the shaded parallelogram of measure % Thus the set of positions for a

given z has probability at least

1 S 1si S 1 2 S 11
= - sin =\l — — .
3773 =30 511 ) < ol

1
3w’

Summing this for all z € P with ||z|| <
question is at least

we get that the probability in

1 1 1 1

14 z| = fw A
llz1<1/(3w)

Lemma 4.4 For every rectangle T with parameters w,{ and A = wl

1
Prob[T N L =0] K T

Proof. Let us consider a lattice-point free position 7" of T'. By the Flatness
Theorem (cf. [Kh], [KL] and [Hu] for the planar case) there is a z € P such
that 7" intersects at most three consecutive z-lattice lines. This implies

12



Figure 2: Lattice-point free positions of T'; an upper bound

w < ﬁ. The range of admissible rotations ¢ can be estimated by (see

Fig. 2) ) -
p< Zsinp< S
T w||z||€

So for fixed z the probability in question is at most ﬂ”i” 7- Summing this

for all z € P with ||z]] < £ yields the lemma. a

Since each planar convex body of area A can be enclosed in a rectangle
of area at most 2A, we obtain:

Corollary 4.5 Let C(A) be the set of all convex bodies in R? having area
A. Then, as A — oo,

|

1 .
— < sup Prob|[KNZ*=0]«
A 7 kec(a

Claim 4.6 If K € C% and dist(z,0K) < v/2, then the minimal cap C(z)
contains a rectangle T (x) with x at the midpoint of an edge of T'(x) and

AreaT'(z) > AreaC(z),

with the implied constant depending only on D.

13



Proof. Elementary plane geometry. Omitted. a

For both the upper and lower bounds in Theorem 1.2, we estimate the
missed area using the formula

E [Area (K \ I (K))] = /K Problz ¢ I (K)] da (5)

where Prob is understood with z fixed and L € £ random (a formal proof
can be done along similar lines as the proof of Lemma 3.6). Note that
x ¢ I (K) implies that z is close to the boundary: it is easy to see that
if a square centred at x and having edge length 2 is contained in K, then
x € I, (K) for every L € L.

Proof of the upper bound in Theorem 1.2. If z ¢ I, (K), then there
is a halfplane H containing z on its boundary and such that HNK NL = ().
The rectangle T'(x) as in Claim 4.6 is the union of two internally disjoint
rectangles T (z) and T~ (x), both having z as a vertex. The cap H N K
contains one of them. Thus

Prob[z ¢ Ir,(K)] < Prob[T" (z) N L = (] + Prob[T~ (z) N L = 0].

The last two probabilities are equal. So, writing b; for the implied constant
in Lemma 4.3, we have

E[Area (K \ IL(K))]

IN

/ 2-Prob[T*(z) N L = 0] dz
K
/min{2,2—bl} dm:/ 2d.r+/
v(z) K(v<2by) K(v>2b1)

/ 2dm§2(2b1+1)/ _dr
K(v<2by) K(v<2by) V(@) +1

while the second term is

/ dz < <1+ i)/ dz
K(v>26y) 0(T) © 2b1 ) J(v>261) V(@) + 1

This implies the upper bound in the theorem. O

IN

For the first term we have

14
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Proof of Proposition 4.1.  We start with (5) and we observe that
C(z) N L = implies = ¢ I, (K). Thus,

E [Area (K \ IL(K))] > /KProb[C’(a:) NL=0de

Let T*(z) be the minimal rectangle containing C(z) and having width w(z)
in direction orthogonal to L. Since AreaT™*(z) < Area C(x) we have, using
Lemma 4.4,

E[Area (K \ IL(K))] > /K Prob[T*(z) N L = 0] dx

/ dx
> —_.
K(v>1),w(z)<1/3 v(z)

5 Proof of Theorem 1.3

This is quite easy and is based on

der / dz
~/K ’U(iL‘) +1 Z K(n—1<v<n) )+1'

1<n<A+1

In the nth term, the integrand is between 27 and +. Now the general

upper bound (4) shows that Area K (v < n) < n?/>A'3 as long as n < cA
(where ¢ > 0 is a universal constant). So

/Kﬁ < Z l(AreaK(v<n)—A1reaK(v<n—1))

1<n<A+1

= Z <l— 1 1>AreaK(v<n)+LAreaK

L<nag \T n+ A+1
n?/3 A3 A A
< ¥ T Y aepp Al
1<n<cA " cA<n§A+1 +

The proof of the lower bound is almost identical, but we use the lower
bound from (4), saying that Area K (v < n) > nlog % when n < cA, again

15



with a universal and positive c:

[ 2 X

1
1 (Area[((v <n)—AreaK(v<n-— 1))

lgnSAn
Z Z AreaK(v<n) (%—f—l_n——}ﬂ>
1<n<A
A 1
> log =) ————— > (log 4)>.
12£AQ”%n>m+nm+m (log 4)

O

Remark. The upper bound in Theorem 1.3 is the best possible (apart
from the constant), as the case of the disk of radius r shows easily. Also,
the same order of magnitude occurs with every sufficiently smooth convex
body K of area A. To see this, note that

dx / dx 1
_ > ——— > —AreaK(v < 1).
/K v(z) +1 K(v<1) V(@) +1 7 2

Here Area K (v < 1) > A3 since the right hand side of inequality (4) is
the best possible for sufficiently smooth convex bodies.

6 Proof of Theorem 4.2

Let us write A = Area K, where K € C%,. We have
mr? < A< 7R? = nD*r?,

and sor — oo as A — oo.

A change of variables. Let us assume the origin is the centre of the
inscribed ball B(r,0). Every point € K distinct from 0 can be written as
xr = x(z,t) = z — t2°, where z € K is the point where the ray Oz intersects
the boundary of K, 2° = z/||z|| is the unit vector in the z-direction, and
t € [0, 12Il).

Considering 0K equipped with the arc length measure, we have

Aj@ﬂwsAKLquwwmm4
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for any (measurable) function f. On the other hand, if we remove a disk or
radius > r around O from the integration domain, then both ingerals agree
up to a constant. For example,

/ f(;z:)d:z:>>/ / Fa(zt) dtdz  (6)
K\B(0,r/2) OK Jt:a(z,t)¢B(0,r/2)

with the implied constant depending on D.
For z € 0K, we introduce three significant values t; = ¢;(2), i = 1,2, 3,
of the parameter ¢:

e ¢y is where the area of the minimal cap is 1, i.e., v(z(z,t1)) = 1.

e t5 is where the width of the minimal cap becomes 1/3; more precisely,
to = inf{t > 0 : w(z(z,t2)) > 1/3}. (Unlike v(z(z,t)), the function
t — w(z(z,t)) need not be either continuous or monotone, although
such situations are not typical.)

e {3 is where the minimal cap becomes “large”; namely, v(z(z,t3)) =
Ap = A/(10D?).

We note that
x3 :iL“(Z,t3) ¢B(O,T/2), (7)

for otherwise, C'(x3) would contain the cap of B(0,r) of depth r/2, whose
area is more than r?/3 > A/10D? = A, (this explains the choice of Ap).
This will allow us to use (6).

Insignificance of the border region K (v < 1). Here is the first step
towards the proof of Theorem 4.2.

Lemma 6.1 For any planar conver body K we have, as Area K — oo,

/ d—$>>AreaK(v§1),
K(v>1) v(z)

where the implied constant is universal.

Proof. The statement is equivariant under area preserving affine transfor-
mations. So we assume that K is sandwiched between two concentric circles
of radius r and 2r. (This is Léwner’s theorem, cf. [DGK]). Then

t1
AreaK(v <1) S/ / dtdz:/ ty dz.
oK Jo K

17
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z
a 1 by
“ b C(a1)
z

Figure 3: Bounding v(z).

Now we need to bound v(z) from below for x = w(z,t) with ¢t > ty;
see Fig. 3. The area of C'(z) is at most the area of C(z;) plus the area of
the triangle azb, and the latter equals (¢/t1)?Area (a;2b;) < (t/t1)?. Hence
v(z) < (t/t1)? + 1. (This also shows that t3/t; — oo as A — o0.) We thus
have, using (7) and (6),

ts3
/ / / dtdz,
ks V@)~ Jox Ju t/t1

and the inner integral is at least fitl dt/((t/t1)® +1) > t;. O

Corollary 6.2 For any planar convezx body K we have, as Area K — o0,

/ dx < / dx < / dx
K(v>1) V(T) g v(@)+1 K(v>1) V(T)

where the implied constant is universal.

Proof. Indeed,

1/ dx < / / dx +/ dx
2 Jkwsy v(@) — Jrv(z K(w>1) V(@) +1 K(v<1) V(@) +1
/ S FA K@ <D < / e
K(v>1) v(z K(v>1) v(z)
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Further reductions. From now on, we assume K € C%. The last
corollary above shows that Theorem 4.2 is equivalent to

/ dx / dz
—_ > —_—
K(v>1), w(z)<1/3 V(T) K(v>1) v(T)

Next, we observe that the “central region” of K, with v > Ag = A/10D?,
is insignificant for the right-hand side. Indeed, fK(v>A0) % < Jix j—i =
10D?, while fK(vzl) % > [k # > (log A)?, using Corollary 6.2 and

the lower bound in Theorem 1.3. Hence, setting
Ky :K(]- <w SAU)a

we see that Theorem 4.2 follows from

/ dz / dz
z€Kop,w(r)<1/3 ’U(il?) z€Ko U(‘T)

Using (6) and (7), we can change to the z,t variables, and it suffices to

prove
t2 dtd ta dtd
[ e el W e ®
OK tl 0K tl

(we recall that to is where the w1dth of the cap C’( (Z,tg)) becomes 1/3).
The proof is divided into two main steps. We let p be a sufficiently large
constant depending on D, whose value will be specified later. Let S C 0K
consist of those z for which there is no disk of radius p contained in K
and touching 0K at z. First we prove that the contribution of S to the
right-hand side of (8) is negligible:

/ /ts dt dz ‘1
t1

with the implicit constant depending on D and on p.

Lemma 6.3 We have

For each z € OK \ S, we will be able to compare the inner integrals in
(8). Namely, we let £5 = £5(z) be the half-length of the chord cutting the
minimal cap C(z») from K, where x5 = x(z,t2), and we prove the following
two lemmas:
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t|T <R

Figure 4: A lower bound for v(x).

Lemma 6.4 For p = p(D) sufficiently large and for each z € 0K \ S,

t
2 dt log ¢
—_— > ,

/tl v(x) Uy

with the implied constant depending only on D (and not on z).

Lemma 6.5 For p = p(D) sufficiently large and for each z € 0K \ S,

ts (¢ log ¢
— L ,
/t v(z) ly

2

with the implied constant depending only on D (and not on z).

In fact, the inequalities in the last two lemmas hold with universal con-
stants, but they start to be true for large A = Area K that depends on
D.

Lemmas 6.3, 6.4, and 6.5 together imply (8), and thus Theorem 4.2 as
well.

The proof of Lemma 6.3 needs the following simple lower bound for v(z):

Claim 6.6 For z = z(z,t) € Ko, we have v(z) > t*/(2D).

Proof. We observe that C'(z) contains one of the small triangles in Fig. 4
(one of them is shaded), of area at least t*/(2D). (We also note that z €
C(z), since otherwise, 0 € C(z), and the area of C'(z) would be too large.)

O

Dealing with sharp corners: proof of Lemma 6.3. The set S is the
union of (at most countably many) arcs S;; see Fig 5. The length of S; is
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Figure 5: Estimating the length of S.

at most 2ptana; with

— <7T 1
— — arcsin —
-2 2D’

T .
a; < 5~ arcsin

since p is a constant and r — oco. Further, >~ a; < . We can assume
D > 2, and we get that the total length of S is at most

S| < ZZptanai < 10pD.
Using Claim 6.6, we calculate

//t3dzdt - //R dz dt
sty v@) T JsJo max{l,L;

> 2D

V2D oo
2D
< / / dt +/ —-dt | dz
s \Jo vap t
< 2v2D-|S| <20vV2Dp < 1,
since p depends only on D. Lemma 6.3 is proved. a
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Properties of the minimal cap C(xz2). We need some preparations
for the proofs of the remaining two lemmas. We assume z € 0K \ S and
x = x(z,t) with minimal cap C'(z). We let A be the line cutting off C'(x) from
K. Let ¢ = [2,2""] = AN K be the corresponding chord with z',z" € 0K.
The midpoint of the chord [/, 2"] is z, and ¢(z) = ||z — 2'|| is half of the
length of the chord.

Proposition 6.7 If w(z) < 1, then
{(z) < diam M (z) < 2diam C'(z) < £(z)

with the implied constant depending on D only.

Proof. The first inequality follows from [z',2"] C M(z). For the second
observe that M (z) is symmetric about z, so

diam M (z) = 2max{|ly—=z| : y € M(2)} = 2max{||ly—z| : y € M(z)NH},

where H is the halfpace with C(x) = KNH, since M (x)NH C C(z). Thus,
the right-hand side above is at most 2diam C'(x). For the last inequality in
the proposition we note that, for all y € C(x), ||z —y|| < £(x). as otherwise,
the angle z'yz" would be too small. (The picture is similar to Fig. 6. This
is where we use w(z) < 1.) O

We now set t = to; then = x(z,t2) = x2, €(x2) = £2. The line cutting
off C(x3) is A2, and ¢2 = [2',2"] is the corresponding chord. We recall
that t2 = inf{t > 0 : w(z(z,t)) > 1/3}. So w(zz) < 1/3, and there are z
arbitrarily close to z; with w(z) > 1/3.

Claim 6.8
(i

(ii

The angle between lines A2 and z0 satisfies o > 1/(2D).
The diameter of C(xz) is < {s.

(i) We have 1 €ty K 1.

)
)
)
(iv) For every ¢ > 1 there exists p = p(D,¢) such that {2 > c.

Proof. Almost all of this is simple plane geometry. Part (i) is obvious
from Fig. 6 as B(0,r — 1) is disjoint from C(z2).

Further, (ii) is contained in Proposition 6.7
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Figure 6: Estimating a.

We know that w(z2) < 1/3, and t» < 1 follows from this and (i).

Next, we check that w(z2) > 1. By the definition of ¢», there are points
z' with w(z") > 1/3 arbitrarily close to z3. Choose such a sequence z'; then
M(z") = M(z3). Now, by Proposition 6.7,

v(z2) = Area C(x2) < diam C(z2)w(zs) < law(z2),
and £(z")w(z") < u(z') = u(x2) < 2v(x2), showing that
U(z") < 6v(x2) < Law(z2).

Again by Proposition 6.7 and M (z") — M (z) we have (provided z' is close
enough to z3)

1
{(z") > diam M (z') > Ediam M(z3) > 0s.

This proves that w(z2) > 1.

We consider a point y € 0K at distance w(z2) > 1 from the line \y; see
Fig. 7. By symmetry, we may suppose that y lies to the left of z, say. We
know that the angle yz"2" is > 1/{5. Considering the triangle z2z"Z then
yields ¢ > 1 as required.

Finally, if p is chosen much larger than w,, then the orthogonal projec-
tion z* of z on the line A} lies on the segment 2’2", since there is a disk
of radius p avoiding 2z’ and 2" and having z on the boundary; see Fig. 8.
Moreover, ||z — z*|| = tasina > 1, with the implicit constant independent
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Figure 7: A lower bound for t2 = ||z — 22]|.

Figure 8: A lower bound on /5.
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Figure 9: Estimating the width and diameter of M (z).

of p. So the chord [z',2"] is longer than a chord of a disk of radius p that
cuts off from it a small cap of width at least ||z — 2*|| > t2. The length of
such a chord is > /pt2 and (iv) follows. a

Proof of Lemma 6.4. We need to bound the integral

2 dt
/t1 v(x)
from below, and so an upper bound on v(z) is needed. For this, we employ
M (z), the Macbeath region with centre =, where x = z(z,t) and ¢ € [t1, 2]
We note that v(z) = o(A4) (by Claim 3.3, say), and so Lemma 2.1 applies
and yields v(z) < u(xz) = Area M (x).

By considering the tangents to M (z) at z and at the point 22—z centrally
symmetric to it, we see that M (z) has width at most 2t (Fig. 9). Next, we
consider the line A through z parallel to the chord cutting off C(z2). A
cuts M (z) into two symmetric parts, one of which is contained in C(z2). It
follows that the diameter of M (z) is no larger than twice the diameter of
C(x2), which is < £2 by Proposition 6.7. Hence v(z) < u(z) < tls.

We have ¢ > 1 by Claim 6.8(iii). We need to show that ¢; is small,
namely, t; < 1/v/f5. To this end, we pass a line parallel to Ay through x;
(Fig. 10), and we note that the cap cut off by it has area at least 1 and
it contains the shaded triangle (or the corresponding triangle on the other
side). This triangle is similar to the triangle z5zz" with the ratio ¢; /t2, and
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Figure 10: Estimating ¢;.

the latter triangle has area 3>t sina > ty0; (using Claim 6.8(i)). Hence
1> (t1/ta)?ta2ly > 34y (as ty > 1), and we get t; < 1/l as needed.

Then
/tz dt /1 dt __ logts
—_— > — > .
o v(@) 1/vEs tle Ly

Lemma 6.4 is proved. a

Proof of Lemma 6.5. It is convenient to break the integral

/ts dt
to 'U(l')
into two ranges.

The first range is to < t < 2t5. We have already noted that v(zo) > t2ls
in the proof of Lemma 6.4, and the same estimate holds, by the monotonicity
of v(z(z,t)) in t, for all ¢ > to. Thus

gt a1
— < — =,
/t2 v(x) /tg taly Ly
which is negligible compared to our target expression (log £3) /{2, by Claim 6.8(iv).
To handle the remaining range [2ts,%3], we let gy be the segment of
length 2r parallel to ¢» (the chord cutting off C'(z3)) with center at 0, and

let T = conv(ga U qo) (Fig. 11). The trapezoid T is contained in K, and
so its minimal caps are no smaller than the minimal caps of K. By (7),
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Figure 11: The trapezoid T'.

the distance of z3 = z(z,t3) from 0 is at least r/2, and this is also a lower

bound on the height of 7.
We now distinguish two cases, according to the value of /5.

1. €3 > /2. The area of the minimal cap of T at a point « = z(z,t) (on
the axis of symmetry of T) is at least min((t — t2)r,72/2) > tr (as
t < r). Hence

— <K

s qt dt 1 log ¢.
/ ogr < 0g 2
o1, V() L tr r I

2. For {5 < r/2, the area of the minimal cap of T for x is at least

_ 2
min <T2/2, (t — t2)€2 + M (7“ - gz)) > teg + t2,
|2 = O]

/t3 dt <</°° dt <<log€2
2t2 'U(l') 1 t£2 + t2 62 ’

This establishes Lemma 6.5. O

and
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7 Open problems

The method used for estimating the expected number of vertices of Iy, (K)
does not seem to extend to faces of larger dimensions. It would be very
interesting to count higher-dimensional faces as well. It seems that the order
of magnitude of E [f;(I1(K))] should be similar to that of E [fo(IL(K))].

As for extending the analysis of the expected missed area, one could
perhaps begin with the following question: Is it true that

1 1
1< sgpProb[CﬂL =0 < 1

where the supremum is over all convex bodies C in R? of volume A, and
A — 00? It is sufficient to look at boxes of volume A, of course.
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