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Abstra
t

We show that the hereditary dis
repan
y of a hypergraph F on n

points in
reases by a fa
tor of at most O(log n) when one adds a new

edge to F .

Let X be a set of n points. We say that a hypergraph F on X has

dis
repan
y h if h is the smallest integer satisfying the following: There is

a 
oloring �:X ! f�1;+1g su
h that for every edge S 2 F , j�(S)j � h,

where we write �(S) for

P

x2S

�(x).

The hereditary dis
repan
y of F is the maximum dis
repan
y of any

restri
tion of F to a subset Y � X . Dis
repan
y and hereditary dis
repan
y

are important notions in 
ombinatori
s and dis
rete geometry; for more

information we refer, e.g., to [1℄ or [2℄. Throughout the note, the asymptoti


notation is used under the assumption that n ! 1. All logarithms have

natural base. We denote by dis
(F) and herdis
(F) the dis
repan
y and

the hereditary dis
repan
y of F , respe
tively.

The following question is a folklore in dis
repan
y theory (as far as

we 
ould �nd out, it was �rst asked by V. S�os some years ago): Given a

hypergraph F , is it true that the hereditary dis
repan
y of F in
reases by

at most a 
onstant fa
tor if one adds a new edge to F?

1



As far as we know, there is no published result on this problem, although

a polynomial fa
tor 
an be proved by various arguments. In this note, we

prove that adding one edge in
reases the hereditary dis
repan
y of F by a

multipli
ative fa
tor of at most O(log n).

Theorem 1 Let X be an n-point set and let F � 2

X

satisfy herdis
(F) �

h. Then dis
(F [ fXg) = O(h logn).

The following 
onsequen
e is immediate from the de�nition of hereditary

dis
repan
y:

Corollary 2 Let X be an n-point set and let F � 2

X

satisfy herdis
(F) �

h. Then for any subset X

0

of X, we have herdis
(F [ fX

0

g) = O(h logn).

Proof of Theorem 1. For ea
h set A 2 2

X

, let �

A

:A ! f�1;+1g

witness dis
(Fj

A

) � h. De�ne two 
olorings �

0

A

and �

00

A

of X by

�

0

A

(x) =

�

�

A

(x) for x 2 A

�

XnA

(x) for x 2 X nA

�

00

A

(x) =

�

��

A

(x) for x 2 A

�

XnA

(x) for x 2 X nA:

Let C = f�

0

A

; �

00

A

: A 2 2

X

g. Label ea
h pair f�

1

; �

2

g of distin
t 
olorings

in C by the set fx 2 X : �

1

(x) 6= �

2

(x)g. Sin
e the pair f�

0

A

; �

00

A

g is labeled

by A, there are at least 2

n

distin
t pairs, and so jCj � 2

n=2

.

Divide the 
olorings in C into at most n 
lasses a

ording to the value

of �(X), and let C

1

be a 
lass with jC

1

j �

1

n

jCj � 2

n=2

=n. The rest is as

in the proof of Be
k's partial 
oloring lemma (see, e.g., [1℄, Lemma 4.13).

Sin
e C

1

is exponentially large, it 
ontains two 
olorings �

1

; �

2

di�ering in

at least 
n points, for a suitable positive 
onstant 
 > 0. We form the partial


oloring � =

1

2

(�

1

��

2

):X ! f�1; 0;+1g. We have �(X) = 0, j�(S)j � 2h

for all S 2 F , and at least 
n points of X are 
olored (meaning that they

re
eive +1 or �1). Next, we restri
t F to the subset X

1

� X that re
eived

0 under � and we repeat the same argument, et
. Iterating O(log n) times,

all points are 
olored, and the total dis
repan
y is O(h logn). 2
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