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Abstract

We prove that every set system of bounded VC-dimension has a
fractional Helly property. More precisely, if the dual shatter function
of a set system F is bounded by o(mk)7 then F has fractional Helly
number k. This means that for every a > 0 there exists a 8 > 0 such
that if Fy, Fy,..., F, € F are sets with ﬂie[ F; # 0 for at least a(ﬁ)
sets I C {1,2,...,n} of size k, then there exists a point common to at
least Bn of the F;. This further implies a (p, k)-theorem: for every F
as above and every p > k there exists 7" such that if G C F is a finite
subfamily where among every p sets, some k intersect, then G has a
transversal of size 7. The assumption about bounded dual shatter
function applies, for example, to families of sets in R? definable by
a bounded number of polynomial inequalities of bounded degree; in
this case, we obtain fractional Helly number d+1.

1 Introduction

The well-known theorem of Helly states that if C is a finite family of convex
sets in R? such that any d + 1 or fewer of the sets of F intersect, then
NC # 0; we say that the d-dimensional convex sets have Helly number
d + 1. A vast number of Helly-type results are known; see e.g. [6].
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Here we are going to consider fractional Helly-type theorems. The orig-
inal fractional Helly theorem for convex sets in R¢, asserts the following
(here and in the sequel, we use the notation [n] = {1,2,...,n} and ()k() for
the system of all k-element subsets of X):

Theorem 1 (Katchalski and Liu [8]) For every d > 1 and every o € (0, 1]
there exists a § = ((d,a) > 0 with the following property. Let Cy,...,Cy
be convex sets in R such that (\;c; Cs # 0 for at least a(dil) index sets

Ie (d[i]l). Then there ezists a point contained in at least fn of the C;.

Let F be an arbitrary set system. For sets Fy, F5,...,F, € F and an
index set I C [n], we write F for [, Fi. We say that F has fractional Helly
number k if for every a > 0 there exists a § > 0 such that if F}, F», ..., F, €
F are sets such that Fy # 0 for at least o(7}) sets I € ([Z]), then there exists
a point common to at least Sn of the F;. We say that F has the fractional
Helly property if it has a finite fractional Helly number.

Although the fractional Helly property appears less intuitive than the
Helly property, and its conclusion is weaker, it seems much better behaved

and more robust in general than the Helly property. Here are some examples.

e There is a fractional Helly theorem for hyperplane transversals of con-
vex sets in RY [1] although there is no finite Helly number.

e For convex lattice sets in Z¢ (i.e., intersections of convex sets in R¢
with the d-dimensional integer lattice), the Helly number is 2¢, anoma-
lously large, but the fractional Helly number is only d+1 [3].

e If a family F has fractional Helly number & then the family {F} UF5 :
F\,F, € F}, too, has fractional Helly number k, as is easily checked;
for Helly number this, of course, fails badly.

In this paper, we further support the above thesis by adding a wide class
of examples with fractional Helly property: all set systems of bounded VC-
dimension.

The VC-dimension of a set system F on a ground set X is the maximum
size of a set A C X that is shattered by F, meaning that {ANF : F €
F} =24, Examples of set systems with bounded VC-dimension abound in
geometry; see, e.g., [9] for a wider background. The dual shatter function
of F is a function 7%:N — N, and 7%(m) is the maximum number of
nonempty fields of the Venn diagram of m sets of F. More formally, we
call two points z,y € X equivalent w.r.t. sets Fy,...,F, if {i € [m]: z €



F;} = {i € [m] : y € F;}, and 7%(m) is the maximum possible number
of classes of this equivalence over all choices of Fi,...,F,, € F. The dual
VC-dimension of F is the maximum possible number of sets in F with a
complete Venn diagram, i.e., max{k : 7}(k) = 2*}. It is well known that if

the dual VC-dimension is d* then 7%(m) < Z;'io (") Moreover, d* < 29,
where d is the VC-dimension, and in particular, the VC-dimension is finite
iff the dual VC-dimension is.

The dual shatter function seems to be a crucial quantitative parameter
of geometric set systems; for example, it is relevant to the performance of
range-searching data structures [5], and in many cases it essentially deter-
mines the discrepancy of the set system [9]. The following theorem shows

a similar phenomenon for the fractional Helly number.

Theorem 2 (Fractional Helly for bounded VC-dimension) Let F be
a set system whose dual shatter function satisfies % = o(m*) as m — oo,
where k is a fived integer (in particular, this holds if the dual VC-dimension
of F is at most k—1). Then F has fractional Helly number k.

In contrast, bounded VC-dimension does not guarantee any Helly prop-
erty. A very simple example is the system {[n]\ {i} : i € [n]}, and more
complicated examples will be mentioned later.

Let us remark that the original Katchalski-Liu theorem is not a special
case of Theorem 2, since convex sets in R? have infinite VC-dimension.

A primary example of geometric families of bounded VC-dimension are
semialgebraic sets in R? of bounded description complexity. We recall that
aset A C R?is semialgebraic if it can be defined by a Boolean combination
of polynomial inequalities; that is, if A = {x € R? : ®(py(z) > 0,p2(x) >
0,p.(xz) > 0)}, where ® is a Boolean formula and py,...,p,. € R[zy,...,24]
are polynomials. (The definition of a semialgebraic set may also involve
quantifiers. But by a well-known result of Tarski, quantifiers can be elim-
inated, and so each such set has an equivalent quantifier-free definition.)
Let us call the number max(d, r, D), where D is the maximum degree of the
pi, the description complezity of A. Standard estimates on the number of
sign patterns of real polynomials (due to Oleinik, Petrovskii, Milnor, Thom;
see, e.g., [4] for precise results and references) imply that if F is the family
of all semialgebraic sets in R? of description complexity at most B, then
mh(m) < Cm? for some C = C(B) and all m. More generally, if F is as
before and F' = {FNV : F € F}, where V is a k-dimensional algebraic
variety in RY, then 7%, = O(m*) [4]. We thus have:



Corollary 3 For every fized B, the family of all semialgebraic subsets of R?
of description complexity at most B has fractional Helly number d+1. The
system of all intersections of sets of this family with o fized k-dimensional
algebraic variety has fractional Helly number k+1.

Here is a nice more concrete example. If F C R¢ is a semialgebraic set of
bounded description complexity, then the set of all j-flats in R? intersecting
F' can be represented a semialgebraic subset of the affine Grassmannian,
which is a (j+1)(d—j)-dimensional algebraic variety. Consequently, there
is a fractional Helly theorem: If F is the family all semialgebraic subsets of
R? of description complexity at most B, Fi, ..., F, € F , and at least «(7})
of the k-tuples of the F; have a j-flat transversal, where k = (j+1)(d—j),
then there is a j-flat intersecting at least gn of the F;. In particular, for
line transversals for semialgebraic sets of bounded description complexity
in R? we obtain fractional Helly number 5.

The method of Alon and Kleitman [2] immediately implies that a family
F as in Theorem 2 satisfies a (p, k)-theorem (for every p > k):

Theorem 4 ((p, g)-theorem for bounded VC-dimension) Let F be a
set system with w3(m) = o(mF) for some integer k, and let p > k. Then
there is a constant T such that the following holds for every finite family
G C F: If G has the (p, k)-property, meaning that among every p sets of F,
some k intersect, then 7(G) < T'; that is, there is a T-point set intersecting
all sets of G.

For readers familiar with the Alon-Kleitman proof, we remark that the
first step (showing that the fractional packing number of G is bounded) goes
through unchanged based on the fractional Helly property, as well as the
second step (LP duality), and the third step (e-net property, or bounding
T in terms of 7*) is just the well known theorem of Haussler and Welzl [7]
about the existence of e-nets for systems of bounded VC-dimension.

2 Proof of Theorem 2

Let F and k be as in Theorem 2, let a > 0 be given, and let Fy, F5,..., F), €
F be sets such that Fy # 0 for at least a(}) k-tuples I € (). We may
assume that n is larger than any given constant, for otherwise, for g suffi-
ciently small, it is enough to have a point in a single F;.



Using the assumption 7% = o(m*), we fix m so that 7% < %a(rg), and
we set § = ﬁ Finally, we assume that n is so large that gn > m.

For contradiction, we suppose that no point is common to Sn of the Fj;.
Let us consider an index set J € ([:1]) and a k-tuple I € (). Let us call the
pair (J,I) good if there is a point 2 with « € F; for all i € I and = ¢ F}
for all j € J\ I. We bound below the probability that a pair (J,I) chosen
uniformly at random is good.

We first choose a random I € ([Z]), and then we choose m—Fk elements
of J\ I at random from [n] \ I. The probability that F; # 0 is at least
a. If Fr # (), we fix one point z € Fy. By the assumption, z is contained
in fewer than Bn of the Fj, and so the probability that none of the sets Fj
with j € J\ I contains z is at least

(5" " a=pm—i <(1—/3)n—m>m
(md) i=0 n—i - nom '

Since we assumed m < fn and 8 = ﬁ, the above expression is at least

(1-28)" =(1- %)m > % . Therefore, the probability of a random pair
(J, 1) being good is at least +a.

If we choose a random J € ([,:fb]), the expected number of I € (i) with
(J,I) good is at least N = (7)), and so there exists a J with at least
this many I. But this violates the assumption 7% (m) < N, since the sets
indexed by J have at least NV nonempty fields in their Venn diagram. O
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