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ABSTRACT. In the context of distributive lattices, frames, or o-frames,
a join homomorphism preserving the unit and those binary meets
which are zero often preserves all binary meets. This paper analyzes
this phenomenon.

In many situations concerning frames it happens that, although the join-
compltness is used in full, the finitary meet only comes into play in the
form of the top element and the relation a A b = 0. As a result, it seems
natural to ask how much the standard homomorphisms differ from the maps
between frames which preserve just this part of the structure, that is, the
top-preserving complete join homomorphisms f : L — M for which f(a) A
f(b) = 0 whenever aAb = 0. This paper presents a study of this and related
questions.

It turns out that the latter maps L — M are already homomorphisms for
a fairly extensive class of frames, namely the L introduced by Isbell [6] as
the strongly Hausdorff frames. By way of contrast, any frame free on more
than one generator does not have this property. On the other hand, in the
more general context of (bounded) distributive lattices, we have a complete
characterization: for any such L, the corresponding weak homomorphisms
are actually homomorphisms iff L is relatively normal.

In addition to these results we derive a number of others, involving the
downset frames of partially ordered sets and the ideal frames of distributive
lattices, as well as o-frames. Further, we consider the weak spectrum of
frames arising in this setting.
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In the case of lattices, it turns out that, for any given L, the weak ho-
momorphisms L — M are homomorphisms iff this holds for M = 2, the
two-element lattice; on the other hand, there are good reasons for expect-
ing this not to be the case for frames but we have not been able to settle
this question. Further, in somewhat different direction, our results concern-
ing lattices and their ideal frames make use of the Prime Ideal Theorem,
and we do not know whether these still hold without the use of any choice
principles.

1. PRELIMINARIES

1.1. We will be concerned with three types of structures.

e Distributive lattices (always understood as bounded). In this con-
text, a homomorphism is a lattice homomorphism preserving the
zero 0 and the unit 1, and the corresponding category will be de-
noted by

DLat.

e Frames, that is, complete lattices L satisfying the distribution law

a/\\/S:\/{a/\s|s€S}

for any @ € L and S C L. In this case, a homomorphism is a
frame homomorphism, that is a mapping preserving all joins and
all finitary meets. The resulting category will be denoted by

Frm.

e o-frames, that is, lattices with countable suprema satisfying the
distribution law

a/\\/S:\/{a/\s|s€S}

for any a € L and countable S C L.
In this case, a homomorphism preserves all (at most) countable
joins and finite meets. The resulting category will be denoted by

cFrm.

The two-element Boolean algebra {0, 1}, appearing in all the three contexts
will be denoted by

2.



For general information concerning frames the reader may consult Johnstone
[7] or Vickers [13].

1.2. In any of the three contexts we will speak of weak homomorphisms
f L — M, replacing the requirement of preserving finitary meets by the
conditions

(W1) f(1) =1,
(W2) aAb=0 = f(a)Af(b)=0.

In the context of frames, the second condition can be obviously reformulated
as

fla*) < f(a)* for every a € L,

where a* is the pseudocomplement \/{z | z A a = 0} of a.
The resulting categories of frames and o-frames will be denoted by

WFrm and WoFrm,
respectively.

Note. The category Frm is the Eilenberg-Moore category of the down-
set monad in the category SLat of bounded meet-semilattices with the
corresponding homomorphisms. Analogously, we can obtain WFrm on
the basis of WSLat, the category of bounded meet-semilattices with the
morphisms preserving 0 and 1, and otherwise subject only to the condition
that f(x) A f(y) = 0 whenever x A y = 0. This category, however, does not
seem to be of much interest and hence we have not pursued this line any
further.

1.3. A distributive lattice (frame, o-frame) is said to have the property
(W) if every weak homomorphism f : L — M is a homomorphism; similarly,
it is said to have the property (W) if every weak homomorphism f : L — M
is a homomorphism.

As an easy example we note that any Boolean algebra, Boolean o-algebra,
or complete Boolean algebra L has property (W) in the category DLat,
oFrm, or Frm, respectively: any weak homomorphism f : L — M preserves
complements whenever they exist, and the De Morgan law then ensures that
it also preserves binary meets in the present case. In the same vein, but
even more trivially, the totally ordered objects in any of these categories
have property (W).



Note. For a distributive lattice L, a weak homomorphism f : L — 2 can
be viewed as a generalization of a prime filter F' in L since it corresponds
to a subset F' of L such that

ifae Fanda<bthenbe F
ifavbe Fthena€ Forbe F,and 0 ¢ F
if a,b € F then a Ab # 0.

Similarly, if L is a o-frame or a frame, the second condition becomes
if\VSeFthen SNF#0

for any countable or arbitrary S C L, generalizing the notion of o-prime or
completely prime filter, respectively.

In particular, in the case of frames, there is an analogy of the properties
(W3) and (W) with Cauchy completeness and completeness of a uniform
frame. There, too, one has a generalization of completely prime filters,
namely the regular Cauchy filters (which satisfy the standard filter condition
while the join-property is relaxed) and correspondingly the regular Cauchy
maps L — M extending the notion of regular Cauchy filter in the same way
the weak homomorphisms L. —+ M extend the notion of the above F' C L.
Thus, (W2) is analogous to Cauchy completeness, which requires that every
regular Cauchy filter be a completely prime filter, and (W) is analogous to
completeness. We refer to [2] for the details.

1.4. We will say that elements a, b of a distributive lattice L are normally
separated if there are u,v such that

(1.4.1) uAv=0, a<uVvb and b<aVuw.

Note this is the same as requiring that there exist disjoint u,v such that
uVb=aVb=aVu.

A lattice L is called relatively normal if any two a,b € L are normally
separated. By the standard definition of normality, L is normal if any two
a,b € L such that aV b =1 are normally separated. Thus,

L is relatively normal iff lc is normal for each ¢ € L.
In particular, then, a frame is relatively normal if each of its open quotients is
normal. Similarly, we call a frame hereditarily normal if all its homomorphic
images are normal and use the same terminology for lattices.

1.5. Following Isbell [6], a distributive lattice is called subfit if
(Subfit) atb = Ty bvy#l=aVy,



and fit if

(Fit) atb = 3Jzdy,aVy=1, zAy<bandz £b.
Further, it is regular if
(Reg) atb = 3Fzdy,aVy=1, zAy=0andz £b.

Note. The condition of regularity is obviously equivalent to saying that,
for each a € L,

a:\/{:v|5|y zAy=0, aVy=1},

which is also expressed as

a:\/{az|m<a}

where < a (z is rather below, or well inside a) means that there exists y
such that t Ay =0and aVy = 1.
This is also how the regularity is defined for frames in which case the
latter condition is equivalent to z* V a = 1.
In the context of o-frames, however, regularity means there is a countable
S C{z | x < a} such that a = \/ S, and consequently
a o-frame can be regular as a lattice without being regular as a o-
frame.

2. THREE EASY FACTS

The following hold for any of the three categories considered here.

2.1. Proposition. Any homomorphic image of L with the property (W)
or (Wz) has the same property.

Proof. If h : L - M is any onto homomorphism and f: M — K a weak
homomorphism then g = fh is a weak homomorphism and hence a homo-
morphism. Since A is a homomorphism onto, f is a homomorphism. O

2.2. Proposition. A weak homomorphism preserves the meets of all
normally separated couples.
Proof. Choose the u,v as in (1.4.1). Then

a<uV(aAb) and b<wvV(aAb).
Thus,
fla) A f(B) < (f(w) A f(v) V flanb) = FlanDd)



since f(u) A f(v) has tobe 0. O

2.3. Proposition. For any weak homomorphism f: L — M, if x < a
andy < b then f(z) A f(y) < flaAD).
Proof. Take T and § such that

s ANT=0=yAy
and

aVE=1=bVT.
Then we have TVGV (aAb) = 1so that f(T)V f(7)V f(aAb) =1 by (W1),
and hence

F@ANfly) = F@) A F)AF@)V @)V Fland) < flanbd),
the latter by (W2). O

3. DISTRIBUTIVE LATTICES AND 0-FRAMES.

3.1. Proposition. For a distributive lattice L, the following statements
are equivalent.

(1) L is hereditarily normal.
(2) L is relatively normal.
(3) L has property (W).

(4) L has property (Ws).

Proof. (1)=(2) is trivial, (2)=(3) by 2.2, and (3)=-(4) is trivial.

(4)=(1): By 2.1 it will be enough to show that any L with the property
(W3) is normal. We show this by using the familiar criterion (Johnstone
[7]) that L € DLat is normal iff each prime ideal is contained in a unique
maximal ideal.

Suppose then that L has a prime ideal P with distinct maximal ideals
P, P, D P. We let & : L — 2 be the homomorphisms such that &;(a) = 0
iff a € P;, and put h(a) = & (a) V& (a). Simple calculation then shows that
his a (0,V, 1)-homomorphism. Further

h(a) A h(b) = (&1(a) V &(a)) A (§1(b) V & (D) =
= h(aADb)(&1(a) A&2(D)) V (&2(a) VEi(D) <
< h(aAb)VE(aAND)

for the homomorphism £ : L — 2 corresponding to P, and hence h(a) A h(b)
whenever a A b = 0.



On the other hand, since P, and P, are incomparable we have a; € P\ Py
and az € Py \ P», and then

h(a1) A h(az) = (§1(a1) V &2(a1))) A (&i(az) V &(az)) =1A1=1

while h(a; Aaz) = 0since a1 Aay € PiNP». Hence h is a weak homomorphism
but not a homomorphism, contradicting (W3). O

3.2. Corolllary. Any distributive lattice which is free on more than one
generator does not have the property (W).

Proof. 1t is obviously sufficient to exhibit a two-generated distributive
lattice which is not normal, and the four-element Boolean algebra with a
new zero added is clearly of the kind. O

As an immediate consequence of this we note that a coproduct L & M
of distributive lattices with property (W) need not have that property: for
L = M the three element chain, L & M is free on two generators. Further,
the example proves the same for o-frames and frames.

3.3. A somewhat shorter version of the proof of the above implication
(4)=(1) can be obtained using Priestley duality. Recall that this is the du-
ality between DLat and the category of Priestley spaces (ordered compact
spaces X such that whenever = # y there is a clopen downset U C X such
that £ ¢ U 5 y) and monotone continuous maps (see Priestley [10], [11]).
We will need that in this duality

e a Priestley space corresponds to the lattice of its clopen downsets,
and
e the relatively normal lattices are characterized by the fact that the
order of the corresponding space is a forest, that is, no two incom-
parable elements have a common lower bound (this has long been
known for spaces, see, e.g., [9]; for the general case see, e.g., [12],
[1]).
The proof of (4)=-(1) can now proceed as follows.
Let X be the Priestley dual of L so that we can view L as the lattice of
clopen downsets in X, and suppose there are incomparable z1,x, € X and
an ¢ < r1,x3. Then h: L — 2 such that

is a weak homomorphism: trivially 4(X) =1 and h(}) = 0, and h(UUV) =
h(U) v h(V) since finite joins coincide with unions; further if UNV =0
then we necessarily have U N {z1,z2} = 0 or V. N {z1,22} = 0, and hence



h(U) A h(V) = 0. On the other hand, given x,z2 are incomparable, we
have clopen downsets U; 5 x; such that zy ¢ Uy and z2 ¢ U;. Then
h(Uy) = h(Uz) =1 and h(U; N Usy) = 0, again contradicting (Wz). O

3.4. Proposition. Each regular o-frame has the property (W).
Proof. By regularity and 2.3 we have

@A fb) =\ {f @]z e CyA\If@) | ye D} =
=\ {f@) A fy) | (z,y) € Cx D} < flanb)
for some countable C C{z |z <a}and D C{y |y <b}. O

3.5. Note. Since every regular o-frame is normal (Gilmour [4]) this
proposition is in fact an immediate consequence of the implication (1)=-(3)
in 3.1 which clearly holds for o-frames as well. On the other hand, the
above proof shows how easily it follows directly from 2.3; moreover, the same
argument applies to frames, where normality is not implied by regularity.

4. FRAMES
4.1. Using 2.2 again as in 3.1 we immediately obtain

Proposition. For a frame L consider the following statements.
(1) L is relatively normal.
(2) L has property (W).
(3) L has property (Ws).
Then (1)=(2)=(3).
This time, however, the statements are not equivalent. Using the proof
of 3.4, now with C = {z | z <a} and D = {y | y < b}, we obtain
4.1.1. Fact. Each regular frame has the property (W).

Further, for frames regularity does not imply normality (since there are
Tychonoff spaces which are not normal) and hence in the above proposition

(2) does not imply (1).

4.2. Fact 4.1.1 is actually a consequence of a stronger result. We shall
show that (W) is already implied by the strong Hausdorff property (in the
sense of Isbell [6]) which is well known to be weaker than regularity ([6]).



Recall that a frame L is said to be strongly Hausdorff if the codiagonal
V:L& L — Lis a closed homomorphism. This can be expressed by
requiring for s, = \/{z ®y |z Ay =0} that (a® 1) Vs = (1P a)V st
which is easily seen to be equivalent to

(H) Va,be L, (a®b)Vsr=((anb)dl)VsrL.

4.2.1. Proposition. FEach strongly Hausdorff frame has the property

Proof. Let f: L — M be a weak homomorphism with L strongly Haus-
dorff. By the familiar property of the frame coproduct (as tensor product
for complete join homomorphisms — see [8]) we obtain a join-preserving
fef:L®L— M®M such that (f & f)(a®b) = f(a) ® f(b). Since
x Ay =0 implies that f(z) A f(y) =0 we have

(%) (f® f)(sz) C sm-

Now, by (H) we have (f & f)(((aAb)D1)VsL) = (f& f)((a®b)Vsy) and
hence by (x) and the formula for f @ f,

(fland) & 1) Vsy = (fa) @ f(D)Vsu-

Applying the codiagonal Vs of M to this equality we obtain that f(aAb) =
fla)nfb). O

4.2.2. For certain frames, the converse of 4.2.1 also holds. Recall from
[7] (p.84) that a frame L is called a Ty-frame if, for any pair of frame
homomorphisms f,g: L — M, f < g implies f = g. Then we have

Proposition. A Ty-frame L has property (W) iff it is strongly Haus-
dorff.

Proof. For any f,g : L — M such that f(x)Ag(y) = 0 whenever zAy = 0,
h: L — M given by h(z) = f(z) V g(z) is a weak homomorphism, by easy
calculation. Hence if L is a Ty-frame with property (W) then f = h =g
since f,g < h, and applying this to

f@y=(x®1l)Vs, and gx)=(1dx)V sy,
for sy, as in 4.2, this shows L is strongly Hausdorff. O

4.2.3. Remark. It may be worth noting that the earlier example of
the totally ordered frames as frames with property (W) is as disjoint from
the strongly Hausdorff frames as possible: a simple argument shows that a
totally ordered frame L is of the latter kind iff L = 2.



4.3. Since subfitness combined with normality implies regularity (Ba-
naschewski [2], also Banaschewski-Pultr [3]), and since normality alone does
not imply (W) or (W3) (add a new top to a general frame), the question
naturally arises whether the subfitness may not suffice alone. However, this
is not the case, as the example of the cofinite topology Cof(X) on an infinite
set X shows. Here, UNV =0 iff U = ) or V = (), and hence any join-
preserving f : Cof(L) — M such that f(X) =1 is a weak homomorphism.
Consider, then, f : Cof(X) — 2 such that f(V) =0 iff V C U for some
fixed U € Cof(X) which misses at least two elements of X. This is clearly
of this kind but not a homomorphism since there exist V, W ¢ U in Cof(X)
such that VNW CU.

Of course, subfitness is a very weak property so that this is no surprise.
Comparing (Reg) and (Fit) in 1.5 we see that fitness seems to be much
closer to regularity, and since we have seen that the strong Hausdorff con-
dition, also slightly weaker than regularity, does imply (W), we naturally
ask whether this may imply (W) or (W3). The answer is negative, even for
a condition somewhat stronger and still closer to regularity.

One of the characterizations of fitness involves the following sequence of
conditions.
For an element a of a frame L and an ordinal « set

ap =0 agt1 :\/{u | 3z, aVa=1& uAz<a,}
ay = \/{ag | 8 < a} for limit a.
A frame is said to have the property (SRa) if
(SRa) foralla € L, a4 =a.
Note that
(SR1) coincides with regularity.

Since we will be interested in particular in (SR2), here is a more explicit
description: it requires that

(SR2) az\/{u|§|x,xVazl&u/\xS\/{v|v-<a}}
for all @ € L.

In [5] it has been proved that

e if @ < 3 then (SRa) is strictly stronger than (SRf),
e a frame L is fit iff for every a € L there is an a such that a, = a.
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Proposition. (SR2) already fails to imply (W2).

Proof. Take the disjoint union X = w U {a, b} with distinct a and b, and
let 6 be the cofinite topology on w. On the set X define a topology 7 by
setting

Uer iff Un{a,b}#0 = UNwe€b.

In particular, for each z € w, {} and X \ {z} are in 7 and hence, for U; as
in the definition of (SRa),

foranyUer, Uy DUNw

and considering the W = ({a,b} \ U) Uw for which X NU CUNw C U3
and W UU = X, we see that Uy = U. Thus, 7 satisfies (SR2).

Now f : 7 — 2 defined by f(U) = 1iff UN{a,b} # 0 obviously preserves
the bottom, the top and the joins; further, if U NV = ) then either U N
{a,b} =0 or VN {a,b} = 0, showing f is a weak homomorphism. On the
other hand, for U = wU {a} and V = w U {b} we have f(UNV) =0 #
FO)AFV). O

4.5. The weak spectrum. For a frame L, let

AL ={a| a: L — 2 weak homomorphism}
and A, = {a € AL | a(a) = 1} for any a € L. Then obviously
(4.5.1) Ao=0, A =AL, Ay, =JAu

and if aAb=0 then A,NA, =0.
(From now on,

AL will be equipped with the topology generated by the A,, a € L.

For a weak homomorphism h : L — M define Ah : AM — AL by setting
Ah(a) = ah. Since

(16.2) (AR)"'(Ag) ={a | ah € Ay} = {a | a(h(a)) = 1} = A,

the mapping Ah is continuous.
Thus, we have a contravariant functor

A : WFrm — Top.

On the other hand there is the contravariant functor

O=J-9:Top - WFrm
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where O : Top — Frm is the standard topology and preimage functor and
J : Frm C WFrm is the identical embedding. Further, we have the natural
transformations

A:ld - OA, e€:1d - AO

defined by
An(a) =A,, ex(z)=11iff €U
as is seen by straightforward checking.

4.5.1. Proposition. The contravariant functors O and A are adjoint
on the right.
Proof. We verify the familiar adjunction identities for A and €. Thus, for

the composite

ox 2ex, opox 29, oy,

Oex(Aox (U)) = ex' (Aox(U)) = {z | ex(2) € Av} = {z | ex(2)(U) =
1}={z|zeU}=U.
Similarly, for
AL =5, AoAL 228, Af,
(A)\L((z—;AL(a)))(a) =1iff (ear(a)-Ap)(a) = Liff (ear(a)(Ag) = Lliff o € A,
iff afa) =1. O

4.5.2. As a consequence, we have the following easy criterion for (Ws)
in the case of topologies of sober spaces.

Proposition Let X be a sober space. Then O(X) has the property (W)
iffex : X = AOX is a homeomorphism.

Proof. (=) Here AO(X) is just the standard spectrum X9 (X) and ex
coincides with the corresponding unit X — £0O(X), an isomorphism since
X is sober.

(=) Let P be a one-point space and view 2 as O(P). The we have the
isomorphisms

WFrm(0O(X),2) = Top(P,AO(X)) = Top(P, X) = Frm(O(X), 2)

the first by 4.5.1, the second given by Top(idp,cx), and the third by the
sobriety of X and the adjunction of the standard spectrum functor, showing
that every weak homomorphism O(X) — 2 is a homomorphism. O

Note. In general, the frames OAO(X) do not have property (Wa):
otherwise, the spatial frames with the property would be coreflective in the
category of all spatial frames with coreflection maps O(ex) : OAO(X) —
O(X), but this would imply, for the Sierpinski space S, that

O(S x S) = O(S) & O(S)

12



has property (Ws), which is not the case as we observed in connection with
Corollary 3.2.

5. SOME SPECIAL CASES

In the following, X will be a partially ordered set and X the frame
of its downsets, that is, of all U C X such that a < b and b € U implies
a € U. Further, recall that a partially ordered set is called a forest whenever
lan b = 0 for any incomparable elements a and b.

5.1. Proposition. The following are equivalent for any frame L = DX
(1) X is a forest.
(2) L is relatively normal.
(3) L has property (W).
(4) L has property (Ws).
Proof. We only need to show (1)=(2) and (4)=(1).
(1)=(2). For any A,B € DX let
U={zeX |z<aforsomeac A\ B}

and
V={reX|x<bforsomebe B\ A}
Then AC BUU and BC AUV, and since anya € A\ Band b€ B\ A
are incomparable it follows that U NV = @) because X is a forest.
(4)=(1). Suppose there exist incomparable a,b € X with ¢ €lan |b and
take h : ®X — 2 such that

MU)=1 if UnNn{a,b}#0.
Then h evidently preserves all joins and the top. and if UNV = § in
DX then U N {a,b} =0 or VN{a,b} = 0 and hence h(U) A h(V) = 0.
On the other hand, h(Ja) A h(}b) = 1 but since a and b are incomparable

h(Jan |b) = 0. Thus h is a weak homomorphism but not a homomorphism.
g

If the partially ordered set considered above is a meet-semilattice M, this
will be a forest iff M is a chain. Consequently we have

5.2. Corollary. For any meet-semilattice M, the following are equiva-
lent.

(1) M is a chain.

(2) DM is relatively normal.

13



(3) DM has property (W).
(4) DM has property (Wa).

Another familiar frame derived from some other entity is the frame JL
of ideals of a distributive lattice L. In this case we have

5.3. Proposition. The following are equivalent for any L € DLat.
(1) 3L has property (W).
(2) JL has property (Wz).
(3) L is relatively normal.

Proof. (1)=(2) is trivial.

(2)=(3). Since |({a) = J({a) will inherit the property (Wz) fom JL it is
enough to show L is normal. We do this by the same technique used in the
proof of Proposition 3.1.

Suppose P is a prime ideal in L with distinct maximal ideals P, P» D P,
and let &1, &, and € now be corresponding frame homomorphisms JL — 2
such that &(J) = 0 iff J C P;, and analogously for P and . Now h(J) =
& (J) V &(J) defines a weak frame homomorphism h : JL — 2 since again

MI)ANR(J) <RINJ)VEINT);
further, if a1 € P>\ P, and as € P, \ P> by the incomparability of P; and
P2 then
§1(Jar) =1=E&(laz) and &(Jar) = 0= & (laz)

and hence h({a;)Ah(laz) = 1 while h({a;N Jaz) = 0, contradicting property
(W2).

(3)=(1). Given any weak frame homomorphism h : JL — M, the map
L — M taking a to h({a) is a weak lattice homomorphism by Proposition
3.1, and consequently we have, for any I,J € JL,

W) AR(T) = \/{h(la) AR(Ib) |a € T,b € T} =
=\/{h(l(anb) |ac,beJ}=h(INnJ). O

As a suggestive characterization we then also have the following

5.4. Corollary. For any L € DLat, JL has the property (W) iff L has
the property (W).

A further consequence is the following result concerning free frames,
based on Corollary 3.2 and the familiar fact that these may be represented
as the ideal frames JL of the free L € DLat:

14



5.5. Corollary. Any frame which is free on more than one generator
does not have the property (W).

5.6. Remarks. (1) It is easy to see that L € DLat is relatively normal
whenever JL is but we do not know whether the converse holds.

(2) By way of contrast with Proposition 5.3, we note that the congruence
lattice of any L € DLat has property (W) because of its zero-dimensionality.

(3) An obvious rephrasing of Corollary 5.4 would be: a coherent frame
has property (W) iff the lattice of its compact elements has property (W).

We close with a result concerning compactness and the property (W).

5.7. Propoosition. The following are equivalent for a compact subfit

frame L.
(1) L is regular.
(2) L has property (W).
(3) L has property (Ws).

Proof. We only have to show (3)=(1). Furthermore, since any normal
subfit frame is regular, as noted earlier, it will be sufficient to prove nor-
mality.

Let L be any compact frame with property (W2) and a,b € L such that
aVb=1. Then F ={zAy|aVe=1=>bVy}isafilterin L, and we want
to show that 0 € F. Now if F' is proper then there exists a prime ideal P in
L disjoint from F, and for s = \/ P it follows that sVa <1 and sVb < 1:
if sVa =1, say, then also z V a = 1 for some x € P by compactness but
then x € F', a contradiction. Next, using compactness again, take maximal
elements s; > sVa and sy > sVbin L, noting these are necessarily distinsct
since s; = s implies 1 =a Vb < s3.

Now let &; : L — 2 be the frame homomorphisms such that & (z) = 0 iff
z < s;, and put

h(z) = &1 (2) V &2(x).
Clearly, h preserves the unit and arbitrary joins including the zero. Further,
for any any « and y in L,

h(z) Ah(y) = h(z Ay) vV (E(2) A&(y)) v (&2(x) A&i(y)).

In particular, let x Ay = 0. Then h(z Ay) = 0 as noted already; also, z € P
ory € P since P is a prime ideal, hence z < s or y < s so that ¢ < s; or
y < so and simiarly < s or y < s1 . It follows that

§1(z) N&a(y) =0=&(z) Néi(y)
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and consequently h(z) A h(y) = 0, showing h is a weak homomorphism.
Finally, h(s1) = 1 = h(s2) since s; # s2 and therefore

§2(s1) = 1= &1 (s2);

on the other hand, however, h(s; As2) = 0 so that h is not a homomorphism
— a contradiction. O

5.8. Remark. Parts of the above proof and some simple additional
arguments establish the following general result.

A compact frame L is normal iff no prime ideal of L lies below two
distinct mazimal elements of L.
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