
ON WEAK LATTICE AND FRAME HOMOMORPHISMS

BERNHARD BANASCHEWSKI AND ALE

�

S PULTR

Dedi
ated to the memory of G�unter Bruns

Abstra
t. In the 
ontext of distributive latti
es, frames, or �-frames,

a join homomorphism preserving the unit and those binary meets

whi
h are zero often preserves all binary meets. This paper analyzes

this phenomenon.

In many situations 
on
erning frames it happens that, although the join-


ompltness is used in full, the �nitary meet only 
omes into play in the

form of the top element and the relation a ^ b = 0. As a result, it seems

natural to ask how mu
h the standard homomorphisms di�er from the maps

between frames whi
h preserve just this part of the stru
ture, that is, the

top-preserving 
omplete join homomorphisms f : L! M for whi
h f(a) ^

f(b) = 0 whenever a^b = 0. This paper presents a study of this and related

questions.

It turns out that the latter maps L!M are already homomorphisms for

a fairly extensive 
lass of frames, namely the L introdu
ed by Isbell [6℄ as

the strongly Hausdor� frames. By way of 
ontrast, any frame free on more

than one generator does not have this property. On the other hand, in the

more general 
ontext of (bounded) distributive latti
es, we have a 
omplete


hara
terization: for any su
h L, the 
orresponding weak homomorphisms

are a
tually homomorphisms i� L is relatively normal.

In addition to these results we derive a number of others, involving the

downset frames of partially ordered sets and the ideal frames of distributive

latti
es, as well as �-frames. Further, we 
onsider the weak spe
trum of

frames arising in this setting.
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In the 
ase of latti
es, it turns out that, for any given L, the weak ho-

momorphisms L ! M are homomorphisms i� this holds for M = 2, the

two-element latti
e; on the other hand, there are good reasons for expe
t-

ing this not to be the 
ase for frames but we have not been able to settle

this question. Further, in somewhat di�erent dire
tion, our results 
on
ern-

ing latti
es and their ideal frames make use of the Prime Ideal Theorem,

and we do not know whether these still hold without the use of any 
hoi
e

prin
iples.

1. Preliminaries

1.1. We will be 
on
erned with three types of stru
tures.

� Distributive latti
es (always understood as bounded). In this 
on-

text, a homomorphism is a latti
e homomorphism preserving the

zero 0 and the unit 1, and the 
orresponding 
ategory will be de-

noted by

DLat:

� Frames, that is, 
omplete latti
es L satisfying the distribution law

a ^

_

S =

_

fa ^ s j s 2 Sg

for any a 2 L and S � L. In this 
ase, a homomorphism is a

frame homomorphism, that is a mapping preserving all joins and

all �nitary meets. The resulting 
ategory will be denoted by

Frm:

� �-frames, that is, latti
es with 
ountable suprema satisfying the

distribution law

a ^

_

S =

_

fa ^ s j s 2 Sg

for any a 2 L and 
ountable S � L.

In this 
ase, a homomorphism preserves all (at most) 
ountable

joins and �nite meets. The resulting 
ategory will be denoted by

�Frm:

The two-element Boolean algebra f0; 1g, appearing in all the three 
ontexts

will be denoted by

2:
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For general information 
on
erning frames the reader may 
onsult Johnstone

[7℄ or Vi
kers [13℄.

1.2. In any of the three 
ontexts we will speak of weak homomorphisms

f : L ! M , repla
ing the requirement of preserving �nitary meets by the


onditions

(W1) f(1) = 1,

(W2) a ^ b = 0 ) f(a) ^ f(b) = 0.

In the 
ontext of frames, the se
ond 
ondition 
an be obviously reformulated

as

f(a

�

) � f(a)

�

for every a 2 L,

where a

�

is the pseudo
omplement

W

fx j x ^ a = 0g of a.

The resulting 
ategories of frames and �-frames will be denoted by

WFrm and W�Frm;

respe
tively.

Note. The 
ategory Frm is the Eilenberg-Moore 
ategory of the down-

set monad in the 
ategory SLat of bounded meet-semilatti
es with the


orresponding homomorphisms. Analogously, we 
an obtain WFrm on

the basis of WSLat, the 
ategory of bounded meet-semilatti
es with the

morphisms preserving 0 and 1, and otherwise subje
t only to the 
ondition

that f(x) ^ f(y) = 0 whenever x ^ y = 0. This 
ategory, however, does not

seem to be of mu
h interest and hen
e we have not pursued this line any

further.

1.3. A distributive latti
e (frame, �-frame) is said to have the property

(W) if every weak homomorphism f : L!M is a homomorphism; similarly,

it is said to have the property (W

2

) if every weak homomorphism f : L!M

is a homomorphism.

As an easy example we note that any Boolean algebra, Boolean �-algebra,

or 
omplete Boolean algebra L has property (W) in the 
ategory DLat,

�Frm, orFrm, respe
tively: any weak homomorphism f : L!M preserves


omplements whenever they exist, and the De Morgan law then ensures that

it also preserves binary meets in the present 
ase. In the same vein, but

even more trivially, the totally ordered obje
ts in any of these 
ategories

have property (W).
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Note. For a distributive latti
e L, a weak homomorphism f : L! 2 
an

be viewed as a generalization of a prime �lter F in L sin
e it 
orresponds

to a subset F of L su
h that

if a 2 F and a � b then b 2 F

if a _ b 2 F then a 2 F or b 2 F , and 0 =2 F

if a; b 2 F then a ^ b 6= 0.

Similarly, if L is a �-frame or a frame, the se
ond 
ondition be
omes

if

W

S 2 F then S \ F 6= ;

for any 
ountable or arbitrary S � L, generalizing the notion of �-prime or


ompletely prime �lter, respe
tively.

In parti
ular, in the 
ase of frames, there is an analogy of the properties

(W

2

) and (W) with Cau
hy 
ompleteness and 
ompleteness of a uniform

frame. There, too, one has a generalization of 
ompletely prime �lters,

namely the regular Cau
hy �lters (whi
h satisfy the standard �lter 
ondition

while the join-property is relaxed) and 
orrespondingly the regular Cau
hy

maps L!M extending the notion of regular Cau
hy �lter in the same way

the weak homomorphisms L ! M extend the notion of the above F � L.

Thus, (W

2

) is analogous to Cau
hy 
ompleteness, whi
h requires that every

regular Cau
hy �lter be a 
ompletely prime �lter, and (W) is analogous to


ompleteness. We refer to [2℄ for the details.

1.4. We will say that elements a; b of a distributive latti
e L are normally

separated if there are u; v su
h that

(1.4.1) u ^ v = 0; a � u _ b and b � a _ v:

Note this is the same as requiring that there exist disjoint u; v su
h that

u _ b = a _ b = a _ v.

A latti
e L is 
alled relatively normal if any two a; b 2 L are normally

separated. By the standard de�nition of normality, L is normal if any two

a; b 2 L su
h that a _ b = 1 are normally separated. Thus,

L is relatively normal i� #
 is normal for ea
h 
 2 L.

In parti
ular, then, a frame is relatively normal if ea
h of its open quotients is

normal. Similarly, we 
all a frame hereditarily normal if all its homomorphi


images are normal and use the same terminology for latti
es.

1.5. Following Isbell [6℄, a distributive latti
e is 
alled sub�t if

(Sub�t) a � b ) 9y b _ y 6= 1 = a _ y;
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and �t if

(Fit) a � b ) 9x9y; a _ y = 1; x ^ y � b and x � b:

Further, it is regular if

(Reg) a � b ) 9x9y; a _ y = 1; x ^ y = 0 and x � b:

Note. The 
ondition of regularity is obviously equivalent to saying that,

for ea
h a 2 L,

a =

_

fx j 9y x ^ y = 0; a _ y = 1g;

whi
h is also expressed as

a =

_

fx j x � ag

where x � a (x is rather below, or well inside a) means that there exists y

su
h that x ^ y = 0 and a _ y = 1.

This is also how the regularity is de�ned for frames in whi
h 
ase the

latter 
ondition is equivalent to x

�

_ a = 1.

In the 
ontext of �-frames, however, regularity means there is a 
ountable

S � fx j x � ag su
h that a =

W

S, and 
onsequently

a �-frame 
an be regular as a latti
e without being regular as a �-

frame.

2. Three easy fa
ts

The following hold for any of the three 
ategories 
onsidered here.

2.1. Proposition. Any homomorphi
 image of L with the property (W)

or (W

2

) has the same property.

Proof. If h : L!M is any onto homomorphism and f :M ! K a weak

homomorphism then g = fh is a weak homomorphism and hen
e a homo-

morphism. Sin
e h is a homomorphism onto, f is a homomorphism. �

2.2. Proposition. A weak homomorphism preserves the meets of all

normally separated 
ouples.

Proof. Choose the u; v as in (1.4.1). Then

a � u _ (a ^ b) and b � v _ (a ^ b):

Thus,

f(a) ^ f(b) � (f(u) ^ f(v)) _ f(a ^ b) = f(a ^ b)
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sin
e f(u) ^ f(v) has to be 0. �

2.3. Proposition. For any weak homomorphism f : L ! M , if x � a

and y � b then f(x) ^ f(y) � f(a ^ b).

Proof. Take x and y su
h that

x ^ x = 0 = y ^ y

and

a _ x = 1 = b _ y:

Then we have x_ y_ (a^ b) = 1 so that f(x)_ f(y)_ f(a^ b) = 1 by (W1),

and hen
e

f(x) ^ f(y) = (f(x) ^ f(y)) ^ (f(x) _ f(y) _ f(a ^ b)) � f(a ^ b);

the latter by (W2). �

3. Distributive latti
es and �-frames.

3.1. Proposition. For a distributive latti
e L, the following statements

are equivalent.

(1) L is hereditarily normal.

(2) L is relatively normal.

(3) L has property (W).

(4) L has property (W

2

).

Proof. (1))(2) is trivial, (2))(3) by 2.2, and (3))(4) is trivial.

(4))(1): By 2.1 it will be enough to show that any L with the property

(W

2

) is normal. We show this by using the familiar 
riterion (Johnstone

[7℄) that L 2 DLat is normal i� ea
h prime ideal is 
ontained in a unique

maximal ideal.

Suppose then that L has a prime ideal P with distin
t maximal ideals

P

1

; P

2

� P . We let �

i

: L ! 2 be the homomorphisms su
h that �

i

(a) = 0

i� a 2 P

i

, and put h(a) = �

1

(a)_ �

2

(a). Simple 
al
ulation then shows that

h is a (0;_; 1)-homomorphism. Further

h(a) ^ h(b) = (�

1

(a) _ �

2

(a)) ^ (�

1

(b) _ �

2

(b)) =

= h(a ^ b)(�

1

(a) ^ �

2

(b)) _ (�

2

(a) _ �

1

(b)) �

� h(a ^ b) _ �(a ^ b)

for the homomorphism � : L! 2 
orresponding to P , and hen
e h(a)^h(b)

whenever a ^ b = 0.
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On the other hand, sin
e P

1

and P

2

are in
omparable we have a

1

2 P

2

nP

1

and a

2

2 P

1

n P

2

, and then

h(a

1

) ^ h(a

2

) = (�

1

(a

1

) _ �

2

(a

1

))) ^ (�

1

(a

2

) _ �

2

(a

2

)) = 1 ^ 1 = 1

while h(a

1

^a

2

) = 0 sin
e a

1

^a

2

2 P

1

\P

2

. Hen
e h is a weak homomorphism

but not a homomorphism, 
ontradi
ting (W

2

). �

3.2. Corolllary. Any distributive latti
e whi
h is free on more than one

generator does not have the property (W).

Proof. It is obviously suÆ
ient to exhibit a two-generated distributive

latti
e whi
h is not normal, and the four-element Boolean algebra with a

new zero added is 
learly of the kind. �

As an immediate 
onsequen
e of this we note that a 
oprodu
t L �M

of distributive latti
es with property (W) need not have that property: for

L =M the three element 
hain, L�M is free on two generators. Further,

the example proves the same for �-frames and frames.

3.3. A somewhat shorter version of the proof of the above impli
ation

(4))(1) 
an be obtained using Priestley duality. Re
all that this is the du-

ality between DLat and the 
ategory of Priestley spa
es (ordered 
ompa
t

spa
es X su
h that whenever x 6= y there is a 
lopen downset U � X su
h

that x =2 U 3 y) and monotone 
ontinuous maps (see Priestley [10℄, [11℄).

We will need that in this duality

� a Priestley spa
e 
orresponds to the latti
e of its 
lopen downsets,

and

� the relatively normal latti
es are 
hara
terized by the fa
t that the

order of the 
orresponding spa
e is a forest, that is, no two in
om-

parable elements have a 
ommon lower bound (this has long been

known for spa
es, see, e.g., [9℄; for the general 
ase see, e.g., [12℄,

[1℄).

The proof of (4))(1) 
an now pro
eed as follows.

Let X be the Priestley dual of L so that we 
an view L as the latti
e of


lopen downsets in X , and suppose there are in
omparable x

1

; x

2

2 X and

an x < x

1

; x

2

. Then h : L! 2 su
h that

h(U) = 1 i� U \ fx

1

; x

2

g 6= ;:

is a weak homomorphism: trivially h(X) = 1 and h(;) = 0, and h(U [V ) =

h(U) _ h(V ) sin
e �nite joins 
oin
ide with unions; further if U \ V = ;

then we ne
essarily have U \ fx

1

; x

2

g = ; or V \ fx

1

; x

2

g = ;, and hen
e
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h(U) ^ h(V ) = 0. On the other hand, given x

1

; x

2

are in
omparable, we

have 
lopen downsets U

i

3 x

i

su
h that x

1

=2 U

2

and x

2

=2 U

1

. Then

h(U

1

) = h(U

2

) = 1 and h(U

1

\ U

2

) = 0, again 
ontradi
ting (W

2

). �

3.4. Proposition. Ea
h regular �-frame has the property (W).

Proof. By regularity and 2.3 we have

f(a) ^ f(b) =

_

ff(x j x 2 Cg ^

_

ff(y) j y 2 Dg =

=

_

ff(x) ^ f(y) j (x; y) 2 C �Dg � f(a ^ b)

for some 
ountable C � fx j x � ag and D � fy j y � bg. �

3.5. Note. Sin
e every regular �-frame is normal (Gilmour [4℄) this

proposition is in fa
t an immediate 
onsequen
e of the impli
ation (1))(3)

in 3.1 whi
h 
learly holds for �-frames as well. On the other hand, the

above proof shows how easily it follows dire
tly from 2.3; moreover, the same

argument applies to frames, where normality is not implied by regularity.

4. Frames

4.1. Using 2.2 again as in 3.1 we immediately obtain

Proposition. For a frame L 
onsider the following statements.

(1) L is relatively normal.

(2) L has property (W).

(3) L has property (W

2

).

Then (1))(2))(3).

This time, however, the statements are not equivalent. Using the proof

of 3.4, now with C = fx j x � ag and D = fy j y � bg, we obtain

4.1.1. Fa
t. Ea
h regular frame has the property (W).

Further, for frames regularity does not imply normality (sin
e there are

Ty
hono� spa
es whi
h are not normal) and hen
e in the above proposition

(2) does not imply (1).

4.2. Fa
t 4.1.1 is a
tually a 
onsequen
e of a stronger result. We shall

show that (W) is already implied by the strong Hausdor� property (in the

sense of Isbell [6℄) whi
h is well known to be weaker than regularity ([6℄).
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Re
all that a frame L is said to be strongly Hausdor� if the 
odiagonal

r : L � L ! L is a 
losed homomorphism. This 
an be expressed by

requiring for s

L

=

W

fx � y j x ^ y = 0g that (a � 1) _ s

L

= (1 � a) _ s

L

whi
h is easily seen to be equivalent to

(H) 8a; b 2 L; (a� b) _ s

L

= ((a ^ b)� 1) _ s

L

:

4.2.1. Proposition. Ea
h strongly Hausdor� frame has the property

(W).

Proof. Let f : L!M be a weak homomorphism with L strongly Haus-

dor�. By the familiar property of the frame 
oprodu
t (as tensor produ
t

for 
omplete join homomorphisms { see [8℄) we obtain a join-preserving

f � f : L � L ! M �M su
h that (f � f)(a � b) = f(a) � f(b). Sin
e

x ^ y = 0 implies that f(x) ^ f(y) = 0 we have

(�) (f � f)(s

L

) � s

M

:

Now, by (H) we have (f � f)(((a^ b)� 1)_ s

L

) = (f � f)((a� b)_ s

L

) and

hen
e by (�) and the formula for f � f ,

(f(a ^ b)� 1) _ s

M

= (f(a)� f(b)) _ s

M

:

Applying the 
odiagonalr

M

ofM to this equality we obtain that f(a^b) =

f(a) ^ f(b). �

4.2.2. For 
ertain frames, the 
onverse of 4.2.1 also holds. Re
all from

[7℄ (p.84) that a frame L is 
alled a T

U

-frame if, for any pair of frame

homomorphisms f; g : L!M , f � g implies f = g. Then we have

Proposition. A T

U

-frame L has property (W) i� it is strongly Haus-

dor�.

Proof. For any f; g : L!M su
h that f(x)^g(y) = 0 whenever x^y = 0,

h : L!M given by h(x) = f(x) _ g(x) is a weak homomorphism, by easy


al
ulation. Hen
e if L is a T

U

-frame with property (W) then f = h = g

sin
e f; g � h, and applying this to

f(x) = (x � 1) _ s

L

and g(x) = (1� x) _ s

L

;

for s

L

as in 4.2, this shows L is strongly Hausdor�. �

4.2.3. Remark. It may be worth noting that the earlier example of

the totally ordered frames as frames with property (W) is as disjoint from

the strongly Hausdor� frames as possible: a simple argument shows that a

totally ordered frame L is of the latter kind i� L

�

=

2.
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4.3. Sin
e sub�tness 
ombined with normality implies regularity (Ba-

nas
hewski [2℄, also Banas
hewski-Pultr [3℄), and sin
e normality alone does

not imply (W) or (W

2

) (add a new top to a general frame), the question

naturally arises whether the sub�tness may not suÆ
e alone. However, this

is not the 
ase, as the example of the 
o�nite topology Cof(X) on an in�nite

set X shows. Here, U \ V = ; i� U = ; or V = ;, and hen
e any join-

preserving f : Cof(L) ! M su
h that f(X) = 1 is a weak homomorphism.

Consider, then, f : Cof(X) ! 2 su
h that f(V ) = 0 i� V � U for some

�xed U 2 Cof(X) whi
h misses at least two elements of X . This is 
learly

of this kind but not a homomorphism sin
e there exist V;W * U in Cof(X)

su
h that V \W � U .

Of 
ourse, sub�tness is a very weak property so that this is no surprise.

Comparing (Reg) and (Fit) in 1.5 we see that �tness seems to be mu
h


loser to regularity, and sin
e we have seen that the strong Hausdor� 
on-

dition, also slightly weaker than regularity, does imply (W), we naturally

ask whether this may imply (W) or (W

2

). The answer is negative, even for

a 
ondition somewhat stronger and still 
loser to regularity.

One of the 
hara
terizations of �tness involves the following sequen
e of


onditions.

For an element a of a frame L and an ordinal � set

a

0

= 0 a

�+1

=

_

fu j 9x; x _ a = 1 & u ^ x � a

�

g

a

�

=

_

fa

�

j � < �g for limit �:

A frame is said to have the property (SR�) if

(SR�) for all a 2 L; a

�

= a:

Note that

(SR1) 
oin
ides with regularity.

Sin
e we will be interested in parti
ular in (SR2), here is a more expli
it

des
ription: it requires that

(SR2) a =

_

fu j 9x; x _ a = 1 & u ^ x �

_

fv j v � agg

for all a 2 L.

In [5℄ it has been proved that

� if � < � then (SR�) is stri
tly stronger than (SR�),

� a frame L is �t i� for every a 2 L there is an � su
h that a

�

= a.
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Proposition. (SR2) already fails to imply (W

2

).

Proof. Take the disjoint union X = ! [ fa; bg with distin
t a and b, and

let � be the 
o�nite topology on !. On the set X de�ne a topology � by

setting

U 2 � i� U \ fa; bg 6= ; ) U \ ! 2 �:

In parti
ular, for ea
h x 2 !, fxg and X n fxg are in � and hen
e, for U

1

as

in the de�nition of (SR�),

for any U 2 �; U

1

� U \ !

and 
onsidering the W = (fa; bg n U) [ ! for whi
h X \ U � U \ ! � U

1

and W [ U = X , we see that U

2

= U . Thus, � satis�es (SR2).

Now f : � ! 2 de�ned by f(U) = 1 i� U \fa; bg 6= ; obviously preserves

the bottom, the top and the joins; further, if U \ V = ; then either U \

fa; bg = ; or V \ fa; bg = ;, showing f is a weak homomorphism. On the

other hand, for U = ! [ fag and V = ! [ fbg we have f(U \ V ) = 0 6=

f(U) ^ f(V ). �

4.5. The weak spe
trum. For a frame L, let

�L = f� j � : L! 2 weak homomorphismg

and �

a

= f� 2 �L j �(a) = 1g for any a 2 L. Then obviously

(4.5.1) �

0

= ;; �

1

= �L; �

W

a

i

=

[

�

a

i

and if a ^ b = 0 then �

a

\ �

b

= ;:

>From now on,

�L will be equipped with the topology generated by the �

a

, a 2 L.

For a weak homomorphism h : L ! M de�ne �h : �M ! �L by setting

�h(�) = �h. Sin
e

(16.2) (�h)

�1

(�

a

) = f� j �h 2 �

a

g = f� j �(h(a)) = 1g = �

h(a)

;

the mapping �h is 
ontinuous.

Thus, we have a 
ontravariant fun
tor

� :WFrm! Top:

On the other hand there is the 
ontravariant fun
tor

O = J �O : Top!WFrm
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where O : Top! Frm is the standard topology and preimage fun
tor and

J : Frm �WFrm is the identi
al embedding. Further, we have the natural

transformations

� : Id! O�; " : Id! �O

de�ned by

�

L

(a) = �

a

; "

X

(x) = 1 i� x 2 U

as is seen by straightforward 
he
king.

4.5.1. Proposition. The 
ontravariant fun
tors O and � are adjoint

on the right.

Proof. We verify the familiar adjun
tion identities for � and ". Thus, for

the 
omposite

OX

�

OX

����! O�OX

O("

X

)

����! OX;

O"

X

(�

OX

(U)) = "

�1

X

(�

OX

(U)) = fx j "

X

(x) 2 �

U

g = fx j "

X

(x)(U) =

1g = fx j x 2 Ug = U .

Similarly, for

�L

"

�L

����! �O�L

�(�

L

)

����! �L;

(��

L

("

�L

(�)))(a) = 1 i� ("

�L

(�) ��

L

)(a) = 1 i� ("

�L

(�)(�

a

) = 1 i� � 2 �

a

i� �(a) = 1. �

4.5.2. As a 
onsequen
e, we have the following easy 
riterion for (W

2

)

in the 
ase of topologies of sober spa
es.

Proposition Let X be a sober spa
e. Then O(X) has the property (W

2

)

i� "

X

: X ! �OX is a homeomorphism.

Proof. ()) Here �O(X) is just the standard spe
trum �O(X) and "

X


oin
ides with the 
orresponding unit X ! �O(X), an isomorphism sin
e

X is sober.

()) Let P be a one-point spa
e and view 2 as O(P ). The we have the

isomorphisms

WFrm(O(X);2)

�

=

Top(P;�O(X))

�

=

Top(P;X)

�

=

Frm(O(X);2)

the �rst by 4.5.1, the se
ond given by Top(id

P

; "

X

), and the third by the

sobriety of X and the adjun
tion of the standard spe
trum fun
tor, showing

that every weak homomorphism O(X)! 2 is a homomorphism. �

Note. In general, the frames O�O(X) do not have property (W

2

):

otherwise, the spatial frames with the property would be 
ore
e
tive in the


ategory of all spatial frames with 
ore
e
tion maps O("

X

) : O�O(X) !

O(X), but this would imply, for the Sierpinski spa
e S, that

O(S � S) = O(S)�O(S)

12



has property (W

2

), whi
h is not the 
ase as we observed in 
onne
tion with

Corollary 3.2.

5. Some spe
ial 
ases

In the following, X will be a partially ordered set and DX the frame

of its downsets, that is, of all U � X su
h that a � b and b 2 U implies

a 2 U . Further, re
all that a partially ordered set is 
alled a forest whenever

#a\ #b = ; for any in
omparable elements a and b.

5.1. Proposition. The following are equivalent for any frame L = DX.

(1) X is a forest.

(2) L is relatively normal.

(3) L has property (W).

(4) L has property (W

2

).

Proof. We only need to show (1))(2) and (4))(1).

(1))(2). For any A;B 2 DX let

U = fx 2 X j x � a for some a 2 A nBg

and

V = fx 2 X j x � b for some b 2 B nAg:

Then A � B [ U and B � A [ V , and sin
e any a 2 A n B and b 2 B n A

are in
omparable it follows that U \ V = ; be
ause X is a forest.

(4))(1). Suppose there exist in
omparable a; b 2 X with 
 2#a\ #b and

take h : DX ! 2 su
h that

h(U) = 1 i� U \ fa; bg 6= ;:

Then h evidently preserves all joins and the top. and if U \ V = ; in

DX then U \ fa; bg = ; or V \ fa; bg = ; and hen
e h(U) ^ h(V ) = 0.

On the other hand, h(#a) ^ h(#b) = 1 but sin
e a and b are in
omparable

h(#a\ #b) = 0. Thus h is a weak homomorphism but not a homomorphism.

�

If the partially ordered set 
onsidered above is a meet-semilatti
eM , this

will be a forest i� M is a 
hain. Consequently we have

5.2. Corollary. For any meet-semilatti
e M , the following are equiva-

lent.

(1) M is a 
hain.

(2) DM is relatively normal.

13



(3) DM has property (W).

(4) DM has property (W

2

).

Another familiar frame derived from some other entity is the frame JL

of ideals of a distributive latti
e L. In this 
ase we have

5.3. Proposition. The following are equivalent for any L 2 DLat.

(1) JL has property (W).

(2) JL has property (W

2

).

(3) L is relatively normal.

Proof. (1))(2) is trivial.

(2))(3). Sin
e #(#a) = J(#a) will inherit the property (W

2

) fom JL it is

enough to show L is normal. We do this by the same te
hnique used in the

proof of Proposition 3.1.

Suppose P is a prime ideal in L with distin
t maximal ideals P

1

; P

2

� P ,

and let �

1

; �

2

, and � now be 
orresponding frame homomorphisms JL ! 2

su
h that �

i

(J) = 0 i� J � P

i

, and analogously for P and �. Now h(J) =

�

1

(J) _ �

2

(J) de�nes a weak frame homomorphism h : JL! 2 sin
e again

h(I) ^ h(J) � h(I \ J) _ �(I \ J);

further, if a

1

2 P

2

n P

1

and a

2

2 P

1

n P

2

by the in
omparability of P

1

and

P

2

then

�

1

(#a

1

) = 1 = �

2

(#a

2

) and �

2

(#a

1

) = 0 = �

1

(#a

2

)

and hen
e h(#a

1

)^h(#a

2

) = 1 while h(#a

1

\ #a

2

) = 0, 
ontradi
ting property

(W

2

).

(3))(1). Given any weak frame homomorphism h : JL ! M , the map

L ! M taking a to h(#a) is a weak latti
e homomorphism by Proposition

3.1, and 
onsequently we have, for any I; J 2 JL,

h(I) ^ h(J) =

_

fh(#a) ^ h(#b) j a 2 I; b 2 Jg =

=

_

fh(#(a \ b)) j a 2 I; b 2 Jg = h(I \ J): �

As a suggestive 
hara
terization we then also have the following

5.4. Corollary. For any L 2 DLat, JL has the property (W) i� L has

the property (W).

A further 
onsequen
e is the following result 
on
erning free frames,

based on Corollary 3.2 and the familiar fa
t that these may be represented

as the ideal frames JL of the free L 2 DLat:

14



5.5. Corollary. Any frame whi
h is free on more than one generator

does not have the property (W).

5.6. Remarks. (1) It is easy to see that L 2 DLat is relatively normal

whenever JL is but we do not know whether the 
onverse holds.

(2) By way of 
ontrast with Proposition 5.3, we note that the 
ongruen
e

latti
e of any L 2 DLat has property (W) be
ause of its zero-dimensionality.

(3) An obvious rephrasing of Corollary 5.4 would be: a 
oherent frame

has property (W) i� the latti
e of its 
ompa
t elements has property (W).

We 
lose with a result 
on
erning 
ompa
tness and the property (W).

5.7. Propoosition. The following are equivalent for a 
ompa
t sub�t

frame L.

(1) L is regular.

(2) L has property (W).

(3) L has property (W

2

).

Proof. We only have to show (3))(1). Furthermore, sin
e any normal

sub�t frame is regular, as noted earlier, it will be suÆ
ient to prove nor-

mality.

Let L be any 
ompa
t frame with property (W

2

) and a; b 2 L su
h that

a_ b = 1. Then F = fx^ y j a_x = 1 = b_ yg is a �lter in L, and we want

to show that 0 2 F . Now if F is proper then there exists a prime ideal P in

L disjoint from F , and for s =

W

P it follows that s _ a < 1 and s _ b < 1:

if s _ a = 1, say, then also x _ a = 1 for some x 2 P by 
ompa
tness but

then x 2 F , a 
ontradi
tion. Next, using 
ompa
tness again, take maximal

elements s

1

� s_a and s

2

� s_b in L, noting these are ne
essarily distins
t

sin
e s

1

= s

2

implies 1 = a _ b � s

1

.

Now let �

i

: L! 2 be the frame homomorphisms su
h that �

i

(x) = 0 i�

x � s

i

, and put

h(x) = �

1

(x) _ �

2

(x):

Clearly, h preserves the unit and arbitrary joins in
luding the zero. Further,

for any any x and y in L,

h(x) ^ h(y) = h(x ^ y) _ (�

1

(x) ^ �

2

(y)) _ (�

2

(x) ^ �

1

(y)):

In parti
ular, let x^y = 0. Then h(x^y) = 0 as noted already; also, x 2 P

ory 2 P sin
e P is a prime ideal, hen
e x � s or y � s so that x � s

1

or

y � s

2

and simiarly x � s

2

or y � s

1

. It follows that

�

1

(x) ^ �

2

(y) = 0 = �

2

(x) ^ �

1

(y)
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and 
onsequently h(x) ^ h(y) = 0, showing h is a weak homomorphism.

Finally, h(s

1

) = 1 = h(s

2

) sin
e s

1

6= s

2

and therefore

�

2

(s

1

) = 1 = �

1

(s

2

);

on the other hand, however, h(s

1

^s

2

) = 0 so that h is not a homomorphism

{ a 
ontradi
tion. �

5.8. Remark. Parts of the above proof and some simple additional

arguments establish the following general result.

A 
ompa
t frame L is normal i� no prime ideal of L lies below two

distin
t maximal elements of L.
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