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Abstra
t

We des
ribe a method developed in �fties by Ka
, Ward, Potts,

Feynman and Sherman to solve the 2-dimensional Ising problem us-

ing methods of dis
rete mathemati
s. This approa
h is older and

not so well known to dis
rete mathemati
s 
ommunity as the PfaÆan

approa
h. Using the results of Sherman and the theory of PfaÆan ori-

entations developed by Gallu

io and Loebl we generalise the results

to arbitrary (non-planar) graphs.
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1 Introdu
tion

Let G = (V;E) be a �nite graph. V is the set of verti
es and E is the set of

unordered pairs of verti
es 
alled edges. We allow multiple edges and loops.

Moreover we will assume that a variable x

e

is asso
iated with ea
h edge e

of G. If A � E then we let x

A

=

Q

e2A

x

e

. The degree of a vertex is the

number of edges in
ident with it. Ea
h loop 
ontributes 2 to the degree.

A (spanning) subgraph H = (V;E

0

) of G is 
alled even if ea
h vertex

of H has an even degree, possibly zero. The generating fun
tion of even

subgraphs is a polynomial E(G; x) =

P

x

A

over all even subgraphs (V;A) of

G.

This polynomial is extensively studied in dis
rete mathemati
s in mat
h-

ing theory and also in statisti
al physi
s sin
e it is equivalent via a theorem

of van der Waerden [16℄ to the Ising problem partition fun
tion of G.

Sin
e the solution of the 2-dimensional (planar) Ising problem by On-

sager [9℄, the physisists were trying to reprodu
e his solution by more under-

standable methods. In �fties and in the beginning of sixties two dis
rete so-

lutions appeared: the PfaÆan method of Fisher and Kasteleyn [2, 7℄ and the

'paths method' of Ka
, Ward, Potts, Feynman and Sherman [6, 10, 13, 14℄.

The PfaÆan method seems to be better known to dis
rete mathemati
ians.

Re
ently it has been further developed in [3, 4, 5, 8℄ and independently in

[15℄ and in [11, 12℄ to express E(G; x) or, equivalently, the Ising partition

fun
tion of an arbitrary graph G as a linear 
ombination of PfaÆans of

matri
es asso
iated with G.

The aim of this arti
le is to des
ribe the path method and to prove an

analogous general theorem. All the results apart of Lemma 3.1, Theorem

3.5 and most of the proofs essentially appeared in Sherman's paper [13℄.

Se
tion 2 
ontains a theorem 
onje
tured by Feynman and proved by

Sherman. Se
tion 3 
ontains the main result: a generalisation of the the-

orem of Feynman and Sherman to arbitrary graphs whi
h is analogous to

the theory of PfaÆan orientations. The motivation for the Feynman's 
on-

je
ture was a work of Ka
, Ward and Potts [6, 10℄. This together with


on
rete formulas for the 3-dimensional Ising problem will be des
ribed in

a 
ontinuation of this paper.
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2 A Theorem of Feynman and Sherman

Let G = (V;E) be a graph and D = (V;A(G)) an arbitrary orientation

of G. If e 2 E then a

e

will denote the orientation of e in A(G) and a

�1

will be the reversed dire
ted edge to a. We let x

a

e

= x

a

�1

e

= x

e

. A


ir
ular sequen
e p = v

1

; a

1

; v

2

; a

2

; :::; a

n

; v

n+1

= v

1

is 
alled non-periodi



losed walk if the following 
onditions are satis�ed: a

i

2 fa

e

; a

�1

e

: e 2 Eg,

a

i

6= a

�1

i+1

and (a

1

; :::; a

n

) 6= Z

m

for some sequen
e Z and m > 1. We

let X(p) =

Q

n

i=1

x

a

i

and sign(p) = (�1)

1+n(p)

, where n(p) is the winding

number of p, i.e. the number of integral revolutions of the tangent ve
tor of

p. Finally let W (p) = sign(p)X(p).

There is a natural equivalen
e on non-periodi
 
losed walks: p is equiv-

alent with reversed p. Ea
h equivalen
e 
lass has two elements and will

be denoted by [p℄. We let W ([p℄) = W (p) and note that this de�nition is


orre
t sin
e equivalent walks have the same sign. The following theorem

was 
onje
tured by Feynman and proved by Sherman [13℄.

Theorem 2.1 If G = (V;E) is a planar graph then

E(G; x) =

Y

(1 +W ([p℄)

where

Q

is the formal in�nite produ
t over all equivalen
e 
lasses of

non-periodi
 
losed walks of G.

Note that the produ
t is in�nite even for a very simple graph 
onsisting

of one vertex and two loops. In fa
t, Sherman proved a generalisation of this

theorem whi
h will be used in se
tion 3. In order to state this generalisation

we need to introdu
e the 
rossover 
ondition: assume graph G is properly

drawn in the plane and let v be a vertex of degree 4 of G and let p be a non-

periodi
 
losed walk of G. We say that p satis�es the 
rossover 
ondition

at v if the way p passes through v is 
onsistent with the 
rossover pairing

of the four edges in
ident with v.

Remark. The following Theorem 2.2 is formulated for planar graphs

su
h that ea
h degree is even and at most four. Hen
e in order to show that

Theorem 2.1 follows from it, we must redu
e Theorem 2.1 to the 
ase of

planar graphs with ea
h degree even and at most four. This may be done

easily as follows: �rst double ea
h edge and let the variables asso
iated with

the new edges equal to zero. This makes ea
h degree even. Then repla
e

ea
h vertex v with in
ident edges e

1

; :::; e

2k

, k > 2, listed in a 
ir
ular order
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given by a �xed drawing of G in the plane, by a path of 2k � 2 verti
es.

Let the variables of the edges of the path equal to one. Next double ea
h

edge of the perfe
t mat
hing of this path and let the variables of these new

edges equal to zero. Finally join the edges e

1

; :::; e

2k

to the verti
es of the

auxiliary path so that the order is preserved along the path and ea
h degree

is four: there is a unique way to do that. Observe that Theorem 2.1 holds

for G if and only if it holds for the graph obtained from G by the above


onstru
tion.

Theorem 2.2 Let G = (V;E) be a planar graph properly drawn in the plane

and su
h that ea
h degree is even and at most four. Let U = fv

1

; :::; v

k

g be a

subset of verti
es of G su
h that ea
h v

i

has degree 4. Let

Q

0

G;U

(1+W ([p℄)

denote the formal in�nite produ
t over all equivalen
e 
lasses of non-periodi



losed walks of G whi
h satisfy the 
rossover 
ondition at ea
h v

i

, i = 1; :::; k.

An even subgraph H of G is 
alled a

eptable if for ea
h v

i

and two edges

in
ident with v

i

and joined by the 
rossover pairing at v

i

, if H 
ontains

one of them then it 
ontains also the other. If H is a

eptable then we let


(H) equal the number of verti
es of U su
h that H 
ontains all four edges

in
ident with it. Then

Y

0

G;U

(1 +W ([p℄) =

X

(�1)


(H)

x

H

where the sum is over all a

eptable even subgraphs of G.

Proof. We pro
eed in two steps. First we show that when the in�nite

produ
t is expanded as a sum of monomials of variables, the 
oeÆ
ient 
or-

responding to x

H

, H a

eptable subgraph, equals (�1)


(H)

. In the se
ond

step we show that all the remaining 
oeÆ
ients are zero.

Claim 1.Let H be an admissible subgraph of G. If

Q

0

G;U

(1 +W ([p℄)

is expanded as a sum of monomials of variables then the 
oeÆ
ient of x

H

equals (�1)


(H)

.

Proof of Claim 1. By indu
tion on the number of verti
es of non-

zero degree in H . If H has just one vertex then it 
onsists of one loop e

or two loops e; f and 
(H) equals zero or one. If H 
onsists of one loop

only then

Q

0

G;U

(1 + W ([p℄) = (1 + x

e

)� produ
t of terms whi
h 
annot

in
uen
e the 
oeÆ
ient at x

H

. If H 
onsists of two loops and 
(H) = 0

then

Q

0

G;U

(1+W ([p℄) equals (1+x

e

)(1+x

f

)(1+x

e

x

f

)(1�x

e

x

f

)� produ
t

of terms whi
h 
annot in
uen
e the 
oeÆ
ient at x

H

.
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Next let 
(H) = 1 and H 
onsist of two loops.

Q

0

G;U

(1 +W ([p℄) equals

(1� x

e

x

f

)� produ
t of terms whi
h 
annot in
uen
e the 
oeÆ
ient at x

H

.

Hen
e the base of the indu
tion is veri�ed.

Now assume Claim 1 is true for all subgraphs H with n verti
es and we

will prove it for the graphs with n+1 verti
es. Hen
e let H be an a

eptable

subgraph with n+1 verti
es. A vertex v of H will be 
alled free if it doesnot


ontribute to 
(H), i.e. if it has degree 2 in H or if the 
rossover 
ondition

is not imposed at it. Let k = n + 1� 
(H) be the number of free verti
es.

We 
ontinue by indu
tion on k. First let k = 0, i.e. ea
h vertex of H has

degree four and there is a 
rossover 
ondition imposed at it. The 
rossover


onditions 
ause that there is a unique de
omposition ofH into non-periodi



losed walks p

1

; :::; p

r

su
h that x

H

=

Q

r

i=1

X(p

i

). If r = 1 then observe

that sign(p

1

) = (�1)


(H)

. If r > 1 then

Q

r

i=1

sign(p

i

) = (�1)


(H)

sin
e any

two of the p

i

's mutually interse
t in an even number of verti
es (and ea
h

vertex 
ontributs to 
(H)).

Hen
e let k > 0 and Claim 1 holds for all a

eptable subgraphs with

less than k free verti
es. If all free verti
es have degree 2 in H then we may

pro
eed as in the 
ase k = 0. Hen
e let v be a free vertex of H of degree

four in H . Denote the edges in
ident with v by north, east, south and west

a

ording to the 
y
li
 order indu
ed by the planar drawing.

Partition the non-periodi
 
losed walks of G whi
h satisfy the 
rossover


onditions at the verti
es of U into four 
lasses. Classes I,II,III 
ontain

walks that have an edge in
ident with v and:


lass I 
ontains the walks that are 
onsistent with west-north and east-

south pairing,


lass II 
ontains the walks that are 
onsistent with west-south and east-

north pairing,


lass III 
ontains the walks that are 
onsistent with north-south and

east-west pairing (i.e. 
onsistent with the 
rossover 
ondition at v), and

�nally


lass IV 
ontains the walks that do not 
ontain any edge in
ident with

v.

Suppose p 2 I and q 2 II . Then the produ
t W [p℄W [q℄ 
an make no


ontribution to x

H

and the same is true for II; III and I; II . Hen
e if

Q

0

G;U

(1 +W ([p℄) is expanded as a sum, the 
oeÆ
ient of x

H

is the sum of

the 
orresponding 
oeÆ
ients in I � IV , II � IV and III � IV .

The 
ontribution to I � IV 
an be regarded as the 
oeÆ
ient of x

H

0

in

Q

0

G

0

;U

(1+W ([p℄) where G

0

and H

0

are obtained from G and H by deleting

vertex v and by identifying the west, north edges into one edge, and the
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east, south edges into one edge. Analogously we 
an treat the 
ase II� IV .

Hen
e by the indu
tion assumption the sum of the 
ontributions from I�IV

and II� IV is 2(�1)


(H)

. The 
ontribution to III� IV 
an be regarded as


oming from

Q

0

G;U[fvg

(1 +W ([p℄), i.e. one additional 
ross-over 
ondition

is imposed on vertex v. Using the indu
tion assumption again (this time

for k) we get that this 
ontribution equals (�1)


(H)+1

.

Summarising when the produ
t

Q

0

(1+W ([p℄) is expanded as a sum, the


oeÆ
ient of x

H

equals 2(�1)


(H)

+ (�1)


(H)+1

whi
h we wanted to show.

End of proof of Claim 1.

To �nish the proof of Theorem 2.2 we need to show that the remaining


oeÆ
ients, i.e. the 
oeÆ
ients 
orresponding to the produ
ts of variables

where at least one of the exponents is greater than one, are all equal to zero.

To that end, temporarily 
onsider

Q

0

G;U

(1 +W (p)) where now the produ
t

is over non-periodi
 
losed walks and so it is the square of the produ
t we

are 
onsidering. Let a

1

> a

�1

1

> ::: > ::: be a linear order of orientations of

the edges of graph G.

Let A

1

be the set of all non-periodi
 
losed walks p su
h that a

1

appears

in p. Ea
h p 2 A

1

has a unique fa
torisation into words (W

1

; :::;W

k

) ea
h

of whi
h starts with a

1

and has no other appearan
e of a

1

. Some of these

words 
ontain a

�1

1

and some do not. We will need a 
urious lemma on


oin arrangements stated below. The Lemma is proved in [13℄ and Sherman

remarks in [13℄ that another proof has been devised by A. Selberg.

A Lemma on Coin Arrangements. Suppose we have a �xed 
olle
-

tion of N obje
ts of whi
h m

1

are of one kind, m

2

are of se
ond kind,...,m

n

are of nth kind. Let b

k

be the number of exhaustive unordered arrange-

ments of these symbols into k disjoint, nonempty, 
ir
ularly ordered sets

su
h that no two 
ir
ular orders are the same and none are periodi
. For

example let us have 10 
oins of whi
h 3 are pennies, 4 are ni
kles and 3 are

quarters. Then f(p; n); (n; p); (p; n; n; q; q; q)g is not a 
orre
t arrangement

sin
e (p; n) and (n; p) represent the same 
ir
ular order. If N > 1 then

P

N

i=1

(�1)

i+1

b

i

= 0.

Proof of the Lemma. The Lemma follows immediately if we expand

the LHS of the Witt equality and 
olle
t terms where the sums of the

exponents of the z

i

's are the same.

Witt Identity (see [1℄): let z

1

; :::; z

k

be 
ommuting variables. Then

Y

m

1

;:::;m

k

�0

(1� z

m

1

:::z

m

k

)

M(m

1

;:::;m

k

)

= 1� z

1

� z

2

� :::� z

k

;
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where M(m

1

; ::::;m

k

) is the number of di�erent nonperiodi
 sequen
es of

z

i

's taken with respe
t to 
ir
ular order.

End of Proof of the Lemma.



7

Claim 2.

Q

p2A

1

(1 +W (p)) = 1+ x

a

1

d

11

where d

11

is formal (possibly

in�nite) sum of monomials none of whi
h has x

a

1

as a fa
tor.

Proof of Claim 2.

First note the following simple fa
t: if p

1

; p

2

are two non-periodi
 
losed

walks su
h that p

1

p

2

is also non-periodi
 then sign(p

1

p

2

) = �sign(p

1

)sign(p

2

).

Let D be a monomial summand in the expansion of

Q

p2A

1

(1 +W (p)).

Hen
e D is a produ
t of �nitely many W (p); p 2 A

1

.

Ea
h p 2 A

1

has a unique fa
torisation into words de�ned above. Ea
h

word may appear several times in the fa
torisation of p and also in the

fa
torisation of di�erent non-periodi
 
losed walks. Let B(D) be the set-

system of all the words (with repetition) appearing in the fa
torisations of

the aperiodi
 
losed walks of D.

It dire
tly follows from the Lemma on Coin Arrangements that the sum

of all monomial summands D in the expansion of

Q

p2A

1

(1 +W (p)), whi
h

have the same B(D) of more than one element is zero.Hen
e the monomial

summands D whi
h survive in the expansion of

Q

p2A

1

(1 +W (p) all have

B(D) 
onsisting of exa
tly one word. This word may but neednot 
ontain

a

�1

1

. However only the summands with their word NOT 
ontainng a

�1

1

survive sin
e if b; 


1

; :::; 


k


ontain neither a

1

nor a

�1

1

then

W (a

1

ba

�1

1




1

a

�1

1




2

:::a

�1

1




k

) +W (a

1

b

�1

a

�1

1




1

a

�1

1




2

:::a

�1

1




k

)+

W (a

1

ba

�1

1




1

a

�1

1




2

:::a

�1

1




�1

k

) +W (a

1

b

�1

a

�1

1




1

a

�1

1




2

:::a

�1

1




�1

k

) = 0:

End of Proof of Claim 2.

Analogously let A

2

be the set of all non-periodi
 
losed walks p su
h

that a

�1

1

appears in p. Note that possibly A

1

\ A

2

6= ;. Ea
h p 2 A

2

has a

unique fa
torisation into words (W

1

; :::;W

k

) ea
h of whi
h starts with a

�1

1

and has no other appearan
e of a

�1

1

. Some of these words 
ontain a

1

and

some do not. The following 
laim may be proved in exa
tly the same way

as Claim 2.

Claim 3.

Q

p2A

2

(1 +W (p)) =

Q

p2A

1

�A

2

(1 +W (p)) =

Q

p2A

2

�A

1

(1 +

W (p)) =

Q

p2A

1

(1 +W (p)).

Let B be the set of non-periodi
 
losed walks in whi
h neither a

1

nor

a

�1

1

appear. We may assume (by some minimality assumption) that

Claim 4.

Q

p2B

(1 +W (p)) = (1 + d

12

)

2

, where d

12

is a formal sum of

monomials, none of whi
h has x

a

1

as a fa
tor.
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In

Q

p2A

1

(1+W (p))�

Q

p2A

2

(1+W (p)) = (1+x

a

1

d

11

)

2

, the non-periodi



losed walks from A

1

\A

2

have been 
ounted doubly, while the non-periodi



losed walks from A

1

� A

2

and A

2

�A

1

have been 
ounted singly. Hen
e

[

Y

p2(A

1

[A

2

)

(1 +W (p))℄

2

=

Y

p2A

1

(1+W (p))�

Y

p2A

2

(1+W (p))�

Y

p2A

1

�A

2

(1+W (p))�

Y

p2A

2

�A

1

(1+W (p)) =

(1 + x

a

1

d

11

)

4

:

This means that

[

Y

0

G;U

(1 +W ([p℄)℄

2

=

Y

0

G;U

(1 +W (p)) =

Y

p2(A

1

[A

2

)

(1 +W (p))�

Y

p2B

(1 +W (p)) =

(1 + x

a

1

d

11

)

2

(1 + d

12

)

2

;

and

Y

0

G;U

(1 +W ([p℄) = (1 + x

a

1

d

11

)(1 + d

12

):

Thus, there are no monomial summands having fa
tors x

n

a

1

, n � 2. Analo-

gous arguments dispose of summands with fa
tors x

n

a

i

, i 6= 1; n � 2. Hen
e

the proof of the Theorem is �nished.

2

3 A Formula For General Graphs

As Sherman have noti
ed, Theorem 2.2 may be used to express E(G; x) for

general graphs as a linear 
ombination of in�nite produ
ts. Let us 
onsider

toroidal graphs �rst, and we will again assume that ea
h degree is even and

at most four: by the remark before Theorem 2.2 this may be done without

loss of generality. Let us take a representation of the torus as a re
tangle

with identi�ed edges. We will assume that a graphG is drawn there properly

and so that all the verti
es belong to the interior of the re
tangle. If p is a

non-periodi
 
losed walk of G then let h(p) denote the number of horisontal

re
tangle edge 
rossings of p and let v(p) analogously denote the number of

verti
al re
tangle edge 
rossings of p. The notation h(H) and v(H) is also
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used for even subgraphs H of G. Finally we let W

h

(p) = (�1)

h(p)

W (p),

W

v

(p) = (�1)

v(p)

W (p) and W

h;v

(p) = (�1)

h(p)+v(p)

W (p).

The following Theorem 3.2 and in parti
ular Theorem 3.5 are based on

a 
urious lemma.

Lemma 3.1 Let R be the set of all 0; 1-ve
tors of length 2n and let a be an

arbitrary integer ve
tor of length 2n. Then

2

�n

(�1)

P

n

i=1

a

2i�1

a

2i

[

X

r2R

(�1)

ra

(�1)

s(r)

℄ = 1;

where s(r) denotes the number of i su
h that r

2i�1

= r

2i

= 1.

Proof. We pro
eed by indu
tion on n. The initial 
ase n = 1 may be easily


he
ked by hand. Next assume that Lemma 3.1 is true for n and we want

to prove it for n+ 1. Let R

0

be the set of all 0; 1-ve
tors of length 2(n+ 1)

and let a

0

be an arbitrary integer ve
tor of length 2(n + 1). Let a denote

the initial part of a

0

of length 2n. Then

2

�n�1

(�1)

P

n+1

i=1

a

0

2i�1

a

0

2i

[

X

r2R

0

(�1)

ra

0

(�1)

s(r)

℄ =

2

�1

(�1)

a

0

2n+1

a

0

2n+2

�[(�1)

a

0

2n+1

+ (�1)

a

0

2n+2

� (�1)

a

0

2n+1

+a

0

2n+2

+ 1℄;

where

� = 2

�n

(�1)

P

n

i=1

a

2i�1

a

2i

[

X

r2R

(�1)

ra

(�1)

s(r)

℄:

By indu
tion assumption we have that � = 1 and applying again the �rst

step of the indu
tion, we get that the lemma holds. 2

Theorem 3.2 If G = (V;E) is a toroidal graph where ea
h degree is even

and at most four then

E(G; x) = 1=2[

Y

(1+W

h

([p℄)+

Y

(1+W

v

([p℄)+

Y

(1+W

h;v

([p℄)�

Y

(1+W ([p℄)℄;

where

Q

is the formal in�nite produ
t over all equivalen
e 
lasses of non-

periodi
 
losed walks of G.
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Proof. 'Unglue' the edges of the re
tangle. Hen
e ea
h re
tangle edge


rossing now 
orresponds to 'leaving' the re
tangle and '
oming ba
k' to

the re
tangle by the oposite re
tangle edge. If we draw all this to the plane,

we get h(G)v(G) 
rossings of the 
urves representing the edges of G. Let

G

0

be the graph obtained from G by introdu
ing a vertex to ea
h su
h

interse
tion. Note that G

0

is properly drawn in the plane and ea
h degree

of G

0

is even and at most four. Let us 
all the new verti
es spe
ial and note

that ea
h spe
ial vertex has degree four in G

0

. Further note that ea
h non-

periodi
 
losed walk p of G 
orresponds to the non-periodi
 
losed walk p

0

of

G

0

whi
h satis�es the 
rossover 
ondition at ea
h spe
ial vertex. Moreover

sign(p

0

) = (�1)

h(p)+v(p)

sign(p) and thus W ([p

0

℄) =W

h;v

([p℄).

Using Theorem 2.2 we get that

Y

(1 +W

h;v

([p℄) =

Y

0

(1 +W ([p

0

℄) =

X

(�1)

h(H)v(H)

x

H

;

where the sum goes over all a

eptable subgraphs H of G

0

, i.e. over all even

subgraphs of G. Hen
e also

Y

(1 +W

v

([p℄) =

X

(�1)

h(H)v(H)+h(H)

x

H

;

Y

(1 +W

h

([p℄) =

X

(�1)

h(H)v(H)+v(H)

x

H

and

Y

(1 +W ([p℄) =

X

(�1)

h(H)v(H)+h(H)+v(H)

x

H

:

Let H be an arbitrary even subgraph of G. Then the 
oeÆ
ient of x

H

in

1=2[

Y

(1 +W

h

([p℄) +

Y

(1 +W

v

([p℄) +

Y

(1 +W

h;v

([p℄)�

Y

(1 +W ([p℄)℄

equals

1=2(�1)

h(H)v(H)

[(�1)

h(H)

+ (�1)

v(H)

� (�1)

h(H)+v(H)

+ 1℄:

This equals 1 by the previous Lemma 3.1.

2

Using the ma
hinery of the theory of PfaÆan orientations we 
an write

down a formula for general graphs. The ma
hinery is based on 
onsidering

graphs embedded on orientable surfa
es of arbitrary genus.
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De�nition 3.3 A surfa
e S

g


onsists of a base B

0

and 2g bridges B

i

j

, i =

1; :::; g and j = 1; 2, where

i) B

0

is a 
onvex 4g-gon with verti
es a

1

; :::; a

4g

numbered 
lo
kwise;

ii) B

i

1

, i = 1; : : : ; g, is a 4-gon with verti
es x

i

1

; x

i

2

; x

i

3

; x

i

4

numbered 
lo
k-

wise. It is glued with B

0

so that the edge [x

i

1

; x

i

2

℄ of B

i

1

is identi�ed

with the edge [a

4(i�1)+1

; a

4(i�1)+2

℄ of B

0

and the edge [x

i

3

; x

i

4

℄ of B

i

1

is

identi�ed with the edge [a

4(i�1)+3

; a

4(i�1)+4

℄ of B

0

;

iii) B

i

2

, i = 1; : : : ; g, is a 4-gon with verti
es y

i

1

; y

i

2

; y

i

3

; y

i

4

numbered 
lo
k-

wise. It is glued with B

0

so that the edge [y

i

1

; y

i

2

℄ of B

i

2

is identi�ed

with the edge [a

4(i�1)+2

; a

4(i�1)+3

℄ of B

0

and the edge [y

i

3

; y

i

4

℄ of B

i

2

is

identi�ed with the edge [a

4(i�1)+4

; a

4(i�1)+5(mod4g)

℄ of B

0

.

Observe that in De�nition 3.3 we denote by [a; b℄ edges of polygons and

not edges of graphs. The usual representation in the spa
e of an orientable

surfa
e S of genus g may be then obtained from S

g

by the following oper-

ation: for ea
h bridge B, glue together the two segments whi
h B shares

with the boundary of B

0

, and delete B.

De�nition 3.4 A graph G is 
alled a g-graph if it may be embedded on S

g

so that all the verti
es belong to the base B

0

, and if the embedding of an

edge uses a bridge, then it 
rosses the bridge.

This is analogous to the situation des
ribed above for the torus: we 
an

imagine that we 
ontra
t all the bridges (and get a usual representation of

an orientable surfa
e of genus g), draw our graph there, and then split the

bridges ba
k. The resulting drawing is a g-graph with its embedding on S

g

.

From now on, we shall 
onsider g-graphs together with a �xed embedding

on S

g

. If G is a g-graph and p is a non-periodi
 
losed walk of G then

we denote by a(p) the ve
tor of length 2g su
h that a(p)

2(i�1)+j

equals the

number of times p 
rosses bridge B

i

j

, i = 1; :::; g, j = 1; 2. Similarly we will

use the notation a(H) where H is an even subgraph of G.

Next we present a formula for general g-graphs. Note that any graph G

may be embedded as a a g-graph where g is genus of G and that we only

need to 
onsider g-graphs that have all degrees even and at most four (by

a remark before theorem 2.2).

Let R(g) denote the set of all 0; 1-ve
tors of length 2g. If G is a g-graph

(with all degrees even and at most four), p a non-periodi
 
losed walk of G

and r 2 R(g), then let W

r

([p℄) = (�1)

ra(p)

W ([p℄).
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Theorem 3.5 If G = (V;E) is a g-graph where ea
h degree is even and at

most four then

E(G; x) = 2

�g

X

r2R(g)

(�1)

s(I�r)

Y

(1 +W

r

([p℄);

where

Q

is the formal in�nite produ
t over all equivalen
e 
lasses of non-

periodi
 
losed walks of G and I denotes the ve
tor of all ones.

Proof. We pro
eed analogously as in the proof of Theorem 3.2. We 
onsider

G embedded in the plane by the proje
tion of the bridges B

i

j

outside B

0

.

We get

P

g

i=1

a(G)

2i�1

a(G)

2i


rossings of the 
urves representing the edges

of G. Let G

0

be the graph obtained from G by introdu
ing a vertex to ea
h

su
h interse
tion. Note that G

0

is properly drawn to the plane, and ea
h

degree of G

0

is even and at most four. Let us 
all the new verti
es spe
ial

and note that ea
h spe
ial vertex has degree four in G

0

. Further note that

ea
h non-periodi
 
losed walk p of G 
orresponds to the non-periodi
 
losed

walk p

0

of G

0

whi
h satis�es the 
rossover 
ondition at ea
h spe
ial vertex.

Moreover sign(p

0

) = (�1)

Ia(p)

sign(p) and thus W ([p

0

℄) =W

I

([p℄).

Using Theorem 2.2 we get that

Y

(1 +W

I

([p℄) =

Y

0

(1 +W ([p

0

℄) =

X

(�1)

P

g

i=1

a(H)

2i�1

a(H)

2i

x

H

;

where the sum is over all a

eptable subgraphs H of G

0

, i.e. over all even

subgraphs of G. Hen
e for r 2 R(g) we have

Y

(1 +W

r

([p℄) =

X

(�1)

P

g

i=1

a(H)

2i�1

a(H)

2i

+(I�r)a(H)

x

H

;

where the sum is over all even subgraphs H of G.

Let H be an arbitrary even subgraph of G. Then the 
oeÆ
ient of x

H

in

2

�g

X

r2R(g)

(�1)

s(I�r)

Y

(1 +W

r

([p℄)

equals

2

�g

(�1)

P

g

i=1

a(H)

2i�1

a(H)

2i

X

r2R(g)

(�1)

s(I�r)

(�1)

(I�r)a(H)

:

This equals 1 by the previous Lemma 3.1, sin
e we 
an repla
e r by I � r

in the summation.

2
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