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Abstra
t

A k-de
omposition (G

1

; : : : ; G

k

) of a graph G is a partition of its

edge set to form k spanning subgraphs G

1

; : : : ; G

k

. The 
lassi
al theo-

rem of Nordhaus and Gaddum bounds �(G

1

)+�(G

2

) and �(G

1

)�(G

2

)

over all 2-de
ompositions of K

n

. For a graph parameter p, let p(k;G)

denote the maximum of

P

k

i=1

p(G

i

) over all k-de
ompositions of the

graph G.

The 
lique number !, 
hromati
 number �, list 
hromati
 num-

ber �

`

, and Szekeres{Wilf number � satisfy !(2;K

n

) = �(2;K

n

) =

�

`

(2;K

n

) = �(2;K

n

) = n+1. We obtain lower and upper bounds for

!(k;K

n

), �(k;K

n

), �

`

(k;K

n

), and �(k;K

n

). The last three behave

di�erently for large k. We also obtain lower and upper bounds for the

maximum of �(k;G) over all graphs embedded on a given surfa
e.
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1 Introdu
tion

A k-de
omposition of a (hyper)graph G is a de
omposition of G into k span-

ning sub(hyper)graphs G

1

; : : : ; G

k

. That is, ea
h G

i

has the same verti
es

as G, and every edge of G belongs to exa
tly one of G

1

; : : : ; G

k

. Su
h

de
ompositions 
an be interpreted as unrestri
ted k-edge-
olorings of G.

For a parameter p, a positive integer k, and a (hyper)graph G, let

p(k;G) = maxf

P

k

i=1

p(G

i

): (G

1

; : : : ; G

k

) is a k-de
omposition of Gg:

Also, a p-optimal k-de
omposition of G is a k-de
omposition (G

1

; : : : ; G

k

)

su
h that p(k;G) =

P

k

i=1

p(G

i

):

The parameters that interest us are the 
lique number !, the 
hromati


number �, the list-
hromati
 number �

`

, and the Szekeres-Wilf number �,

where � is de�ned by �(G) = 1 + max

H�G

Æ(H). Every graph G satis�es

!(G) � �(G) � �

`

(G) � �(G). Therefore, for every k and G,

!(k;G) � �(k;G) � �

`

(k;G) � �(k;G): (1)

Clearly, (G

1

; G

2

) is a 2-de
omposition of the 
omplete graph K

n

if and

only if G

1

is the 
omplement of G

2

and has n verti
es. Thus the Nordhaus{

Gaddum Theorem 
an be stated as follows.

Theorem 1 (Nordhaus{Gaddum [15℄) Let n be a positive integer. If (G

1

; G

2

)

is a 2-de
omposition of K

n

, then the following statements hold:

(a) d2

p

n e � �(G

1

) + �(G

2

) � n + 1;

(b) n � �(G

1

) � �(G

2

) � b

�

n+1

2

�

2


:

The proof of Theorem 1 implies that !(2;K

n

) = �(2;K

n

) = �

`

(2;K

n

) =

�(2;K

n

) = n + 1, a
hieving equalities in (1) (see also Se
tion 5). Fin
k [9℄

des
ribed the �-optimal 2-de
ompositions of K

n

.

Plesn��k [16℄ studied �(k;K

n

) for k > 2 and proved that �(k;K

n

) �

n + 2

(

k+1

2

)

for every n. He also proved (see Lemma 3 in [16℄) that

n +

�

k

2

�

� !(k;K

n

) � �(k;K

n

) if n �

�

k

2

�

(2)

and 
onje
tured (see also Bos�ak [3℄) that �(k;K

n

) = n +

�

k

2

�

. Our �rst

result is

2



Theorem 2 If k and n are positive integers, then !(k;K

n

) � n +

�

k

2

�

. If

n �

�

k

2

�

, then !(k;K

n

) = n +

�

k

2

�

.

Watkinson [23℄ improved Plesn��k's upper bound to �(k;K

n

) � n +

k!

2

.

It follows that !(3;K

n

) = �(3;K

n

) = n + 3 for every n � 3. Our se
ond

result improves Watkinson's bound for large k.

Theorem 3 If k and n are positive integers, then �(k;K

n

) � n + 7

k

.

The list 
hromati
 number behaves somewhat di�erently for large k.

Theorem 4 There exists a positive 
onstant 
 su
h that, if k =

�

`+1

2

�

and

n = `m where ` and m are integers greater than 1, then

�

`

(k;K

n

) � n + 
k ln(

n

p

k

):

On the other hand, for all positive integers k and n,

�

`

(k;K

n

) � n + 3k!

p

1 + 8n lnn:

Thus, the leading behavior of �

`

(k;K

n

) for �xed k as n! 1 is still n,

but there is an additive term growing with n. The situation with �(k;K

n

)

is di�erent.

Theorem 5 If k = p

2

+ p + 1 for some prime power p, and n � 0 mod k,

then

�(k;K

n

) � (

p

k � 1)n + k;

On the other hand, for all positive integers k and n,

�(k;K

n

) �

p

kn + k:

Furthermore, we determine �(k;K

n

) exa
tly for k � 4.

We 
onsider also de
ompositions of the 
omplete r-uniform hypergraph

K

r

n

. Sin
e �(K

r

n

) = d

n

r�1

e, we have �(k;K

r

n

) � d

n

r�1

e+k�1. Although it is

easy to improve the bound for large n, we will prove that up to a summand




k;r

independent of n, this is the 
orre
t value of �(k;K

r

n

).

Theorem 6 If k and r are positive integers with r � 2, then there exists

an integer 


k;r

su
h that, for every positive integer n,

�(k;K

r

n

) �

n

r � 1

+ 


k;r

:
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Finally, we 
onsider de
ompositions of graphs embedded on a given sur-

fa
e �. For a graph parameter p and positive integer k, let p(k; �) denote

the maximum of p(k;G) over all graphs G embeddable on �. Let g be the

Euler genus of �. We show that for �xed k and large g, the values of !(k; �),

�(k; �), �

`

(k; �), and �(k; �) are asymptoti
ally equal, unlike !(k;K

n

) and

�(k;K

n

).

Along with the maximum sum, we 
an also study the maximum produ
t

of the values of a parameter p over a de
omposition. Let

ep(k;G) = maxf

Q

k

i=1

p(G

i

): (G

1

; : : : ; G

k

) is a k-de
omposition of Gg:

Using the Cau
hy-S
hwarz Inequality, our bounds on p(k;K

n

) yield 
orre-

sponding bounds on ep(k;K

n

). For �xed k,

e!(k;K

n

) � e�(k;K

n

) �f�

`

(k;K

n

) � (1 + o(1))(n=k)

k

;

e�(k;K

r

n

) � (1 + o(1))(n=k(r � 1))

k

; and

e�(k;K

n

) � (1 + o(1))(n=

p

k)

k

:

De
omposing K

n

and K

r

n

into almost disjoint 
omplete subgraphs of about

the same size (pairwise sharing at most r � 1 verti
es) shows that ex
ept

for the bound on e�, these upper bounds are asymptoti
ally tight for �xed

k. The 
onstru
tion in Theorem 5 yields that e�(k;K

n

) � e

�

p

k

(n=

p

k)

k

:

Thus, for e�(k;K

n

) we at least know the order of magnitude.

In the next se
tion, we summarize notation and terminology. In sub-

sequent se
tions we treat 
onse
utively the 
lique number, the 
hromati


number, the list 
hromati
 number, and the Szekeres-Wilf number of graphs.

The last two se
tions are devoted to the 
hromati
 number of r-uniform hy-

pergraphs and to de
ompositions of graphs embedded on surfa
es.

2 Preliminaries

Con
epts and notation not de�ned in this paper are as in standard text-

books. Though the main obje
ts of our study are graphs, we also 
onsider

the 
entral 
on
epts for hypergraphs.

A hypergraph G is a pair 
onsisting of a �nite set V (G) of verti
es and

a set E(G) of subsets of V (G), 
alled edges, ea
h having size at least two.
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A hypergraph G is r-uniform if jej = r for every e 2 E(G). A graph is a

2-uniform hypergraph.

Let G be a hypergraph. The degree d

G

(x) of a vertex x 2 V (G) is

the number of edges in G that 
ontain x. If d

G

(x) = s for every vertex

x 2 V (G), then G is s-regular. Let Æ(G) denote the minimum degree of G.

If H and G are hypergraphs with V (H) � V (G) and E(H) � E(G),

then H is a subhypergraph of G. In this 
ase we write H � G.

Let G be a hypergraph. For X � V (G), the subhypergraph of G indu
ed

by X , written G[X ℄, is de�ned by V (G[X ℄) = X and E(G[X ℄) = fe 2

E(G): e � Xg. Let G�X denote G[V (G) �X ℄.

For an r-uniform hypergraph G, a set X � V (G) is a 
lique or an inde-

pendent set if E(G[X ℄) 
onsists of all r-subsets of X or is empty, respe
tively.

For an r-uniform hypergraph G, the 
lique number !(G) is the maximum

size of a 
lique in G. We write K

r

n

for an r-uniform 
omplete hypergraph

on n verti
es (the edges are all r-subsets of the verti
es). Thus K

2

n

denotes

simply a 
omplete graph K

n

.

For a (hyper)graph G, a list assignment L is a fun
tion that assigns to

ea
h vertex x of G a set L(x) of 
olors (positive integers). An L-
oloring of G

is a fun
tion 
 that assigns a 
olor to ea
h vertex of G su
h that 
(x) 2 L(x)

for all x 2 V (G) and jf
(x): x 2 egj � 2 for ea
h e 2 E(G). If G admits an

L-
oloring, then G is L-
olorable. When L(x) = [k℄ for all x 2 V (G) (where

[k℄ denotes the set f1; : : : ; kg), the 
orresponding terms be
ome k-
oloring

and k-
olorable, respe
tively. G is k-list-
olorable if G is L-
olorable for

every list assignment L satisfying jL(x)j = k for all x 2 V (G).

The 
hromati
 number of G, denoted by �(G), is the least k su
h that

G is k-
olorable. The list-
hromati
 number of G, denoted by �

`

(G), is the

least k su
h that G is k-list-
olorable.

The Szekeres-Wilf number �(G) of a graph G, introdu
ed by Szekeres

and Wilf [20℄ in 1968, is equal to the 
oloring number introdu
ed and studied

by Erd�os and Hajnal [7℄ in 1966. It is the smallest integer d su
h that in some

linear ordering of V (G) every vertex of G has at most d�1 neighbors follow-

ing it. It has been observed repeatedly that �(G) 
an be easily 
omputed

by iteratively letting x

i

be a vertex of minimum degree in the subgraph G

i

obtained by deleting fx

j

: j < ig. It follows that �(G) = 1 + max

i

fÆ(G

i

)g.

Let p be a (hyper)graph parameter. A graph G is p-
riti
al if p(H) <

p(G) for every proper subgraph H of G. For p 2 f!; �; �

`

; �g, every graph

G 
ontains a p-
riti
al subgraph H satisfying p(H) = p(G).
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3 Clique number and 
hromati
 number

In dis
ussing !(k;K

n

), we noted that a lower bound of n+

�

k

2

�

is proved in

[16℄ for the 
ase n �

�

k

2

�

. We in
lude a simple 
onstru
tion for this before

proving our upper bound.

Constru
tion: If n �

�

k

2

�

, then !(k;K

n

) � n +

�

k

2

�

. The 
onstru
tion for

n =

�

k

2

�


an be extended for ea
h additional vertex by adding all the edges

in
ident to the new vertex to one graph in the de
omposition.

For n =

�

k

2

�

, we provide k 
liques of order k � 1 that are pairwise edge-

disjoint and together use ea
h vertex twi
e. The edges not 
overed 
an be

added to one of these subgraphs to 
omplete the de
omposition of K

n

. The

sum of the orders of the 
liques is k(k � 1), whi
h equals n +

�

k

2

�

.

Let V (K

n

) = f(i; j): 1 � i < j � kg. For 1 � r � k, let Q

r

be the set

of verti
es whose names have r in one 
oordinate; note that jQ

r

j = k � 1.

The only vertex shared by Q

i

and Q

j

with i < j is (i; j), so the 
liques are

edge-disjoint.

Theorem 2 If k and n are positive integers, then !(k;K

n

) � n +

�

k

2

�

. If

n �

�

k

2

�

, then !(k;K

n

) = n +

�

k

2

�

.

6



Proof: By the 
onstru
tion above, it suÆ
es to show that !(k;K

n

) �

n+

�

k

2

�

. We prove this by indu
tion on n+k. For n = 1, we have !(k;K

1

) =

k � 1 +

�

k

2

�

. For k = 1, we have !(1;K

n

) = n = n +

�

1

2

�

.

For minfk; ng � 2, let (G

1

; : : : ; G

k

) be an !-optimal k-de
omposition of

K

n

. For 1 � i � k, let X

i

denote a maximum 
lique of G

i

.

If !(G

1

) = jX

1

j � k � 1, then sin
e (G

1

[ G

2

; G

3

; : : : ; G

k

) is a (k � 1)-

de
omposition of K

n

, it follows from the indu
tion hypothesis that

!(k;K

n

) =

k

X

i=1

!(G

i

) � (k � 1) + !(k � 1;K

n

)

� (k � 1) + n +

�

k � 1

2

�

= n +

�

k

2

�

Otherwise, sin
e jX

1

\ X

j

j � 1 for 2 � j � k, we 
an 
hoose a vertex

x 2 X

1

�

S

k

j=2

X

j

. Now (G

1

�x; : : : ; G

k

�x) is a k-de
omposition of K

n�1

.

By the indu
tion hypothesis, it follows that

!(k;K

n

) =

k

X

i=1

!(G

i

) � 1 +

k

X

i=1

!(G

i

� x)

� 1 + !(k;K

n�1

) � 1 + (n� 1) +

�

k

2

�

= n +

�

k

2

�

:

To obtain our upper bound on �(k;K

n

), we need an upper bound on


hromati
 number in terms of Ramsey numbers. In our language, Ramsey's

Theorem states that every k-de
omposition of a suÆ
iently large r-uniform


omplete hypergraph has an r-uniform 
omplete hypergraph of spe
i�ed

size in some fa
tor.

Theorem 7 (Ramsey [19℄) For positive integers k, r, and n

1

; : : : ; n

k

satis-

fying k; r � 2, there is a smallest integer R (written as R

r

k

(n

1

; : : : ; n

k

)) su
h

that if (G

1

; : : : ; G

k

) is a k-de
omposition of K

r

n

with n � R, then for some

i 2 [k℄ the subhypergraph G

i


ontains an r-uniform 
omplete hypergraph

with n

i

verti
es.

Our bound uses the observation that proper 
olorings of the subgraphs

indu
ed by a partition of the verti
es, with di�erent 
olors, 
ombine to form

a proper 
oloring of the full graph. We 
all this subadditivity of �.

7



Proposition 8 For positive integers k, `, and r with r � 2, let R be the

Ramsey number R

r

2

(`; k). If G is an r-uniform n-vertex hypergraph 
ontain-

ing no r-uniform 
omplete hypergraph on ` verti
es, then

�(G) �

n�R

k

+ R:

Proof: We use indu
tion on n. If n � R, then

�(G) � n =

n

k

+ n

k � 1

k

�

n

k

+ R

k � 1

k

�

n�R

k

+ R:

Now 
onsider n > R. By the de�nition of the Ramsey number, G has an

independent set X with jX j � k. By the indu
tion hypothesis and subad-

ditivity of �,

�(G) � �(G�X) + 1 �

n� jX j �R

k

+ R + 1 �

n�R

k

+ R:

In Theorem 3, our attention is on ordinary graphs, and we use only the


ase r = 2 of Proposition 8.

Theorem 3 If k and n are positive integers, then �(k;K

n

) � n + 7

k

.

Proof: The 
laim is trivial for n = 1 or k = 1. For k > 1, we use indu
tion

on n. For the indu
tion step, 
onsider n � 2. Let (G

1

; : : : ; G

k

) be a k-

de
omposition of K

n

. To show that

P

k

i=1

�(G

i

) � n + 7

k

, we distinguish

two 
ases.

Case 1: In some subgraph of the de
omposition, there is a maximum 
lique

whose deletion leaves a 
lique of size at least 2k � 2. We may assume that

this o

urs in G

1

. Thus G

1

has a maximum 
lique X su
h that !(G

1

�X) �

2k � 2. Let Y be a maximum 
lique of G

1

�X , and let Z = X [ Y . The

subgraph G

1

[Z℄ is the 
omplement of a bipartite graph, and ea
h G

i

[Z℄

for i � 2 is bipartite. Hen
e all these subgraphs are perfe
t. Moreover,

�(G

1

[Z℄) = !(G

1

[Z℄) = jX j, and �(G

i

[Z℄) � 2 for 2 � i � k. Thus

k

X

i=1

�(G

i

[Z℄) � jX j+ 2(k � 1) � jX j+ jY j = jZj:

8



Furthermore, (G

1

�Z; : : : ; G

k

�Z) is a k-de
omposition of K

n�jZj

. By the

indu
tion hypothesis,

P

k

i=1

�(G

i

�Z) � n� jZj+ 7

k

. Using subadditivity,

k

X

i=1

�(G

i

) �

k

X

i=1

�(G

i

[Z℄)+

k

X

i=1

�(G

i

�Z) � jZj+n�jZj+7

k

= n+7

k

:

Case 2: For ea
h i, if X is a maximum 
lique of G

i

, then !(G

i

� X) �

2k � 3. De�ne a sequen
e of subsets of V (K

n

) as follows. Let X

0

= ;. For

j � 1, let X

j

be a maximum 
lique among the graphsG

1

�

S

j�1

i=0

X

i

; : : : ; G

k

�

S

j�1

i=0

X

i

.

Let `

j

be the index i su
h that X

j

is a 
lique in G

i

. For i 6= `

j

, X

j

is an independent set in G

i

. For j � 1, this yields

P

k

i=1

�(G

i

[X

j

℄) �

jX

j

j + k � 1. Let p be the least index su
h that `

p

2 f`

1

; : : : ; `

p�1

g. Let

X = X

1

[ � � � [X

p�1

, and let m = jX j. By subadditivity,

k

X

i=1

�(G

i

[X ℄) � jX j+ (p� 1)(k � 1) � m + k(k � 1):

Let G

0

i

= G

i

�X for ea
h i. Sin
e the se
ond 
lique taken from G

p

has

size at most 2k� 3 and is a largest 
lique remaining in any subgraph when

it is 
hosen, !(G

0

i

) � 2k�3 for all i. Let R = R

2

2

(k; 2k�2). By Proposition

8, �(G

0

i

) �

n�m�R

k

+ R for ea
h i. Therefore,

k

X

i=1

�(G

0

i

) � n�m�R + kR = n�m + (k � 1)R:

By subadditivity,

k

X

i=1

�(G

i

) � m + k(k � 1) + n�m + (k � 1)R = n + (k � 1)(k + R):

It remains only to supply an upper bound on R. From the well-known

bound R

2

2

(p; q) �

�

p+q�2

p�1

�

, we have R = R

2

2

(k; 2k � 2) �

�

3k�4

k�1

�

. Let

t = k � 1. From Stirling's Formula for fa
torials,

�

3t�1

t

�

is approximately

(3�t)

�1=2

(

27

4

)

t

. For all k, we have (k � 1)(k + R) < 7

k

, and the desired

bound follows.

9



The proof of Theorem 3 shows that in fa
t n+O(

p

k(

27

4

)

k

) is an upper

bound. As was mentioned in the introdu
tion, !(k;K

n

) = �(k;K

n

) for

k � 3. We do not know whether !(k;K

n

) = �(k;K

n

) for any larger k.

4 The list-
hromati
 number

The list-
hromati
 number is not subadditive, but a weaker statement holds.

Lemma 9 If H is a graph with at most n verti
es, and X

1

; : : : ; X

k

are

disjoint sets with union V (H), then

�

`

(H) �

k

X

i=1

�

`

(H [X

i

℄) + k

p

8n lnn:

Proof: If any X

i

is empty, then we 
an delete it, redu
e k, and obtain a

better upper bound. Hen
e we may assume that X

1

; : : : ; X

k

are nonempty,

whi
h requires k � n. Sin
e �

`

(H) � n, the statement is trivial if n �

p

8n lnn, so we may also assume that n >

p

8n lnn. Let q = k

p

8n lnn, so

n > q=k.

Let L be a list assignment for H su
h that jL(x)j = m for all x 2 V (H),

where m is the 
eiling of the 
laimed upper bound. We show that H is

L-
olorable. To prove this, we use a probabilisti
 argument due to Alon [2℄.

Let S =

S

x2V (H)

L(x). The idea is to restri
t ea
h 
olor in S to be used on

only one H [X

i

℄ and show that some su
h restri
tion yields an L-
oloring.

For 1 � i � k, let m

i

= �

`

(H [X

i

℄), and let p

i

=

m

i

+q=k

m

. Thus 0 � p

i

� 1

and p

1

+ : : : + p

k

= 1. For ea
h s 2 S, independently, pla
e s into one of

S

1

; : : : ; S

k

, letting the 
hoi
e be S

i

with probability p

i

.

For ea
h graph H [X

i

℄, de�ne a list assignment L

i

by letting L

i

(x) =

L(x) \ S

i

for ea
h x 2 X

i

. The list assignment L

i

is good if jL

i

(x)j � m

i

for all x 2 X

i

. If L

i

is good, then H [X

i

℄ is L

i

-
olorable. If ea
h H [X

i

℄ is

L

i

-
olorable, then H is L-
olorable. Therefore, it suÆ
es to show that for

some out
ome of the experiment ea
h L

i

is good.

Fix i and x 2 X

i

, and let � = E(jL

i

(x)j). Note that � = mp

i

= m

i

+q=k.

By Cherno�'s inequality (see Theorem 2.1 in [12℄), we obtain

Pr(jL

i

(x)j < m

i

) = Pr(jL

i

(x)j < �� q=k) � e

�(q=k)

2

=2�

:

10



Sin
e n > q=k, we have � = m

i

+ q=k � n + q=k < 2n. Therefore,

e

�(q=k)

2

=2�

< e

�8n lnn=4n

=

1

n

2

�

1

kn

:

Sin
e Pr(jL

i

(x)j < m

i

) < 1=(kn), and we want to avoid kn su
h events,

there is an out
ome of the experiment su
h that ea
h L

i

is good.

Now we are ready to prove Theorem 4.

Theorem 4 There exists a positive 
onstant 
 su
h that, if k =

�

`+1

2

�

and

n = `m with ` and m being integers greater than 1, then

�

`

(k;K

n

) � n + 
k ln(n=

p

k):

On the other hand, for all positive integers k and n,

�

`

(k;K

n

) � n + 3k!

p

1 + 8n lnn:

Proof: We provide a 
onstru
tion for the lower bound. For k and n of

the given form, K

n

has a k-de
omposition using ` graphs isomorphi
 to K

m

and

�

`

2

�

graphs isomorphi
 to the 
omplete bipartite graph K

m;m

. By a

result of Alon [2℄, �

`

(K

m;m

) � 


1

lnm for some positive 
onstant 


1

. Also

�

`

(K

m

) = m, so

�

`

(k;K

n

) � `m+


1

�

`

2

�

lnm � n+


1

(k�l) ln

�

n

l

�

� n+0:5


1

k ln(

n

p

k

):

For the upper bound, we �rst de�ne a

k

for k � 1 by

a

k

=

(

3� e if k = 1;

k!

�

a

1

+

P

k�2

j=0

1

j!

�

if k � 2:

For k � 2, we have a

k

= k(k � 1) + ka

k�1

and k! � a

k

� 3k!. Therefore,

it suÆ
es to show that �

`

(k;K

n

) � n + a

k

p

1 + 8n lnn, whi
h we prove by

indu
tion on k. The inequality is trivial for k = 1.

Suppose that k � 2. Let (G

1

; : : : ; G

k

) be a �-optimal k-de
omposition of

K

n

. For ea
h i, let H

i

be a �

`

-
riti
al subgraph of G

i

with �

`

(H

i

) = �

`

(G

i

);

note that Æ(H

i

) � �

`

(H

i

) � 1. If some vertex x belongs to every H

i

, then

�

`

(k;K

n

) =

k

X

i=1

�

`

(H

i

) �

k

X

i=1

(d

H

i

(x)+1) � n�1+k � n+a

k

p

1 + 8n lnn:
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Otherwise, ea
h vertex avoids some H

j

, so we 
an 
hoose disjoint X

1

; : : : ; X

k

with union V (K

n

) su
h that X

j

\V (H

j

) = ; for all j. Now let K

j

= K

n

[X

j

℄

and H

j

i

= H

i

[X

j

℄. Sin
e X

j

avoids H

j

and H

1

; : : : ; H

k

are pairwise edge-

disjoint, (H

j

1

; : : : ; H

j

j�1

; H

j

j+1

; : : : ; H

j

k

) is a (k � 1)-de
omposition of K

j

.

With n

j

= jX

j

j, the indu
tion hypothesis yields

X

i

�

`

(H

j

i

) � �

`

(k � 1;K

n

j

) � n

j

+ a

k�1

p

1 + 8n

j

lnn

j

� n

j

+ a

k�1

p

1 + 8n lnn:

For �xed i, on the other hand, Lemma 9 implies that

�

`

(H

i

) �

X

j

�

`

(H

j

i

) + (k � 1)

p

1 + 8n lnn:

Consequently,

�

`

(k;K

n

) =

k

X

i=1

�

`

(H

i

) �

k

X

j=1

n

j

+ k(a

k�1

+ (k � 1))

p

1 + 8n lnn

� n + a

k

p

1 + 8n lnn:

5 The Szekeres-Wilf number

Re
all that �(G) = 1 + max

H�G

Æ(H).

Theorem 5 If k = p

2

+ p + 1 for some prime power p, and n � 0 mod k,

then

�(k;K

n

) � (

p

k � 1)n + k;

On the other hand, for all positive integers k and n,

�(k;K

n

) �

p

kn + k:

Proof: For the upper bound, let (G

1

; : : : ; G

k

) be a k-de
omposition of K

n

.

Let d

i

= �(G

i

) and D =

P

k

i=1

d

i

. We show that D �

p

kn+k. Ea
h G

i

has

12



a subgraph H

i

su
h that d

i

= Æ(H

i

) � 1. Thus jE(G

i

)j � jE(H

i

)j �

�

d

i

2

�

.

Sin
e G

1

; : : : ; G

k

are edge-disjoint subgraphs of K

n

, we obtain

n

2

2

�

�

n

2

�

�

k

X

i=1

�

d

i

2

�

=

1

2

k

X

i=1

(d

2

i

� d

i

) �

1

2

�

D

2

k

�D):

Consequently, D

2

�kD�kn

2

� 0, and thus D �

k

2

+

q

k

2

4

+ kn

2

� k+

p

kn.

We provide a 
onstru
tion for the lower bound. Let p be a prime power,

and let k = p

2

+ p + 1 and n = mk for some integer m � 1. There is

a proje
tive plane with points [k℄ and lines fg

1

; : : : ; g

k

g. Partition V (K

n

)

into sets X

1

; : : : ; X

k

of size m. Ea
h line g

i

is a subset of [k℄; let H

i

be

the 
omplete (p + 1)-partite graph whose 
olor 
lasses are the elements

of fX

1

; : : : ; X

k

g indexed by g

i

. The graphs H

1

; : : : ; H

k

are edge-disjoint

subgraphs of K

n

. Thus there is a k-de
omposition (G

1

; : : : ; G

k

) of K

n

su
h

that H

i

� G

i

for ea
h i. We have �(G

i

) � Æ(H

i

) + 1 � pm + 1. Hen
e,

�(k;K

n

) � k(pm + 1) = pn + k � (

p

k � 1)n + k:

The 
onstru
tion in the proof of Theorem 5 works only for spe
ial values

of k. For small values of k, there are other natural 
andidates for �-optimal

k-de
ompositions of K

n

.

Constru
tion: Consider n = m(k � 1) + 1, with k � 2 and m � 1. Let

V

1

[: : :[V

k�1

[fvg be a partition of an n-set into m-sets and a singleton. For

1 � i � k�1, let G

i

be the 
omplete graph with vertex set V

i

[fvg. Let G

k

be the 
omplete (k�1)-partite graph with 
olor 
lasses V

1

; : : : ; V

k�1

. The k-

de
omposition (G

1

; : : : ; G

k

) of K

n

yields �(k;K

n

) � (k�1)m+(k�2)m+k.

For general n, let m =

j

n�1

k�1

k

and r = n�1�m(k�1). Form G

1

; : : : ; G

k

as above, ex
ept enlarge ea
h of V

1

; : : : ; V

r

by one vertex. Sin
e m =

n�1�r

k�1

,

this yields �(k;K

n

) � (2k�3)

n�1�r

k�1

+2r�2+k = (2k�3)

n�1

k�1

�

k�2

k�1

+k:

Sin
e �(k;K

n

) is an integer, we obtain

�(k;K

n

) �

�

2k � 3

k � 1

(n� 1)

�

+ k:

In parti
ular, for n � 1 we have �(2;K

n

) � n+ 1, �(3;K

n

) � b(3n+ 3)=2
,

and �(4;K

n

) � b(5n + 7)=3
.

The following upper bound on �(k;K

n

) shows that this 
onstru
tion is

optimal for k � 4.
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Theorem 10 If k � 2 and n � 2, then �(k;K

n

) � f(k; n), where

f(k; n) =

8

>

>

<

>

>

:

n + 1; if k = 2;

(3n + 3)=2; if k = 3;

(5n + 7)=3; if k = 4;

(k � 1)(n + 1)=2; if k � 5:

Proof: The proof is by indu
tion on n. For n = 2 and k � 2, we have

�(k;K

2

) = k + 1 � f(k; 2).

For n � 3, 
onsider a �-optimal k-de
omposition (G

1

; : : : ; G

k

) of K

n

.

Let H

i

be a �-
riti
al subgraph of G

i

with �(H

i

) = �(G

i

), so �(G

i

) =

Æ(H

i

) + 1. Let n

i

= jV (H

i

)j and Æ

i

= Æ(H

i

).

First we prove for distin
t i and j in [k℄ that

Æ

i

+ Æ

j

� n� 1: (3)

If H

i

and H

j

are disjoint, then Æ

i

+ Æ

j

� (n

i

� 1) + (n

j

� 1) � n� 2. If they

have a 
ommon vertex x, then Æ

i

+ Æ

j

� d

H

i

(x) + d

H

j

(x) � n � 1. This

proves (3) and the 
ase k = 2. Now 
onsider k � 3.

Case 1 Some vertex x of K

n

lies in at most one of H

1

; : : : ; H

k

. Here


riti
ality of H

i

and the indu
tion hypothesis yield

�(k;K

n

) =

k

X

i=1

Æ(H

i

) + k �

k

X

i=1

Æ(H

i

� x) + k + 1

� �(k;K

n�1

) + 1 � f(k; n� 1) + 1 < f(k; n):

Case 2 Every vertex of K

n

belongs to exa
tly two of H

1

; : : : ; H

k

. Con-

sider distin
t i and j in [k℄. Let X

ij

= V (H

i

)\V (H

j

) and n

ij

= n

ji

= jX

ij

j.

Furthermore, let Æ

ij

= Æ(H

i

[X

ij

℄) if n

ij

6= 0 and Æ

ij

= �1 otherwise. Sin
e

H

i

[X

ij

℄ and H

j

[X

ij

℄ de
ompose the subgraph indu
ed by X

ij

, the 
ase k = 2

yields Æ

ij

+ Æ

ji

� n

ij

� 1. For i 6= j and S

ij

= [k℄ � fi; jg, a vertex x of

minimum degree in H

i

[X

ij

℄ yields Æ

i

� d

H

i

(x) � Æ

ij

+

P

`2S

ij

n

i`

. Summing

over all ordered pairs (i; j) yields

(k�1)

k

X

i=1

Æ

i

�

X

1�i<j�k

(n

ij

�1)+2(k�2)

X

1�i<j�k

n

ij

= (2k�3)n�

�

k

2

�

;

and hen
e

�(k;K

n

) = k +

k

X

i=1

Æ

i

� k +

2k � 3

k � 1

n�

k

2

�

2k � 3

k � 1

n +

k

2

:
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It is easily 
he
ked that

j

2k�3

k�1

n +

k

2

k

� f(k; n) for k � 3 and n � 2.

Case 3 Some vertex x of K

n

belongs to at least three of H

1

; : : : ; H

k

. In-

dexing the de
omposition so that fi: x 2 V (H

i

)g = [m℄, we have Æ

1

+ Æ

2

+

: : : + Æ

m

� n� 1. If m = k, we are done, so we may assume that k � 4. If

m � k � 2, then applying (3) to G� x states for i; j 2 [k℄ � [m℄ that

Æ

i

+ Æ

j

� n� 2:

Summing over all su
h pairs yields

P

k

i=m+1

Æ

i

� (k �m)(n � 2)=2. Sin
e

m � 3 and k � 4, this implies that

�(k;K

n

) � k + (n� 1) +

(k �m)(n� 2)

2

� k + n� 1 +

(k � 3)(n� 2)

2

=

1

2

(k � 1)n + 2 � f(k; n):

Finally, if m = k�1 and Æ

1

� : : : � Æ

m

, then Æ

1

+ : : :+Æ

m�1

�

m�1

m

(n�1).

By (3), Æ

m

+ Æ

k

� n� 1. Hen
e,

�(k;K

n

) � k +

m� 1

m

(n� 1) + n� 1 = k +

2k � 3

k � 1

(n� 1):

It is easily 
he
ked that

j

2k�3

k�1

(n� 1) + k

k

� f(k; n) for k � 4 and n � 2.

The Constru
tion and Theorem 10 together 
omplete the 
omputation

of �(k;K

n

) for k � 4.

Corollary 11 If n is a positive integer, then �(2;K

n

) = n+ 1, �(3;K

n

) =

�

3

2

n +

3

2

�

and �(4;K

n

) =

�

5

3

n +

7

3

�

.

6 Chromati
 number of r-uniform hypergraphs

We next obtain an upper bound for �(k;K

r

n

). Again we need an auxiliary

result.

Proposition 12 If G is an r-uniform hypergraph with n verti
es, then

�(G) � 1 +

!(G)

r � 1

+

n� !(G)

r

:
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Proof: We produ
e a proper 
oloring. If V (G) is not a 
lique, then it has

an independent set of size r; 
hoose 
olor 
lasses of size r until the vertex

set X that remains is a 
lique. Let s = (n� jX j)=r.

Sin
e X is a 
lique, we have jX j � !(G). Sin
e sets of size r� 1 
ontain

no edge, G[X ℄ is q + 1-
olorable, where q = b

jXj

r�1


. Thus �(G) � s + q + 1.

Sin
e

q

r

�

!(G)

r(r�1)

= !(G)(

1

r�1

�

1

r

) and rs + (r � 1)q � n, we have

s + q �

n

r

�

r � 1

r

q + q �

n + q

r

�

n� !(G)

r

+

!(G)

r � 1

:

Now we are ready to prove Theorem 6.

Theorem 6 If k and r are positive integers with r � 2, then there exists an

integer 


k;r

su
h that, for every positive integer n,

�(k;K

r

n

) �

n

r � 1

+ 


k;r

:

Proof: Let (G

1

; : : : ; G

k

) be an arbitrary k-de
omposition of the r-uniform


omplete hypergraph K

r

n

. As in Theorem 3, we de�ne a sequen
e of vertex

subsets. Let X

0

= ;. For j � 1, let X

j

be a maximum 
lique among the

indu
ed subhypergraphs G

1

�

S

j�1

i=0

X

i

; : : : ; G

k

�

S

j�1

i=0

X

i

.

If jX

1

j < kr(r � 1), then n < R, where R is the Ramsey number

R

r

k

(kr(r�1); : : : ; kr(r�1)). Sin
e

P

k

i=1

�(G

i

) � kn, we have

P

k

i=1

�(G

i

) <

kR, and it suÆ
es to have 


k;r

� kR in this 
ase.

Otherwise, there is a largest positive integer s su
h that jX

j

j � kr(r�1)

for 1 � j � s. Let X =

S

s

j=1

X

j

. For 1 � i � k, let Y

i

=

S

fX

j

: X

j

is

a 
lique in G

i

and j � sg. Let n

i

= jY

i

j, G

0

i

= G

i

[Y

i

℄, !

i

= !(G

0

i

), and

!

�

=

P

k

i=1

!

i

. The sets Y

1

; : : : ; Y

k

are pairwise disjoint and have union X .

Furthermore, !

i

= jX

j

j for some X

j

� Y

i

. Sin
e jX

j

j � kr(r� 1) for j � s,

we 
on
lude that jX j � !

�

� (s� k)kr(r � 1).

By Proposition 12, �(G

0

i

) �

!

i

r�1

+

n

i

�!

i

r

+ 1. We rewrite the upper

bound as

n

i

r�1

�

n

i

�!

i

r(r�1)

+ 1. Summing the upper bounds yields

k

X

i=1

�(G

0

i

) �

jX j

r � 1

�

jX j � !

�

r(r � 1)

+ k �

n

r � 1

� k(s� k) + k:

16



A 
lique in G

i

is an independent set in G

j

for j 6= i. Therefore, the inequality

above implies

k

X

i=1

�(G

i

[X ℄) �

k

X

i=1

�(G

0

i

) + (k � 1)s �

n

r � 1

+ k

2

+ k:

By 
onstru
tion, !(G

i

� X) < kr(r � 1). Therefore, �(G

i

� X) �

n� jX j < R. By the subadditivity of �, this yields

k

X

i=1

�(G

i

) �

n

r � 1

+ k

2

+ k + kR;

whi
h proves the 
laim with 


k;r

= k

2

+ k + kR.

7 Graphs on surfa
es

This se
tion 
onsiders graphs embedded on a surfa
e �. For a graph pa-

rameter p and a positive integer k, let p(k; �) = maxfp(k;G): G embeds

on �g.

Surfa
es 
an be 
lassi�ed by their genus and orientability. For h � 0,

the orientable surfa
e �

h

is obtained by adding h handles to a sphere. For

h � 1, the non-orientable surfa
e �

h

is obtained from a sphere with h holes

by atta
hing h M�obius bands along their boundaries to the boundaries of

the holes. For example, �

1

is the proje
tive plane, �

2

is the Klein bottle,

et
. The Euler genus g(�) of the surfa
e � is 2h if � = �

h

and is h if

� = �

h

. The Euler 
hara
teristi
 of � is 2� g(�).

For a simple graph G with vertex set V and edge set E embedded on a

surfa
e � of Euler genus g, Euler's Formula states that jV j�jEj+jF j � 2�g,

where F is the set of fa
es, with equality holding if and only if every fa
e

is a 2-
ell. When jV j � 3, this yields jEj � 3jV j � 6 + 3g. For g � 1, this

implies that every subgraph of G has a vertex of degree at most H(g) � 1,

where

H(g) =

�

7 +

p

24g + 1

2

�

:

In parti
ular, �(G) � H(g). Consequently, if g � 1, then

!(G) � �(G) � �

`

(G) � �(G) � H(g):

17



For every surfa
e � other than the Klein bottle, the Heawood number

H(g) is, in fa
t, the maximum 
hromati
 number of graphs embeddable

on �, attained by K

H(g)

. This landmark result 
onje
tured by Heawood

[11℄ was proved by Ringel [18℄ and Ringel{Youngs [17℄. Furthermore, every

graph with 
hromati
 number H(g) embedded on � 
ontains a 
omplete

graph on H(g) verti
es as a subgraph. This was proved by Dira
 [4, 5℄ for

the torus and for g � 4 and was proved by Albertson and Hut
hinson [1℄

for g 2 f1; 3g.

Although H(2) = 7, Franklin [10℄ proved that the maximum 
hromati


number for the Klein bottle is 6. Furthermore, there are 6-
hromati
 graphs

on the Klein bottle not 
ontaining K

6

. Su
h a graph appears in [1℄.

The version of Brooks' Theorem for list-
hromati
 number implies that

if G is a graph on the Klein bottle, then also �

`

(G) � 6. For graphs on

the sphere, the maximum 
hromati
 number is 4, but the maximum list-


hromati
 number is 5 (upper bound by Thomassen [21℄, lower bound by

Voigt [22℄).

Further results about the 
hromati
 number of graphs embedded on

given surfa
es appear in the book of Jensen and Toft [13℄.

For a surfa
e � and a positive integer k, we have the familiar inequalities

!(k; �) � �(k; �) � �

`

(k; �) � �(k; �):

When a graph embeds on the sphere �

0

, the disjoint union of k 
opies of

G also embeds on �

0

. Hen
e �(k; �

0

) = 6k and !(k; �

0

) = �(k; �

0

) = 4k.

For all other surfa
es, this is not true. We begin by establishing a lower

bound for !(k; �).

Theorem 13 Let � be a surfa
e with positive Euler genus g.

(a) If � is orientable, then !(k; �) � k H(2bg=2k
):

(b) If � is non-orientable and bg=k
 � 3, then !(k; �) � k H(bg=k
):

Proof: If � is orientable, then let g

0

= 2bg=2k
 and m = H(g

0

); sin
e

g

0

is even, K

m

embeds on an orientable surfa
e with Euler genus g

0

. If �

is non-orientable, then let g

0

= bg=k
 and m = H(g

0

); sin
e g

0

� 3, K

m

embeds on a non-orientable surfa
e with Euler genus g

0

.

In either 
ase, let G be the disjoint union of k 
opies of K

m

. Sin
e

kg

0

� g, it then follows (see [14℄) that G embeds on �. Thus !(k;G) � km.
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For a surfa
e � of Euler genus g, this lower bound on !(k; �) is approxi-

mately (7k+

p

24gk + k

2

)=2. We next establish an upper bound on �(k; �)

that is asymptoti
 to this for �xed k and large g.

Theorem 14 If � is a surfa
e with positive Euler genus g, then

�(k; �) �

�

7k +

p

24kg + 49k

2

� 48k

2

�

:

Proof: Given a graphG embedded on �, let (G

1

; : : : ; G

k

) be a k-de
omposition

of G. For ea
h i, let H

i

be a �-
riti
al subgraph of G

i

with �(H

i

) = �(G

i

),

and let d

i

= Æ(H

i

), so �(G

i

) = d

i

+ 1.

We may assume that d

1

� : : : � d

k

. Let s be the unique nonnegative

integer su
h that d

i

> 5 if and only if i � s. If s = 0, then

k

X

i=1

�(G

i

) � 5k �

�

7k +

p

24kg + 49k

2

� 48k

2

�

:

If s � 1, then let H =

S

j2[s℄

H

j

. Let n = jV (H)j and e = jE(H)j. For

I � [s℄, denote by V

I

the set of all verti
es of H that belong to ea
h graph

H

i

with i 2 I and to no graph H

i

with i 2 [s℄ � I . Let n

I

= jV

I

j and

n

i

= n

fig

. Thus,

jV (H

i

)j =

X

i2I�[s℄

n

I

and n =

X

I�[s℄

n

I

:

Sin
e s � 1, we have n � 7. Sin
e H � G, also H embeds on �. By

Euler's Formula, 6n + 6g � 12 � 2e. Every vertex of V

I

has degree at least

P

i2I

d

i

. Thus,

6

X

I�[s℄

n

I

+ 6g � 12 � 2e �

X

I�[s℄

n

I

X

i2I

d

i

:

By rearranging the inequality and inter
hanging the order of summation

(subtra
ting more 
opies of 6 when jI j > 1), we obtain

6g�12 �

X

I�[s℄

n

I

(�6+

X

i2I

d

i

) �

s

X

i=1

�

(d

i

�6)

X

i2I�[s℄

n

I

�

=

s

X

i=1

(d

i

�6)jV (H

i

)j:
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Sin
e jV (H

i

)j � d

i

+ 1 and d

i

� 6 for i 2 [s℄, we have

6g � 12 �

s

X

i=1

(d

i

� 6)(d

i

+ 1) =

s

X

i=1

((d

i

�

5

2

)

2

�

49

4

):

Consequently,

6g � 12 +

49

4

s �

s

X

i=1

(d

i

�

5

2

)

2

�

1

s

�

s

X

i=1

(d

i

�

5

2

)

�

2

=

1

s

�

s

X

i=1

d

i

� s

5

2

�

2

;

and therefore

s

X

i=1

d

i

�

1

2

(5 s +

p

24 s g + 49s

2

� 48s):

For i > s, we have d

i

� 5. Thus we 
on
lude that

k

X

i=1

�(G

i

) = k+

k

X

i=1

d

i

� 6k�5s+

s

X

i=1

d

i

�

1

2

(12k�5s+

p

24 s g + 49 s

2

� 48s):

This upper bound in
reases with s in the domain s � 0. Sin
e s � k,

we thus set s = k to obtain

k

X

i=1

�(G

i

) �

�

7k +

p

24kg + 49k

2

� 48k

2

�

:

This 
ompletes the proof.

Referen
es

[1℄ M. O. Albertson and J. P. Hut
hinson, The three ex
luded 
ases of

Dira
's map-
olor theorem, Ann. New York A
ad. S
i. 319 (1979),

7{17.

[2℄ N. Alon, Choi
e numbers of graphs: a probabilisti
 approa
h, Com-

binatori
s, Probability and Computing 1 (1992), 1007{114.

[3℄ J. Bos�ak, De
ompositions of Graphs, Kluwer A
ademi
 Publishers

(Mathemati
s and Its Appli
ation, Volume 47), Dordre
ht, 1990.

20



[4℄ G. A. Dira
, Map 
olour theorems related to the Heawood 
olour

formula, J. London Math. So
. 31 (1956), 460{471.

[5℄ G. A. Dira
, Short proof of a map-
olour theorem, Canad. J. Math.

9 (1957), 225{226.

[6℄ R. Diestel, Graph Theory, Springer-Verlag, New York, 1997.

[7℄ P. Erd�os and A. Hajnal, On 
hromati
 number of graphs and set set-

systems. A
ta Math. A
ad. S
i. Hungar. 17 (1966), 61{99.

[8℄ P. Erd�os, A.L. Rubin and H. Taylor, Choosability in graphs, Pro
.

West Coast Conf. on Combinatori
s, Graph Theory and Computing,

Congressus Numerantium XXVI (1979), 125-157.

[9℄ H. J. Fin
k,

�

Uber die 
hromatis
he Zahl eines Graphen und seines

Komplementes (I), Wiss. Z. der TU Ilmenau 12 (1966), 243{246.

[10℄ P. Franklin, A six-
olor problem, J. Math. Phys. 13 (1934), 363{369.

[11℄ P. J. Heawood, Map 
olour theorem, Quart. J. Pure Appl. Math. 24

(1890), 332{338.

[12℄ S. Janson, T.  Lu
zak and A. Ru
inski, Random Graphs, John Wiley

& Sons, New York, 2000.

[13℄ T. R. Jensen and B. Toft, Graph Coloring Problems Wiley-Inters
ien
e

Series in Dis
rete Mathemati
s and Optimization, John Wiley & Sons,

New York, 1995.

[14℄ B. Mohar and C. Thomassen, Graphs on Surfa
es, Johns Hopkins

University Press, Baltimore, 2001.

[15℄ E. A. Nordhaus and J. W. Gaddum, On 
omplementary graphs, Amer.

Math. Monthly 63 (1956), 175{177.

[16℄ J. Plesn��k, Bounds on the 
hromati
 numbers of multiple fa
tors of a


omplete graph, J. Graph Theory 2 (1978), 9-17.

[17℄ G. Ringel and J. W. T. Youngs, Solution of the Heawood map-
oloring

problem, Pro
. Nat. A
ad. S
i. U.S.A. 60 (1968), 438{445.

[18℄ G. Ringel, Map Color Theorem, Springer-Verlag, New York, 1974.

21



[19℄ F. P. Ramsey, On a problem of formal logi
, Pro
. London Math. So
.

30 (1930), 264{286.

[20℄ G. Szekeres and H. S. Wilf, An inequality for the 
hromati
 number

of a graph, J. Combin. Theory Ser. B 4 (1968), 1-3.

[21℄ C. Thomassen, Every planar graph is 5-
hoosable, J. Combin. Theory

Ser. B 62 (1994), 180{181.

[22℄ M. Voigt, List 
olorings of planar graphs, Dis
rete Math. 120 (1993),

215{219.

[23℄ T. Watkinson, A theorem of the Nordhaus{Gaddum 
lass, Ars Com-

binatoria 20-B (1985), 35-42.

22


