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Abstra
t

The sub-Ramsey number sr(K

n

; k) is the smallest integer m su
h

that in any edge-
olouring of K

m

whi
h uses every 
olour at most

k times some subgraph K

n

has all edges of di�erent 
olours. It was

known that, for a �xed k, the fun
tion sr(K

n

; k) is O(n

3

) and 
(n).

We improve these bounds to O(n

2

) and 
(n

3=2

) (slightly less for small

values of k).

1 Ba
kground and Notation

An edge-
olouring of a graphG (i.e., a mapping of E(G) to a set of `
olours')

is k-bounded if ea
h 
olour is used at most k times. If k = 1, i.e., if all edges

of G have di�erent 
olours, we say that G is poly
hromati
. The sub-Ramsey

number sr(G; k) is the smallest integer m su
h that ea
h k-bounded edge-


olouring ofK

m


ontains a poly
hromati
 subgraph isomorphi
 to G. Re
all

that the Ramsey number r(G; k) is the smallest integer m su
h that ea
h

edge-
olouring of K

m

with k 
olours 
ontains a mono
hromati
 (i.e., all

edges 
oloured with the same 
olour) subgraph isomorphi
 to G. Thus sub-

Ramsey numbers are in this sense dual to Ramsey numbers, and it is easy

to see that ea
h sr(G; k) � r(G; k), and hen
e ea
h sr(G; k) is guaranteed

to be �nite [1℄.

F. Galvin appears to be the �rst person to suggest investigating sr(G; k)

[8℄. In [1℄ it is shown that sr(K

n

; k) is O(kn

3

) and 
(kn). In [11℄ the authors

show that sr(P

n

; k) = sr(C

n

; k) = n when n is large enough with respe
t to

k. (P

n

and C

n

denote respe
tively the path and the 
y
le with n verti
es.)
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Results on sub-Ramsey numbers of stars 
an be found in [9, 10, 4℄. Related

questions on k-bounded edge-
olourings without poly
hromati
 subgraphs

whi
h are not ne
essarily of �xed size (su
h as poly
hromati
 Hamilton

paths or 
y
les) are investigated in [7, 11, 12, 3℄.

In this note we improve both the upper bound and the lower bound for

sr(K

n

; k). In parti
ular we prove that sr(K

n

; k) is O(kn

2

) (better than

O(kn

3

)) and, for k greater than or equal to 15, sr(K

n

; k) is 
(n

3=2

) (better

than 
(kn) for any �xed k). The lower bound for k between 3 and 15 is


(n

4=3

). (We have no improvement of the lower bound when k = 2.)

2 The Upper Bound

Theorem 1 Let n � 3 and k � 2 be positive integers. Then

sr(K

n

; k) � (2n� 3)(n� 2)(k � 1) + 3:

Proof. Assume that K

m

admits a good edge-
olouring, i.e., a k-bounded

edge-
olouring in whi
h no subgraph isomorphi
 to K

n

is poly
hromati
.

We shall show that m � (2n� 3)(n� 2)(k � 1) + 2.

Fix a good edge-
olouring of K

m

, with 
olours 1; 2; : : : ; r, and denote by

d

i

the number of edges 
oloured i. Note that ea
h d

i

� k. Let W denote

the number of unordered pairs of edges of K

m


oloured by the same 
olour.

We 
laim that

W �

�

m

2

�

k � 1

2

: (1)

Indeed,

�

m

2

�

= jE(K

m

)j =

r

P

i=1

d

i

and W =

r

P

i=1

�

d

i

2

�

. Thus

W =

r

X

i=1

d

i

d

i

� 1

2

�

r

X

i=1

d

i

k � 1

2

=

�

m

2

�

k � 1

2

:

Consider now a subgraph Q of K

m

isomorphi
 to K

q

, for some integer

q > n. We 
laim that Q must have many pairs of edges of the same 
olour,

otherwise some subgraph of Q isomorphi
 to K

n

would be poly
hromati
.

Spe
i�
ally, denote by T (q; n) the maximum number of edges of a graph

with q verti
es whi
h does not have a 
omplete subgraph of n verti
es.

(The value of T (q; n) is known by Turan's theorem [2℄.) If Q obtained more

than T (q; n) 
olours then taking one edge of ea
h 
olour would result in a
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graph G with q verti
es and more than T (q; n) edges, whi
h therefore would

have to 
ontain a subgraph isomorphi
 to K

n

. This 
ontradi
ts the fa
t that

we have a good edge-
olouring. Therefore, Q is 
oloured by at most T (q; n)


olours, say, the 
olours 1; 2; : : : ; t, where t � T (q; n). Denote by w(Q) the

number of unordered pairs of edges of Q whi
h obtain the same 
olour, and

by d

i

(Q) the number of edges of Q of 
olour i; i � t. We 
laim that

w(Q) �

�

q

2

�

� T (q; n): (2)

Indeed,

w(Q) =

t

X

i=1

�

d

i

(Q)

2

�

=

t

X

i=1

(d

i

(Q)� 1)

d

i

(Q)

2

�

t

X

i=1

(d

i

(Q)� 1) =

= (

t

X

i=1

d

i

(Q))� t =

�

q

2

�

� t �

�

q

2

�

� T (q; n):

Let Q denote the set of all subgraphs of K

m

isomorphi
 to K

q

. Sin
e

ea
h pair of edges of K

m

belongs to

�

m�3

q�3

�

or

�

m�4

q�4

�

graphs in Q, depending

on whether the two edges are adja
ent or not, we see thatMW �

P

Q2Q

w(Q);

where M = maxf

�

m�3

q�3

�

;

�

m�4

q�4

�

g.

Suppose �rst that

�

m�3

q�3

�

�

�

m�4

q�4

�

. This inequality implies that m�3 �

q � 3 and thus m � q. Therefore our desired 
on
lusion m � (2n� 3)(n�

2)(k � 1) + 2 will follow as long as we 
hoose q not too big. Let us in fa
t


hoose q = 2n� 2.

In the remaining 
ase,

�

m�3

q�3

�

>

�

m�4

q�4

�

, we have

�

m�3

q�3

�

W >

P

Q2Q

w(Q)

whi
h by (1) and (2) implies that

�

m� 3

q � 3

��

m

2

�

k � 1

2

�

�

m� 3

q � 3

�

W >

�

m

q

���

q

2

�

� T (q; n)

�

: (3)

Using

T (q; n) =

n� 2

2n� 2

q

2

[2℄, and q = 2n� 2, we have

�

q

2

�

� T (q; n) =

�

q

2

�

�

n� 2

2n� 2

q

2

=

q

2

:
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Therefore, we obtain from (3) that

(m� 3)!

(q � 3)!(m� q)!

�

m(m� 1)

2

�

(k � 1)

2

�

m!

(m� q)!q!

�

q

2

:

Simplifying the last inequality we rea
h the 
on
lusion that m � 2 � (k �

1)(q � 1)(q � 2)=2 whi
h is equivalent to m � (2n� 3)(n� 2)(k � 1) + 2.

3 The Lower Bound

Let m and t be positive integers.

Let U(t) denote the maximum number of ways a set 
an be written as

a union of two t-element subsets. For instan
e, U(2) = 3 be
ause the set

f1; 2; 3; 4g 
an be written as f1; 2g[f3; 4g, or f1; 3g[f2; 4g, or f1; 4g[f2; 3g,

and no set 
an be written as the union of two 2-element subsets in four

di�erent ways. It is easy to 
he
k also that U(3) = 15.

Let F (m; t) be the maximum size of a union free family of t-element

subsets of f1; 2; : : : ;mg. (A family of sets S

i

; i 2 I is union free if all the

�

jIj

2

�

unions S

i

[ S

j

, S

i

; S

j

2 F , are distin
t.)

The following result of Frankl and F�uredi gives the asymptoti
 behaviour

of F (m; t):

Theorem 2 [5℄ Let t be a positive integer.

There exist positive 
onstants 


t

; 


0

t

so that




0

t

m

d

4t

3

e=2

� F (m; t) � 


t

m

d

4t

3

e=2

:

The relevan
e of the fun
tions U(t) and F (m; t) to our problem arises

from the following fa
t:

Theorem 3 If n > F (m; t) and k � U(t), then

sr(K

n

; k) �

�

m

t

�

:

Proof. Consider the 
omplete graph K(m; t) whose verti
es are all the

t-element subsets of f1; 2; : : : ;mg, in whi
h the edge SS

0

has 
olour S [ S

0

.

Then this 
olouring of K(m; t) is k-bounded, sin
e k � U(t). At the same

time, there is no poly
hromati
 K

n

, sin
e n > F (m; t).
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Corollary 1 If k � 15, then (for a positive 
onstant 
)

sr(K

n

; k) � 
n

3=2

;

and, if 3 � k < 15, then

sr(K

n

; k) � 
n

4=3

:

Proof. If k � 15 = U(3), then we 
an 
hoose t = 3 in Theorem 3. For

t = 3, any 
hoi
e of m with n > 


t

m

d

4t

3

e=2

= 


3

m

2

assures that we have

n > F (m; 3). We may 
hoose m = d(


�1=2

3

� �)n

1=2

e, for a small positive �.

Su
h a value of m yields

�

m

3

�

� 
n

3=2

, thus sr(K

n

; k) � 
n

3=2

(for a positive 
onstant 
). For

k � 3 = U(2), we pro
eed analogously, taking t = 2 and m satisfying

n > 


2

m

3=2

, yielding sr(K

n

; k) �

�

m

3

�

� 
n

4=3

.

We remark that using [6℄, in whi
h F (m; 3) is evaluated exa
tly as

F (m; 3) = bm(m� 1)=6
, we �nd, for k � 15, that

sr(K

n

; k) � (

p

6� �)n

3=2

:
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