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Abstra
t

Let k � 4. A �nite planar point set X is 
alled a 
onvex k-


lustering, if it is a disjoint union of k sets X

1

; : : : ; X

k

of equal

sizes su
h that x

1

x

2

: : : x

k

is a 
onvex k-gon for ea
h 
hoi
e of x

1

2

X

1

; : : : ; x

k

2 X

k

. Answering a question of Gil Kalai, we show that

for every k � 4 there are two 
onstants 
 = 
(k), 


0

= 


0

(k) su
h that

the following holds. If X is a �nite set of points in general position in

the plane then it has a subset X

0

of size at most 


0

su
h that X nX

0


an be partitioned into at most 
 
onvex k-
lusterings. The spe
ial


ase k = 4 was proved earlier by P�or. Our result strengthens the

so-
alled positive fra
tion Erd}os{Szekeres theorem proved by B�ar�any

and Valtr. The proof gives reasonable estimates on 
 and 


0

, and it

works also in higher dimensions. We also improve the previous 
on-

stants for the positive fra
tion Erd}os{Szekeres theorem obtained by

Pa
h and Solymosi.
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1 Introdu
tion

A set of points in the plane is said to be in general position if it 
ontains

no three points on a line. A �nite set of points in the plane is in 
onvex

position, if it is the vertex set of a 
onvex polygon. In this paper we give

a generalization (\partitioned version") of the following famous result of

Erd}os and Szekeres [ES35℄:

Theorem 1 (Erd}os and Szekeres) For any k � 3 there is a least integer

f(k) su
h that any set of at least f(k) points in general position in the plane


ontains k points in 
onvex position.

For a triple (a; b; 
) of points in general position in the plane, we say

that its orientation is \+", if the 
lo
kwise order of the verti
es of the

triangle ab
 is a; b; 
. Otherwise we say that the orientation of (a; b; 
) is

\�". We say that two t-tuples of points in general position (p

1

; : : : ; p

t

)

and (p

0

1

; : : : ; p

0

t

) have the same order type, if the orientations of the two

triples (p

i

; p

j

; p

l

) and (p

0

i

; p

0

j

; p

0

l

) are equal for ea
h 
hoi
e of distin
t indi
es

i; j; l. A �nite planar point set X is 
alled a k-
lustering, if it is a disjoint

union of k sets X

1

; : : : ; X

k

of equal sizes su
h that all k-tuples (x

1

; : : : ; x

k

),

x

1

2 X

1

; : : : ; x

k

2 X

k

, have the same order type. If, moreover, x

1

; x

2

; : : : ; x

k

are in 
onvex position, then X is 
alled a 
onvex k-
lustering (see Fig. 1).

B�ar�any and Valtr [BV98℄ proved the following generalization of the

Erd}os{Szekeres theorem:

Theorem 2 (positive fra
tion Erd}os{Szekeres theorem) For any k �

3 there is an "

k

> 0 su
h that if X is a �nite set of points in general position

in the plane with jX j � f(k) then it 
ontains a 
onvex k-
lustering of size

at least "

k

jX j. (f(k) is the fun
tion from the Erd}os{Szekeres theorem.)

Repeated appli
ations of the positive fra
tion Erd}os{Szekeres theorem

show that any set of n points in general position in the plane 
an be parti-

tioned into at most 


k

logn 
onvex k-
lusterings and a remaining set of size

at most 


0

k

. Gil Kalai asked if 


k

logn 
an be repla
ed by 


k

, whi
h would

give a strengthening of the positive fra
tion Erd}os{Szekeres theorem. It is

easy to see for k = 3 and it was proved for k = 4 by P�or [P01℄. Here we

prove it for an arbitrary k:

Theorem 3 (partitioned Erd}os{Szekeres theorem) For every k � 3

there are two 
onstants 
 = 
(k), 


0

= 


0

(k) su
h that the following holds.
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(non-
onvex) 4-
lustering


onvex 4-
lustering

Figure 1: Two 4-
lusterings.

If X is a �nite set of points in general position in the plane then it has a

subset X

0

of size at most 


0

su
h that X nX

0


an be partitioned into at most


 
onvex k-
lusterings.

Our proof gives Theorem 3 with 
onstants 
(k) = k

O(k

2

)

and 


0

(k) =

f(k)� 1, where f(k) < 4

k

is the number from the Erd}os{Szekeres theorem.

If jX j is suÆ
iently large, then 


0

(k) 
an be lowered to rr(k) � 1, where

rr(k) is the so-
alled Ramsey-remainder for 
onvex sets (see Se
tion 6 for

details). Both bounds on 


0

(k) are optimal, while our best lower bound on


(k) is exponential in k.

We remark that P�or [P01℄ proved a weaker version of Theorem 3 when

the k-
lusterings forming the partition of X n X

0

are not required to be


onvex.

Our proof of Theorem 3 relies on the positive fra
tion Erd}os{Szekeres

theorem (Theorem 2). Pa
h and Solymosi [PS98℄ proved that Theorem 2

holds with "

k

= �

�k

2

for some �xed � > 1. In Se
tion 2 we give the

following better bound:

Theorem 4 Theorem 2 holds with "

k

= k � 2

�32k

.

In Se
tion 6 we show that there is a � > 1 su
h that Theorem 2 does

not hold with the 
onstants "

k

= �

�k

.

3



Analogues of Theorems 3 and 4 for 
olle
tions of pairwise disjoint 
om-

pa
t 
onvex sets are given in [PV01℄.

Here is the organization of the paper: Se
tion 2 
ontains the proof of

Theorem 4. In Se
tion 3 we derive Theorem 3 from two key lemmas, whi
h

are then proved in Se
tions 4 and 5, respe
tively. Se
tion 6 
ontains 
on-


luding remarks.

2 Proof of Theorem 4

Let X be a set of n points in general position in the plane. We may suppose

that n > 2

32k

. It follows from the best known upper bounds [ES35, TV98℄

on the fun
tion f(k) from the Erd}os-Szekeres theorem (Theorem 1) that

among any 4

4k

points in general position it is always possible to �nd 4k

points in 
onvex position. Therefore, if we 
hoose randomly and uniformly

a 4

4k

-point subset X

0

of X and 
onsequently randomly and uniformly a

4k-point subset X

1

of X

0

, then X

1

is in 
onvex position with probability at

least 1=

�

4

4k

4k

�

. Clearly, every 4k-point subset of X is 
hosen for X

1

with the

same probability. It follows that X 
ontains at least

(

n

4k

)

(

4

4k

4k

)

4k-point subsets

in 
onvex position.

If X

1

is a 4k-point subset of X in 
onvex position, then we say that its

subset Y of size 2k supports X

1

if the points of X

1

sorted in the 
lo
kwise

order alternately belong to Y and to X

1

n Y . Clearly, X

1

is supported by

two subsets.

Sin
e X has

�

n

2k

�

2k-point subsets, there is a 2k-point subset Y of X

whi
h supports at least 2 �

(

n

4k

)

(

4

4k

4k

)

=

�

n

2k

�

>

(n�4k)

2k

�

(2k)!

(4k)!

(

4

4k

4k

)

>

(n�4k)

2k

�(2k)!

(4

4k

)

4k

>

(n�4k)

2k

2

32k

2

4k-point subsets of X in 
onvex position. We �x su
h a set Y .

Let y

1

; : : : ; y

2k

be the points of Y listed in the 
lo
kwise order. For

ea
h i = 1; : : : ; 2k, let T

i

denote the region outside of 
onvY bounded by

the segment y

i

y

i+1

and by parts of the lines y

i�1

y

i

; y

i+1

y

i+2

(indi
es are


ounted modulo 2k) { see Fig. 2.

Observation 1 If Y = fy

1

; : : : ; y

2k

g supports a 4k-point subset X

1

of X,

then X

1

= Y [ fx

1

; : : : ; x

2k

g, where x

i

lies in the interior of T

i

for ea
h

i = 1; : : : ; 2k. 2

4



T

1

T

2

T

3

T

4

T

5

T

6

y

1

y

2

y

3

y

4

y

5

y

6

Figure 2: The regions T

i

.

For i = 1; : : : ; 2k, let t

i

denote the number of points of X lying in the

interior of T

i

. It follows from Observation 1 that Y supports at most

2k

Y

i=1

t

i

4k-point sets. Thus,

(n� 4k)

2k

2

32k

2

�

2k

Y

i=1

t

i

:

If � denotes the k-th smallest number t

i

, then

Q

2k

i=1

t

i

� �

k

n

k

. It follows

that

(n� 4k)

2k

2

32k

2

� �

k

n

k

and thus

� �

(n� 4k)

2

2

32k

n

>

n� 8k

2

32k

>

n

2

32k

� 1:
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Let I � f1; : : : ; 2kg be a set of k indi
es i with t

i

� � >

n

2

32k

� 1. For ea
h

i 2 I , we �x a set C

i

of d

n

2

32k

� 1e points of X in the interior of T

i

. Then

the sets C

i

[ fy

i

g; i 2 I , form a 
onvex k-
lustering of size k � d

n

2

32k

e. 2

In the proof of Theorem 4 we used that the best known bounds on

f(k) give f(k) � 4

k

. If the 
onje
ture of Erd}os and Szekeres [ES60℄ that

f(k) = 2

k�2

+ 1 is true then the above proof gives still a better 
onstant

"

k

= k � 2

�16k

.

3 Proof of the partitioned version of the Erd}os-

Szekeres theorem

In the whole proof, k � 3 is �xed and K := 2

32(k+1)+1

.

For t � 3, we say that a family fX

1

; X

2

; : : : ; X

t

g of t planar point sets

has the same-type property , if all t-tuples (x

1

; : : : ; x

t

), x

1

2 X

1

; : : : ; x

t

2

X

t

, have the same order type (and we say that the pair fX

1

; X

2

g of two

planar point sets has the same-type property , if 
onvX

1

\ 
onvX

2

= ;). If,

moreover, x

1

; x

2

; : : : ; x

t

are in 
onvex position, then we say that the sets

X

1

; X

2

; : : : ; X

t

are in 
onvex position.

We say that a sequen
e (X

1

; X

2

; : : : ; X

t

) of planar point sets has the se-

quential same-type property , if the family fX

1

; X

2

; : : : ; X

i

; X

i+1

[X

i+2

[: : :[

X

t

g has the same-type property for ea
h i = 1; : : : ; t�1. A 
ru
ial notion in

our proof is the notion of so-
alled s-
on�gurations. An s-
on�guration is

a �nite set X of points in general position in the plane whi
h is partitioned

into s+ 1 sets C

1

; : : : ; C

s

; Y su
h that:

(i) C

i

is a 
onvex (k + 1)-
lustering for ea
h i = 1; : : : ; s,

(ii) for ea
h i = 1; : : : ; s, one of the k+1 
lusters of C

i

is denoted C

i

so that

the sequen
e (C

1

; : : : ; C

s

; Y ) has the sequential same-type property,

and

(iii) jC

1

j = jC

2

j = : : : = jC

s

j =

jXj

K

=

jY j

K�s(k+1)

, where K = 2

32(k+1)+1

.

Sometimes we mean by an s-
on�guration not the set X but the 
orre-

sponding (2s+1)-tuple (C

1

; : : : ; C

s

;C

1

; : : : ; C

s

;Y ) of sets. The de�nition of

an s-
on�guration is somewhat te
hni
al. At this point we give two remarks

to it:

Remark 1: The 
onvex (k + 1)-
lustering C

i


an be partitioned almost


ompletely into few (k+1) 
onvex k-
lusterings (Observation 2 in Se
tion 5).
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Moreover, if we use the points of the 
luster C

i

� C

i

elsewhere in the �nal

partition, then the rest of C

i

is a 
onvex k-
lustering. It is the reason why

we require C

i

to be a 
onvex (k + 1)-
lustering.

Remark 2: s-
on�gurations are de�ned so that the following two 
on-

ditions hold. An s-
on�guration 
an be partitioned almost 
ompletely into

a bounded number of (s + 1)-
on�gurations (Lemma 1 below), and if s is

large enough (s = 2k

2

suÆ
es) then an s-
on�guration 
an be partitioned

almost 
ompletely into a bounded number of 
onvex k-
lusterings (Lemma 2

below).

Here are the two key lemmas:

Lemma 1 For s = 1; : : : ; 2k

2

, every s-
on�guration is a disjoint union of

at most 8s

2

(s+1)-
on�gurations and a remaining set of size at most 25s

2

K.

Lemma 2 Every (2k

2

)-
on�guration is a disjoint union of at most 2K logK


onvex k-
lusterings and a remaining set of size at most 4

k

.

Lemma 1 will be obtained using the separation method of P�or [P01℄,

Lemma 2 relies on Theorem 4 and on the Erd}os-Szekeres theorem on mono-

tone subsequen
es (Theorem 5 in Se
tion 5). We now derive Theorem 3

from Lemmas 1 and 2.

Proof of Theorem 3. Let X be a �nite set of points in general position in

the plane. We may suppose that jX j is divisible by 2K (this 
an be a
hieved

by removing at most 2K � 1 points from X). By Theorem 4, X 
ontains a


onvex (k+1)-
lustering C

1

with ea
h 
luster of size

jXj

K

. We denote one of

the 
lusters by C

1

.

Let l be a line (\ham-sandwi
h 
ut") 
utting ea
h of the sets C

1

; X n

C

1

into two equal parts. Let C

1

= C

1

1

[ C

2

1

; X n C

1

= Y

1

[ Y

2

be the


orresponding partitions su
h that jC

1

1

j = jC

2

1

j; jY

1

j = jY

2

j = (K � (k +

1))jC

1

1

j, and that l separates C

1

1

[ Y

2

from C

2

1

[ Y

1

.

We partition the 
onvex (k + 1)-
lustering C

1

into two 
onvex (k + 1)-


lusterings C

1

1

; C

2

1

of equal sizes by 
utting ea
h 
luster of C

1

into two equal

parts (the 
luster C

1

is 
ut into the above subsets C

1

1

; C

2

1

).

We obtain a partition of the set X into two 1-
on�gurations X

j

=

(C

j

1

;C

j

1

;Y

j

); j = 1; 2. Applying �rst Lemma 1 (2k

2

-times) and then Lemma 2

on ea
h part, we get a partition of ea
h of the two 1-
on�gurations X

j

into

at most

0

�

2k

2

�1

Y

s=1

8s

2

1

A

�2K logK = k

O(k

2

)


onvex k-
lusterings and a remain-

7



ing set of size at most 2 �k

O(k

2

)

�25(2k

2

)

2

K+k

O(k

2

)

�4

k

= k

O(k

2

)

. Theorem 3

follows. 2

4 Proof of Lemma 1

Claim 1 If a family fC

1

; : : : ; C

s

; Y g of s+1 �nite point sets has the same-

type property, then there is a 
losed strip S bounded by two parallel lines

su
h that Y � S and C

i

\ S = ; for i = 1; : : : ; s.

u

v

p

q

S

u

v

p

q

S


onv Y
onv Y

Figure 3: The strip S (two 
ases).

Proof. Let u be a segment 
onne
ting a pair of points in C

1

[ : : : [ C

s

su
h that its distan
e to 
onvY is smallest possible. Let v be a segment of

length dist(u; 
onvY ) 
onne
ting a point of u with a point of 
onvY (see

Fig. 3). Further, let p be the line perpendi
ular to v going through the

point v \ 
onv Y , and let q be the other line of the same dire
tion tangent

to 
onvY .

Then the strip S bounded by the lines p; q 
ontains 
onvY and no point

of C

1

[ : : : [ C

s

(otherwise a segment 
onne
ting a point of S \ (C

1

[ : : : [

C

s

) with one of the end-points of u would be 
loser to 
onv Y than u { a


ontradi
tion). 2

Claim 2 (i) Let N � 1 be an integer, and let C; Y be two disjoint �nite

sets of points in the plane su
h that jY j = N � jCj and C [ Y 
ontains no

pair of points on a horizontal line. Then there are partitions Y = Y

1

[Y

2

[

Y

rem

; C = C

1

[ C

2

[C

rem

su
h that Y

1

[ C

2

is separated from Y

2

[C

1

by

a horizontal line, jY

x

j = N � jC

x

j for x 2 f1; 2; remg, and jC

rem

j � 1.

8



(ii) Let C;D; Y be three pairwise disjoint �nite sets of points with jY j =

N � jCj = N � jDj, where N � 1 is an integer. Suppose further that C[D[Y

is in general position and any two of the sets C;D; Y are separated from ea
h

other by a horizontal line. Then there are partitions Y = Y

1

[Y

2

[Y

rem

; C =

C

1

[ C

2

[ C

rem

; D = D

1

[D

2

[D

rem

su
h that:

1. jY

x

j = N � jC

x

j = N � jD

x

j for ea
h x 2 f1; 2; remg,

2. jC

rem

j = jD

rem

j � 1, and

3. the triple (C

j

; D

j

; Y

j

) has the same-type property, for j = 1; 2.

Proof. (i) Let NC be the multiset of points of C, ea
h taken with mul-

tipli
ity N . Consider the multiset Y [ NC of size 2N jCj, and 
hoose a

horizontal line p su
h that at most N jCj points of Y [NC lie stri
tly above

p and also at most N jCj points of Y [NC lie stri
tly below p.

If no point of C lies on p, we may suppose that also no point of Y lies on

p. The line p determines suitable partitions of Y;C with Y

rem

= C

rem

= ;

in this 
ase.

If a point 
 2 C lies on p, set C

rem

:= f
g and put N suitable points

of Y to Y

rem

. Then the line p will again determine suitable partitions of

Y n Y

rem

; C n C

rem

.

(ii) We distinguish two 
ases (other 
ases are obtained by symmetry).

Case 1: the sets C;D; Y appear in the order C;D; Y from top to bottom.

(see Fig. 4)

We use a \sweep-line" argument. We take a horizontal line p separating

C from D. We rotate p in the 
lo
kwise order. During the rotation we are


hanging the 
enter of rotation so that at ea
h moment p 
uts C[D into two

equal parts (the partition determined by p 
hanges at �nitely many moments

when two points of C [D lie on p) { see Fig. 4 (several positions of p during

the rotation are shown by dotted lines). Moreover, we 
an pro
eed so that

p always 
ontains at most one point of Y . Let p

+

be the open halfplane of

points to the right of p, and let p

�

be the open halfplane opposite to p

+

.

We rotate p until we a
hieve jp

+

\ Y j � N � (jp

+

\Cj+

1

2

jp\Cj). Then we

stop and denote the �nal position of p by p

0

.

If p passes through a point of Y immediately before it gets to its �nal

position p

0

, then p

0


ontains no point of C [ D [ Y and it gives us the

required partitions

C

1

= C \ p

+

0

, C

2

= C \ p

�

0

,

D

1

= D \ p

�

0

, D

2

= D \ p

+

0

,

Y

1

= Y \ p

+

0

, Y

2

= Y \ p

�

0

,

9



C

Y

D

p

0

p

+

0

p

�

0

Figure 4: Case 1 in the proof of Claim 2(ii)

C

rem

= D

rem

= Y

rem

= ;.

Otherwise p 
ontains a point 
 2 C and a point d 2 D either in the

position p

0

or immediately before it. In these 
ases we set

C

rem

= f
g, D

rem

= fdg,

C

1

= C \ p

+

0

, C

2

= C \ p

�

0

,

D

1

= D \ p

�

0

, D

2

= D \ p

+

0

,

and we appropriately 
hoose a partition Y = Y

1

[ Y

2

[ Y

rem

su
h that

jY

rem

j = N; Y

1

� p

+

0

; Y

2

� p

�

0

.

Case 2: the sets C;D; Y appear in the order C; Y;D from top to bottom.

We take a verti
al line to the left of C [D[ Y and sweep it to the right

10



so that it 
uts C and D in the same proportions at any moment. We de�ne

p

+

and p

�

as above and stop as soon as jY \ (p[ p

�

)j � N � jC \ p

+

j. Then

we 
ontinue similarly as in Case 1. Details are left to the reader. 2

A weak (s+1)-
on�guration is a (2s+3)-tuple (C

1

; : : : ; C

s+1

;C

1

; : : : ; C

s+1

;Y )

su
h that (C

1

; : : : ; C

s

;C

1

; : : : ; C

s

;Y [C

s+1

) is an s-
on�guration and C

s+1

is

one of the 
lusters of a 
onvex (k+1)-
lustering C

s+1

of size jC

s+1

j = jC

1

j.

Proof of Lemma 1. Let X = (C

1

; : : : ; C

s

;C

1

; : : : ; C

s

;Y ) be a non-empty

s-
on�guration. By Claim 1, there is a 
losed strip S su
h that Y lies in S

and C

1

[ : : :[C

s

lies outside of S. We may suppose that the lines bounding

S are horizontal. Let S

+

(resp. S

�

) be the open halfplane of points above

(resp. below) S.

The size of Y is jX j � s(k + 1)

jXj

K

�

jXj

2

. Therefore, by Theorem 4, Y


ontains a 
onvex (k + 1)-
lustering C

s+1

of size (k + 1)

jXj=2

K=2

= (k + 1)

jXj

K

.

Fix a 
luster C

s+1

in C

s+1

.

In the sequel, the weak (s+1)-
on�gurationX = (C

1

; : : : ; C

s+1

;C

1

; : : : ; C

s+1

;Y n

C

s+1

) will be partitioned into a bounded number of (s + 1)-
on�gurations

and a small remaining set.

We apply Claim 2(i) on the sets C

s+1

; Y n C

s+1

. We obtain partitions

C

s+1

= C

1

s+1

[C

2

s+1

[C

rem

s+1

and Y nC

s+1

= Y

1

[Y

2

[Y

rem

su
h that C

1

s+1

[Y

2

is separated from C

2

s+1

[ Y

1

by a horizontal line, jC

1

s+1

j =

jY

1

j

K�(s+1)(k+1)

,

jC

2

s+1

j =

jY

2

j

K�(s+1)(k+1)

, jC

rem

s+1

j � 1, jY

rem

j � K � (s+ 1)(k + 1).

For ea
h i = 1; : : : ; s, we take an arbitrary partition C

i

= C

1

i

[C

2

i

[C

rem

i

with jC

x

i

j = jC

x

s+1

j for ea
h x 2 f1; 2; remg. Finally, for ea
h i = 1; : : : ; s+1,

we partition the 
onvex (k + 1)-
lustering C

i

into three 
onvex (k + 1)-


lusterings C

1

i

; C

2

i

; C

rem

i

arbitrarily so that, for ea
h x 2 f1; 2; remg, C

x

i

is

one of the 
lusters of C

x

i

.

The two obtained (2s+3)-tuplesX

i

= (C

i

1

; : : : ; C

i

s+1

;C

i

1

; : : : ; C

i

s+1

;Y

i

); i =

1; 2, are weak (s+1)-
on�gurations forming a partition of X nX

rem

, where

jX

rem

j � K.

Both X

1

and X

2

satisfy the assumptions in the following lemma:

Claim 3 Let X = (C

1

; : : : ; C

s+1

;C

1

; : : : ; C

s+1

;Y ) be a weak (s+1)-
on�guration

su
h that the sets C

s+1

; Y are separated from ea
h other by a horizontal line

and also ea
h C

i

; i = 1; : : : ; s, is separated from C

s+1

[ Y by a horizontal

line. Further, let w(X) denote the number of indi
es i 2 f1; : : : ; sg su
h

11



that C

i

� S

+

and the triple C

i

; C

s+1

; Y does not have the same-type prop-

erty. Then X 
an be partitioned \
omponentwise" into two weak (s + 1)-


on�gurations X

j

with w(X

j

) � w(X)=2 and a remaining set X

rem

of size

at most K. (A partition of X = (C

1

; : : : ;Y ) into X

1

; X

2

; X

rem

is 
ompo-

nentwise, if X

j

= (C

j

1

; : : : ;Y

j

), j = 1; 2; rem, and C

i

= C

1

i

[ C

2

i

[ C

rem

i

,

C

i

= C

1

i

[ C

2

i

[ C

rem

i

, Y = Y

1

[ Y

2

[ Y

rem

, i = 1; : : : ; s+ 1.)

Proof. Suppose that C

i

1

; : : : ; C

i

r

are the 
lusters C

i


ontributing to w(X),

i.e. they are the 
lusters C

i

in S

+

su
h that the triple C

i

; C

s+1

; Y does not

have the same-type property. Moreover, suppose that they are ordered in

the order in whi
h they are seen (within an angle smaller than �) from any

point in C

s+1

[ Y , see Fig. 5. The linear order C

i

1

; : : : ; C

i

r

is well-de�ned

be
ause the family fC

1

; : : : ; C

s

; C

s+1

[ Y g has the same-type property.

S

+

S

�

p

0

S

Y

C

s+1

C

i

2

= C

i

dr=2e

C

i

1

C

i

3

= C

i

r


lusters C

i

not 
ontributing to w(X)

Figure 5: The partition X = X

1

[X

2

[X

rem

in Claim 3 (the points of X

1

are denoted by squares, the points of X

2

by dis
s, X

rem

is empty). The

line p

0

is the line obtained in the appli
ation of Claim 2(ii). For te
hni
al

reasons, we made Y small; in fa
t Y should 
ontain majority of points of

X .

We apply Claim 2(ii) on the triple of sets C

i

dr=2e

; C

s+1

; Y . It gives us

12



partitions C

i

dr=2e

= C

1

i

dr=2e

[ C

2

i

dr=2e

[ C

rem

i

dr=2e

, C

s+1

= C

1

s+1

[ C

2

s+1

[ C

rem

s+1

,

Y = Y

1

[ Y

2

[ Y

rem

.

We further partition ea
h set C

i

; i 6= i

dr=2e

; s + 1, into three parts

C

1

i

; C

2

i

; C

rem

i

arbitrarily so that jC

x

i

j = jC

x

s+1

j for ea
h x 2 f1; 2; remg. Fi-

nally, any partition of ea
h (k+1)-
lustering C

i

into three (k+1)-
lusterings

C

1

i

; C

2

i

; C

rem

i

su
h that C

x

i

is a 
luster of C

x

i

(i = 1; : : : ; s + 1; x = 1; 2; rem)

�nishes the required partition of X into two weak (s + 1)-
on�gurations

X

j

= (C

j

1

; : : : ; Y

j

), j = 1; 2, and a remaining set C

rem

1

[ � � � [ C

rem

s+1

[ Y

rem

of size at most K. (For ea
h j = 1; 2 we have w(X

j

) � r=2 = w(X)=2

be
ause either only the 
lusters C

j

i

t

; 1 � t < dr=2e, or only the 
lusters

C

j

i

t

; dr=2e < t � r, 
ontribute to w(X

j

) { see Fig. 5.) 2

Sin
e the partition in Claim 3 is 
omponentwise, ea
h of the sub
on�gu-

rations X

1

; X

2

obtained in Claim 3 satis�es the assumptions in Claim 3 and

Claim 3 
an be again applied on ea
h of them. We iterate Claim 3 blog

2

s+1


times. We obtain a partition of a weak (s+1)-
on�gurationX into (at most)

2

blog

2

s+1


� 2s weak (s + 1)-
on�gurations X

j

with w(X

j

) = 0 (sin
e af-

ter blog

2

s + 1
 iterations of Claim 3 we get w(X

j

) � w(X)=2

blog

2

s+1


<

s=s = 1) and a remaining set of size at most (2 � 2

blog

2

s+1


� 1)K < 4sK.

Analogously, we 
an 
onsequently partition ea
h X

j

into at most 2s weak

(s+1)-
on�gurationsX

jl

and a remaining set of size at most 4sK su
h that

w(X

jl

) = 0 holds also if we repla
e S

+

by S

�

in the de�nition of the param-

eter w. This means that the 
on�gurations X

jl

are (s+ 1)-
on�gurations.

Thus, ea
h of the two weak (s+1)-
on�gurationsX

1

; X

2

obtained above

Claim 3 
an be partitioned into at most (2s)

2

= 4s

2

(s+1)-
on�gurations

and a remaining set of size at most (2s + 1)4sK � 12s

2

K. Sin
e X

1

; X

2

form a partition of X n X

rem

(where jX

rem

j � K), we obtain a partition

of X into 8s

2

(s + 1)-
on�gurations and a remaining set of size at most

2 � 12s

2

K +K � 25s

2

K. This �nishes the proof of Lemma 1. 2

5 Proof of Lemma 2

The proof of Lemma 2 relies on another famous result of Erd}os and Szek-

eres [ES35℄:

Theorem 5 (Erd}os{Szekeres lemma) Any sequen
es of (k�1)

2

+1 dis-

tin
t real numbers 
ontains a monotone subsequen
e of length k.

13



Proof of Lemma 2. LetX = (C

1

; : : : ; C

s

; C

1

; : : : ; C

s

; Y ) be an s-
on�guration,

where s = 2k

2

. By Claim 3 and by the pigeon-hole prin
iple, there is a line

l separating Y from at least k

2

of the 
lusters C

i

. Let C

i

1

; : : : ; C

i

k

2

be k

2

su
h 
lusters listed in the order in whi
h they are seen (within an angle

smaller than �) from any point of Y .

By the Erd}os-Szekeres theorem on monotone subsequen
es (Theorem 5),

the sequen
e i

1

; : : : ; i

k

2


ontains a monotone subsequen
e j

1

; : : : ; j

k�1

of

length k � 1.

Claim 4 The k sets Y;C

j

1

; : : : ; C

j

k�1

are in 
onvex position.

Proof. Sin
e Y is separated from

k�1

[

i=1

C

j

i

by a line, it suÆ
es to show

that for ea
h i = 1; : : : ; k � 3 the set C

j

i+1


annot lie in the 
onvex hull

of C

j

i

[ C

j

i+2

[ Y . We use the sequential same-type property of the se-

quen
e (C

1

; : : : ; C

s

; Y ). If the sequen
e j

i

; j

i+1

; j

i+2

is in
reasing, then

(C

j

i

; C

j

i+1

; C

j

i+2

; Y ) has the sequential same-type property. Otherwise the

sequen
e j

i

; j

i+1

; j

i+2

is de
reasing and (C

j

i+2

; C

j

i+1

; C

j

i

; Y ) has the sequen-

tial same-type property. In the �rst 
ase the triple fC

j

i

; C

j

i+1

; C

j

i+2

[Y g has

the same-type property, in the latter 
ase the triple fC

j

i+2

; C

j

i+1

; C

j

i

[ Y g

has the same-type property. In either 
ase, C

j

i+1

lies outside of the 
onvex

hull of C

j

i

[ C

j

i+2

[ Y . The lemma is proved. 2

We now need the following 
orollary of Theorem 4 and a simple obser-

vation.

Corollary 1 The set Y is a disjoint union of at most K logK 
onvex k-


lusterings and two remaining sets Y

0

; Y

1

with jY

0

j =

jXj

K

; jY

1

j � f(k).

Proof. By Theorem 4, Y is a disjoint union of a 
onvex k-
lustering and

a remaining set Y

0

of size at most maxf

�

1�

1

K

�

jY j; f(k)g. Applying The-

orem 4 on Y

0

, we get a partition of the set Y into two 
onvex k-
lusterings

and a remaining set of size at most maxf

�

1�

1

K

�

2

jY j; f(k)g.

After K logK appli
ations of Theorem 4, we obtain a partition of Y into

K logK 
onvex k-
lusterings and a remaining set Y

rem

of size at most

maxf

�

1�

1

K

�

K logK

jY j; f(k)g � maxf

1

K

jY j; f(k)g �

jX j

K

+ f(k):
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If jY

rem

j �

jXj

K

then we �nish the whole partition by partitioning Y

rem

into

two subsets Y

0

; Y

1

, where jY

0

j =

jXj

K

.

Otherwise we repeatedly enlarge Y

rem

by 
hoosing an arbitrary of the

K logK k-
lusterings and moving one point from ea
h of its 
lusters to Y

0

.

Ea
h repetition of this step enlarges jY

rem

j by k, so we 
an a
hieve that

jXj

K

� jY

rem

j �

jXj

K

+(k�1), and then we make any partition Y

rem

= Y

0

[Y

1

with jY

0

j =

jXj

K

. 2

Observation 2 Every 
onvex (k+1)-
lustering is a union of k+1 
onvex

k-
lusterings and a remaining set of size at most k � 1.

Proof. Let C be a 
onvex (k+1)-
lustering and let t be the size of a 
luster

in C. Set t

0

:= t mod k.

We 
an easily partition C into t

0

points and k + 1 
onvex k-
lusterings,

ea
h disjoint from one of the 
lusters of C and having size k � bt=k
 or

k � bt=k + 1
. 2

By Corollary 1, Y is a disjoint union of at most K logK 
onvex k-


lusterings and two remaining sets Y

0

; Y

1

with jY

0

j =

jXj

K

; jY

1

j � f(k). By

Claim 4, the sets Y

0

; C

j

1

; : : : ; C

j

k�1

form a 
onvex k-
lustering. Further,

ea
h of the k � 1 sets C

j

1

n C

j

1

; : : : ; C

j

k�1

n C

j

k�1

is a 
onvex k-
lustering.

By Observation 2, ea
h of the remaining 2k

2

�(k�1) (k+1)-
lusterings

C

i


an be partitioned into k+1 
onvex k-
lusterings and a remaining set of

at most k � 1 points.

The s-
on�guration X is partitioned into at most K logK + 1 + (k �

1)+(2k

2

� (k�1))(k+1) < 2K logK 
onvex k-
lusterings and a remaining

set of size at most f(k) + (2k

2

� (k � 1))(k � 1) < 4

k

. 2

6 Con
luding remarks

1. Upper bounds on the 
onstants 
(k); 


0

(k). Our proof gives Theo-

rem 3 with 
(k) = k

O(k

2

)

, 


0

(k) = k

O(k

2

)

. It is easy to lower 


0

(k) to f(k)�1

(and keep 
(k) = k

O(k

2

)

at the same time). As long as the remaining set

of points has size bigger than f(k)� 1, it 
ontains a 
onvex k-
lustering of

size k, i.e., k points in 
onvex position, and we may redu
e the size of the
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remaining set by it. The number of 
onvex k-
lusterings will in
rease by

at most k

O(k

2

)

� k

�1

= k

O(k

2

)

, thus staying at most k

O(k

2

)

. This bound on




0

(k) 
annot be improved in general, sin
e any set of f(k) � 1 points with

no k points in 
onvex position 
ontains no non-empty 
onvex k-
lustering.

If jX j is suÆ
iently large, then 


0

(k) 
an be lowered to rr(k), the so-


alled Ramsey-remainder for 
onvex sets, de�ned as the smallest number

r su
h that any set of suÆ
iently many points in general position in the

plane 
an be partitioned into k-tuples of points in 
onvex position and a

remaining set of size at most r (see [ETV96℄ for estimates on the numbers

rr(k)).

2. An upper bound on "

k

and a lower bound on 
(k). Let C

k=2

be

the set of 2

k=2�2

points with no 
onvex (k=2)-gon 
onstru
ted by Erd}os and

Szekeres [ES60℄. We may suppose that no pair of points in C

k=2

lies on a

horizontal line. We repla
e ea
h point of C

k

by the same number L of points

whi
h are very 
lose together, form a so-
alled L-
up (e.g., see [TV98℄ for

the de�nition), and any line trough two of them is almost horizontal.

Then any 
onvex k-
lustering has all points of at least � k=2 
lusters


ontained in the same L-
up, and therefore its size is at most (� 2 �2

2�k=2

)-

fra
tion of our set. This gives an upper bound �

�

p

1=2

�

k

on the 
onstant

"

k

in Theorem 2 (it 
an be improved to � (1=2+ ")

k

by 
onsidering C

(1�")k

instead of C

k=2

). Consequently, we get a lower bound �

�

p

2

�

k

on the


onstant 
(k) in Theorem 3 (it 
an be improved to � (2� ")

k

).

3. Higher dimensions. For any d � 3, an analogue of Theorem 3 in IR

d

holds. We simply proje
t the set X � IR

d

orthogonally to a plane 
hosen so

that the proje
tion is a set in general position. Then we apply Theorem 3.

The obtained partition gives us a partition of the original set X into at most

k

O(k

2

)


onvex k-
lusterings and a remaining set of size at most k

O(k

2

)

. In

fa
t, if jX j is divisible by k and suÆ
iently large, then we 
an partition the

whole set X into 
onvex k-
lusterings be
ause the Ramsey-remainder for


onvex sets is 0 in this 
ase (see [K01℄).

A
knowledgment. We would like to thank two anonymous referees for

their detailed 
omments.

16



Referen
es

[BV98℄ I. B�ar�any and P. Valtr, A positive fra
tion Erd}os{Szekeres theorem,

Dis
rete and Computational Geometry 19 (1998), 335-342.

[ES35℄ P. Erd}os and Gy. Szekeres, A 
ombinatorial problem in geometry,

Compositio Math. 2 (1935), 464-470.

[ES60℄ P. Erd}os and Gy. Szekeres, On some extremum problems in elemen-

tary geometry, Ann. Univ. S
i. Budapest 3/4 (1960/61), 53-62.

[ETV96℄ P. Erd}os, Zs. Tuza, and P. Valtr, Ramsey-remainder, European

Journal of Combinatori
s 17 (1996), 519-532.

[K01℄ Gy. K�arolyi, Ramsey{remainder for 
onvex sets and the Erd}os{

Szekeres theorem, to appear in Dis
r. Appl. Math.

[PS98℄ J. Pa
h and J. Solymosi, Canoni
al theorems for 
onvex sets, Dis-


rete and Computational Geometry 19 (1998), 427-435.

[P01℄ A. P�or, The partitioned version of the Erd}os{Szekeres theorem, sub-

mitted.

[PV01℄ A. P�or and P. Valtr, manus
ript in preparation.

[TV98℄ G. T�oth and P. Valtr, Note on the Erd}os{Szekeres theorem, Dis
rete

and Computational Geometry 19 (1998), 457-459.

17


