On the partitioned version of the
Erdos—Szekeres theorem*

Attila Por
Rényi Institute of Mathematics, Hungarian Academy of Sciences
POB 127, Budapest, 1364 Hungary
apor@renyi.hu

Pavel Valtr

Department of Applied Mathematics, Charles University
and
Institute for Theoretical Computer Science (ITI), Charles University
Malostranské ndm. 25, 118 00 Praha 1, Czech Republic
valtr@kam.mff.cuni.cz

Abstract

Let £k > 4. A finite planar point set X is called a convex k-
clustering, if it is a disjoint union of k sets Xi,...,X; of equal
sizes such that ziz2...x is a convex k-gon for each choice of z; €
Xi,...,xr € Xi. Answering a question of Gil Kalai, we show that
for every k > 4 there are two constants ¢ = c(k), ¢’ = ¢’(k) such that
the following holds. If X is a finite set of points in general position in
the plane then it has a subset X’ of size at most ¢’ such that X \ X’
can be partitioned into at most ¢ convex k-clusterings. The special
case k = 4 was proved earlier by Pér. Our result strengthens the
so-called positive fraction Erdds—Szekeres theorem proved by Barany
and Valtr. The proof gives reasonable estimates on ¢ and ¢, and it
works also in higher dimensions. We also improve the previous con-
stants for the positive fraction Erdés—Szekeres theorem obtained by
Pach and Solymosi.
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1 Introduction

A set of points in the plane is said to be in general position if it contains
no three points on a line. A finite set of points in the plane is in convex
position, if it is the vertex set of a convex polygon. In this paper we give
a generalization (“partitioned version”) of the following famous result of
Erdés and Szekeres [ES35]:

Theorem 1 (Erdds and Szekeres) For any k > 3 there is a least integer
f (k) such that any set of at least f(k) points in general position in the plane
contains k points in convex position.

For a triple (a,b,c) of points in general position in the plane, we say
that its orientation is “+7, if the clockwise order of the vertices of the
triangle abc is a,b,c. Otherwise we say that the orientation of (a,b,c) is
“—”_ We say that two ¢-tuples of points in general position (p1,...,p:)
and (pf,...,p;) have the same order type, if the orientations of the two
triples (p;, pj, i) and (p}, p},p;) are equal for each choice of distinct indices
i,7,1. A finite planar point set X is called a k-clustering, if it is a disjoint
union of k sets Xi, ..., Xy of equal sizes such that all k-tuples (z1,...,z),
r1 € Xq,...,¢ € X}, have the same order type. If, moreover, x1,xs, ..., T
are in convex position, then X is called a convex k-clustering (see Fig. 1).

Barany and Valtr [BV98] proved the following generalization of the
Erd6s—Szekeres theorem:

Theorem 2 (positive fraction Erd6s—Szekeres theorem) For anyk >
3 there is an gy, > 0 such that if X is a finite set of points in general position
in the plane with | X| > f(k) then it contains a convex k-clustering of size
at least €| X|. (f(k) is the function from the Erdds—Szekeres theorem.)

Repeated applications of the positive fraction Erdés—Szekeres theorem
show that any set of n points in general position in the plane can be parti-
tioned into at most ¢ logn convex k-clusterings and a remaining set of size
at most ¢j,. Gil Kalai asked if ¢ logn can be replaced by ¢, which would
give a strengthening of the positive fraction Erdds—Szekeres theorem. It is
easy to see for k = 3 and it was proved for k = 4 by Pér [P01]. Here we
prove it for an arbitrary k:

Theorem 3 (partitioned Erdés—Szekeres theorem) For every k > 3
there are two constants ¢ = c(k), ¢’ = (k) such that the following holds.
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Figure 1: Two 4-clusterings.

If X is a finite set of points in general position in the plane then it has a
subset X' of size at most ¢’ such that X \ X' can be partitioned into at most
¢ conver k-clusterings.

Our proof gives Theorem 3 with constants c¢(k) = kO**) and ¢'(k) =
f(k) — 1, where f(k) < 4* is the number from the Erdés-Szekeres theorem.
If | X| is sufficiently large, then ¢'(k) can be lowered to rr(k) — 1, where
rr(k) is the so-called Ramsey-remainder for convex sets (see Section 6 for
details). Both bounds on ¢/(k) are optimal, while our best lower bound on
c(k) is exponential in k.

We remark that Pér [P01] proved a weaker version of Theorem 3 when
the k-clusterings forming the partition of X \ X' are not required to be
convex.

Our proof of Theorem 3 relies on the positive fraction Erdés—Szekeres
theorem (Theorem 2). Pach and Solymosi [PS98] proved that Theorem 2
holds with ¢, = o~ for some fixed & > 1. In Section 2 we give the
following better bound:

Theorem 4 Theorem 2 holds with e, = k - 2732k,

In Section 6 we show that there is a f > 1 such that Theorem 2 does
not hold with the constants g, = 8.



Analogues of Theorems 3 and 4 for collections of pairwise disjoint com-
pact convex sets are given in [PVO1].

Here is the organization of the paper: Section 2 contains the proof of
Theorem 4. In Section 3 we derive Theorem 3 from two key lemmas, which
are then proved in Sections 4 and 5, respectively. Section 6 contains con-
cluding remarks.

2 Proof of Theorem 4

Let X be a set of n points in general position in the plane. We may suppose
that n > 222k, Tt follows from the best known upper bounds [ES35, TV98]
on the function f(k) from the Erdds-Szekeres theorem (Theorem 1) that
among any 4** points in general position it is always possible to find 4k
points in convex position. Therefore, if we choose randomly and uniformly
a 4**_-point subset X, of X and consequently randomly and uniformly a
4k-point subset X of Xy, then X, is in convex position with probability at
least 1/ (‘f: ). Clearly, every 4k-point subset of X is chosen for X; with the

(4.)
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In convex position.

If X, is a 4k-point subset of X in convex position, then we say that its
subset Y of size 2k supports X, if the points of X; sorted in the clockwise
order alternately belong to Y and to X; \ Y. Clearly, X; is supported by
two subsets.

Since X has (,}) 2k-point subsets, there is a 2k-point subset ¥ of X

2%
n —Ak 27»(2_’“): EVTAYLE
which supports at least 2 - M/(2’;) (A Gry (k) (28!

(45 () (@
m;lifzw 4k-point subsets of X in convex position. We fix such a set Y.
Let y1,...,y2r be the points of Y listed in the clockwise order. For
each i = 1,...,2k, let T; denote the region outside of convY bounded by
the segment y;y;11 and by parts of the lines y;_1yi, yi+1¥i+2 (indices are
counted modulo 2k) — see Fig. 2.

same probability. It follows that X contains at least 4k-point subsets

>

Observation 1 If Y = {y1,...,yax} supports a 4k-point subset X; of X,
then Xy = Y U{z1,...,zar}, where x; lies in the interior of T; for each
i=1,...,2k O



Figure 2: The regions T;.

For ¢ = 1,...,2k, let t; denote the number of points of X lying in the
2k

interior of T;. It follows from Observation 1 that Y supports at most H t;

i=1
4k-point sets. Thus,
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If a denotes the k-th smallest number ¢;, then HfL t; < afnk. It follows
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Let I C {1,...,2k} be a set of k indices i with #; > a > 5z — 1. For each
i € I, we fix a set C; of [s5x — 1] points of X in the interior of 7;. Then
the sets C; U {y;},i € I, form a convex k-clustering of size k - [ 535 |- ]

In the proof of Theorem 4 we used that the best known bounds on
f(k) give f(k) < 4%, If the conjecture of Erdds and Szekeres [ES60] that
f(k) = 272 + 1 is true then the above proof gives still a better constant
ex =k - 216k

3 Proof of the partitioned version of the Erdos-
Szekeres theorem

In the whole proof, k > 3 is fixed and K := 232(k+D+1,

For t > 3, we say that a family {X;, Xs,...,X;} of ¢ planar point sets
has the same-type property, if all t-tuples (z1,...,2¢), ©1 € Xy,...,2¢ €
X¢, have the same order type (and we say that the pair {X;, X»} of two
planar point sets has the same-type property, if conv X1 Nconv X5 = (). If,
moreover, i, Ts,...,T; are in convex position, then we say that the sets
X1, Xo,..., X are in convex position.

We say that a sequence (X1, Xs,. .., X};) of planar point sets has the se-
quential same-type property, if the family { X1, Xo, ..., X;, X;11UX;12U. ..U
X} has the same-type property for each i = 1,...,t—1. A crucial notion in
our proof is the notion of so-called s-configurations. An s-configuration is
a finite set X of points in general position in the plane which is partitioned
into s + 1 sets Cy,...,Cs, Y such that:

(i) C; is a convex (k + 1)-clustering for each i = 1,... s,

(ii) foreachi =1,...,s, one of the k+1 clusters of C; is denoted C; so that
the sequence (C1,...,Cs,Y) has the sequential same-type property,
and

(ii}) [C1] = |Ca] = ... = |Cs] = ! = =Ty, where K = 222(kD+1,

Sometimes we mean by an s-configuration not the set X but the corre-
sponding (2s + 1)-tuple (C1,...,Cs;C1,...,Cs;Y) of sets. The definition of
an s-configuration is somewhat technical. At this point we give two remarks
to it:

Remark 1: The convex (k + 1)-clustering C; can be partitioned almost
completely into few (k+1) convex k-clusterings (Observation 2 in Section 5).



Moreover, if we use the points of the cluster C; C C; elsewhere in the final
partition, then the rest of C; is a convex k-clustering. It is the reason why
we require C; to be a convex (k + 1)-clustering.

Remark 2: s-configurations are defined so that the following two con-
ditions hold. An s-configuration can be partitioned almost completely into
a bounded number of (s + 1)-configurations (Lemma 1 below), and if s is
large enough (s = 2k? suffices) then an s-configuration can be partitioned
almost completely into a bounded number of convex k-clusterings (Lemma 2
below).

Here are the two key lemmas:

Lemma 1 For s = 1,...,2k%, every s-configuration is a disjoint union of
at most 8s* (s+1)-configurations and a remaining set of size at most 25s°K .

Lemma 2 Every (2k?)-configuration is a disjoint union of at most 2K log K
convex k-clusterings and a remaining set of size at most 4*.

Lemma 1 will be obtained using the separation method of Pér [P01],
Lemma 2 relies on Theorem 4 and on the Erdds-Szekeres theorem on mono-
tone subsequences (Theorem 5 in Section 5). We now derive Theorem 3
from Lemmas 1 and 2.

Proof of Theorem 3.  Let X be a finite set of points in general position in
the plane. We may suppose that | X| is divisible by 2K (this can be achieved
by removing at most 2K — 1 points from X). By Theorem 4, X contains a
convex (k + 1)-clustering C; with each cluster of size % We denote one of
the clusters by Cf.

Let I be a line (“ham-sandwich cut”) cutting each of the sets Cq, X \
C1 into two equal parts. Let C; = Cf UC?, X \C; = Y' UY? be the
corresponding partitions such that |C}| = |C?|,|[Y!] = |V?| = (K — (k +
1))|C}|, and that I separates C] UY? from C3 UY'.

We partition the convex (k + 1)-clustering C; into two convex (k + 1)-
clusterings Ci,C? of equal sizes by cutting each cluster of C; into two equal
parts (the cluster C; is cut into the above subsets C}, C?).

‘We obtain a partition of the set X into two l-configurations X =
(C{;CY;Y9), 5 =1,2. Applying first Lemma 1 (2k-times) and then Lemma 2
on each part, we get a partition of each of the two 1-configurations X7 into

2k -1
at most H 8s% | 2K log K = kO convex k-clusterings and a remain-
s=1



ing set of size at most 2. kOK?) -25(2k2)2K+kO(k2) -4k = pO0*) Theorem 3
follows. -

4 Proof of Lemma 1

Claim 1 If a family {C1,...,Cs, Y} of s+ 1 finite point sets has the same-
type property, then there is a closed strip S bounded by two parallel lines
such thatY C S and C;NS =0 fori=1,...,s.

S conv S )

Figure 3: The strip S (two cases).

Proof. Let u be a segment connecting a pair of points in Cy U...U Cy
such that its distance to convY is smallest possible. Let v be a segment of
length dist(u,convY’) connecting a point of v with a point of convY (see
Fig. 3). Further, let p be the line perpendicular to v going through the
point v Nconv Y, and let g be the other line of the same direction tangent
to convY.

Then the strip S bounded by the lines p, ¢ contains conv Y and no point
of C1 U...UCs (otherwise a segment connecting a point of SN (C; U...U
Cs) with one of the end-points of u would be closer to convY than u — a
contradiction). |

Claim 2 (i) Let N > 1 be an integer, and let C,Y be two disjoint finite
sets of points in the plane such that |Y| = N -|C| and CUY contains no
pair of points on a horizontal line. Then there are partitions Y = Y1 UY?2U
yrem ¢ = CtUC?UC™™ such that Y U C? is separated from Y2 U C! by
a horizontal line, |Y*| = N -|C*| for x € {1,2,rem}, and |C™™| < 1.



(ii) Let C,D,Y be three pairwise disjoint finite sets of points with |Y| =
N-|C| = N-|D|, where N > 1 is an integer. Suppose further that CUDUY
is in general position and any two of the sets C, DY are separated from each
other by a horizontal line. Then there are partitions Y = YUY 2UY™™ C =
ctuc?ucCre™ D = D' U D? U D™™ such that:

1. |Y®| = N -|C*| = N -|D*| for each x € {1,2,rem},

2. |C"™| = |D™™| <1, and

3. the triple (C7,D7,Y7) has the same-type property, for j = 1,2.

Proof. (i) Let NC be the multiset of points of C, each taken with mul-
tiplicity N. Consider the multiset Y U NC of size 2N|C|, and choose a
horizontal line p such that at most N|C| points of Y UNC lie strictly above
p and also at most N|C| points of Y U NC' lie strictly below p.

If no point of C lies on p, we may suppose that also no point of Y lies on
p. The line p determines suitable partitions of Y, C' with Y™™ = Crm = ()
in this case.

If a point ¢ € C lies on p, set C™™ := {c} and put N suitable points
of Y to Y™™. Then the line p will again determine suitable partitions of
Y \ yrem \ grem

(ii) We distinguish two cases (other cases are obtained by symmetry).

Case 1: the sets C,D,Y appear in the order C,D,Y from top to bottom.
(see Fig. 4)

We use a “sweep-line” argument. We take a horizontal line p separating
C from D. We rotate p in the clockwise order. During the rotation we are
changing the center of rotation so that at each moment p cuts CUD into two
equal parts (the partition determined by p changes at finitely many moments
when two points of C'UD lie on p) — see Fig. 4 (several positions of p during
the rotation are shown by dotted lines). Moreover, we can proceed so that
p always contains at most one point of Y. Let p™ be the open halfplane of
points to the right of p, and let p~ be the open halfplane opposite to p™.
We rotate p until we achieve [p™ NY|> N-(|ptNC|+ 3lpNC|). Then we
stop and denote the final position of p by pp.

If p passes through a point of Y immediately before it gets to its final
position pg, then py contains no point of C U D UY and it gives us the
required partitions

Ct=Cnpf,C?*=Cnpy,

D'=Dnp,, D> =Dnpg,

Yi=Ynpj, Y =YnNpy,



Figure 4: Case 1 in the proof of Claim 2(ii)

Crem — Drem — Yrem — 0

Otherwise p contains a point ¢ € C' and a point d € D either in the
position pg or immediately before it. In these cases we set

crem = {c}, Drem = {d},

Ct=Cnpf,C?*=Cnpy,

D'=Dnp,, D> =Dnpgf,
and we appropriately choose a partition ¥ = Y!' U Y? U Y™™ such that
[yrem| = N, Y Cpf, Y2 Cpy.

Case 2: the sets C, D,Y appear in the order C,Y, D from top to bottom.
We take a vertical line to the left of CUDUY and sweep it to the right

10



so that it cuts C' and D in the same proportions at any moment. We define
pT and p~ as above and stop as soon as [Y N (pUp~)| > N -|CNp*|. Then
we continue similarly as in Case 1. Details are left to the reader. |

A weak (s+1)-configurationis a (2s+3)-tuple (Cy,...,Cs4+1;C1,...,Cs11;Y)
such that (Cy,...,Cs;C1,...,Cs; Y UCs41) is an s-configuration and Cyy is
one of the clusters of a convex (k + 1)-clustering Cs; of size |Cs41| = |C1].

Proof of Lemma 1. Let X = (Cy,...,Cs;C1,...,Cs;Y) be a non-empty
s-configuration. By Claim 1, there is a closed strip S such that Y lies in S
and C1U...UC lies outside of S. We may suppose that the lines bounding
S are horizontal. Let ST (resp. S™) be the open halfplane of points above
(resp. below) S.

The size of YV is | X| — s(k + 1)% > % Therefore, by Theorem 4, Y
contains a convex (k + 1)-clustering Cs41 of size (k + 1)% =(k+ 1)%
Fix a cluster Csy1 in Cyy.-

In the sequel, the weak (s+1)-configuration X = (Cy,...,Cs41;C1,...,Cs11; Y\
Cs+1) will be partitioned into a bounded number of (s + 1)-configurations
and a small remaining set.

We apply Claim 2(i) on the sets Cs11,Y \ Cs41. We obtain partitions
Csp1 = CL UCZ  UCE™ and Y \Cyqy = YUY 2UY ™™ such that Cs1-1|-1UY2

Y
) m’
02| = mrnir I8 < L, [V < K — (s + 1)(k + 1).

For eachi = 1,...,s, we take an arbitrary partition C; = C} UC?UCF*™
with |C}| = |Cy, | for each z € {1,2,rem}. Finally, for eachi =1,...,s+1,
we partition the convex (k + 1)-clustering C; into three convex (k + 1)-
clusterings C},CZ,Cr*™ arbitrarily so that, for each z € {1,2,rem}, C? is
one of the clusters of C7.

The two obtained (2s+3)-tuples X* = (C{,...,Ci, ;CY,...,CL ;YY) i=
1,2, are weak (s + 1)-configurations forming a partition of X \ X**™ where
|Xrem| <K.

Both X! and X? satisfy the assumptions in the following lemma:

is separated from C?,_, UY" by a horizontal line, |C} | =

Claim 3 Let X = (Cy,...,Cs41;C1,...,Csy1;Y) be a weak (s+1)-configuration
such that the sets Csy1,Y are separated from each other by a horizontal line
and also each Ci,i = 1,...,s, is separated from Csi1 UY by a horizontal
line. Further, let w(X) denote the number of indices i € {1,...,s} such

11



that C; C ST and the triple C;,Cs11,Y does not have the same-type prop-
erty. Then X can be partitioned “componentwise” into two weak (s + 1)-
configurations X; with w(X;) < w(X)/2 and a remaining set X,em of size
at most K. (A partition of X = (C1,...;Y) into X1, Xs, Xrem %5 compo-
nentwise, if X9 = (C{,...;Y7), j = 1,2,rem, and C; = C} U C? U CF*™,
Ci=Ctuc?ucrmy =vluy?uyrem j=1,...,s+1.)

Proof. Suppose that C;,, ..., C;,. are the clusters C; contributing to w(X),
i.e. they are the clusters C; in S such that the triple C;, Cs11,Y does not
have the same-type property. Moreover, suppose that they are ordered in
the order in which they are seen (within an angle smaller than 7) from any
point in Cs41 UY, see Fig. 5. The linear order Cj, ,...,C;, is well-defined
because the family {C1,...,Cs, Cs11 UY '} has the same-type property.

@Cil | po (2 Ciy = C,
/
/

@ Ciy = Cigumy
@ / )

ST » P 4
S Y :
S @Cs+1

not ccoggg%lslt%g to w(X)

Figure 5: The partition X = X; U Xo U X,y in Claim 3 (the points of X3
are denoted by squares, the points of Xy by discs, Xyem is empty). The
line py is the line obtained in the application of Claim 2(ii). For technical
reasons, we made Y small; in fact ¥ should contain majority of points of
X.

We apply Claim 2(ii) on the triple of sets Cj .,,Cs41,Y. It gives us
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partitions Cj, ,) = Cj  UC;  UCE™ . Coq = Ciyy UCH, UG,
Y =YluY2uyrm,

We further partition each set Cj,i # if,/21,8 + 1, into three parts
C},C?, 0™ arbitrarily so that |C¥| = |C%, | for each z € {1,2,rem}. Fi-
nally, any partition of each (k+1)-clustering C; into three (k+1)-clusterings
C},C2,Cr*™ such that C¥ is a cluster of C¥ (i =1,...,s+ 1,z = 1,2,rem)
finishes the required partition of X into two weak (s 4 1)-configurations
X; =(C{,...,Y?), j = 1,2, and a remaining set C}*™ U --- U C}¥ U Yrem
of size at most K. (For each j = 1,2 we have w(X;) < r/2 = w(X)/2
because either only the clusters Cf;,l <t < [r/2], or only the clusters

Cft, [r/2] <t <r, contribute to w(X;) — see Fig. 5.) |

Since the partition in Claim 3 is componentwise, each of the subconfigu-
rations X7, X, obtained in Claim 3 satisfies the assumptions in Claim 3 and
Claim 3 can be again applied on each of them. We iterate Claim 3 |log, s+1|
times. We obtain a partition of a weak (s+1)-configuration X into (at most)
2llog25+1] < 25 weak (s + 1)-configurations X; with w(X;) = 0 (since af-
ter [log, s + 1] iterations of Claim 3 we get w(X;) < w(X)/2es25+1 <
s/s = 1) and a remaining set of size at most (2 - 2l1°825+1 _ 1)K < 45K,
Analogously, we can consequently partition each X; into at most 2s weak
(s+1)-configurations X;; and a remaining set of size at most 4sK such that
w(Xj;) = 0 holds also if we replace S by S~ in the definition of the param-
eter w. This means that the configurations Xj; are (s + 1)-configurations.

Thus, each of the two weak (s+1)-configurations X!, X2 obtained above
Claim 3 can be partitioned into at most (2s)? = 4s®> (s + 1)-configurations
and a remaining set of size at most (2s + 1)4sK < 12s2K. Since X!, X2
form a partition of X \ X'™ (where |X"™™| < K), we obtain a partition
of X into 8s? (s + 1)-configurations and a remaining set of size at most
2-125? K + K < 2552K. This finishes the proof of Lemma, 1. O

5 Proof of Lemma 2

The proof of Lemma 2 relies on another famous result of Erdés and Szek-
eres [ES35]:

Theorem 5 (Erd8s—Szekeres lemma) Any sequences of (k—1)?+1 dis-
tinct real numbers contains a monotone subsequence of length k.

13



Proof of Lemma 2. Let X = (C4,...,Cs,C1,...,Cs,Y) be an s-configuration,
where s = 2k2. By Claim 3 and by the pigeon-hole principle, there is a line

| separating Y from at least k? of the clusters C;. Let C;,,...,C;, be k?
such clusters listed in the order in which they are seen (within an angle
smaller than 7) from any point of Y.

By the Erdds-Szekeres theorem on monotone subsequences (Theorem 5),
the sequence iq,...,4;2 contains a monotone subsequence ji,...,js_1 of
length k — 1.

Claim 4 The k sets Y,Cj,,...,C

ju_1 OTE in conver position.

k—1
Proof. Since Y is separated from U Cj; by a line, it suffices to show

that for each ¢ = 1,...,k — 3 the selt 1Cjvarl cannot lie in the convex hull
of Cj, UCj,,, UY. We use the sequential same-type property of the se-
quence (C1,...,Cs,Y). If the sequence j;, ji+1,Jit2 18 increasing, then
(Cj:,Cjitr, Cjiyn, Y) has the sequential same-type property. Otherwise the
sequence j;, jiy1, ji+2 is decreasing and (Cj,,,,Cj,,,,Cj;,Y’) has the sequen-
tial same-type property. In the first case the triple {C},, Cj,,,, C},,,UY } has
the same-type property, in the latter case the triple {C},,,Cj,,,,Cj;; UY'}
has the same-type property. In either case, Cj,,, lies outside of the convex
hull of Cj, U Cj,,, UY. The lemma is proved. O

We now need the following corollary of Theorem 4 and a simple obser-
vation.

Corollary 1 The set Y is a disjoint union of at most K log K convez k-
clusterings and two remaining sets Yo, Y1 with |Yo| = %, V1| < f(k).

Proof. By Theorem 4, Y is a disjoint union of a convex k-clustering and
a remaining set Y of size at most max{(1 — &) Y|, f(k)}. Applying The-
orem 4 on Y', we get a partition of the set Y into two convex k-clusterings
and a remaining set of size at most max{ (1 — %)2 Y|, f(k)}.

After K log K applications of Theorem 4, we obtain a partition of Y into
Klog K convex k-clusterings and a remaining set Yo, of size at most

Klog K
ma{ (1= ) V1A09) < max{ Y] £09) < B+ g,

14



If |Yiem| > KK‘ then we finish the whole partition by partitioning Yien into
two subsets Yp, Y7, where |Yp| = %

Otherwise we repeatedly enlarge Yien by choosing an arbitrary of the
Klog K k-clusterings and moving one point from each of its clusters to Yj.
Each repetition of this step enlarges |Yiem| by k, so we can achieve that
% < |Yiem| < % + (k—1), and then we make any partition Ye,, = YoUY;
with |Yp| = &, O

Observation 2 Every convex (k + 1)-clustering is a union of k+ 1 convex
k-clusterings and a remaining set of size at most k — 1.

Proof.  Let C be a convex (k+1)-clustering and let ¢ be the size of a cluster
in C. Set tg := t mod k.

We can easily partition C into ¢y points and k + 1 convex k-clusterings,
each disjoint from one of the clusters of C and having size k - |t/k]| or
kE-|t/k+1]. a

By Corollary 1, Y is a disjoint union of at most Klog K convex k-
clusterings and two remaining sets Yy, Y, with |Yp| = X |Y1] < f(k). By

K
Claim 4, the sets Yy,Cj,,...,Cj,_, form a convex k-clustering. Further,
each of the k — 1 sets Cj, \ Cj,,...,Cj,_, \ Cj,_, is a convex k-clustering.

By Observation 2, each of the remaining 2k? —(k—1) (k+1)-clusterings
C; can be partitioned into k + 1 convex k-clusterings and a remaining set of
at most k — 1 points.

The s-configuration X is partitioned into at most KlogK + 1+ (k —
1)+ (2k? — (k—1))(k+1) < 2K log K convex k-clusterings and a remaining
set of size at most f(k) + (2k? — (k — 1))(k — 1) < 4*. ]

6 Concluding remarks

1. Upper bounds on the constants c(k),c (k). Our proof gives Theo-
rem 3 with c(k) = kO ¢/ (k) = kO It is easy to lower ¢/ (k) to f(k)—1
(and keep c(k) = kO*®) at the same time). As long as the remaining set
of points has size bigger than f(k) — 1, it contains a convex k-clustering of
size k, i.e., k points in convex position, and we may reduce the size of the
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remaining set by it. The number of convex k—clusterin%s will increase by
at most kOK”) . k=1 = kO*) | thus staying at most k"), This bound on
¢’ (k) cannot be improved in general, since any set of f(k) — 1 points with
no k points in convex position contains no non-empty convex k-clustering.

If | X]| is sufficiently large, then ¢'(k) can be lowered to rr(k), the so-
called Ramsey-remainder for convex sets, defined as the smallest number
r such that any set of sufficiently many points in general position in the
plane can be partitioned into k-tuples of points in convex position and a
remaining set of size at most r (see [ETV96] for estimates on the numbers

rr(k)).

2. An upper bound on ¢; and a lower bound on c(k). Let Cy/» be
the set of 2%/2=2 points with no convex (k/2)-gon constructed by Erdés and
Szekeres [ES60]. We may suppose that no pair of points in Cj/, lies on a
horizontal line. We replace each point of Cj, by the same number L of points
which are very close together, form a so-called L-cup (e.g., see [TV98] for
the definition), and any line trough two of them is almost horizontal.
Then any convex k-clustering has all points of at least = k/2 clusters
contained in the same L-cup, and therefore its size is at most (/2 2-227%/2)-

k
fraction of our set. This gives an upper bound = ( 1/ 2) on the constant
e in Theorem 2 (it can be improved to &~ (1/2+¢)" by considering C(1_¢)y,

instead of Cj/»). Consequently, we get a lower bound ~ (\/5)’c on the
constant ¢(k) in Theorem 3 (it can be improved to ~ (2 — &)*).

3. Higher dimensions. For any d > 3, an analogue of Theorem 3 in R?
holds. We simply project the set X C IR? orthogonally to a plane chosen so
that the projection is a set in general position. Then we apply Theorem 3.
The obtained partition gives us a partition of the original set X into at most
kO*) convex k-clusterings and a remaining set of size at most kO*). In
fact, if | X| is divisible by k and sufficiently large, then we can partition the
whole set X into convex k-clusterings because the Ramsey-remainder for
convex sets is 0 in this case (see [KO01]).
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