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Abstra
t

T. Brown proved that whenever we 
olor P

f

(N) (the set of �-

nite subsets of natural numbers) with �nitely many 
olors, we �nd a

mono
hromati
 stru
ture, 
alled an arithmeti
 
opy of an !-forest.

In this paper we show a 
anoni
al extension of this theorem; i.e.

whenever we 
olor P

f

(N) with arbitrarily many 
olors, we �nd a


anoni
ally 
olored arithmeti
 
opy of an !-forest. The �ve types

of the 
anoni
al 
oloring are determined. This solves a problem of

T. Brown.

1 INTRODUCTION

In [Br{00℄ T. Brown generalized the well known van der Waerden's theo-

rem, for �nite 
oloring of �nite subsets of natural numbers, whi
h we shall
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state after introdu
ing some de�nitions. For a formulation and a proof of

the van der Waerden's theorem see [Ne{95℄.

Convention and notation: In this arti
le we understand rooted trees and

forests as partially ordered sets, where the roots are the minimal elements

and the leaves, the maximal. By prede
essor of a vertex x we understand

any vertex y for whi
h x > y. Then vertex x is a su

essor of vertex y. x^y

is the biggest vertex for whi
h x and y are the su

essors. If su
h vertex

does not exist, it is not de�ned. By 
hain we understand any sequen
e of

verti
es x

1

< x

2

< : : : < x

k

.

De�nition: (!-trees, !-forest) An !-tree of height n is an in�nite rooted

tree su
h that any maximal 
hain has n + 1 verti
es and any vertex that

is not a leaf has degree !. An !-forest of height n is a disjoint union of !

many !-trees of height n.

De�nition: (Arithmeti
 Copy) Let F be a �nite (resp. in�nite) rooted

forest. An arithmeti
 
opy of F in P(f1; : : : ; ng) (resp. in P

f

(N)) is a subset

S of P(f1; : : : ; ng) (resp. of P

f

(N)) for whi
h there exist natural numbers

a, d and a bije
tion � : V (F) ! S su
h that for all verti
es x; y 2 V (F)

hold:

1.x � y , �(x) � �(y),

2. 9 x ^ y ) �(x ^ y) = �(x) \ �(y),

3.x 2 F

1

; y 2 F

2

; F

1

6= F

2

2 F ) �(x) \ �(y) = ;,

4. (8x < y) (�z; x < z < y) ) j�(y) � �(x)j = d,

5.x is a root of a tree in F ) j�(x)j = a.

Theorem 1.1 (Brown) If we 
olor P

f

(N) by �nitely many 
olors, then

for every natural number n there exists a mono
hromati
 arithmeti
 
opy of

an !-forest of height n in P

f

(N).

The purpose of this paper is to show a generalization of the 
anoni
al

van der Waerden's theorem in the same spirit as Brown generalized van der

Waerden's theorem. This solves an open problem stated in [Br{00℄. For

the 
anoni
al van der Waerden's theorem see [ErGr{80℄.
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In Se
tion 2, we shall give some te
hni
al tools for the proof of the gener-

alization of the 
anoni
al van der Waerden's theorem. Se
tion 3 is devoted

to this generalization. In se
tion 4 we shall prove that the mentioned 
anon-

i
al 
oloring 
annot be redu
ed to less than the �ve stated types.
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2 TECHNICAL TOOLS

De�nition: (Under-diagonal mapping) An under-diagonal mapping is

any mapping f : X ! X (the range and the domain are the same) for whi
h

f(x) � x for all x 2 X .

De�nition: (Stair mapping) A stair mapping indu
ed by an under-

diagonal mapping f : X ! X and a set B � X is a mapping g

fB

: B ! B

for whi
h g

fB

(x) = minfy 2 B; f(x) � yg.

Remark 2.1 A stair mapping g

fB

indu
ed by a under-diagonal mapping f

and a set B is itself an under-diagonal mapping and f(x) � g

fB

(x) � x.

Lemma 2.2 For any natural number n there exists a natural number m

su
h that for any under-diagonal mapping f : f0; : : : ;mg ! f0; : : : ;mg

there exists an arithmeti
 progression B of length n, su
h that the stair

mapping g

fB

indu
ed by f and the arithmeti
 progression B is either a


onstant mapping or an identity on B.

Proof of Lemma 2.2: First we remark that if g

fA

is a 
onstant mapping

on A, then g

fA

(x) = minA for all x 2 A. Therefore we may suppose that

for every arithmeti
 progression B in f0; : : : ;mg of length n g

fB

is not a


onstant mapping on B. Now we want to �nd an arithmeti
 progression A

of length n su
h that g

fA

(x) = x for all x 2 A.

From our assumption, for every k 2 f0; : : : ;mg and for every B = fk +

d; d 2 f0; : : : ; ngg there exists x 2 B f(x) > k; otherwise g

fB

(B) � k =

minB. Set r = b

m

n


. Now we build a sequen
e (B

i

)

r

i=0

; B

i

= fa

i

+ d; d 2

f0; : : : ; ngg;

a

i

= i(n + 1). We get that for every i there exists x

i

2 B

i

su
h that

f(x

i

) 2 B

i

.

Let us de�ne a 
oloring � : f0; : : : ; r�1g ! f0; : : : ; ng su
h that �(i) = t

for x

i

= a

i

+t, where x

i

is an arbitrary element of B

i

, for whi
h holds f(x

i

) 2

B

i

. By using van der Waerden's theorem we get an arithmeti
 progression

~

A � f0; : : : ; r � 1g of length n,

~

A = fp; p + d; : : : ; p + ndg, whi
h is
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mono
hromati
. It means that we have an arithmeti
 progression A �

f1; : : : ;mg; A = a

p

+ t; a

p+d

+ t; : : : ; a

p+nd

+ t for whi
h g

fA

(x

i

) = minfy 2

Ajf(x

i

) � yg = x

i

for all x

i

2 A, whi
h we wanted to prove. 2

Proposition 2.3 Let L be an !-forest of height n and let � : V (L)! ! be

a 
oloring of its verti
es, su
h that no two verti
es of the same height have

the same 
olor. Then there exists an !-forest of height n F � L, su
h that

the 
oloring � restri
ted to V (F) is inje
tive.

Proof: Let us �rst introdu
e some notation. For s 2 f0; : : : ; ng let L

s

denote the set of verti
es of height s. We partition L

s

into ! many 
lasses

l

sk

of size ! su
h that two verti
es are in the same partition 
lass i� they have

the same dire
t an
estor i.e. for x 2 l

sk

; y 2 l

sk

0

k = k

0

i� x ^ y 2 L

s�1

.

If s = 0 then we have only one 
lass of partition and l

0

= L

0

. Set

X

sl

= fi < ! : �

�1

(i) \ L

s

6= ; ^ �

�1

(i) \ L

s

6= ;g:

For a �xed pair i < j 2 f0; : : : ; ng we shall delete verti
es of height i

and j in su
h a way that we shall still have an !-forest of height n and the


olors of verti
es of height i will not o

ur between the 
olors of the verti
es

of height j. Set

Y

h

=�

�1

(X

ij

) \ l

ih

Y

hr

=fx 2 Y

h

: 9y 2 l

jr

�(x) = �(y)g

Z

k

=�

�1

(X

ij

) \ l

jk

Z

kr

=fy 2 Z

k

: 9x 2 l

ir

�(y) = �(x)g

Note that for s;m < ! jY

sm

j = jZ

ms

j. We de�ne a bije
tion '

sm

:

Y

sm

! Z

ms

by '

sm

(x) = y, where y is the vertex in L

j

having the same


olor as x.

For every pair (s;m); s;m 2 !, we partition Y

sm

into two 
lasses Y

1

sm

and Y

2

sm

. If jY

sm

j = 1 then set Y

1

sm

= ; if s � m and set Y

1

sm

= Y

sm

oth-

erwise. If jY

sm

j 6= 1 then the partition 
lasses have similar size, i.e. either

both are empty or both are �nite non empty or both are in�nite. Let Z

1

ms

and Z

2

ms

be the indu
ed partition of Z

ms

i.e. Z

r

ms

= '(Y

r

sm

) for r = 1; 2.

Now we delete verti
es of Y

1

sm

and verti
es of Z

2

ms

.

We have now just to realize that no two verti
es of the new L

i

[L

j

have

the same 
olor, whi
h gives us the inje
tivity of the 
oloring, and that from
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ea
h l

rl

; r = i; j; l 2 ! we kept ! many verti
es, whi
h guarantees us that

we still have an !-forest after the operation. This proves Proposition 2.3. 2

Lemma 2.4 For every natural number n there exists a natural number m

su
h that for any matrix M with m rows and ! 
olumns of natural numbers

su
h that no two elements in the same row are the same, there exists an

arithmeti
 progression A in f1; : : : ;mg of length n and there exists a subset

X of the 
olumns whith jX j = ! su
h that for the submatrix

~

M := A �X

(
ontaining only the rows of A and the 
olumns of X of the matrix M) holds

that

A) either no two numbers in the whole matrix

~

M are the same, or

B) 9f : X ! N inje
tive su
h that the element

~

M

(i;j)

= f(j).

Proof: First we would like to �nd an in�nite set X � Y su
h that no

element from a 
olumn is repeated in an other 
olumn. We show this by

indu
tion on j 2 !.

For any 
olumn j, the numbers M

(i;j)

, i 2 f1; : : : ;mg, 
an be repeated

only in a �nite number of 
olumns and therefore there exists t = t(i; j) 2 !

su
h that for any t � k 2 ! the number M

(i;j)

does not o

ur in the 
ol-

umn k. Let R

j

be the maximum of su
h t(i; j) for all i 2 f1; : : : ;mg. Let

s = min (! n f1; : : : ; R

j

g) and we 
ontinue in the same way for the 
olumn

j = s. Be
ause we 
annot stop after a �nite numbers of steps (we shall

always be able to �nd the required s), we get in�nitely many su
h s and,

therefore we get a set Y for whi
h the following holds: in the submatrix

f1; : : : ;mg � Y , elements with the same number may o

ur only in the

same 
olumn.

For every 
olumn i let S

i

� P(f1; : : : ;mg) be a su
h a partition of

f1; : : : ;mg that two elements are in the same 
ell of the partition i� they

have the same number. The set S

i

tells us what the pattern of the 
olumn

i is; i.e. whi
h rows are the same and whi
h are not. For two 
olumns i

1

; i

2

whose have the same partition S of its rows, there exists a permutation �

of the natural numbers su
h that (j; i

1

) = �((j; i

2

)) 8j 2 f1; : : : ;mg; it is

the two 
olumns are the same up to a relabeling of their elements.
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Having de�ned the sets S

i

we de�ne a 
oloring � : Y ! 2

m

by �(i) = S

i

.

The in�nite Ramsey's theorem (for a formulation and proof see [Ne{95℄)

guarantees us that there exists an in�nite subset X of Y su
h that every


olumn in X have a given stru
ture S.

Now it is enough to use the 
anoni
al van der Waerden's theorem on

the �rst 
olumn in X . We get an arithmeti
 progression A of length n

su
h that the elements of the �rst 
olumn are either all di�erent or all the

same. As all 
olumns in X have the same stru
ture S, this holds for every


olumn in X . Therefore we get a submatrix

~

M = A�X for whi
h holds that

A) either no two element in

~

M are the same,

B) or there exists an inje
tive mapping f : X ! N su
h that the elements

~

M

(i;j)

have number f(j), for i 2 A and j 2 X .

2

3 CANONICAL COLORING

We formulate now the main result of this paper. It is a 
anoni
al version of

Brown's theorem 1.1: a generalization of the 
anoni
al van der Waerden's

theorem.

Theorem 3.1 For any 
oloring � : P

f

(N) ! ! and any natural number n

there exists an arithmeti
 
opy S of an !-forest F of height n, su
h that

one of the following holds:

A) � restri
ted to S is inje
tive.

B) � restri
ted to S is 
onstant.

C) �(�(x)) = �(�(y)) , height of x = height of y.

D) �(�(x)) = �(�(y)), x and y are in the same tree.

E) �(�(x)) = �(�(y)) , height of x = height of y and x and y are in

the same tree.

Notation: Let

�

X

k

�

denote the set of all k-element subsets of the set X and

let f �A holds for the restri
tion of the mapping f to the set A.
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De�nition: (Constantly 
anoni
al) A 
oloring � of a set system S �

P(X), where X is linearly ordered, is said to be 
onstantly 
anoni
al i�

there exists an index set V , su
h that for any natural number r � jSj � �

�

S

r

�

is a V -
anoni
al 
oloring.

De�nition: (Inje
tively 
anoni
al) A 
oloring � of a set system S �

P(X), where X is linearly ordered, is said to be inje
tively 
anoni
al i�

there exists an inje
tive mapping g : N ! P

f

(N) g : r 7! V

r

, su
h that ��

�

S

r

�

is a V

r

-
anoni
al 
oloring.

By an !-forest F

a

in an !-forest F

b


orresponding to an arithmeti
 pro-

gression A we shall not understand any subgraph of F

b

, but an !-forest

de�ned as follows: For ea
h !-tree T

i

2 F

b

we 
hoose one vertex v

i

2 T

i

su
h that the height of v

i

in F

b

is the �rst element of the arithmeti
 pro-

gression A; these verti
es will be the roots of F

a

. Having de�ned a vertex v

in F

a

, let us redu
e our attention to its su

essors in F

b

. These su

essors

form an !-forest. In ea
h !-tree of this forest 
hoose one vertex whi
h has

the height of the next element in the arithmeti
 progression A in F

b

. We

shall link these verti
es with v by edges.
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Proof of Theorem 3.1: By repeating the 
anoni
al Ramsey's theorem

[Ra{86℄ we get that for any natural number k there exists an in�nite subset

Y of N su
h that for any r � k ��

�

Y

r

�

is 
anoni
al. Now we shall 
onstru
t

an arithmeti
 
opy

~

S of an !-forest of height k su
h that

~

S � P(Y ). We

use the following 
onstru
tion:

Constru
tion:

Let us split Y into ! many sets Y

i

of size !. So we have: Y =

S

1

i=1

Y

i

. The


opy of the ith tree T

i

will be a subset of P(Y

i

) and the 
opy of every tree

will be 
onstru
ted in the same way as T

i

. The root r

i

of T

i

will be mapped

to minY

i

.

~

Y

i

= Y

i

nminY

i

is in�nite and 
an be split into ! many sets

~

Y

ij

of

size ! su
h that

~

Y

i

= [

1

j=1

~

Y

ij

. T

i

nfr

i

g is an !-forest with !-trees T

ij

j 2 !.

The root r

ij

of the tree T

ij

will be mapped to the set min

~

Y

ij

[minY

i

. Again

�

Y

ij

=

~

Y

ij

nmin

~

Y

ij

is in�nite and T

ij

n fr

ij

g is an !-forest. We 
ontinue in

the same way until we get the required arithmeti
 
opy.

For su
h an arithmeti
 
opy

~

S the following holds:

8 1 � r � k 9! j = j(r) � r 8A;B 2

~

S; jAj = jBj = r

�(A) = �(B), jA \ Bj � j

In words : for all natural number r smaller or equal to k there exists exa
tly

one number j (depending on r and whi
h is smaller or equal to r) su
h that

for any two sets A;B of size r, A and B have the same i� only if the size of

their interse
tion is at least j.

Let us de�ne a fun
tion f : f0; : : : ; kg ! f0; : : : ; kg su
h that for r 6= 0

f(r) = j(r) for r � 1 and f(0) = 0. Now we 
an use Lemma 2.2 and we get

an arithmeti
 progression P 2 f1; : : : ; kg of length n

0

su
h that g

fP

�P ,the

stair mapping indu
ed by f and P , is either (a) an identity or (b) a 
onstant

mapping.

We have to realize that g

fP

(r) =

�

j, where

�

j is the only element in P for

whi
h:8A;B 2

�

S jAj = jBj = r �(A) = �(B) , jA \ Bj �

�

j. The stair

mapping g

fP

shows us how the 
oloring of any arithmeti
 
opy

�

S �

~

S of

an !-forest F , 
orresponding to P , is stru
tured. Let us 
olor !-forest F

so that the bije
tion between it and the arithmeti
 
opy will preserve the

9




oloring.

(a) If g

fP

�P is an identity, then any two sets of the same size have di�erent


olors, i.e. any two verti
es with same height in the !-forest F have di�er-

ent 
olors. So using Proposition 2.3 we get A).

(b) g

fP

�P is a 
onstant mapping: We have to distinguish two 
ases:

1) If g

fP

(P ) = 0 then the 
oloring depends only on the size of the set.

So for the 
oloring of the !-forest F , all the verti
es with height i have the

same 
olor, say 


i

. If we de�ne a 
oloring 
 : f0; : : : ; n

0

g ! ! su
h that


(i) = 


i

we 
an apply the 
anoni
al van der Waerden's theorem on this


oloring and we get an arithmeti
 progression P

0

of length n on whi
h the


oloring 
 is either 
onstant or inje
tive.

Let F

0

be an !-forest in F 
orresponding to P

0

. Then F

0

is either

mono
hromati
 or ea
h height has a di�erent 
olor. Its asso
iated arith-

meti
 
opy implies 
ases B) or C).

2) If g

fP

(P ) 6= 0 then the 
oloring depends on two things: the size of

the set and its �rst element. This implies that the 
oloring of a vertex of F

depends on its height and on the tree in whi
h it lies.

Let us de�ne a 
oloring 


0

: ! ! ! by 


0

(i) = b

i

, b

i

2 !, if the root of

the ith !-tree has the 
olor b

i

. Using the 
anoni
al Ramsey's theorem we

get a set B

0

of ! many !-trees su
h that they have either roots of same


olor or ea
h one has a root of a di�erent 
olor. Having de�ned a set B

j

,

j � n

0

, of ! many !-trees we de�ne a 
oloring 


j+1

: ! ! ! by 


j+1

(i) = d

i

,

d

i

2 !, if the verti
es of the ith !-tree at height j + 1 have the 
olor d

i

.

Again using the 
anoni
al Ramsey's theorem we get a set B

j+1

of ! many

!-trees su
h that either all verti
es at height j + 1 of the !-forest on B

j+1

have the same 
olor or two verti
es at height j +1 of this !-forest have the

same 
olor i� they are in the same !-tree.

We get an !-forest on B

n

0

su
h that for every height i either the verti
es

have the same 
olor or they have di�erent 
olors from one !-tree to another.

Let us de�ne a 
oloring ~
 : f0; : : : ; n

0

g ! f0; 1g by ~
(i) = 0 if the verti
es

of height i are mono
hromati
 and ~
(i) = 1 if two verti
es of height i have

the same 
olor i� they are in the same tree. If we use van der Waerden's

theorem we get a mono
hromati
 arithmeti
 progression

~

P of height ~n in

10



f0; : : : ; n

0

g. Let F

0

be the !-forest in F 
orresponding to

~

P .

2a) If

~

P has 
olor 0 then we have an !-forest in whi
h ea
h height is

mono
hromati
. We 
an map the height to the 
olor it has and using the


anoni
al van derWaerden's theorem we get an arithmeti
 progression either

mono
hromati
 or with an inje
tive 
oloring. This yields the 
ases B) or C).

2b) If

~

P has 
olor 1 then we de�ne an equivalen
e � on the !-forest F

0

su
h that x � y i� x and y have the same height and belong to the same

!-tree. Then F

0

=� is isomorphi
 to a matrix n�! with elements of N su
h

that no two numbers (=
olors) in the same row are the same. Therefore we


an use Lemma 2.4 whi
h implies that for an arithmeti
 progression

�

P of

length n and for a set X 2 ! we have that for the matrix

�

P �X holds: |

Either no two numbers in the whole matrix are the same or � there exists

an inje
tive mapping f : X ! N su
h that all the elements of the jth 
ol-

umn have number f(j).

| The !-forest 
orresponding to the arithmeti
 progression

�

P restri
ted

to the !-tree of X has the property that two verti
es have the same 
olor

i� they have the same height and belong to the same !-tree. Let S be the

image of this !-forest in

�

S, then E) holds for S.

� The !-forest 
orresponding to the arithmeti
 progression

�

P restri
ted

to the !-tree of X has the property that two verti
es have the same 
olor

i� they belong to the same !-tree. Let S be the image of this !-forest in

�

S,

then D) holds for S. 2

4 Canoni
al 
olorings are minimal

Next theorem shows us that Theorem 3.1 
annot be improved, i.e. we 
an-

not take away any of the types of 
anoni
al 
oloring.

Proposition 4.1 There exist 
olorings �

A

; �

B

; �

C

; �

D

; �

E

: P

f

(N) ! !

su
h that 
ase J (whi
h stands for one of the 
ases A),B),: : :,E) in theorem

3.1) o

urs but none of the 
ases A),B),: : :,E) distin
t of J 
an o

ur for


oloring �

J

.
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Proof: Coloring �

A

: None of the 
ases B),C),D) and E) 
an o

ur for

any inje
tive 
oloring of P

f

(N)and any arithmeti
 
opy of height n will im-

ply 
ase A).

Coloring �

B

: None of the 
ases A),C),D) and E) 
an o

ur for any


onstant 
oloring of P

f

(N), and any arithmeti
 
opy of height n will imply


ase B).

Coloring �

C

: Let us de�ne the 
oloring �

C

by �

C

(A) = jAj, where A

is any �nite subset of N. It is 
lear that �

C


annot be inje
tive nor 
onstant

on any arithmeti
 
opy. The 
olorings in 
ases D) and E) depend on the

trees and therefore 
annot happen as any two sets of the same size have the

same 
olor not depending on whether they interse
t or not. Any arithmeti



opy of height n implies 
ase C).

Coloring �

D

: Let us de�ne the 
oloring �

D

by �

D

(a) = minA, where

A is any �nite set of N. �

D


annot be inje
tive for any arithmeti
 
opy

of height n, as, if we 
onsider a vertex x and verti
es y

1

; y

2

; y

3

; : : :, its

immediate su

essors, the following holds in any arithmeti
 
opy:

�(x) =

1

\

j=1

�(y

j

):

In the same time min�(y

i

) 6= min�(y

j

) for only �nitely many i 6= j, as

there are only �nitely many elements smaller or equal to �(x). This implies

that there will always be ! many y

i

for whi
h �

D

(�(x)) = �

D

(�(y

j

)). For

the same reason neither of the 
ases C) and E) 
an o

ur. �

D


annot be 
on-

stant on any arithmeti
 
opy, as any two �nite sets belonging to the image

of di�erent trees are disjoint and therefore 
annot have the same minimal

number. If we follow the 
onstru
tion on page 9 we get an arithmeti
 
opy

for whi
h 
ase D) holds.

Coloring �

E

: Let us de�ne the 
oloring �

E

by �

E

= (minA; jAj), where

A is again any �nite subset of the set N. Let us use the same notation as

for the 
oloring �

D

. All �(y

j

) will have 
olors di�erent from �

E

(�(x)),

whi
h implies that 
ases B) and D) 
annot o

ur. On the other hand, there

exists a 
olor 
 su
h that for ! many y

j

holds that �

E

(�(y

j

)) = 
. This

implies that 
ase A) 
annot o

ur. Next, it is enough to realize that any two

disjoint �nite subsets of N have di�erent 
olors to see that 
ase C) 
annot

12



o

ur. Finally, if we follow the 
onstru
tion on page 9 we get an arithmeti


progression of length n for whi
h 
ase E) holds. 2

5 OPEN PROBLEMS

It would be interesting to 
onsider the 
ombination of the polynomial van

der Waerden's theorem with trees and latti
es in the spirit of [Br{00℄,

[BeLe{99℄ and [NeRo{84℄ and their 
anoni
al versions. For a proof of

the polynomial extension of van der Waerden's theorem see [BeLe{96℄.
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