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Abstract

List partitions generalize list colourings and list homomorphisms.
Each symmetric matrix M over 0, 1, * defines a list partition problem.
Different choices of the matrix M lead to many well-known graph the-
oretic problems including the problem of recognizing split graphs and
their generalizations, finding homogeneous sets, joins, clique cutsets,
stable cutsets, skew cutsets and so on. We develop tools which al-
low us to classify the complexity of many list partition problems and,
in particular, yield the complete classification for small matrices M.
Along the way, we obtain a variety of specific results including: gener-
alizations of Lovdsz’s communication bound on the number of clique-
versus-stable-set separators; polynomial-time algorithms to recognize
generalized split graphs; a polynomial algorithm for the list version of
the Clique Cutset Problem; and the first subexponential algorithm for
the Skew Cutset Problem of Chvatal. We also show that the dichotomy
(N P-complete versus polynomial-time solvable), conjectured for cer-
tain graph homomorphism problems would, if true, imply a slightly
weaker dichotomy (N P-complete versus quasipolynomial) for our list

partition problems?.
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1 Introduction

Many combinatorial problems seek a partition of the vertices of a given
graph into subsets satisfying certain constraints internally (a set may be
required to be stable, or complete) and externally (two sets may be required
to be completely nonadjacent — no vertex of one adjacent to any vertex of the
other — or completely adjacent — each vertex of one adjacent to each vertex of
the other). We may formulate a common generalization of such problems as
follows: partition the vertices of an input graph into k parts Ay, Ag, ..., A
with a fixed ‘pattern’ of requirements as to which A;’s are stable or complete,
and which pairs A;, A; are completely nonadjacent or completely adjacent.
(In some cases, we also deal with a generalization where we replace ‘stable’
and ‘complete” with more general notions of ‘sparse” and ‘dense’.) These
requirements may be conveniently captured by a symmetric k-by-k matrix
M in which the diagonal entries M;; encode the internal restrictions on the
sets A;, and the offdiagonal entries M (¢, 7),7 # j, encode the restriction on
the edges between A; and A;.

Specifically, let M be a fixed symmetric k-by-k matrix over 0,1, . An
M-partition of a graph G is a partition of the vertex set V() into k parts
Ay, Ag, ..., Ay, such that A; is stable (i.e., independent) if M;; = 0, or
complete (i.e., a clique) if M;; = 1 (with no restriction if M;; = *), and
such that A; and A; are completely nonadjacent if M;; = 0, or completely
adjacent if M;; = 1 (with no restriction if M;; = %). When k is small,
we usually refer to parts A, B,C,...instead of Ay, Ay, As, ... and write, for
example, A =0 to mean M4 4 =0 or AB =1 instead of My p =1.

A graph G admits an M-partition if and only if its adjacency matrix
A = A(G) can be written, after a suitable simultaneous row and column
permutation, in a block form corresponding to M - where 0 denotes an all-
zero matrix, 1 an all-one matrix (with #’s assumed on the main diagonal),
and * any matrix. In Figure 1 we give an example matrix M and illustrate
what an adjacency matrix A of graph G with an M-partition might look like.
In the same figure, we also introduce a symbolic figure showing a general
M-partition. The empty circle depicts a stable set (0 on the main diagonal
of M), a shaded circle an arbitrary set (a diagonal x in M), and a doubly
shaded circle a clique (a diagonal 1); similarly, two parts are joined by two
lines if they are completely adjacent (an off-diagonal 1), joined by a single
line if there is no restriction on the edges between them (an off-diagonal ),
and not joined at all if they are completely nonadjacent (an off-diagonal 0).
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Figure 1. A partition, its matrix M, and example block structure of an
adjacency matrix A corresponding to a graph with an M-partition (in the
matrix A, each # represents either 0 or 1).

Many graph theoretic concepts can be modeled by M-partitions. Indeed,
in Figure 2, we illustrate three such concepts — from the well-known notions
of a graph colouring and a split graph [28], to the more recent notion of a
clique-cross partition [17].
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Figure 2. Three typical partition problems.

All three concepts have natural generalizations which may also be mod-
eled as M-partitions:

A k-colouring of a graph G is an M-partition of G where the matrix
M has zeros on the main diagonal and asterisks everywhere else. In other
words, M is obtained from the adjacency matrix of the complete k-graph by
replacing all ones with asterisks. The natural generalization, an M-partition
of GG, where M is obtained the same way from the adjacency matrix of an
arbitrary graph H, is called an H-colouring or a homomorphism [29, 30]).
Thus an H-colouring of G, or a homomorphism of G to H, is a partition of



V(@) into sets Ay, h € V(H), such that A, is stable when A is not a loop
of H, and Ay, Ay are completely nonadjacent when kA’ is not an edge of
H. The k-colouring problem is well known to be polynomial-time solvable
when £ < 2 and N P-complete otherwise [27]. The H-colouring problem is
polynomial-time solvable when H is bipartite or when H contains a loop,
and is N P-complete otherwise [30].

A split graph is a graph which admits a partition into a stable set and
a clique [28], i.e., an M-partition where M is the matrix given in Figure 2,
with asterisks off the main diagonal, and exactly one 0 and one 1 on the
main diagonal. An (a, b)-graph [4] is a natural generalization — a graph whose
vertices can be partitioned into a stable sets and b cliques (when a = b they
are also called a-split graphs); the corresponding M is an (a + b)-by-(a + b)
matrix having all off-diagonal entries equal to x and with a zeros and b ones
on the main diagonal. When a,b < 2 (this includes split graphs, which have
a=>b=1), the (a,b)-graphs satisfy the Strong Perfect Graph Conjecture of
Berge [31], and can be recognized in polynomial time. (Brandstadt claimed
such algorithms in [4], which were in error [5]; more involved polynomial-time
algorithms were given in [6], and a new algorithm of complexity O((n+m)?)
in [7]; polynomial time algorithms also follow from our more general results
in Section 3.) On the other hand, it is easy to see that when a or b is at
least 3 it is N P-complete to recognize (a, b)-graphs [4, 7]. The split graphs
(a = b =1) are a well-known class of perfect graphs, and they admit efficient
algorithms for many standard combinatorial optimization problems [28].

A clique-cross partition [17] of a graph G is a partition of the vertices
of G into four disjoint cliques A, B, C, D such that A,C' as well as B, D are
completely nonadjacent. This is an M-partition, where M is given in Figure
2; note that M is obtained from the adjacency matrix of the four-cycle by
replacing all ones with asterisks and setting all diagonal entries to 1. The
more general concept [33] of an H-clique partition is the M-partition problem
where M is the matrix obtained in the same way from the adjacency matrix
of an arbitrary graph H. A clique-cross partition can be found in linear
time [17]. The more general H-clique partition problem is polynomial-time
solvable when H is a triangle-free graph; otherwise it is N P-complete [33].

Several other well-known graph concepts correspond to AM-partitions
with additional properties. Figure 3 illustrates some of these concepts:
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Figure 3. Other well-known partition problems.

A clique cutset [35, 39] of a connected graph G is a complete subgraph C
whose removal disconnects GG. Clearly G has a clique cutset if and only if it
admits a partition of the vertices into three non-empty subsets A, B, C' such
that C'is a clique and A, B are completely nonadjacent (so that the removal
of C' disconnects A from B), i.e., if and only if it admits an M-partition,
where M is the matrix given in Figure 3, such that all parts are non-
empty. Finding clique cutsets, possible in polynomial time [35, 39, 40], is
the basis of a decomposition algorithm [35], which allows efficient solution
of many optimization problems for the class of decomposable graphs [35]. A
stable cutset [36] is defined analogously (B is stable), and also corresponds



to an M-partition with all parts non-empty. Stable cutsets are of inter-
est because a result of Tucker [36] asserts that a minimal imperfect graph
other than an odd cycle cannot contain a stable cutset; this problem has
been proved N P-complete in [24].) The two-clique cutset problem is defined
similarly as a union of two complete subgraphs that disconnects the input
graph. Its matrix is given in Figure 3, and we discuss it further in Section 5,
where we give a subexponential algorithm for the problem. Whether or not
it admits a polynomial-time algorithm remains an interesting open problem.

A skew cutset of a connected graph G is a pair of disjoint non-empty sets
B, D in G, such that the removal of B U D disconnects the graph, and such
that B, D are completely adjacent (the ‘skew property’). Once again, this
is clearly a partition problem — we wish to partition the vertices of G into
four non-empty sets A, B, C, D such that A,C" are completely nonadjacent
and B, D completely adjacent. This is an M-partition, where M is given in
Figure 3, with all parts non-empty. Chvatal conjectured [9] that a minimal
imperfect graph cannot contain a skew cutset. He proved this for the special
skew cutsets where B consists of a single vertex; for this case he also gave
a polynomial time recognition algorithm. (The conjecture has also been
established [12] if it is required that B and D are both stable (B = D = 0);
in this case the recognition problem is N P-complete [24].) Chvétal posed
the problem of the complexity of finding a general skew cutset. In [22], we
offered the first subexponential time algorithm, strongly suggesting that the
problem is not N P-complete. Most recently, one of us (Klein), together with
de Figueiredo, Kohayakawa, and Reed, indeed found a polynomial algorithm
[25].

Winkler formulated a similar problem, seeking a partition into non-
empty sets A, B,C, D where there are no edges between A and C nor be-
tween between B and D, but at least one edge between A and B, between
B and C, between C' and D, and between D and A. Winkler asked for the
complexity of this problem; it has been shown N P-complete in [37]. This is
an M-partition problem (M is given in Figure 3), where there are not only
restrictions on the nonemptiness of the parts, but also on the presence of
edges in their connections.

A homogeneous set [13] in a graph G is a set C' of vertices of GG such
that each vertex outside of C' is adjacent either to all or to none of the
vertices in C'. It is again easy to see that this is a partition problem —
we want to partition the vertices into three subsets A, B, C' such that A, C
are completely adjacent and B, completely nonadjacent. To avoid the
trivial homogeneous sets consisting of a single vertex or the entire vertex



set, we also require that C' has at least two vertices and AU B is non-empty.
Therefore, this is an M-partition (with M given in Figure 3) where there are
more complex restrictions on the sizes of the parts. Homogeneous sets also
define a decomposition (the ‘modular decomposition’) which facilitates the
recognition of comparability graphs (and other similar classes of graphs)
[13, 34]. Homogeneous sets (and modular decompositions) can be found
efficiently [34].

Size restrictions are also needed to model the concepts of a homogeneous
pair[9], join- and 2-join-decomposition [16, 11], or the more general amalgam
and 2-amalgam decompositions [8, 11]. (Below we give the matrices of the
homogeneous pair and 2-amalgam problems; the matrices for the join, 2-join,
and amalgam problems are all obtained from the matrix for 2-amalgam by
deleting some rows and columns.) Chvatal and Sbihi [10] showed that no
minimal imperfect graph contains a homogeneous pair and used this result
to prove the perfectness of an important new class of graphs (the ‘bull-
free Berge graphs’). A polynomial time algorithm for the recognition of
homogeneous pairs has been given by Everett, Klein, and Reed [18]. These
decompositions preserve perfection, and are a tool for the recognition of
several classes of perfect graphs [3, 8, 35, 40]; they can also be found in
polynomial time [14, 15, 8, 11].
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To capture these additional requirements (that certain parts be non-
empty, or have at least a fixed number of vertices, or have at least some
edges joining them, etc.), we shall introduce the concept of lists. In the
list version of a partition problem, each vertex of the input graph has a
list of the parts in which it is allowed to be placed. This gives us a wide
variety of options in restricting the contents of the individual parts or of
their connections. For instance, in the case of homogeneous sets, we may
ensure that C' has at least two vertices and AU B is non-empty by choosing
three vertices x,y, z of the input graph and specifying that the lists of x,y



only consist of C' and the list of z consists of A, B. Thus the problem of
finding a homogeneous set in a graph with n vertices is reduced to n? list
partition problems. (A homogeneous set exists if and only if at least one of
the n? choices of z,y, > has a desired list partition). Analogously, one can
ensure that there is at least one edge between parts X and Y by restricting
(with the choice of lists) two adjacent vertices z,y to be placed into X,Y
respectively, for all possible choices of an edge zy in the input graph.

Concretely, let M be a fixed k-by-k matrix. Given a graph G, and
for each vertex v € V(G) a set (‘list’) L(v) C {1,2,...,k}, we define a
list M -partition of GG, with respect to the lists L, to be an M-partition
A1, Az, ..., Ag of G in which each v € V(G) belongs to a part A; with
i € L(v). The list M-partition problem asks whether or not an input graph
G with lists L admits a list M-partition.

Both the basic M-partition problem (‘Does the input graph admit an
M-partition?’), and the problem of the existence of an M-partition with all
parts non-empty, admit polynomial-time reductions to the list M-partition
problem, as do all of the above problems with more complex constraints.

List partitions generalize list colourings, which have proved very fruitful
in the study of graph colourings [1, 26]. They also generalize list homomor-
phisms (or list H-colourings) which have brought a degree of order to the
study of the complexity of graph homomorphisms, cf. below. One reason
why lists are useful is that they allow us to solve problems by recursing to
subproblems with modified lists. (This was also exploited in the algorithms
in [25].)

List homomorphisms (or list H-colourings) [19, 20, 21] are close in spirit
to list partitions. A list H-colouring of a graph G is a list M-partition of
G, where M is obtained from the adjacency matrix of G' by replacing all 1’s
with #’s.

In [19, 20, 21] we attempted to classify the complexity of list H-colourings,
i.e., the complexity of list M-partition when M is a (0, *)-matrix.

When all the diagonal entries of M are the same (all 0 or all %), a
complete classification is obtained: when all the diagonal entries are x (H
has all loops), the problem is polynomial-time solvable if H is an interval
graph and is N P-complete otherwise [19]; when all diagonal entries of M
are 0 (H has no loops), the problem is polynomial-time solvable if H is
bipartite and its complement H is a circular arc graph, and is N P-complete
otherwise [20].

For general (0, *)-matrices M we have conjectured a classification in [21].
It again relates to a kind of geometric representation of H. The important



point is that, if true, this classification would imply that all list M-partition
problems for (0, )-matrices M (list H-colouring problems) are polynomial-
time solvable or NV P-complete. This kind of ‘dichotomy’ is rare in general,
and was conjectured, in the more general context of constraint-satisfaction
problems, in [23].

Similar comments apply to M-partitions where M is a (*, 1)-matrix (cf.
Proposition 2.8). This problem corresponds to a homomorphism problem
among the complementary graphs (still a constraint satisfaction problem).
The appealing feature of the general M-partition problem is that it allows
these homomorphism-type (constraint-satisfaction-type) constraints on both
edges and nonedges of the graph. In particular, general list M-partition
problems are not constraint satisfaction problems.

As the above examples illustrate, we are often interested in the complex-
ity of finding the desired partitions. This is the recurring theme of all of the
above discussion. In this paper, we shall focus on this aspect, although, of
course, list partitions offer other interesting questions.

The organization of the paper is as follows:

In Section 2, we describe some basic techniques.

In Section 3, we introduce sparse-dense partitions. Graphs which ad-
mit sparse-dense partitions can be recognized efficiently if sparse and dense
graphs can. Many partition problems can be modeled as sparse-dense par-
titions, including many of our M-partitions, and we obtain polynomial-time
algorithms for several such problems.

In Section 4, we investigate separator theorems. Motivated by a result
of Lovasz, we derive several extensions which will be used later. This tech-
nique leads to subexponential, but not necessarily polynomial, algorithms
for certain M-partitions.

In Section, 5 we illustrate the use of our tools on some prominent example
list M-partition problems: the (2,1)- and (2,2)-graphs of Brandstadt, the
Clique Cutset Problem, the Skew Cutset Problem of Chvatal, and the Two-
Clique Cutset problem.

In Section 6, we apply the techniques to classify the complexity of list
M-partition problems when the matrix M is small. All these problems are
polynomial-time solvable when M is a 2-by-2 matrix. For 3-by-3 matrices we
classify the problems as polynomial-time solvable or N P-complete. When
M is a 4-by-4 matrix, we are able to classify all these problems as being
either NV P-complete or ‘quasipolynomial’.

In Section 7, we prove that if it is true (as conjectured in [23], cf. also
[21]) that all list homomorphism problems are polynomial or N P-complete,



then it also follows that all list M-partition problems are ‘quasipolynomial’
or N P-complete.

We use the term quasipolynomial for a function that is bounded by
pelog’n — gelog™ n o some positive constants c¢,t. While we, of course,
prefer to find polynomial (time) algorithms, we take the existence of a
quasipolynomial algorithm as evidence that the problem is not likely to be
N P-complete. Indeed, no N P-complete problem is known to be solved by a
quasipolynomial algorithm, and, since all N P-complete problems are poly-
nomially equivalent, a quasipolynomial algorithm for any one N P-complete
problem would imply the existence of such algorithms for all N P-complete
problems.

2 Basic Tools

We begin by assembling some basic techniques. For some matrices M, these
are sufficient to solve the list M-partition problem in polynomial time. We
shall also use them in conjuction with other tools to be described in later
sections.

The most basic technique is the 2-satisfiability algorithm of [2]. Suppose
first that M is a 2-by-2 matrix seeking to partition the input graph into two
parts, say A, B. We can solve the list M-partition problem by introducing
a boolean variable z, for each vertex v of the input graph G; we think of
the value of z, as encoding whether or not the vertex v belongs to the part
A of the partition (2, = 1 means v € A, z, = 0 means v ¢ A). It is then
easy to see that all the constraints, and lists, of the list M-partition problem
can be stated by polynomially many clauses with at most two literals each.
For instance, if A is to be a stable set (A = 0), we impose the constraint
T, AT, for each edge uv of G. Similarly, if, say, A, B are to be completely
adjacent (AB = 1), we impose the constraint z, A 7, for each nonedge uv
of G. Finally, if the list of v is, say, B, we impose the constraint Z,. Hence
the problem can now be solved by the 2-satisfiability algorithm [2].

The same technique applies any time we have an instance in which every
list has size at most two:

Proposition 2.1 There is a polynomial-time algorithm which solves any
list M -partition problem restricted to instances in which the list of every
vertex of the input graph has size at most two. []

One other basic technique occurs in many places — the placing of a vertex.

10



This is the flexibility that lists offer: suppose the input consists of the graph
G with lists L, and let v be a vertex of G. We may decide at some point to
place a vertex v into a part X (either because the list of v has only X in it, or
because we will consider the other options later). This can be accomplished
by removing v from the graph and updating the lists of all the other vertices
to take it into account: specifically, for all ¥ with XY = 0, we remove Y
from the lists of all neighbours of v (they can no longer be placed in '), and
for all Z7 with XZ = 1, we remove Z from the lists of all non-neighbours
of v (for a similar reason). Call the resulting graph G’ (=G \ v) and the
resulting lists L.

Proposition 2.2 The graph G with lists L admits a solution (to the list
M -partition problem) with v € X if and only if the graph G' with lists L'
admits a solution. []

Suppose a row X of M contains both a 0 and a 1, say XY = 0 and
X7 =1 (either of Y and Z could be X, i.e., we could have X =0, X7 =1
or XY = 0,7 =1). In this case we can reduce the list M-partition problem
for an n-vertex input graph G (with respect to lists L) to the following (at
most n + 1) subproblems:

First check whether or not the input graph G has a partition in which
no vertex lies in the part X, and then check for each vertex v of G which
has X in its list whether or not G has a partition with v in X. The former
can clearly be accomplished by removing X from all lists (call the resulting
lists L’), the latter can be tested by placing v in X and updating the lists
of all other vertices of GG as explained above. (Denote the resulting lists for
the graph G \ v by L".) Note that since XY = 0, X7 = 1, these updates
will result in no list containing both Y and Z.

Proposition 2.3 Suppose the matric M has XY = 0, X7 = 1. Then the
mput graph G admits a list M -partition with respect to lists L if and only if
G admits a list M -partition with respect to the lists L' or if G\ v admits a
list M -partiton with respect to the lists L, for some vertex v of G. []

Corollary 2.4 Suppose the matriz M has XY =0, X7 = 1. Then the list
M -partition problem can be reduced to one instance with no list containing
X, and at most n instances with no list containing both Y and Z. []

This is particularly useful when k& = 3, as in this case all lists become
size at most two.

11



We say that X dominates Y in the matrix M, if for each Z (possibly
equal to X and V) we have XZ =Y 7 or XZ = «. If X dominates Y, we
can eliminate Y from any list containing X, since any vertex that goes to
part Y can be placed to X instead. Thus for an input graph G with lists
L we may define the modified lists I/ obtained from L by removing Y from
any list that contains X. (Note that this also may, in some cases, result in
all lists having size at most two.)

Proposition 2.5 If X dominates Y in the matriz M, then an input graph
G admits a list M-partition with respect to lists L if and only if it admits a
list M -partition with respect to lists L'. []

Thus if X dominates Y, we may assume that no list contains both X and
Y. In particular, when X dominates all other vertices, we may assume that
each list is either just { X} or does not contain X. This allows us to drop X
by placing all vertices with lists { X'} as explained above, and reducing the
matrix by eliminating the row and column corresponding to X.

We say that M is disconnected if it can be written as a 2-by-2 block ma-
trix with diagonal blocks My, M, and off-diagonal blocks having all entries
0.

Proposition 2.6 If M is disconnected, with diagonal blocks My, My, and
if both the list M;-partition problems (i = 1,2) can be solved in polynomial
time, then also the list M -partition problem is polynomial-time solvable.

ProoF. This is so, since each component of the input graph G must be
placed entirely to parts from M; or parts from Ms. []

We say that a k-by-k matrix M contains a k'-by-k' matrix M’, k' < k,
if M’ is a principal submatrix of M. In other words, the parts of the M’-
partition problem are a subset of the parts of the M-partition problem, with
the same constraints on the parts and their connections.

Proposition 2.7 If M contains M’', and the list M'-partition problem is
N P-complete, then so is the list M -partition problem.

Proor. We reduce the list M’-partition problem to the list M-partition
problem as follows: Let G with lists L(v) C {1,2,...,k'} be any instance
of the list M’-partition problem. We may view the same graph G, with the
same lists L, as an instance of the list M-partition problem as well, since

12



each L(v) C {1,2,...,k'} C {1,2,...,k}. Clearly, ¢ with lists L admits a
list M’'-partition if and only if it admits a list M-partition. []

The complement M of a matrix M is obtained from M by replacing each
0 by 1 and each 1 by 0 (asterisks remain unchanged).

Proposition 2.8 A graph G admits a list M -partition, with respect to the
lists L, if and only if its complement G admits a list M-partition, with
respect to the same lists L. []

3 Sparse-Dense Partitions

We now introduce a class of problems which will be useful for several M-
partition problems, and which are interesting in their own right.

Let & and D be two classes of graphs, called sparse and dense respec-
tively, satisfying the following constraints:

e Both § and D are closed under taking induced subgraphs.

e There exists a constant ¢ such that the intersection SN D has at most
¢ vertices, for any S € § and D € D.

In a given graph (G, we say that a set of vertices is sparse (dense) if the
subgraph of GG they induce is sparse (respectively dense).

A sparse-dense partition of a graph G, with respect to the classes § and
D, is a partition of V() into two parts V(G) = SU D, such that S € S (9
is sparse) and D € D (D is dense).

Sparse-dense partitions are inspired by split graphs. Indeed, we may
take S to consist of all edgeless graphs (stable sets) and D to consist of all
complete graphs (cliques). It is clear that both D and & are closed under
taking induced subgraphs, and as an S € § and a D € D have at most one
vertex in common, we can take ¢ = 1. A graph has a sparse-dense partition
with respect to this choice of §, D if and only if it can be partitioned into a
stable set and a clique, i.e., if and only if it is a split graph.

There are a number of other situations conveniently modeled by sparse-
dense partitions. Several are described at the end of this section. Let us
just mention the following typical examples:

(a,b)-graphs: Let S consist of all a-colourable graphs, and D of all
graphs whose complements are b-colourable; we can take ¢ = ab.

13



Partitions into a graph with clique-size at most ¢ and a graph
with stable-set-size at most b: Let S consist of all graphs without cliques
of size a+1, and D of all graphs without stable sets of size b+1. The constant
¢ can be taken to be the Ramsey number R(a+ 1,b+ 1), as is explained in
Proposition 3.3 below.

Partitions into a planar graph and a clique: Just to illustrate the
range of possibilities, we may define § to consist of all planar graphs, and
D of all complete graphs. The four-colour theorem implies that we can take
c=4.

(In [7] the authors consider a number of partition problems with similar
flavour: e.g., into a stable set and a tree (N P-complete), a stable set and
a trivially perfect graph (N P-complete), or a stable set and a threshold
graph (polynomial-time solvable). The latter satisfies the conditions for a
sparse-dense partition and can in fact be solved by our technique, cf. [7].)

In most of our examples, the classes §, D are recognizable in polynomial
time. (Of the above examples, only the (a,b)-graphs with @ > 3 or b > 3
are an exception.) It turns out that in such a case the existence of a sparse-
dense partition can be decided in polynomial time. In fact, in such a case
all sparse-dense partitions can be found in polynomial time:

Theorem 3.1 Consider any classes of sparse and dense graphs satisfying
the above conditions.
A graph on n vertices has at most n*¢ different sparse-dense partitions.
Furthermore, all these partitions can be found in time proportional to
n?“T2T (n), where T(n) is the time for recognizing sparse and dense graphs.

Proor. Let V(G) = SU D be a particular sparse-dense partition. Then
any other sparse-dense partition V(G) = S’ U D’ has |[S' N D| < ¢ and
SN D'| < e soS"is obtained from S by deleting at most ¢ vertices and
inserting at most ¢ new vertices. In fact, if we allow ourselves to insert
back a vertex that has just been deleted, we can say that we make exactly ¢
deletions and exactly ¢ insertions. Each of these at most 2¢ operations can
be made in at most » ways. This observation proves the first assertion and
allows us to find all sparse-dense partitions if one such partition is known.
It amounts to a 2c-local search (the current S is changed in at most 2¢
vertices), and can be performed in time n?c.

It remains to explain how to find the first sparse-dense partition. The
algorithm proceeds in two phases. The first phase attempts to find as large a
sparse set as possible. This is based on the observation that if V(G) = SUD
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is a sparse-dense partition and S’ a sparse set smaller than .S, then S’ N D
has at most ¢ vertices, and hence, as above, S’ can be enlarged by removing
some ¢ vertices and inserting some ¢+ 1 new vertices (recall that subsets of
sparse sets are sparse). Thus, starting with any sparse set (for instance the
empty set), we can increase its size by performing a (2¢ + 1)-local search
(making all possible ¢ deletions and ¢+ 1 insertions and testing if the result
is sparse) in time n**t!T(n). After performing this operation at most n
times, we reach a situation where the current sparse set can no longer be
enlarged in this way. Clearly, at this point our current sparse set S’ has the
same size as the (unknown) set S.

The second phase of the algorithm attempts to change S/, without chang-
ing its size, until V(G)— 95 is dense. This is accomplished by a 2c-local search,
based on a very similar principle — namely, if V(G) = SUD is a sparse-dense
partition and |S| = |.S’|, then S is obtained from S’ by a deletion of ¢ vertices
and the insertion of ¢ other vertices. Thus we can test all 7%¢ possible new
sets 9’ for sparseness and the corresponding V (G) — S’ for denseness, and
if no sparse-dense partition is found we can be sure none exists.

The most time-consuming operation is the first phase of the algorithm,
finding one sparse-dense partition — taking time n?*2T(n). []

In cases where computing T'(n) is hard (such as (a, b)-graphs with a or b
at least 3), it also turns out to be hard to decide if a sparse-dense partition
exists:

Proposition 3.2 Suppose that the disjoint union of sparse graphs is also
sparse. If testing for sparse graphs is N P-complete, then the partition prob-
lem into sparse and dense graphs is also N P-complete.

PROOF. Suppose we wish to test whether G is sparse. We can construct G’
by taking the disjoint union of ¢+ 1 copies of G. Then GG’ has a sparse-dense
partition if and only if GG is sparse. Indeed, if G is sparse, then G’ is sparse
by the assumption; on the other hand, if G’ admits a partition, then our
algorithm will find a pair (S, D) where D has at most ¢ vertices. Therefore,
one of the copies of G is contained in 5, so GG is sparse. []

We have defined sparse and dense subgraphs with respect to each other,
since the definition depends on the existence of a constant ¢ bounding their
intersections. The next result shows that we can define sparse and dense
graphs independently, under the assumption that stable sets are always
sparse and cliques are always dense.

15



Proposition 3.3 Suppose S is a class of graphs sparse with respect to the
cliques (with a constant a), and D a class of graphs dense with respect to the
stable sets (with a constant b). Then 8, D are sparse and dense with respect
to each other, with some associated constant c.

ProOOF. The intersection of S € § and D € D is sparse and hence cannot
contain a (a + 1)-clique, and is also dense and so cannot contain a (b4 1)-
stable set. Such a graph has its number of vertices bounded by the Ramsey
number ¢ = R(a+ 1,0+ 1) (cf. [38]). [J

This result makes it easy to find additional examples of sparse and
dense classes. Examples of sparse classes (with respect to cliques) are sta-
ble sets, bipartite graphs, (¢ 4+ 1)-clique-free graphs, planar graphs, and
c-colourable graphs. (The last one is N P-complete for ¢ > 3, the remain-
ing are polynomial-time solvable.) Examples of dense classes (with respect
to stable sets) can be obtained by taking complements, e.g., cliques, cobi-
partite graphs, graphs without (¢ 4 1)-stable sets, complements of planar
graphs, and complements of ¢-colourable graphs. Combining any one of the
former with any one of the latter produces a sparse-dense pair of families.
In particular, this shows that the earlier example where dense sets have
clique-size at most a and sparse sets have stable-set-size at most b satisfies
the requirements.

4 Separators

Some partition problems on G can be solved by considering all maximal
cliques of GG: for example, to decide if a graph is a split graph we can test
the complements of all maximal cliques (and all maximal cliques with one
vertex deleted) to see if any are stable. Indeed, if C'is a clique and S a
stable set, some maximal clique (or maximal clique with one vertex deleted)
of GG always ‘separates’ C' from .S in the sense that it contains C' and is
disjoint from S. Unfortunately, in general the number of maximal cliques is
exponential. (The graph K, \ nK3 has 2" maximal cliques.) The following
result of Lovasz asserts that there always exists a subexponential family of
sets that separate cliques and stable sets. Such separators turn out to be
surprisingly useful for list M-partitions.

Let G be a graph. A family £ of subsets of V(G) is said to separate
cliques and stable sets if for any pair of disjoint sets ', 5, such that C' is
a clique and S is a stable set in GG, some F € & contains €' and is disjoint
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from S.

Lovasz’s subexponential bound turns out to be quasipolynomial, as do
our generalizations of it. It is not known whether or not the bound can be
improved to a polynomial.

Theorem 4.1 [32] Every graph with n vertices has a family of ns
that separate cliques and stable sets. )

Moreover, such a family can be found in time nz'°8™ times a polynomial
in n.

logn getg

Proor. The bound actually given in [32] is o ("5 < nzlosn It is

couched in terms of communication complexity (as a communication game),
cf. also [22]. Here we describe a more combinatorial view of the proof. For
simplicity we will only prove a weaker bound of n'°8" sets (found in time
n'°8™ times a polynomial in n). The bound as given in [32], and as claimed
in the Theorem, is a direct corollary of our Theorem 4.7, obtained by setting
t = 2. We choose to give the proof (of the weaker bound) in detail because
it will allow us to explain how the proof needs to be modified to obtain our
generalizations.

The idea of the proof is to obtain a family of sets &/ which are sufficient
to separate cliques and stable sets, and which can be described ‘concisely’ —
and hence are not too numerous.

Suppose C'is a clique and S a disjoint stable set, in G'. A valid encoding

of the pair C', S will be a sequence vy, vy, ..., v of vertices of GG obtained as
follows:

Let Gy = G. At any stage, n; will denote the number of vertices of the
graph G.

Suppose G;_1,v;_1 have already been defined. Then we define v; and G|
by either of the following two pairs of rules:

e v; is a vertex of S whose degree in GG;_; is greater than n;_y/2,

e and (G is the graph obtained from G;_; by deleting v; and all its
neighbours,

or

e v; is a vertex of C' whose degree in G;_; is smaller than or equal to
ni—1/27
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e and (G is the graph obtained from G;_; by deleting v; and all vertices
which are not neighbours of v;.

Since at each step we remove more than half of the vertices, GG; becomes
empty for ¢ > logn, and we may assume that k& < logn. (All logarithms in
this paper are base two.)

We now claim that a valid encoding of a pair C',.5 determines a set F
which contains C and is disjoint from S. Equivalently, we will find two
complementary sets £ = CtT and E = St such that Ct contains C' and
St contains S. To obtain C'T, S* we decode the sequence vy, vq,..., v as
follows:

Let Cf = 0,5 = 0. At any stage, C;", ST will be disjoint, G; will be
the graph obtained from G by deleting C’i‘" and Si‘", and n; will denote the
number of vertices of G;.

If C’;"_l, S;"_l have already been defined, we consider the degree d of v; in

Gi.

o If d > n;/2, then we add v; to S;"_l and all its neighbours to C’;"_l,
thus forming new C{'ﬂ S{",

e otherwise (d < n;/2), we add v; to Ci | and all the vertices that are

not its neighbours to Si |, creating in this way new C;", Si".

Once all v; have been processed, we form C'T by adding to C’,j' all the
remaining vertices of G of high degree in G, that is degree in G, greater
than ny/2, and form ST by adding to S,j' all the other vertices (of degree at
most n/2 in G). Note that ST is the complement of C'.

Since the decoding process reverses the steps of the encoding, the re-
sulting set Ct contains ', and the resulting set ST contains S. Indeed, if
v =wv; € C for some ¢, it was chosen as v; since its degree in G;_; was high,
and hence is placed in C'" in the decoding process. Similarly, for v = v; € S.
Otherwise, the degree of v € C in Gy is low, and the degree of w € S is
high, so once again, they are correctly placed in C'F, ST, respectively.

Let £ denote the set of all sets C'T produced by this decoding process
from all possible sequences vy, vq,...,v5, k = [logn]. Then & separates
cliques and stable sets, since for each clique C' and stable set S some sequence
is the encoding of C, S. Moreover, £ has at most n* = nl°8" elements. []

. 1+log(n+1)
We remark that to obtain the better bound (2( 2"Y) < nélog”) we

would describe the separators by binary sequences, as is explained in the
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proof of Theorem 4.7. (Recall that the better bound actually follows from
Theorem 4.7 by letting ¢ = 2.)

We have several generalizations of the theorem, which we will use to
solve certain M-partition problems.

Let G be a graph. A clique-pair (or a skew set) in GG is a pair of disjoint
sets A, B of vertices of G such that each a € A is adjacent in G to each
b € B. An stable-pair (or a disconnected set) in G is a pair of disjoint
sets A, B such that no ¢ € A is adjacent in G to any b € B. Note that
when A = A;, B = A; are parts of an M-partition then a clique-pair A;, A;
corresponds to m;; = 1 and a stable pair A;, A; to m; ; = 0. Thus cliques
and stable sets are 1’s and 0’s (respectively) on the diagonal of M, and
clique-pairs and stable-pairs are 1’s and 0’s (respectively) off the diagonal
of M.

Let GG be a graph. We say that a family & of subsets of V (G) separates
cliques and stable-pairs, if for any pair C, (A, B), where C' is a clique and
(A, B) a stable-pair, such that C' and A U B are disjoint, some F € &
contains C, and is digjoint from A or disjoint from B. Similarly, we say
that & separates clique-pairs and stable-pairs, if, for any pair (A, B), (C, D),
where (A, B) is a stable-pair and (C, D) a clique-pair, such that A,C are
disjoint, and B, D are disjoint, some E € & contains C and is disjoint from
A, or contains D and is disjoint from B.

Theorem 4.2 Every graph with n vertices has a family of n'°8™ sets that
separate clique-pairs and stable-pairs.

Moreover, such a family can be found in time n'°8™ times a polynomial
mn.

Proof: Suppose A, B is a stable pair, and C', D a clique pair, in a graph
G. We again define a valid encoding. Having seen the complete details
above, we make the description here more concise. Thus a valid encoding
of the pair (A4, B), (C, D) will be a sequence vy, vg,...,v; of vertices of G
obtained as follows: There will be two auxiliary sets U, W of vertices, initially
both equal to V (G). At each stage ¢, we define the vertex v; € U to be either

o a vertex of A of high degree in W, i.e., adjacent to more than one half
of the vertices in W,

e and remove from U the vertex v;, and remove from W all the neigh-
bours of v;,
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or

o a vertex of C of low degree in W, i.e., adjacent to at most one half of
the vertices in W,

e and remove from U the vertex v;, and remove from W all its non-
neighbours.

Since the size of the set W is halved at each stage, we may again assume
that k& < log n.

The decoding process is a little different. We shall be building two com-
plementary pairs of sets, AT, Bt = A+ and Ct, Dt = C*, such that A C
AT, C CCtor BC BT,D C DT. Iitially all four sets AT, BT, C*T, Dt
are empty. We also have auxiliary sets U, W, both initially equal to V (G),
similar to the ones from the encoding procedure. We process the vertices
vy, U2, ..., v in this order. Once v;_; has been processed, we consider the
degree of v; with respect to W.

e If v; has high degree in W, we place it in AT and put all its neighbours
in DY, removing v; from U and its neighbours from W.

o If v; is of low degree, we place it in C'T and put all its non-neighbours
in BT, removing v; from U and its non-neighbours from W.

Note that AT, C* are disjoint, and so are BT, DT (but AT could have
common elements with either BT or DT).

Once all v; have been processed, one of two things can happen: Either W
has become empty — which means that every vertex is either in BT orin DT,
and so we have a pair of complementary sets BT, Dt with B C BT, D C DT,
or W is still non-empty. In the latter case we know that we can place all
vertices of high degree in W into the set C'T, and all vertices of low degree
in W into the set AT — thus every vertex belonging to either C't or A*, and
so we have a pair of complementary sets AT,CT with A C AT, C C CT, as
claimed.

Let & be the family of all sets CT and DT obtained from all sequences
vy, U2, ..., Vg 1t follows that £ separates clique-pairs and stable-pairs. []

An argument similar to that given for Theorem 4.2 will show:

Theorem 4.3 Every graph with n vertices has a family of n'°8" sets that
separate cliques and stable-pairs.
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Moreover, such a family can be found in time n'°8" times a polynomial
nmn. []

There is an important special case of this last theorem. For cliques
and stable-pairs that partition the vertices of G, there is a polynomial
separating family:

Theorem 4.4 For every graph G with n vertices there exists a family of
n sets, which separates all cliques C' and all stable-pairs (A, B) with the
property that A, B,C' partition V (G).

Moreover, such a family of separators can be found in polynomial time.

Proof: Let G/ be a minimal chordal extension of (7, and let vy, vg, ..., v,
be a perfect elimination ordering of G’. Minimal chordal extension of an
arbitrary graph, and a perfect elimination ordering of a chordal graph, can
be found in polynomial time [28]. It follows from the definition of a perfect
elimination ordering that, for each ¢+ = 1,2,...,n, the set F; consisting of
v; and all v;,j > ¢ adjacent to v; induces a clique in G’. Moreover, each
clique of GG’ is contained in one of the cliques F; - namely one with 7 being
the first subscript such that v; is present in the clique. We claim that the
family & = {F, Es, ..., E,} satisfies the statement of the theorem.

Thus suppose C'is a clique in GG and (A, B) a stable-pair in G, such that
A, B,C partition V(G). Since G is a minimal chordal extension of G, it
will only contain an edge not in GG if it is a chord in a chordless cycle of G.
In particular, G’ cannot have an edge joining a vertex of A to a vertex of
B, since any cycle of G which contains both a vertex of A and a vertex of
B must contain two vertices of C' and thus a chord. Thus (A, B) is also a
stable pair in G, and, of course, ' is also a clique in G’. Thus some E;
contains €' and is disjoint from A or from B. []

This result illustrates that it is sometimes possible to find polynomial
separating families.

Here is how we can use these results to reduce certain complex list par-
tition problems to simpler ones:

Corollary 4.5 Suppose M has XZ = 0 and YW = 1. Then the list M-
partition problem reduces to n'°8™ instances each of which has no list con-
taining {X, Y}, or no list containing {Z, W}.

In the special case 7 = X,I/Il/ =Y, ie, X =0and Y =1, the number
of instances can be reduced to nz'°8™ (Theorem 4.1).
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In the special case X =Y, i.e., XZ =0 and XW = 1, the number of
instances can be reduced just n+1 — with one instance having no list contain-
ing X, and n instances having no list containing both Y and Z (Corollary

2.4).

Proor. Suppose first that X, Z, Y, W are all different. Then any M-
partition of an input graph G contains the clique-pair (Y, W), and the dis-
joint stable-pair (X, 7). According to Theorem 4.2 there is a family of nlogn
sets F that separate all clique-pairs from all stable-pairs. For each set F we
obtaine two instances — in one we remove X from all vertices in F and Y
from all vertices not in F, and in the other we remove Z from all vertices in
FE and W from all vertices not in . The other cases are treated similarly.

i

We may define separators also in the sparse-dense model: A family &
separates dense sets and sparse sets if for any pair of disjoint sets D (dense)
and S (sparse) there is a set I € £ which contains D and is disjoint from S.

The next result concerns the case when sparse subgraphs are the a-
colourable subgraphs and dense subgraphs the complements of b-colourable
subgraphs:

L

Theorem 4.6 Fvery graph with n vertices has a family of n2
that separate the a-colourable subgraphs and the complements of b-colourable
subgraphs.

Moreover, such a family can be found in time n3%18" fimes g polynomial

ablogn sels

mn.

ProOOF. We have already observed that a sparse graph can meet a dense
graph in at most ¢ = ab vertices.

We know that nz 8" separators F are sufficient to separate each stable
set from each clique. If we separate each of the a stable sets from a sparse
subgraph and each of the b cliques from a dense subgraph, we obtain ¢ = ab
such sets E/. We can then construct a separator £’ for the sparse and dense
subgraphs by taking, for each of the b cliques, the intersection of the a
separators F corresponding to the a stable sets, and then letting F’ be the
union of the b intersections corresponding to the b cliques. Since there are at
most n2 g™

separators F/, and the separator £’ is constructed from ¢ = ab
1
such separators, the nz¢!°8™ bound follows. []

Our last generalization concerns the case when sparse subgraphs are the
(a + 1)-clique-free subgraphs, and dense subgraphs are the (b + 1)-stable-
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set-free subgraphs. Note that if we know that all stable sets are sparse and
all cliques are dense, then sparse graphs are (¢ + 1)-clique-free, and dense
graphs are (¢ + 1)-stable-set-free. Thus the following result can be used in
all such situations; in particular it can be used when ¢ = b = 1, i.e., for
separating cliques and stable sets. We take this opportunity also to refine
the arguments to obtain the better bounds.

Instead of using sequences of vertices to describe the separators, we shall
be using binary sequences — we simply represent each vertex by a binary
sequence. The number of such sequences is then 2 power the length of the
sequence.

The bound in the Theorem is less than 20os“*” /U0 \which for the
case a = b =1 equals gllog® nl/2 — 5 logn
Theorem 4.7 Every graph with n vertices has a family of 2€(+0m) sets
that separate the (a + 1)-clique-free subgraphs and the (b4 1)-stable-set-free
subgraphs, where

Clt,n) < (t + logt(" + 1)) 1= log(n+ 1)

is the solution of the recurrence

C'(t,0) =0,

C(1,n) =0,
C(t,n)=log(n+1)+ max C(t—1,d)+C(t,n—d—1).

n/2<d<n

Moreover, such a family can be found in time 264+ times a polyno-
mial in n.

Proor. We shall encode the sparse-dense pairs by binary sequences.
Equivalently, we may talk of sequences of vertices as before, but count each
vertex as having a certain length. In fact, for this proof the sequences will
use one additional special symbol, %. Thus, together with the n vertices
of the input graph, we will have n 4+ 1 different symbols, and will encode
these by giving each symbol a different binary sequence of length log(n+ 1).
With this measure of length, we shall show how to represent separators by
sequences of length C'(a + b, n).
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The description is as follows. Suppose G is a given graph, and 5, D a
disjoint pair of sets, where S is (a + 1)-clique-free, and D (b+ 1)-stable-set-
free.

Suppose first that there is a vertex v € S of degree d > n/2. We shall
describe the separator by first giving the binary sequence for v, followed by
two binary sequences, one describing the pair ' = SN N, D' = DN N,
where N is the set of neighbours of v, and the other describing the pair
S" = S\ S, D" = D\ D'. In the decoding process, we will be able to
tell that v € .S, and recursively decode the two subsequences to produce a
correct separator for S, D in (G. Note that the first sequence has length at
most C'(a—1+b,d) < C(a—1+b,n), since S’ must be a-clique-free (being
a subset of S and completely adjacent to v € S). On the other hand, the
second sequence has length at most C'(a+b,n—d—1) < C(a+b, |n/2]).

Similarly, if there is a vertex w € D of degree d < n/2, then the descrip-
tion will start with the binary sequence for w, followed by two sequences,
one for the n — d — 1 non-neighbours of w and the other one for the d neigh-
bours of w. The lengths of these sequences are again C'(a+b—1,n—d—1) <
Cla+b—-1,n) and C(a+b,d) < C(a+b,|n/2|). Here we have used the
fact that if w is not adjacent to any of the vertices in D, then removing it
decreases the size of the largest stable set by one.

If neither v or w can be found, then we can define the separator to consist
of all the vertices of degree greater than n/2. It is easy to see that this set
contains D and is digjoint from S. We shall use the special symbol % to
indicate in the sequence that this is the case. (We need such an indication
when recursively decoding the sequence.)

If a+b =1, then @« = 0 and the sparse graph is empty, or b = 0 and the
dense graph is empty.

Thus, we have the recurrence stated in the theorem, which can be

bounded by
C(t,n) < log(n+ 1)+ C(t - 1,m) + C (¢, [n/2]).
The bound on C(t,n) follows by induction, with base cases

t+log1
(—I_tOg)—l—logl _—
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and inductive case

(t—l—log(n—l— 1)) _ (t— 1+log(n+1)) N (t+log(”2i>)

t t—1 t

and log(n + 1) = 1+ log (2. ]

5 Example Applications

In this section we shall illustrate the general techniques of the preceding
sections on some important examples. In the following section we treat
all the remaining partition problems with at most four parts. We give the
proofs in this section in full detail, allowing us to abbreviate the similar
proofs given in the next section.

5.1 The List Version of Generalized Split Graphs

We first return to the case of generalized split graphs. Recall that GG is an
(a,b)-graph if its vertices can be partitioned into a stable sets Ay, Ay, ..., 4,
and b cliques Agy1, Agta, ..., Agts, i-e., if and only if G has an M-partition
where M is an (a 4+ b) by (a4 b) matrix with all off-diagonal entries equal
to * and with the first a diagonal entries equal to 0 and the last b diagonal
entries equal to 1. We shall show how Theorem 3.1 implies a polynomial-
time algorithm to recognize (a,b)-graphs when a,b < 2. In fact, we shall
solve the list version of these problems:

Corollary 5.1 If both a < 2 and b < 2, then the list M-partition problem
s polynomial-time solvable. Otherwise it is N P-complete.

Proor.  First we note that if @ > 3 then the list M-partition problem
is N P-complete, since we can decide whether or not an input graph G is
3-colourable by endowing all its vertices with the list {1,2,3} and then ask
whether or not it has a list M-partition. (If b > 3 the proof is similar.)

Thus assume that both ¢ < 2 and b < 2. Let & be the class of all
a-colourable graphs, and D the class of all graphs with b-colourable com-
plements. Note that both classes can be recognized in polynomial time.
According to Theorem 3.1 we can generate, in polynomial time, all sparse-
dense partitions of any input graph G.

Suppose G with lists L is an instance of the list M-partition problem.
For each sparse-dense partition of G, we update the lists of the vertices as
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follows: If v belongs to the sparse part (4; U A3 U ...U A,) we remove all
elements of {a + 1,a+2,...,a+ b} from L(v) (if present). If v belongs to
the dense part (4,41 U...U A,4s) we remove all elements of {1,2,...,a}
from L(v) (if present). The resulting instance has all lists of size at most
two, and hence can be solved by 2-satisfiability (see Proposition 2.1). (Note
that it is possible that some lists have become empty.) It is clear that G has
a list M-partition with respect to the original lists L if and only if it has a
list M-partition with respect to at least one of the modified lists. []

The corollary yields algorithms for all the polynomial generalized split
graph recognition problems [4, 7]. Specifically, it gives polynomial time al-
gorithms for the recognition of split graphs, (2, 1)-graphs, (1, 2)-graphs, and
(2,2)-graphs. All other (a, b)-graph recognition problems are N P-complete
[4, 7].

5.2 The List Clique Cutset Problem

The best known polynomial time solvable three-part partition problem is
the Clique Cutset Problem, i.e., C' = 1, AB = 0, all others . In [22] we
have shown that the list version of this problem can be reduced, in polyno-
mial time, to the list-free version solved by polynomial time algorithms of
Tarjan [35] and Whitesides [39, 40]. Here we give a direct polynomial time
algorithm for the List Clique Cutset Problem. It is motivated by the original
algorithms [35, 39, 40], and it follows from one of our separator theorems —
Theorem 4.4.

Corollary 5.2 There is a polynomial time algorithm for the List Clique
Cutset Problem.

Proof: The theorem yields a polynomial size family £ such that when-
ever an input graph G has a partition A, B,C with C' = 1, AB = 0, some
FE € &£ contains C and is disjoint from A or from B. Thus for each F from
the family we will do two tests: In both tests, we remove C from all the lists
of the vertices that do not belong to F. For the vertices that belong to F/,
we remove A in the first test, and B in the second test. This ensures that if
a partition exists, one of the tests will succeed. Each test can be performed
in polynomial time by Proposition 2.1. []
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5.3 The List Skew Cutset Problem

The best known four-part partition problem is the Skew Cutset Problem,
i.e., AC =0, BD =1, and all others x. The complexity of this problem was
a well-known open problem in the theory of perfect graphs [9]. In [22] we
presented the first subexponential algorithm for the problem, strongly sug-
gesting that it was not N P-complete. Since then, a polynomial algorithm
has been found by one of us (Klein), with de Figueiredo, Kohayakawa, and
Reed [25]. It is worth noting that although the algorithm uses a different
technique from the ones given here, it still very much uses the flexibility
of recursively reducing the problem by modifying the lists. Lists in par-
tition problems have turned out to be very useful. Below we show how
a quasipolynomial algorithm for the list skew cutset problem follows from
Theorem 4.2.

Corollary 5.3 The List Skew Cutset Problem can be solved in time n'°8"
times a polynomial in n.

Proor. Since (B, D) is a clique-pair, and (A4,C) a disjoint stable-pair,
we can apply Theorem 4.2. For each F from the family & generated by
Theorem we perform two tests: The first test assumes that E contains B
and is disjoint from A — thus deleting A from all the lists of the vertices that
belong to F, and deleting B from the vertices that do not belong to . The
second test assumes that F contains D and is disjoint from C', also updating
the lists accordingly. During the first test, no list has both A and B. If at
any point a vertex has a list of size one, we eliminate it and restrict its
neighbours and non-neighbours accordingly. Thus we arrive at a situation
that every vertex has a list of size at least two, but never contains both A
and B. This means that every list contains C' or D. But C' = D = CD = «,
so we can freely choose to put all vertices to either C or D, according to
their lists. The second test is done similarly. []

5.4 The List Two-Clique Cutset Problem

As an application of our Theorem 4.3 we give a quasipolynomial bound for
the two-clique cutset problem, that is, AC' =0, B = D = 1, all others equal
to *. This example is also interesting because it illustrates how we can
use a separator theorems twice. (This is a recurring theme in the general
classification of matrices with k = 4.)
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Corollary 5.4 The List Two-Clique Cutset Problem can be solved in time
n?1°8" times a polynomial in n.

ProOOF. Let £ be a family of n'°8" sets that separates cliques and stable
pairs, as guaranteed by Theorem 4.3. If the input graph G admits a partition
as specified above, then some F; will contain B and be disjoint from A or
C', and some F3y will contain D and be disjoint from A or C'. For any
two elements Fy, Fy of £, we shall make four tests: In the first test we
assume that Fq contains B and is disjoint from A, while Fy contains D and
is also disjoint from A; in the second test we assume FE4 contains B and is
disjoint from A, while F5 contains D and is disjoint from C'. The third and
fourth tests are defined similarly (assuming that F; is disjoint from C'). As
before, the tests are performed by correspondingly modifying the lists of the
elements inside or outside of Fy, Fy respectively. The second test results in
all lists of size two, as does one of the last two tests; these can be solved
again by Proposition 2.1. Consider the first test (the remaining test is done
similarly). No list has both A, B and no list has both A, D. If there are any
lists of size three, they must be {B,C, D}. We can again assume that there
are no lists of size one. We are now in the following situation: If a list has
no C' then it must be {B, D}. Since C' = BC = BD = CD = %, we can
complete the test by placing all vertices that have C' in their list to C, and
checking that those vertices with lists {B, D} can be partitioned into two
cliques, i.e., that the graph they induce has a bipartite complement. []

We note that there is no polynomial time algorithm known for this prob-
lem.

6 Classifications for Small Matrices M

Recall that most of our motivating examples of M-partitions dealt with
small values of k. Split graphs have k = 2; stable set partition, clique
partition, and homogeneous set have k = 3; skew partition and the problem
of Winkler have £ = 4; and, so on (cf. Figures 2,3,4). This suggests a
systematic investigation of M-partition problems with small k. Here, we
focus on the case k < 4.

When £k = 2, all list M-partition problems are polynomial-time solvable,
by Proposition 2.1.
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Theorem 6.1 Suppose the size of M is k = 3. Then the list M-partition
problem is N P-complete when M or its complement is the matriz of 3-
colouring or the stable cutset problems (Figure 3), and is polynomial-time
solvable otherwise.

Proor. The N P-complete cases are standard results [27, 24].

Consider a matrix M with rows A, B, and C' and connections AB, AC),
and BC', which is different from the four exceptional matrices described in
the theorem. We may assume that M is connected, thus at most one of the
connections is 0, and, by complementation, at most one of the connections
is 1. We may also assume that no row has both a 0 and a 1, cf. Corollary
2.4 and Proposition 2.1. In particular, we do not have both a connection of
type 0 and a connection of type 1. Thus without loss of generality we may
assume that AC' = BC' = %. In that case we may also assume that C' # x,
otherwise (' dominates all other rows, and we can eliminate it as explained
after Proposition 2.5.

If each part A, B, and C is of type either 0 or 1, and not all are the
same type, then the problem is polynomial-time solvable by Theorem 3.1,
since after we have decided which vertices go to parts of type 0 and which
to parts of type 1, we are left with each list of size one or two.

If AB = % as well, then we also have A, B # % and so we may assume that
all three values A, B, and ' are the same, either 0 or 1. This is impossible,
as M is matrix different from the matrix of 3-colouring and its complement.

Up to complementation we may assume that AB = 0. We may also
assume that A, B # 1, else we have a row with both a 0 and a 1. If one of
A and B dominates the other, we reduce all lists to size at most two. The
only other possibility is that A = B = *. Since M is not the matrix of the
stable-cutset problem we conclude that C' = 1, i.e., it is the matrix of the
clique-cutset problem solved in the previous section. []

We now proceed to discuss matrices of size £ = 4. It will be easier to
deal first with matrices M which have no *’s on the main diagonal:

Theorem 6.2 Suppose M is of size k = 4 and assume it does not contain
any *’s on the main diagonal.

o If M contains the matriz corresponding to 3-colouring, or its comple-
ment, then the list M-partition problem is N P-complete;

e otherwise, the list M-partition problem is polynomial-time solvable.
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Proor. The first statement follows from Propositions 2.7 and 2.8. Thus
assume that M does not contain the matrix corresponding to 3-colouring,
or its complement.

If there are two parts of type 0 and two of type 1, we proceed as the case
of k = 3, solving, for each sparse-dense partition, the remaining problem
by 2-satisfiability. If there are three parts of type 0 and one part of type
1 (a similar argument applies when there are three 1’s and one 0), then
we proceed the same way, since the three 0 parts do not yield 3-colouring
and all other three-part problems without a diagonal 1 are polynomial time
solvable. Once the vertices that go to the part of type 1 are known, we
can remove them, modifying the remaining lists, and solve the three-part
subproblem.

By complementation, we may now assume that all four parts are of type

Suppose there are two disjoint connections of type 1,say AB =CD = 1.
Then we may try to place two vertices — v into 4 and w into C": for vertices
adjacent to both v and w we can remove A and C' from the lists, for those
nonadjacent to both we can remove B and D, for those adjacent to v but
not to w we can remove A and D, and for those adjacent to w but not v
we can remove B and C'. Thus we can reduce the problem to the following
polynomial-time solvable instances: One instance with lists without A, one
instance with lists without €', and at most n? instances with lists of size at
most two (corresponding to all possible choices of v, w).

If there are three connections of type 1 incident with one part, then M
is disconnected, and we can solve the problem by solving each connected
part separately, since M does not contain 3-colouring. On the other hand, if
there are three connection of type 1 which form a triangle, say AB = BC =
AC =1, then we can reduce the problem to at most n? + 2 polynomial-time
solvable cases by trying to place one vertex in A and one in B.

Thus it remains to consider the case of at most two connections of type
1. If there are two such connections then we may assume that they both
touch on A, thus, say, AB = AC' = 1. If AD = 0 then trying to place a
vertex in A leads to n+ 1 polynomial-time solvable instances. Thus we may
assume that AB = AC' = 1, AD = %. In this case D dominates B or ('
unless BD =CD =1o0r BC' =1,BD = CD. Thus we may assume that no
list contains both B and D or no list contains both C' and D. Now we can
reduce each of these problems to » + 1 polynomial-time solvable cases by
trying to place a vertex in A. The same technique (trying to place a vertex
to A) also works when BD = C'D = 1, BC' = 0, since then C' dominates
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B. Note that we cannot have BD = C'D = BC = 1, since M does not
contain 3-colouring. Thus we are left with the case BC'=1,BD =CD =0
(and AB = AC = 1,AD = x). In this case we can reduce the problem
to one instance of lists without A, one instance of lists without B, and n?
instances of a vertex v placed into A and a vertex w into B. The former
two problems are polynomial-time solvable; the latter problem can also be
solved in polynomial time, since vertices adjacent to w and nonadjacent to v
must map to A, while no other vertex can map to A — hence we can remove
the vertices that map to A and solve the three-part subproblem.

Suppose there is only one connection of type 1, namely AB = 1. If
AX = BY = 0 for some (possibly equal) X,Y, then we can again reduce
the problem to n?42 polynomial-time solvable instances by trying to place a
vertex in A and a vertex in B. Thus we may assume that, say, AB = 1, AC' =
AD = . Since M does not contain 3-colouring, we must have C'D = 0, and
it is easy to see that in the remaining cases one of ', D dominates the other;
if no list contains both C' and D, then the problem can be reduced to n+ 1
instances of polynomial-time solvable instances by trying to place a vertex
in A or B. We note that a linear-time algorithm for (the complement of)
the problem AB =1, AC =AD =1,BC = BD =1,CD = 0 (which is one
of the problems considered in this paragraph) was given by Everett, Klein,
and Reed [17].

If there are no connections of type 1, then we have a list homomorphism
problem, solvable in polynomial time (see Lemma 6.4.1 below, or [20]). []

Note that the M-partition problem (without lists) is trivial if there is a
part of type * (all vertices can be placed in it). Thus the Theorem allows a
complete classification of the M-partition problem without lists:

Corollary 6.3 If the size of M is k = 4, then the M-partition problem
(without lists) is

o N P-complete when M contains the matriz of 3-colouring or its com-
plement, and no diagonal entry is *;

e and is polynomial-time solvable otherwise.

Proor. The polynomial algorithms follow from the Theorem and the
above remark.
Suppose M contains the matrix of 3-colouring; say, M is the matrix
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1 T2 X3 Y

(When M contains the complement of the matrix of 3-colouring, the argu-
ment is similar.) By assumption, y # *.

Suppose first that y = 1. We prove the N P-completeness of M-partition
by reducing to it the problem of 3-colourability. Thus suppose that G is a
graph we would like to 3-colour, and let G’ consist of two disjoint copies of
(. We claim that G is 3-colourable if and only if G’ admits an M-partition.
Indeed, if G is 3-colourable, then G’ is also 3-colourable, and hence admits
an M-partition (with all vertices in the first three parts). On the other
hand, an M-partition of G’ cannot place two vertices from different copies
of G in the fourth part, since the fourth part is a clique. Thus all vertices
of one copy of G are placed in the first three parts, i.e., G is 3-colourable.

Now suppose that y = 0. If any other 2; = 0, then the union of the ¢-th
part and the fourth part is a stable set, and a graph admits an M-partition
if and only if it is 3-colourable. If any z; = 1, then it is again the case
that G is 3-colourable if and only if G’ (from above) admits an M-partition.
Indeed, an M-partition of G’ cannot place both a vertex from the first copy
of G to the i-th part and a vertex from the second copy in the fourth part,
since those parts are completely adjacent. Therefore at least one copy of G
is 3-coloured. []

We now turn to the general list M-partition problem, where M may
have parts of type x. We are no longer able to classify the problems as N P-
complete or polynomial, but we do give a classification as N P-complete or
quasipolynomial.

Theorem 6.4 Suppose the size of M is k = 4. The list M -partition prob-
lems are quasipolynomial (sometimes polynomial) or N P-complete.

Proor. If M has no 1 (or equivalently, by complementation, no 0), then
the 0,* matrix M is obtained from the adjaceny matrix of a graph H by
replacing all 1’s with %’s, and the list M-partition problem is the previously
studied list H-colouring problem:

Lemma 6.4.1 If M is a (0,%)— matriz of size k = 4, then the list M-
partition problem is polynomial or N P-complete.
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ProOOF. Suppose first that the size k of M is arbitrary, and assume (by a
components argument) that the graph H is connected.

If all diagonal entries are *, that is, if all vertices of H have a loop, then
it is shown in [19] that the problem is polynomial if H is an interval graph,
and N P-complete otherwise.

If all diagonal entries are 0, that is, if no vertex of H has a loop, then it
is the problem is N P-complete if H is not bipartite, by [30]. In fact, it is
shown in [20] that the problem is also N P-complete when the complement
of H is not a circular arc graph, and is polynomial-time solvable in the
remaining case of a bipartite H whose complement is a circular arc graph.

The remaining case, at least one 0 and one * on the main diagonal, that
is, some vertex of H has a loop and some vertex does not, is studied in [21].
A condition is given there (a kind of geometric representability of H, similar
to having a complement representable by circular arcs), and it is shown
that the list H-colouring problem is N P-complete unless H satisfies this
condition. It is not known whether the problem is otherwise polynomial;
however, this is shown in the case where H is a tree [21].

We are thus left with the case where H is not a tree and has at least
one loop (L) and one nonloop (N). We now assume again that the size of
M is k = 4. The problem is N P-complete if it contains one of the two
N P-complete cases on three vertices: 3-colouring corresponds to H being a
triangle with no loops, and stable cutset corresponds to H being an induced
path LN L. We show that the remaining cases are polynomial.

Since I is not a tree, the longest cycle in H is either a triangle or a
fourcycle. If it is a triangle ABC', then D is connected only, say, to A. At
least one of A, B, C' must have a loop. If it is A, then A dominates all parts.
By Proposition 2.5 we may assume all vertices have lists which are {A} or a
subset of {B,C, D}. The former vertices can be placed to A using Corollary
2.4, and the remaining problem on {B,C, D} is polynomial (by Theorem
6.1). If A has no loop, then say B has a loop, and then D cannot have a
loop because DAB would be an LN L path. Then D is dominated by both
B and C', so we can assume all lists are contained in {A, D} or in {A, B,C}.
Furthermore, regardless of whether or not C' has a loop, B dominates C, so
we can assume no list contains both B and C so all lists are of size at most
two, and the problem can be solved by Proposition 2.1.

If the longest cycle in H is a fourcycle ABC'D, possibly with one or two
chords, we proceed as follows. If both chords AC and BD are present, then
H is a clique with at least one loop, say at A. But then A dominates all
parts, and we obtain a problem on {B,C, D} as before. If only one chord,

33



say AC, is present, then if either A or C has a loop, it dominates all parts
and we proceed as before. If neither A nor C has a loop, then both B and
D must have loops (else there is a triangle without loops), but then DAB
is an LN L path, the other NV P-complete case.

In the remaining case, H is a fourcycle ABC'D without chords, at least
one loop and one nonloop. To avoid an LN L path, opposite vertices on the
cycle cannot both have loops, so there is either a single loop or two adjacent
loops. If there is a loop at B, then A and C' dominate each other, and can be
replaced by a single part, thus obtaining a polynomial three-part problem.
If there are two loops at B and C', then B dominates D, and € dominates
A, so we can assume no list contains {B, D} or {A,C'}, and the problem
can be solved by Proposition 2.1. []

By the preceding lemma, we can assume that M has at least one 0 and
at least one 1. It turns out then that the only N P-complete problems are
those mentioned earlier, namely for those matrices containing the matrix of
3-colouring or of stable cutset, or their complements.

The next two lemmas cover the cases where M has an off-diagonal 0 and
an off-diagonal 1.

Lemma 6.4.2 Suppose AC' =0, BD = 1. Then list M -partition is quasipoly-
nomial or N P-complete.

Proor. Note that this case includes the list skew cutset problem solved
in quasipolynomial time in Corollary 5.3. The proof below is written in an
abbreviated style; the full details could be written out in a manner similar
to the proof of Corollary 5.3.

Since AC' =0 and BD = 1, we can assume that no list contains {4, B}
or no list contains {C, D} (n'°8™ cases); also, we can assume no list contains
{A, D} or no list contains {B,C} (n!°8" cases). (These are obtained by
applying Theorem 4.2 in two ways.) The four possibilities are similar, so
say there is no {A, B} and no {A, D}. That is, all lists are contained in
{A,C} orin {B,C,D}. We than have the following:

C' # 1, else place vertex in C, no {A4,C} (Corollary 2.4 applies, since
C' =1 and AC = 0), hence drop A and solve the polynomial problem with
the three parts B, C, D.

C # 0, else no {B,C} or no {C, D} (n'°8” cases from Theorem 4.3,
which applies as C'= 0 and BD = 1), and we can solve these problems by
2-satisfiability, cf. Proposition 2.1.

Therefore we must have C' = x. We also have the following;:
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A # 1, else place vertex in A, no {A4,C} (as A =1 and AC = 0), drop
A and solve the polynomial {B,C, D} problem.

B #£ 0, else place vertex in B, no {B, D} (as B =0 and BD = 1), solve
the 2-satisfiability problem.

D =0, else place vertex in D, no {B, D} (as D =0 and BD = 1), solve
the 2-satisfiability problem.

AB # 1, else place vertex in A, no {B,C} (as AB =1 and AC = 0),
solve the 2-satisfiability problem.

AD # 1, else place vertex in A, no {C, D} (as AC =0 and AD = 1),
solve the 2-satisfiability problem.

BC # 0, else place vertex in B, no {C, D} (as BC' =0 and BD = 1),
solve the 2-satisfiability problem.

C'D # 0, else place vertex in D, no {B,C} (as BD =1 and CD = 0),
solve the 2-satisfiability problem.

So far, we have AC =0, BD =1,C =%, A#1,B#0,D #0, AB# 1,
AD # 1, BC#0,CD #0.

In addition we have not both BC' = C'D = %, otherwise C' dominates A,
no {A,C}, drop A and solve the polynomial {B,C, D} problem.

We may assume BC' =1 (by symmetry between B and D).

Now, we have no {4,C} or no {B,C} (n!°8" cases as AC' = 0 and
BC = 1), soeither drop A toget a {B,C, D} problem, or get a 2-satisfiability
problem. []

Lemma 6.4.3 Suppose AB =0, AD = 1. Then list M -partition is quasipoly-
nomial or N P-complete.

ProoOF. Place vertex in A, no {B, D}. The we have

BC' # 0 and C'D # 1, as the case of disjoint connections with value 0
and 1 was covered by the previous lemma.

BC # 1, else place vertex in B, no {A4,C} (as AB = 0 and BC = 1),
solve the 2-satisfiability problem. So BC' = x.

C'D # 0, else place vertex in D, no {A,C} (as AD = x and CD = 0),
solve the 2-satisfiability problem. So C'D = x.

So far, we have AB =0, AD =1, BC' =%, C'D = x.

Suppose C' = *. Then AC # x, else C' dominates all and could be
dropped. By symmetry under complementation, we can assume AC = 0.
Also C' dominates B, so no {B,C'}. Place vertex in A, no {C, D} (as AC' =0
and AD = 1). So a list can contain only one of {B,C, D}, solve the 2-
satisfiability problem.

35



For the other case, C' # , by symmetry under complementation, we can
assume C' = 0. We also have

No {A,C} or no {C, D} (n!°8™ cases as C = 0 and AD = 1). If no
{A,C}, since no {B, D}, solve the 2-satisfiability problem. So no {C, D}.
As a result, all lists are contained in {4, D} or in {A, B,C}.

Now, no {4, D} or no {A, B} (n'°8" cases as AB = 0, AD = 1), so
either drop D to get a {A, B,C'} problem, or get a 2-satisfiability problem.
0

By these two lemmas, we can assume that 1 (or equivalently 0, by com-
plementation) occurs only on the diagonal, so that all off-diagonal entries
are 0, *.

We first consider the case where there are at least two 1s (on the main
diagonal). For this case, we can assume that there is at least one 0 not on
the main diagonal. Otherwise, if all off-diagonal entries are *, then if say
A = *, then A dominates all other parts, and we obtain a size three problem
on {B,C, D};if none of A, B,C, D is x, then either they are two 0’s and two
1’s (polynomial by the sparse-dense technique), or we get an N P-complete
problem by 3-colourability.

The next three lemmas consider the possible placements of the 0 con-
nection with respect to the (at least two) 1 parts. Either the 0 connection
is not incident on any of the two 1’s, or it is incident on one of them, or it
is incident on both of them.

Lemma 6.4.4 Suppose all off-diagonal entries are 0,%, and B = D = 1,
AC = 0. Then list M-partition is quasipolynomial or N P-complete.

ProOF. There is no {A, B} or no {B,C} (n!°8" cases as B = 1, AC = 0).

There is no {A, D} or no {C, D} (n!°8" cases as D = 1, AC' = 0).

If there is no list of size three, solve 2-satisfiability. A list of size three
can only be {A, B, D} or {B,C, D}. By symmetry, assume it is {B,C, D}.
So all lists are contained in {A,C} orin {B,C, D}.

We have

C' # 1, else place vertex in C', no {A,C} (as C' =1 and AC = 0), drop
A and get a three-part problem on {B,C, D}.

C # 0, else no {B,C} (nélog” cases as C' = 0 and B = 1), solve 2-
satisfiability. So C' = .

BC' # 0, else place vertex in B, no {B,C} (as B =1 and BC' = 0), solve
2-satisfiability. So BC' = .
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CD # 0, else place vertex in D, no {C, D} (as D =1 and CD = 0),
solve 2-satisfiability. So C'D = .

Now all {A,C} vertices can be put in C' without loss of generality, so
drop A and get a three-part problem on {B,C, D}. []

Lemma 6.4.5 Suppose all off-diagonal entries are 0,%, and A = B = 1,
AC = 0. Then list M-partition is quasipolynomial or N P-complete.

Proor. We can assume D # 1 and C'D # 0 by the previous lemma, so
CD = x.

Place a vertex in A, no {A,C} (as A =1 and AC =0).

Also no {A, B} or no {B,C} (n'°8” cases as B = 1, AC = 0).

Suppose first no {A, B}. All lists are contained in {A, D} orin {B,C, D}.

We have

D # 0, else no {A, D} (n%log” cases as D = 0, A = 1), so drop A and
get a three-part {B,C, D} problem. So D = x.

AD # 0, else place vertex in 4, no {A,D} (as A =1and AD = 0), so
drop A and get a three-part {B,C, D} problem. So AD = x.

BD # 0, else place vertex in B, no {B,D} (as B =1 and BD = 0),
solve 2-satisfiability problem. So BD = x.

But now, D dominates all vertices, so drop D and get a three-part
{A, B,C'} problem.

Suppose instead no {B,C}. All lists are contained in {C, D} or in
{A, B, D}.

We have

D # 0, else no {A, D} (n%log” cases as D = 0, A = 1), solve 2-
satisfiability. So D = .

AD # 0, else place vertex in A, no {4, D} (as A =1 and AD = 0), solve
2-satisfiability. So AD = .

BD # 0, else place vertex in B, no {B,D} (as B =1 and BD = 0),
solve 2-satisfiability. So BD = x.

But now, D dominates all vertices, so drop D and get a three-part

{A, B,C'} problem. []

Lemma 6.4.6 Suppose all off-diagonal entries are 0,%, and A = C = 1,
AC = 0. Then list M-partition is quasipolynomial or N P-complete.

ProoF. By the last two lemmas, we can assume AB = BC = AD =
BD = CD = %, and also B # 1, D # 1. If B = %, then B dominates
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all vertices, so drop B and solve {A,C, D} problem. Similarly, if D = x,
then D dominates all vertices, so drop D and solve {A, B,C'} problem. So
B = D = 0. The problem is then the problem of recognizing (2, 2)-graphs,
which is solved in polynomial time by Corollary 5.1. []

We are now left with the case where M has a single 1, and this 1 is on
the diagonal, say D = 1.

For convenience, we define the separating statement for x = A, B, C to
be 2D = 0 or = 0. If this statement holds for 2, then there is no {z, D},

logn cases for

either by placing a vertex in D (as D =1 and 2D = 0), or nz
D=1and z=0.

If all three separating statements hold, then there is no {z, D} for x =
A, B,C, so drop D and solve the three-part {A, B,C'} problem.

Suppose next exactly two separating statements hold, say for A, B. So

all lists are contained in {C, D} or in {A, B,C'}, and C' = CD = . The

three possible cases are covered by the next three lemmas.

Lemma 6.4.7 Suppose there is a single 1 at D =1, and AD = BD = 0,
C' =CD = 1. Then list M -partition is quasipolynomial or N P-complete.

Proor. We may assume that not both AC' = BC = %, else (' dominates
all vertices, so we can drop C' and get a three-part {A, B, D} problem.

Say AC' = 0.Then BC # 0, else we have two components {A, B} and
{C,D}. So BC = x.

We have

A # 0, else C' dominates A, no {A,C}, solve 2-satisfiability problem.
(So A = x.)

AB # 0, else C' dominates B, no {B, ('}, solve 2-satisfiability problem.
(So AB = x.)

B # x, else B dominates A, no {A, B}, solve 2-satisfiability problem.
(So B=10.)

The remaining problem on {A, B, ('} is the stable cutset problem, which
is N P-complete. []

Lemma 6.4.8 Suppose there is a single 1 at D = 1, and A = B = 0,
C = CD = x. Then list M -partition is quasipolynomial or N P-complete.

Proor. We may asume that not both AC' = BC' = %, else (' dominates
all vertices, drop C' and get a three-part {A, B, D} problem.
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Say AC'=0. Then AB = x and BC' = 0, else C' dominates A, no {A4,C'},
solve 2-satisfiability problem.

Each connected component of the subgraph induced by the vertices with
lists included in {A, B,C'} can go to {4, B} or to {C'}, but it can always be
put in {C'} if C'is in the lists. Solve 2-satisfiability problem. []

Lemma 6.4.9 Suppose there is a single 1 at D = 1, and AD = B = 0,
A=BD =x, C =CD = x. Then list M-partition is quasipolynomial or
N P-complete.

Proor. AC = 0 and AB = %, else C' dominates B, no {B,C}, solve
2-satisfiability problem.

If BC' = %, the problem on {A, B, ('} is the stable cutset problem, which
is N P-complete.

If BC' =0, then each connected component of the subgraph induced by
the vertices with lists included in {A, B,C'} can go to {A, B} or to {C'}, but
it can always be put in {C'} if C' is in the lists. Solve the 2-satisfiability
problem. []

The remaining case with a single 1 at D = 1 has at most one separating
statement holding, say for A.

Lemma 6.4.10 Suppose there is a single 1 at D =1, B = BD = (C =
C'D = x. Then list M-partition is quasipolynomial or N P-complete.

Proor. If BC = %, then one of B,C dominates all vertices and can be
dropped, to obtain a three-part problem, unless AB = AC' =0 (and A = %),
in which case the rows of B and C' are identical, so B and C' can be collapsed
to a single part.

So BC' = 0. We consider various cases of the values of (A, AB, AC):

(0, , *) is the stable cutset problem, which is N P-complete.

(%, %, %): if also AD = %, A dominates all vertices and can be dropped, to
obtain a three-part problem on {B,C, D}. If AD = 0, then place a vertex
in D, no {A,D} (as D =1and AD = 0). Also, we have no {B, D} or no
{C, D} (n'°8" cases, as D = 1 and BC = 0). Say, there is no {B, D}. Then
all lists are contained in {C, D} or in {4, B,C'}, and can be assumed to be
of size at last two. Now place all vertices with the list {C, D} in C', and
place all vertices with lists contained in {A, B,C'} in either A or C'. Since
A =C = AC =1, this is a solution.
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(%,0,%) with AD = 0, (0,0,0), and (0,0, ): all three have no {4, D}
(place a vertex in D in the first case as AD = 0 and D = 1, in the other
two cases we get nz'°8" cages as A = 0 and D = 1). Also no {B, D} or
no {C, D} (n'°8™ cases as D = 1 and BC' = 0). So {A, B,C} is the only
3-element list, but C' dominates A in all three cases, no {A,C'}, and we can
solve the 2-satisfiability problem.

(%,0, %) with AD = % has the rows of A and C identical, so A and C can
be collapsed to a single part.

(¥,0,0) has n'°8" cases each of no {A, D} or no {B,D} (as D =1 and
AB =0),n0{A,D}orno{C,D} (as D=1and AC =0), no{B,D} or no
{C,D} (as D =1and BC =0). So there is at most one of {4, D}, {B, D},
{C, D}, and all other lists contained in {A, B,C'}. For lists contained in
{A, B,C'}, the connected components go to a single one of A, B, or C', and
C' can always be preferred if possible. Solve the resulting 2-satisfiability
problem. []

This completes the proof of the theorem. []

7 General k

Some results apply to arbitrarily sized matrices. For instance, recall that
we have given in [19, 20, 21] a near-complete classification of the complexity
of list M-partition when M is a (0,#)-matrix. By complementation, we
obtain similar results for (, 1)-matrices (cf. Proposition 2.8). When M is a
(0, 1)-matrix, we can apply our Theorem 3.1:

Corollary 7.1 If M is a (0, 1)-matriz, then the list M -partition problem is
polynomial-time solvable.

ProoF.  Once we know from Theorem 3.1 which vertices are placed in
parts of type 0 (stable sets) and which in parts of type 1 (cliques), we can
find the classes of the equivalence in which two vertices that are both in
parts of type 0 are equivalent if they have the same open neighbourhood,
and two vertices that are both in parts of type 1 are equivalent if they have
the same closed neighbourhood. Having these equivalence classes in hand,

we can easily check if a list partition exists. (Recall that the size k of the
matrix M is fixed.) [

The next result shows that the classification of M-partition problems as
quasipolynomial or N P-complete might extend to an arbitrary size k. Let
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M’ be obtained from the matrix M by replacing all 1’s by 0’s. Now M’ is
a (0,*)-matrix, and hence corresponds to the adjacency matrix of a graph
H (when «’s are replaced by 1’s); the list M’-partition problem is precisely
the list H-colouring problem.

Theorem 7.2 Each list M-partition problem can be reduced to n°'%8™ in-
stances of the list H-colouring problem (each with possible additional restric-

tions on the allowed lists).

Proor. Suppose AC'=0,BD =1in M. According to Corollary 4.5, we
can reduce the list M-partition problem for an input graph with arbitrary
lists L to n!°8™ (or fewer) instances each of which contains no list containing
both A and B or no list containing both €' and D. Each of these can in
turn be reduced to further n!°6™ (or fewer) instances in which there is no
list containing both A’ and B’ or no list containing both C’ and D', for
some other pair A’C’ = 0, B’D’ =1 in M. Since M is fixed, we obtain at

most (n'°8")¢ = n°1°8” instances in which no pair of vertices v, v’ has lists

L(v) D {X,Y} and L(v") O {Z,W} where X,Y,Z, W are any parts such
that XZ =0, YW =1in M.

Consider one such instance, a graph G with lists L. For any pair of
vertices v, v’ of (¢ the pairs X € L(v),Y € L(v') all have XY = 0,x, or all
have XY = x, 1. For vertices v, v’ for which they are 0, x, leave the edge or
nonedge between v and v’ unchanged. For those v, v’ for which they are *, 1,
revert an edge between v and v’ to a nonedge, and a nonedge to an edge.
It is easy to see that the original graph G has a list M-partition if and only
if the modified graph has a list M’-partition, i.e., a list H-homomorphism.
Note that the homomorphism problems inherit some restrictions on which
pairs of parts (or parts) can appear in the lists. []

Corollary 7.3 If, as conjectured by Feder and Vardi [23], all list H -colouring
problems are polynomial or N P-complete, then all list M -partition problems
are quasipolynomial or N P-complete.

Proor. If the above instances of list H-colouring problems, with list re-
strictions, can be solved in polynomial time, we obtain a quasipolynomial
algorithm for list M-partition. If a list H-colouring problem (with list re-
strictions) is N P-complete, then the original problem is also N P-complete.

i

We are grateful to Donald Knuth and Jan Kratochvil for valuable sug-
gestions.
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