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Abstra
t

We 
onsider the 
olouring (or homomorphism) order C indu
ed by

all �nite graphs and the existen
e of a homomorphism between them.

This ordering may be seen as a latti
e whi
h is however far from being


omplete. In this paper we study bounds and suprema and maximal

elements in C of some frequently studied 
lasses of graphs (su
h as

bounded degree, degenerated and 
lasses determined by a �nite set of

forbidden subgraphs). We relate these extrema to 
uts of sub
lasses

K of C (
uts are �nite sets whi
h are 
omparable to every element of

the 
lass K). We determine all 
uts for 
lasses of degenerated graphs.

For 
lasses of bounded degree graphs this seems to be a very diÆ
ult

problem whi
h is also mirrored by the fa
t that these 
lasses fail to

have a supremum. We note a striking di�eren
e between undire
ted

and oriented graphs. This is based on the re
ent work of C. Tardif

and J. Ne�set�ril. Also minor 
losed 
lasses are 
onsidered and we

survey re
ent results obtained by authors. A bit surprisingly this

order setting 
aptures Hadwiger 
onje
ture and suggests some new

problems.
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1 Introdu
tion

Graph theory re
eives its mathemati
al motivation mostly from two areas

of mathemati
s: algebra and geometry (topology) and it is fair to say that

graphi
al notions stood at the birth of algebrai
 topology (in the beginning


alled 
ombinatorial topology). Consequently, various operations and re-

lations for graphs stress either its algebrai
 aspe
ts (as exhibited e.g. by


olourings and by various produ
ts and spa
es asso
iated with graphs) or its

geometri
al aspe
ts (represented e.g. drawings, 
ontra
tions, embeddings).

It is only natural that the key pla
e in modern graph theory is played by

(fortunate) mixtures of both approa
hes as exhibited best by various mod-

i�
ations of the notion of graph minor. However from the algebrai
 point

of view perhaps the most natural notion whi
h 
aptures 
omparison of two

graphs is that of a homomorphism.

A homomorphism G! H is a mapping f : V (G)! V (H) whi
h satis�es

f(u)f(v) 2 E(H) for any edge uv 2 E(G). (We shall 
onsider both dire
ted

and undire
ted graphs. This will be always 
learly spe
i�ed. Se
tion 5 is

devoted entirely to oriented graphs.)

The 
entral notion of this paper is the quasiorder (and partial order)

indu
ed by the existen
e of a homomorphism:

Given graphs G;H we denote by G � H the existen
e of a homomor-

phism G! H . Clearly � is a quasiorder. If we 
onsider isomorphism types

of minimal retra
ts (or 
ores , see [13℄) then we obtain a partial order. This

quasiorder (and partial order) is 
alled 
olouring order (or homomorphism

order, [13℄) and it is denoted by C. We denote by G � H the equiva-

len
e given by G � H � G; in this 
ase the graphs G and H are said to

be homomorphismequivalent . We also denote by < the stri
t version of �

(thus G < H i� G � H and G 6� H). For a graph H we denote by C

H

the

prin
ipal ideal determined by H : C

H

= fG;G � Hg. C

H

is also 
alled a


olour 
lass. This name is justi�ed by interpreting homomorphisms as gen-

eralized 
olourings: Indeed, a homomorphism G ! K

k

is a just a (proper)

k-
olouring of graph G and, more generally, a homomorphism G ! H is


alled a H{
olouring. Thus C

H

is the 
lass of all H-
olourable graphs; hen
e

the name 
olour 
lass. It follows that the question whether G � H is diÆ-


ult to de
ide (and it is NP-
omplete in a very strong sense). We refer to

[12, 13, 5℄ as a ba
kground information, our graph{theory terminology is

standard.

It is perhaps surprising how many �ne 
ombinatorial questions are 
ap-

tured by order { theoreti
 properties of the 
olouring order C. In this paper
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we 
on
entrate on extremal elements of this order: greatest and maximal

elements, suprema and (upper) bounds in general. It appears that these ex-

tremal graphs are related to various problems whi
h are as remote as duality

theorem ([19℄) and 
elebrated Hadwiger 
onje
ture. These interpretations

lead also to some, hopefully interesting, problems.

Given a 
lass K of graphs it is usually a diÆ
ult question to �nd a graph

H whi
h is maximal (or greatest, or supremum) of K in C as su
h a result

yields maximal 
hromati
 number of a graph in K. As these 
on
epts are the

subje
t of this paper we re
all the 
orresponding de�nitions in the setting

of 
olouring order C:

A graph H is said to be an (upper)bound of K if every graph G 2 K

satis�es H � G. If in addition H 2 K then H is said to be greatest graph

in K.

A graph H is said to be maximal of K if H 2 K and no graph G 2 K

satis�es G < H .

A graph H is said to be supremum of K if G � H for every G 2 K and

if for every graph H

0

< H there exists a graph G 2 K su
h that G 6� H

0

.

For example, in this setting, the 4-
olour theorem says that K

4

is the

greatest graph in the 
lass of all planar graphs. This obviously 
annot be

improved. On the other hand, Gr�otzs
h's theorem says that K

3

is an upper

bound of the 
lass of all planar K

3

{free graphs. However, as we will see,

this may be improved as K

3

fails to be a supremum of this 
lass.

Let us add one more, less standard, order theoreti
 notion: Given a


lass K of graphs a �nite subset C of K is said to be a 
ut if every graph

G 2 K is 
omparable with a graph H 2 C: i.e. it is either G � H or

H � G. Obviously graphs K

1

and K

2

are the 
uts of every 
lass whi
h


ontains them. We 
all these two 
uts trivial 
uts. The existen
e of other


uts is a nontrivial question whi
h is studied in this paper. This is related

to suprema and greatest elements of 
lasses of graphs and we investigate

in this 
ontext some of the frequently studied 
lasses of graphs (
ompare

[5℄). These in
lude 
lasses Forb(F) where F is a �nite set of 
onne
ted

graphs: We denote by Forb(F) the 
lass of all �nite graphs G whi
h satisfy

F 6� G for every F 2 F . Alternatively, Forb(F) is the 
lass of all graphs

whi
h do not 
ontain a homomorphi
 image of a graph from F . In yet

another way we 
an say that Forb(F) is the 
lass of all graphs de�ned by

forbidden homomorphisms from a �nite set of graphs F . In our 
ontext this

is a natural 
lass of graphs. A bit surprisingly all related questions 
an be

solved for 
lasses Forb(F). For undire
ted graphs this is mu
h easier than

for dire
ted graphs where we rely on strong results obtained jointly with C.
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Tardif [19, 20℄.

As an approximation to the minor 
losed 
lasses we also 
onsider extrema

relativized by 
lasses of bounded degree graphs (in Se
tion 3) and 
lasses of

d-degenerated graphs (in Se
tion 4). While for degenerated graphs we have

a full dis
ussion of 
uts and extremal properties for bounded degrees this

seems to be a very diÆ
ult problem.

This paper surveys some of the results proved in a 
ompanion paper [14℄.

While in the Se
tions 2, 3, 4 we 
onsider undire
ted graphs in Se
tion 5

we survey oriented graphs and in Se
tion 6 we 
on
lude with some remarks

and more open problems.

2 Classes indu
ed by forbidden homomorphisms

In this se
tion we 
onsider undire
ted graphs. As a warm up we 
onsider the

simplest 
ase of 
lasses Forb(F) for a �nite set fF

1

; F

2

; : : : ; F

t

g of 
onne
ted

graphs. Note that in our setting we 
an assume that all graphs F

i

are non{

bipartite. We shall see that in this 
ase we 
an determine suprema and 
uts.

For example we have the following:

Theorem 2.1 For any �nite set F of non bipartite graphs, the 
lass Forb(F)

is not bounded. Moreover the 
lass Forb(F) does not have any non-trivial


ut.

Proof. The 
lass Forb(F) 
ontains graphs whi
h have any given 
hromati


number with girth � maximal 
y
le in a graph F

i

. As the homomorphi


image of an odd 
y
le 
ontains an odd 
y
le we get that the 
lass Forb(F)

has no bound in C. Similarly we prove that there is no �nite non-trivial 
ut

in the 
lass Forb(F): Let C = fH

1

; : : : ; H

r

g; r � 1 be a 
ut in Forb(F).

Assume that C is non-trivial. This amounts to say that none of the graphs

H

i

is bipartite. Let k denotes the maximal 
hromati
 number of a graph

H

i

and let l denote the maximal length of the shortest odd 
y
le in H

i

(i.e.

the odd � �girth of H

i

). Let H be a graph with �(G) > k and with the

odd-girth of H > l. Then H 6� H

i

by 
hromati
 number and H

i

6� H by

the odd girth monotoni
ity.

In this 
ontext one should also mention the following result for 
ountable

graph proved re
ently in [18℄:

Theorem 2.2 K

1

;K

2

and the in�nite 
omplete graph K

!

are the only min-

imal 1{
uts for the 
lass of all 
ountable graphs.
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As opposed to the �nite 
ase 
ountable graphs allow non-trivial �nite


uts of any size. And 
ontrary to the 1{
uts (whi
h are 
hara
terized by

Theorem 2.1), the minimal 
uts of size t > 1 are abundant:

Theorem 2.3 For every positive integer t; t > 1 the 
lass of all (undire
ted)


ountable graphs has in�nitely many minimal 
uts of size t.

Proof. Let t > 1 be �xed. Let F

1

; F

2

; : : : ; F

t�1

be �nite 
onne
ted graphs

whi
h are pairwise in
omparable in C. We 
an use Theorem 2.1, a ran-

dom (t � 1){tuple of graphs will do as well. Now we 
an apply a result

of [1℄ whi
h gives the existen
e of a 
ountable graph H whi
h is univer-

sal for the 
lass Forb(F

1

; F

2

; : : : ; F

t�1

) (when 
onsidered as the 
lass of all


ountable graphs). Expli
itly: H is a graph su
h that F

i

6� H for every

i = 1; : : : ; t � 1 and if G is a 
ountable graph satisfying F

i

6� G for every

i = 1; : : : ; t� 1 then G is an indu
ed subgraph of H . However then the set

C = fF

1

; F

2

; : : : ; F

t�1

; Hg is obviously a 
ut in the 
lass of all 
ountable

graphs. It is also easy to 
he
k that C is a minimal 
ut.

This proof is perhaps more interesting than the statement of Theorem

2.3: presently there are no other known minimal 
uts for in�nite graphs.

This perhaps suggest the following problem (whi
h is also related to some

results for oriented graphs, see Se
tion 4):

Problem 2.4 Is it true that any minimal 
ut of size at least 2 for the 
lass

of all 
ountable graphs 
ontains always a �nite graph?

One 
an re�ne Theorem 2.1 to sub
lasses of Forb(F) whi
h are H-


olourable; or in the other words to the 
lasses Forb(F) \ C

H

.

Theorem 2.5 For any �nite set F of non bipartite graphs and for any

graph H, the 
lass Forb(F) \ C

H

has supremum H. Moreover, if F 2

Forb(F) then the singleton set fHg is its only non-trivial 
ut of the 
lass

Forb(F).

Proof. We only note that both of these statements are non-trivial and both

are related to the following statement isolated in [17, 24, 13℄.

SparseIn
omparabilityLemma :

For every pair of graphs G;H;G < H and for every positive integer l

there exists a graph G

0

with girth l with the following properties: G

0

� H

and G and G

0

are in
omparable graphs (in C).

Now, Sparse In
omparability Lemma implies that, while H is an obvious

bound of the 
lass Forb(F)\C

H

, no stri
tly smaller graph G < H is a bound
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of Forb(F)\ C

H

(as G

0

6� G, it is G

0

2 Forb(F) as G

0

has a high girth). By

the same token either H 2 Forb(F) \ C

H

, in whi
h 
ase H is both greatest

element and 
ut of Forb(F)\C

H

, or all elements of Forb(F)\C

H

are stri
tly

smaller than H . In the later 
ase, for any �nite subset G

1

; G

2

; : : : ; G

r

of

non-bipartite graphs in Forb(F)\C

H

, there exists a graphG 2 Forb(F)\C

H

su
h that G is in
omparable with any of the graphs G

i

. The existen
e of G

follows again from Sparse In
omparable Lemma. Hen
e, fG

1

; G

2

; : : : ; G

r

g

may not be a 
ut of Forb(F) \ C

H

.

Thus for undire
ted graphs the prin
ipal ideals even when restri
ted by

a �nite set of forbidden homomorphisms have only trivial 
uts. Bellow we

shall strengthen this result in various dire
tions. Despite of its simpli
ity

this result is a prototype of a statement we want to prove (in a more 
omplex

situations).

3 Bounded degrees

Denote by �

d

the 
lass of all graphs G with maximal degree �(G) � d. For

a �nite set F = fF

1

; : : : ; F

t

g of 
onne
ted graphs denote also �

d

(F) the


lass of all graphs G 2 �

d

with F

i

6! G for i = 1; : : : ; t. Thus �

d

(F) =

�

d

\ Forb(F).

Celebrated Brook's theorem states that while K

d+1

is a bound (and

indeed greatest element) of the 
lass �

d

by forbidding K

d+1

this may be

improved to a better bound K

d

. It follows that K

d+1

fails to be supremum

of the 
lass �

d

(fK

d+1

g). This is not an a

ident and a similar statement

holds in general thus yielding a whole hierar
hy of Brook's type bounds. We

say that a graph H is a proper supremum of a 
lass K if H is supremum of

K and H 62 K(as we are working with equivalen
e 
lasses the later 
ondition

of 
ourse means that H 6� G for every graph G 2 K).

Theorem 3.1 The 
lass �

d

(F) has no proper suprema for any d � 3 and

any �nite set F of 
onne
ted graphs.

Remark that the assumption \d � 3" may not be dropped.

We see that this property of bounded degree graphs is in a sharp 
ontrast

with properties of all graphs and 
lasses Forb(F)\C

H

(whi
h are diss
ussed

in Se
tion 2). Bellow we shall see that also the 
lasses of degenerated graphs

behave very di�erently (see Se
tion 4).

Theorem 3.1 will be proved in the following more te
hni
al form (
f.

[14℄):
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Theorem 3.2 Let F be a �nite set of 
onne
ted graphs, d � 3. Let H be a

bound for the 
lass �

d

(F), H 62 �

d

(F). Then there exists a bound H

0

for

�

d

(F) with H

0

< H.

First, we show that Theorem 3.2 implies Theorem 3.1:

Proof.

In the situation of Theorem 3.1 assume for a 
ontradi
tion that a graph

H is a proper supremum of �

d

(F). If H is 
onne
ted then 
onsider the

set F

0

= F [ fHg and apply Theorem 3.2 to get a bound H

0

for the 
lass

�

d

(F

0

), H

0

< H . However note that �

d

(F) = �

d

(F

0

) (as for no graph

G 2 �

d

(F) we have H � G. This shows that H fails to be a supremum

of �

d

(F). It remains to be proved that (hypotheti
al) proper supremum

H is a 
onne
ted graph. Suppose 
ontrary, let H be a dis
onne
ted 
ore

and let K be a 
omponent of H that does not belong to �

d

(F) (it exists as

H 62 �

d

(F) and as F is a set of 
onne
ted graphs). We haveH�K < H and

thus there exists a 
onne
ted graph G 2 �

d

(F) su
h that G 6� H �K. It

follows that any 
onne
ted graph G

0


ontaining G satis�es also G

0

6� H�K

As all graphs G

0

2 �

d

(F) satisfy G

0

< H we get that any 
onne
ted graph

G

0

from �

d

(F) satis�es G

0

� K. Thus H fails to be a supremum of �

d

(F).

(Note that the last part of the proof holds generally for all 
lasses Forb(F)

for a �nite set F of 
onne
ted graphs.)

Proof.(Theorem 3.2)

Let d � 3, F be a �nite set of 
onne
ted graphs. Let H be a bound for

the 
lass �

d

(F), H 62 �

d

(F). We may assume that H is 
onne
ted (see

the above proof). Put F

0

= F [ fHg. It suÆ
es now to prove that the


lass �

d

(F

0

) is bounded in the 
lass Forb(F

0

) \ C

H

(Re
all: C

H

is the 
lass

of all H-
olourable graphs). Expli
itly, we want to prove that there exists

a graph H

0

; H

0

2 Forb(F

0

); H

0

< H su
h that G � H

0

for every graph

G 2 �

d

(F

0

). The existen
e of su
h a graph is proved in [2℄ (as a re�nement

of [6℄). We only sket
h this for a 
ompleteness: Let a be the maximal

number of verti
es of a graph in F . Put b = 1 + d

a

, put X = f1; 2; : : : ; bg.

Put also H = (V;E). The verti
es of graph H

0

will be all triples (A; x; v)

where A is any 
onne
ted graph that belongs to �

d

(F) with vertex set

V (A) � X , x 2 V (A), and v 2 V . Two verti
es (A; x; v) and (A

0

; x

0

; v

0

)

form an edge if vv

0

2 E; xx

0

2 E(A) \ E(A

0

) and E(A), E(A

0

) 
oin
ide

both on the set V (A) \ V (A

0

) and �nally if for any vertex y 2 X holds:

d

A

(x; y) � aiffd

A

0

(x; y) � a and, also, d

A

(x

0

; y) � aiffd

A

0

(x

0

; y) � a

(where d

A

(x; y) denotes the distan
e of x and y in A).

One 
an prove that the graph H

0

has all the desired properties.
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It follows that any 
lass of form �

d

\ Forb(F) has a supremum only if

there exists H 2 �

d

\ Forb(F) su
h that �

d

\ Forb(F) � C

H

; this then

means that H is the greatest element of �

d

(F).

However the order stru
ture of 
lasses �

d

\ C

H

is far from obvious. For

example the following two problems (analogous to the results in Se
tion 2)

have been isolated:

Problem 3.3 Let d � 3. Is it true that for every graph G 2 �

d

, G < K

d

there exists a graph G

0

2 �

d

su
h that neither G � G

0

nor G

0

� G (i.e.

graphs G and G

0

are in
omparable graphs in �

d

.

A positive solution of this Problem would imply that the the non{trivial


uts of 
lasses �

d

are K

d

and K

d+1

only. But this seems to be a hard

question. This problem is related to the 
omplexity of H-
olourings of

bounded degree graphs whi
h have been studied e.g. in [4, 9℄.

Problem 3.4 (Pentagon problem) Does there exists an l su
h that any


ubi
 (i.e. 3-regular) graph G with girth l is homomorphi
 to C

5

(i.e. is

C

5

-
olourable)?

Partial results related to this problem were obtained in [23, 8, 9℄. One

should perhaps note that for C

2k+1

; k > 3, (instead of C

5

) the answer is

negative.

4 Degenerated 
lasses

Re
all that an (undire
ted) graph G = (V;E) is said to be d-degenerated if

there exists a linear ordering v

1

< v

2

< : : : < v

n

of verti
es of G satisfying

jfv

i

; j < i; v

j

v

i

2 Egj � d

for every j; 1 � j � n. Alternatively, a d-degenerated graph 
an be

de�ned by the 
ondition

Æ(G

0

) � d

for every subgraph G

0

of G (Æ(G) denotes the minimal degree of a vertex of

G). (Yet another way is to de�ne d-degenerated graphs by the hereditary

edge-density.)

The 
lass of all d-degenerated graphs will be denoted by DEG

d

. The


lass DEG

1

is just the 
lass of all forests. For d > 1 these 
lasses are more

8



interesting. Similarly as in the previous se
tion we denote by DEG

d

(F) the


lass of all d-degenerated graphs whi
h belong to the 
lass Forb(F). While

these de�nitions are formally similar the extremal properties of these 
lasses

are strikingly di�erent.

Theorem 4.1 Let d � 2. Then the following holds:

i: K

d+1

is the greatest graph in DEG

d

.

ii: For every �nite set F of non-bipartite graphs the 
lass DEG

d

(F) has

supremum K

d+1

.

Note that for a forbidden set F whi
h 
ontain a bipartite graph the

situation is mu
h simpler and di�erent - K

1

is a bound.

We do not prove this result here (see [14℄). Instead we prove the following

related result about 
uts:

Theorem 4.2 For any �nite set F of non-bipartite graphs and d � 2 the

only non{trivial 
ut of the 
lass DEG

d

(F) is fK

d+1

g.

Proof. For 
ontradi
tion assume that fH

1

; : : : ; H

r

g be a 
ut. Let d � 2

and F be as assumed. Let F

0

denotes the set of all non{bipartite blo
ks of

graphs belonging to F . As any graph F 2 F 
ontains a non{bipartite blo
k

it follows that the 
lass DEG

d

(F

0

) is a sub
lass of the 
lass DEG

d

(F).

Put l the maximal number of verti
es of a graph belonging to F

0

. Put k =

maxjV (H

i

)j. We shall 
onstru
t a graph H with the following properties:

1: H has girth > k+ l and thus parti
ularly F 6� H for any F 2 F

0

and


onsequently also F 6� G for any F 2 F .

2: H is d-degenerated;

3: Any homomorphi
 image of H with at most k verti
es 
ontains K

d+1

.

1: and 2: imply that H 2 DEG

d

(F) and that H

i

6� H; i = 1; : : : ; r. It

follows from 3: that H 6� H

i

; i = 1; : : : ; r and thus fH

1

; : : : ; H

r

g fails to be

a 
ut of DEG

d

(F).

The graph H will be 
onstru
ted by means of Des
artes{Tutte{type of


onstru
tion as follows (
ompare [8℄):

We shall 
onstru
t graphs G

1

; G

2

; : : : ; G

d+1

; G

d+1

will be the desired

graph H . Put G

1

= K

1

and G

2

= K

2

. In the indu
tion step assume

that G

i

is 
onstru
ted. Put jV (G

i

)j = p

i

and let (X

i+1

;M

i+1

) be p

i

-

uniform hypergraph without 
y
les of length � l and with 
hromati
 number

> k (this exits by [3, 10℄). For every M 2 M

i+1

take an isomorphi



opy G

M

i

of G

i

and assume V (G

M

i

) \ X

i+1

= ;; V (G

M

i

) \ V (G

M

0

i

) = ;,

9



for all M 6= M

0

2 M

i+1

. Finally for every M 2 M

i+1

�x a bije
tion

�

M

i+1

: V (G

M

i

)!M . De�ne the graph G

i+1

= (V

i+1

; E

i+1

) as follows:

V

i+1

= X

i+1

[

[

(V (G

M

i

);M 2 M

i+1

)

E

i+1

=

[

(E(G

M

i

);M 2M

i+1

) [ fv�

M

i+1

(v); v 2 V (G

M

i

);M 2 M

i+1

g:

G

i+1

does not 
ontain 
y
les of length � l (in fa
t, by our 
hoi
e of

G

1

and G

2

it does not 
ontain 
y
les of length � 3l; we do not optimize

here). We also prove by indu
tion for i = 1; 2; : : : d + 1 that G

i

is an

(i � 1){degenerated graph. In the indu
tion step assume that G

i

has an

(i � 1){degenerated ordering. For V (G

i+1

) 
hoose su
h an ordering whi
h

satis�es x < v for all x 2 X

i+1

and v 2 V (G

M

i

) and 
oin
ides on any

set V (G

M

i

) with (i � 1){degenerated ordering (of G

M

i

). Clearly this is an

i{degenerated ordering of G

i+1

.

Finally, let f : V (G

d+1

) ! H be a homomorphism, jV (H)j � k. By

the downward indu
tion for j = d + 1; d; : : : ; 1 we prove that for every j

there exists M

j

2 M

j

su
h that f restri
ted to the set M

j

is a 
onstant.

However this is nearly obvious as the building blo
ks of our 
onstru
tion

{the hypergraphs (X

i

;M

j

){ have all 
hromati
 number > k. As every M

j

is joined by an edge to all verti
es of V (G

M

j

j�1

) we get that the homomorphi


image of G under f 
ontains K

d+1

, whi
h is a 
ontradi
tion.

5 Minor 
losed 
lasses

A 
lass of graphs K is said to be minor 
losed if 
ontains all minors of any of

its member. We say that K is proper if it does not 
ontain all graphs. Note

that all graphs in a proper minor 
losed 
lass of graphs are d-degenerated

for a d (by Mader's Theorem [11℄). Consequently any minor 
losed 
lass of

graphs is bounded (in C). However extremal graphs are mu
h more diÆ
ult

for minor 
losed 
lasses then for bounded degree and d-degenerated 
lasses.

One of the few general results was obtained re
ently [16℄:

Theorem 5.1 Let K be any proper minor 
losed 
lass of graphs, k a positive

integer. Then the 
lass of all K

k

-free graphs from K is bounded by a K

k

-free

graph.

Expli
itly: there exists a graph H = H(K; k) with the following proper-

ties:

10



i: K

k

6� H;

ii: G � H for any G 2 K;

Additionally we may assume that the 
hromati
 number of H is equal to

the maximal 
hromati
 number of a graph in K.

We shall not prove this here. Let us just remark that Theorem 5.1 implies

that the 
elebrated Gr�otzs
h's theorem (whi
h asserts that K

3

is a bound

for all triangle{free planar graphs) does not yield the best bound: By virtue

of Theorem 5.1 there exists a bound H satisfying H < K

3

. The bounds for

minor 
losed 
lasses are related to the Hadwiger 
onje
ture whi
h we state

in two following ways: i: is the usual formulation and ii: is a formulation

in the spirit of this paper. We also add a lo
alized version iii. (A 
lass of

graphs is said to be prin
ipal ideal in the minor order if the 
lass 
onsists

from minors of a graph.)

Conje
ture 5.2 (Hadwiger)

i: For every graph G holds �(G) � h(G) where h(G) is the maximal


omplete graph whi
h is a minor of G.

ii: Any proper minor 
losed 
lass K of graphs has the greatest element

whi
h is a 
omplete graph.

iii: Any prin
ipal ideal of the minor quasiorder has greatest graph in the

homomorphism order and this graph is a 
omplete graph.

Let us prove that these three forms of Hadwiger 
onje
ture are indeed

equivalent: i: ) ii: holds as for any graph G we 
an apply i: to the 
lass K

formed by all G together with all its minors. If H is the greatest element

of K then �(G) � �(H) and thus i: implies �(G) � h(G).

Conversely, assume ii: and let K be a proper minor 
losed 
lass. Let

H be a graph in K with the maximal 
hromati
 number, put k = �(H).

Then K is bounded by K

k

and by ii: applied to the graph H we know that

K

k

2 K. The equivalen
e of i: and iii: follows similarly.

In view of results of the previous two se
tions perhaps one should 
on-

sider the following weaker:

Conje
ture 5.3 Any proper minor 
losed 
lass of graphs has a greatest

element in the homomorphism order C.

It is not even 
lear whether any minor 
losed 
lass of graphs has a

supremum. However this weaker Conje
ture 5.3 seems to be more a

essible

as illustrated also by the following:

11



Proposition 5.4 Let K be a minor 
losed 
lass whi
h is de�ned by a set of


onne
ted forbidden minors. Then K has greatest element i� every as
end-

ing 
hain of graphs from K is bounded in K.

Let us state the as
ending 
hain 
ondition expli
itly: If G

1

; G

2

; : : : are

graphs from K su
h that G

1

< G

2

< : : : < G

n

< : : : then there exists H 2 K

su
h that G

i

� H for every i = 1; 2; : : :.

Proof. One dire
tion is 
lear. So let us assume that K satis�es as
ending


hain 
ondition and that it is de�ned by a set of 
onne
ted forbidden minors.

It is then 
lear that for every G 2 K there exists a maximal element H 2 K

(in the homomorphism order C) su
h that G � H . All maximal elements of

K are mutually in
omparable (in the homomorphism order). Let there be

two in
omparable maximal elements H and H

0

. Then their disjoint union

H + H

0

satis�es H + H

0

2 K H < H + H

0

; H

0

< H + H

0

whi
h is a


ontradi
tion. Thus K has the greatest element.

We have the following 
orollary whi
h veri�es Conje
ture 5.3 for prin
i-

pal ideals.

Corollary 5.5 For every 
onne
ted graph G the 
lass of all its minors has

the greatest element.

Proof. Denote by K the 
lass of all graphs H for whi
h every 
omponent

H

i

of H is a minor of G. The 
lass K is minor 
losed a it is de�ned by

a set of 
onne
ted forbidden minors (namely by the set of all 
onne
ted

forbidden minors of G; this set may be taken �nite as the minor relation

is WQO, [22℄. Moreover K satis�es as
ending 
hain 
ondition (as there are

only �nitely many 
hoi
es for 
omponents). Thus we 
an apply Proposition

5.4

Let us also note that by Theorem 5.1 any proper minor 
losed 
lass of

graphs is bounded by a graph H with 
lique number !(H) = h(K) where

h(K) is the largest 
lique 
ontained in K.

Some minor 
losed 
lasses seem to have more restri
ted 
uts. For ex-

ample we have that fK

1

g; fK

2

g; fK

3

g; fK

4

g are all 
uts for the 
lass of all

planar graphs. Are there any other? This is equivalent to the following

problem:

Problem 5.6 Let G

1

; G

2

; : : : ; G

t

be a set of in
omparable planar graphs,

t > 1. Does there exists a planar graph G whi
h is in
omparable with all

graph G

i

; i = 1; : : : ; t?

12



For general minor 
losed 
lasses a similar statement fails to be true. For

example if we 
onsider any pair of two in
omparable graphs (for example

K

3

and the Gr�otzs
h's graph) and we 
onsider all minors of these graphs

then this 
lass has obviously a non{trivial 
ut. Also, 
onsidering, say, series

parallel graphs we see that not every 1-
ut is a 
omplete graph (in the 
ase

of series parallel graphs we get all odd 
y
les). On the other hand 1-
uts

have 
ertain spe
ial stru
ture:

Proposition 5.7 Let K be any 
lass of graphs. Then 1-
uts of K form a


hain.

By virtue of Corollary 5.5 for every non{bipartite graph G the 
lass of

all its minors has a non-trivial 
ut.

6 Dire
ted graphs { Suprema and Dualities

Until now we 
onsidered undire
ted graphs only. It is a spe
ial feature of

this area that there is a big gap between dire
ted and undire
ted graphs.

We brie
y review some re
ent results whi
h are relevant to the 
ontext of

this paper.

First we 
onsider 
lasses Forb(F) (of all dire
ted graphs G whi
h do

not 
ontain any F 2 Forb(F) with F � G). While for the undire
ted

graphs these 
lasses are bounded in trivial instan
es only for dire
ted graphs

we have a mu
h ri
her an interesting spe
trum of results. Re
all that an

oriented graph G is said to be balan
ed i� every 
y
le in G has the same

number of forwarding and ba
kwarding ar
s. In terms of homomorphisms

this is the same as to say that there exists a homomorphism G!

~

P

n

where

~

P

n

is the dire
ted path of length n (i.e. with n+1 verti
es). For a balan
ed

graph G we also put al(G) = minfn;G!

~

P

n

g (algebrai
 length of G).

We start with the following:

Theorem 6.1 For a �nite set F of dire
ted graphs, the following statements

are equivalent:

i: The 
lass Forb(F) is bounded;

ii: At lest one of the graphs F 2 F is balan
ed.

Proof. This is yet another version of sparse high 
hromati
 graphs. ii:

implies i: as the 
hromati
 number of graphs in Forb(F) is bounded by

al(F ) for a balan
ed F 2 F . Conversely, suppose that no F 2 F is balan
ed.

13



Alternatively we know that any homomorphi
 image of any F 2 F 
ontains

a 
y
le. It suÆ
es to take any orientation of a high 
hromati
 graph without

short 
y
les. These graphs all belong to Forb(F) and thus there is no bound

for this 
lass.

The 
hara
terization of 
lasses of form Forb(F) with a greatest element

is a more diÆ
ult result:

Theorem 6.2 For a �nite set F of dire
ted graphs the following statements

are equivalent:

i: The 
lass Forb(F) has greatest element;

ii: F 2 F is a set of (orientations of) trees.

Theorem 6.2 is proved in [19℄ in a di�erent 
ontext (
ompare [13℄).

Let us remark that Theorem 6.2 may be seen as 
hara
terization of

all Gallai{Roy (and Hasse) { type theorems whi
h 
orrespond to the 
ase

F = f

~

P

n

g. In this 
ase the dual graph is the transitive tournament with n

verti
es. This point of view is taken in [20℄.

Let us �nally dis
uss the existen
e of suprema for the 
lasses Forb(F).

Here we have also a full solution whi
h is perhaps surprising (this result is

taken from [14℄):

Theorem 6.3 For a �nite set F of 
onne
ted graphs the following state-

ments are equivalent:

i: The 
lass Forb(F) has supremum;

ii: At least one of the graphs F 2 F is balan
ed.

In the other words every bounded 
lass Forb(F) of oriented graphs has

a supremum.

Let us add a few remarks:

1: Conne
tedness assumption in Theorem 6.3 (similarly as in Theorem

3.1 is a ne
essary assumption.

2: Note that many of these suprema in Theorem 6.3 are proper. An

example is the 
lass Forb(fF

1

; F

2

; : : : ; F

t

; Hg) with supremum H .

3: Finite oriented graphs 
ontain an abundan
e of minimal 
uts of every

size (as opposed to undire
ted graphs). An example is provided by any �nite

set fF

1

; F

2

; : : : ; F

t

g of trees together with the 
orresponding dual graph

H

fF

1

;F

2

;:::;F

t

g

. It follows that for any t � 1 there are many 
uts of size t+1

and their stru
ture is 
ompli
ated. On the other side minimal 
uts of size

1 (i.e. 1{
uts) are simple to des
ribe. These are just graphs K

1

;

~

P

1

;

~

P

2

full

details of this will appear elsewhere).
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The following re
ent result of C. Tardif and J. Ne�set�ril [20℄ 
hara
terizes

all minimal 
uts of size 2:

Theorem 6.4 A pair fA;Bg of oriented graphs is a minimal 
ut if and

only if A is (homomorphism equivalent to) a tree and A is not any of the

graphs K

1

;

~

P

1

;

~

P

2

and B is (homomorphism equivalent to) its dual graph.

(Re
all that two graphs are homomorphism equivalent if ea
h has an

homomorphism to the other).

For 
uts of size 3 a similar result is presently open.

Above we noted that all the 
uts for the 
lass of all undire
ted graphs

(and many other 
lasses of graphs) are just trivial 
uts. Here the di�er-

en
e to oriented graphs 
ould not be bigger: 
uts in oriented graphs form

universal poset. Let us be more pre
ise:

Denote by CUT the 
lass of all 
uts (for the homomorphism order of

all oriented graphs). For 
lass CUT de�ne the order � by putting C � C

0

if for every graph G 2 C there exists a graph G

0

2 C

0

su
h that G � G

0

.

Denote also CUT

t

the 
lass of all t-
uts. We know that CUT

1

is a 
hain.

It is easy to determine this 
hain. It 
onsists for fP

0

g, fP

1

g, fP

2

g, where

fP

i

g is the monotone path of length i (see [20℄). However the stru
ture of

CUT

2

and thus the stru
ture of CUT is as ri
h as possible:

Theorem 6.5 The order CUT

2

(when restri
ted to the 
ore graphs) is uni-

versal partial order.

Expli
itly, every 
ountable partially ordered set is is an (indu
ed) sub-

poset of CUT

2

.

Proof. Re
all that for any oriented path T there exists a dual D

T

with the

property: For every graph G we have

G � D

T

, T 6� G

.

Let T

1

; T

2

be any two paths ea
h with a monotone path of length 3. We

have the following:

T

1

� T

2

, T

2

6� D

T

1

i� D

T

1

� D

T

2

:

We shall prove that

fT

1

; D

T

1

g � fT

2

; D

T

2

g , T

1

� T

2

.
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One dire
tion is 
lear. Thus assume T

1

6� T

2

and fT

1

; D

T

1

g � fT

2

; D

T

2

g.

Thus T

1

� D

T

2

. Further we have D

T

1

6� D

T

2

(as T

1

6� T

2

) and thus

ne
essarily D

T

1

� T

2

. However the last statement is impossible if the paths


ontain a monotone path of length � 3 (as the dual graph has 
hromati


number � 3).

Now we 
an apply (non{trivial) result of [7℄ whi
h asserts that the ho-

momorphism order when restri
ted to oriented path is universal. This 
on-


ludes the proof.

7 Summary and Con
luding Remarks

The purpose of this paper is to initiate the study of graph bounds in a

homomorphism and partial order setting. From this point of view greatest

elements and suprema present tight bounds (whi
h 
annot be \improved").

We have proved (Theorem 6.3) that 
lasses whi
h are de�ned by forbidden

homomorphisms from a �nite set of 
onne
ted graphs have suprema if and

only if they are bounded. On the other hand the same 
lasses when rela-

tivized by bounded degrees do not have suprema at all (with a few isolated


ases; see Theorem 3.1). This is in a sharp 
ontrast with the situation for

degenerated graphs where suprema are easy to des
ribe (and they form a


hain). This perhaps sheds some light on questions like Hadwiger 
onje
ture

whi
h 
an be expressed in the same vain.

On the other side some (perhaps many) questions, theorems and even

proofs 
onsidered in this paper 
an be 
arried over to more general situa-

tions: 
oloured graphs and even relational stru
tures (�nite models). An

example of this is given in [19℄. This provides a 
onne
tion with universal

algebra and model theory. We hope to return to this in near future.

What we propose here is a global approa
h to extremal{theory estimates

(su
h as bounds for 
hromati
 number) by means of 
olouring (homomor-

phism) order. We studied some lo
al properties of the 
olouring order (su
h

as suprema and greatest elements). To present a good bound (i.e. supre-

mum) for a 
lass of graphs is equivalent to �nding a smallest �nite homo-

morphism universal graph. Whether this hom{universal graph 
an have

the same lo
al properties as the 
lass itself is one of the 
entral questions

of this paper. We gave instan
es with both positive and negative answer.

A satisfa
tory solution we 
ould provide for 
lasses whi
h are de�ned by

�nitely many homomorphism obstru
tions. We relativized these results by

bounded degree{, degenera
y{ and minor 
losed{restri
tions. This leads to

16



some seemingly diÆ
ult problems but it also shows how these questions are

relevant and that global stru
ture of 
olourings 
an 
apture some of the key


ombinatorial 
onje
tures.
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