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Introdu
tion

To motivate the subje
t studied in this paper, we 
onsider the following

way of des
ribing the approximation of positive real numbers by rational

numbers whi
h is spe
i�
ally rooted in a
tual 
al
ulation. The rational

numbers used in this 
ontext are given by the de
imal expansions

� = b
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where n will be 
alled the order ord� of �. Su
h an � will be 
onsidered as

an approximation to a real number � if � belongs to the open interval (��

10

�ord�

; � + 10

�ord�

), the pre
ision of the approximation then evidently

measured by ord�. Further, in a

ordan
e with this view, we put

� � � i� (�� 10

�ord�

; �+ 10

�ord�

) � (� � 10

�ord�

; � + 10

�ord�

);

expressing the notion that � is a better approximation than � for any �

it approximates. As a suggestive example we note that � � � whenever

ord� � ord� and � is an extension of �, say

b

m

b

m�1

� � � b

0

:a

1

a

2

� � � a

n+1

� b

m

b

m�1

� � � b

0

:a

1

a

2

� � � a

n

;

but of 
ourse there are other instan
es, su
h as 0:12 � 0:2.

It is 
lear that this de�nes a partial order but it should be pointed out

that, while this 
ertainly 
aptures the essen
e of the way approximations

are 
al
ulated, it does not 
oin
ide with the notion of metri
 approximation

based on the absolute value. Thus 1.412 is metri
ally 
loser to

p

2 than

�
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1.4, but while the latter is an approximation of

p

2 in the present sense the

former is not. Similarly, it is important to note that 1.11 and 1.1100 are dif-

ferent in this setting: 1:1100 � 1:11 but not the reverse, in a

ordan
e with

the fa
t that 1.11, signifying the interval between 1.10 and 1.12, 
ontains

stri
tly less information than 1.1100.

If D is the partially ordered set thus des
ribed it is 
lear that its subsets

C

n

= f� 2 D j ord� = ng represent levels of pre
ision of approximations,

and D together with this 
olle
tion of subsets may be viewed as expressing

the notion of 
omputational approximation of the positive reals.

Furthermore, the C

n

turn out to be subsets of the partially ordered set

D of a spe
ial kind 
alled 
overs, and the 
olle
tion of these 
overs has


ertain parti
ular properties in view of whi
h it de�nes what we shall 
all a

nearness on D. Finally, the positive reals themselves appear in this setting

as what will be 
alled its points, te
hni
ally its regular Cau
hy �lters.

Now, abstra
ting from this example, we are led to 
onsider arbitrary

partially ordered sets, assumed to have a top for 
onvenien
e, equipped with

a suitable 
olle
tion of 
overs. Here, the elements are viewed as representing

approximations to a 
ertain kind of entity, x � y meaning that x is a better

approximation than y, and the given 
overs are taken to des
ribe levels

of pre
ision of the approximations. We 
all these entities approximation

systems.

In addition, we de�ne morphisms between approximation systems as

binary relations between their underlying tests whi
h, in parti
ular, preserve


ompatibility of approximations and are uniform in some natural sense. As

a result we then have the 
ategory ApprSyst of approximation systems.

Our �rst step after this will be to relate this 
ategory to an appropriate


ategory of information systems. The 
ru
ial idea here is that the notion

of impli
ation between bits of information, as en
oded by information sys-

tems (in the original sense of S
ott [10℄) 
an usefully be augmented by a

suitable 
on
ept of a

ura
y of information, again given by appropriate sets

of 
overs, this time on the preordered set of the 
onsistent �nite subsets of

the system. Furthermore, it is then natural to 
onsider only those maps of

the underlying information systems whi
h are uniform relative to the latter.

This will then de�ne the 
ategory StratInfSyst of strati�ed approximation

systems, and it will be shown that this is equivalent to ApprSyst up to

the partial order between the maps of either 
ategory given by in
lusion.

Next, motivated by the fundamental dual equivalen
e between the 
at-

egory InfSyst of (mere) information systems and the 
ategory ESLat of

semilatti
es and their extended homomorphisms (Banas
hewski-Pultr [6℄)
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we 
onsider semilatti
es equipped with the same type of sets of 
overs 
on-

sidered in the two previous 
ontexts together with those extended semi-

latti
e homomorphisms whi
h are uniform in the appropriate sense. For

the resulting 
ategory ENearS it will then be shown that the original dual

equivalen
e indu
es a dual equivalen
e between it and StrInfSyst. In addi-

tion, as a spe
i�
 feature of the enri
hed situation whi
h has no 
ounterpart

for the original 
ategory ESLat, we establish the equivalen
e, again up to

the partial order between maps, of ENearS with the 
orresponding 
ate-

gory of 
omplete nearness frames.

Further, we introdu
e the spa
e PtX of points of an approximation

system X as the spa
e of regular Cau
hy �lters of X , with its topology

and nearness stru
ture naturally arising from X , and establish that this is

isomorphi
 to the spe
trum of the 
omplete nearness frame FX whi
h arises

from X by the su

essive appli
ation of the equivalen
es des
ribed above.

Finally, we (1) provide the proof that the situation 
onsidered above

in our motivating example indeed de�nes an information system and then

des
ribe how this is related to the more familiar frame of non-negative

reals, and (2) dis
uss an alternative fun
tor between nearness frames and

approximation systems.

0 Ba
kground

For the relevant details 
on
erning the notions involved in this paper we

refer to the following:

Johnstone [8℄ or Vi
kers [11℄ for frames in general,

Banas
hewski-Pultr [5℄ , Banas
hewski [2℄, and Banas
hewski-Hong-

Pultr [4℄ spe
i�
ally for nearness frames, the original an
estors of the dif-

ferent kinds of stru
tures introdu
ed here as well as the entities to whi
h

these stru
tures will ultimately be related.

Banas
hewski-Pultr [6℄ for the 
onne
tion between information systems

and semilatti
es, and

Ma
 Lane [9℄ for the minimal number of 
ategory theoreti
al 
on
epts

employed here.

For 
onvenien
e, we spe
i�
ally des
ribe the material from [6℄ whi
h is

needed here.

Re
all that an information system (S
ott [10℄) is an entity S = (E;Con;`)

where
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E is a set,

Con is a 
olle
tion of �nite subsets u; v; w; : : : of E, and

` is a binary relation between Con and E su
h that

(IS1) If u � v and v 2 Con then u 2 Con.

(IS2) fxg 2 Con for all x 2 E.

(IS3) If u ` x then u [ fxg 2 Con.

(IS4) If u 2 Con and x 2 u then u ` x.

(IS5) If u ` x for all x 2 v and v ` y then u ` y.

We use the following notation for information systems: if S = (E;Con;`)

we put

jSj = E; ConS = Con; `

S

= `

and allow omission of the index in the latter whenever suitable.

Next, a map f : S ! T between information systems (
alled approx-

imable mapping in [10℄) is a binary relation f � ConS � ConT su
h that

(M1) �f�.

(M2) If u

0

� u, ufv, and v � v

0

then u

0

fv

0

.

(M3) If ufv and ufw then uf(v [ w).

Further, these notions form a 
ategory, the 
ategory InfSyst of infor-

mation systems, in whi
h 
omposition is given by the usual relational 
om-

posite, that is, for f : S ! T and g : T ! U , gf : S ! U is f Æ g, and

the identity map of S is the extension to ConS of the relation `

S

su
h that

u `

S

v i� u `

S

x for all x 2 v.

In addition, one 
onsiders the 
ategory ESLat of semilatti
es and their

extended homomorphisms, where semilatti
es A;B; : : : are always taken as

bounded meet semilatti
es and an extended homomorphism from A to B,

denoted ' : A ��B, is a bounded semilatti
e homomorphism ' : A ! DB

where DB is the latti
e of all (non-void) downsets of B (0 2 U and x � y,

y 2 U , implies x 2 U). Here, the 
omposite of ' : A��B and  : B ��C is

 � ' : A��C, de�ned by

 � '(a) =

[

f (x) j x 2 '(a)g;

and the identities for this 
omposition are the homomorphisms �

A

: A !

DA su
h that �

A

(a) = #a = fx 2 A j x � ag.

Finally, we have a dual equivalen
e L: InfSyst! ESLat between these


ategories, with the following e�e
ts on obje
ts S and maps f : S ! T :

LS = (ConS= à

S

) [ f?g
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where à

S

is the equivalen
e relation u `

S

v `

S

u on ConS whi
h deter-

mines the partially ordered set asso
iated with ConS preordered by `

S

, and

? is an added bottom.

Lf : LT ��LS is given by

Lf([v℄) = f[u℄ 2 ConS= à

S

j ufvg [ f?g; Lf(?) = ?

where [�℄ stands for the blo
k of the equivalen
e relations à

T

and à

S

,

respe
tively.

Con
erning the notion of 
ompleteness of strong nearness frames whi
h

plays a 
entral rôle in Se
tion 4, the reader is reminded that

(1) a dense surje
tion h : M ! L of strong nearness frames is a frame

homomorphism whi
h is dense (a = 0 whenever h(a) = 0), onto on elements,

and onto on uniform 
overs,

(2) L is 
alled 
omplete if any dense surje
tionM ! L is an isomorphism,

and

(3) A 
ompletion of L is a dense surje
tion M ! L with 
omplete M .

We note in addition that any L has 
ompletion, and the 
orresponding

dense surje
tion is the 
ore
e
tion map to L from 
omplete strong nearness

frames.

1 Nearness

In the following we shall be dealing with several kinds of preordered or

partially ordered sets, always taken to have a unit (= top) e, in
luding

(bounded) meet semilatti
es. Our �rst obje
t will be to de�ne a 
on
ept

of nearness on any of these, modelled after the familiar notion in frames

(Banas
hewski [2℄) whi
h embodies the pointfree form of regular nearness

(and spe
i�
ally uniform) spa
es.

In order to do this two separate things are needed:

(1) a notion of 
over, as the obvious basi
 ingredient, and

(2) a notion of non-disjointness whi
h is needed for the de�nition of the

admissibility of a set of 
overs.

We use the following general terminology and notation for a preordered

set X . For any x 2 X , # x = fz 2 X j z � xg, and for any A � X ,

#A =

S

f# x j x 2 Ag. Further, for any A;B � X , A � B (A re�nes B)

means A � # B, that is, ea
h element of A is below some element of B.
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Finally, for any x 2 X and A � X , x =

W

A (x is the join of A) means

A � # x and x � z whenever A � # z, and a subset B of X is 
alled

join-dense if x =

W

B \ #x for ea
h x 2 X .

Now, a 
over of a preordered set X is a subset C of X su
h that

x =

_

#C \ #x

for ea
h x 2 X , that is, #C is join-dense. Note that in a frame L, C � L

is a 
over i�

W

C = e, the unit of L, saying that C is a 
over in the usual

sense. Similarly, for any partially ordered subset X of a frame L, any subset

of X whi
h is a 
over of L is also a 
over of X . Further, in a semilatti
e A,

the 
over 
ondition obviously simpli�es to

a =

_

fa ^ s j s 2 Cg

for all a 2 A. We note in passing that, for semilatti
es, this is stri
tly

stronger than just e =

W

C.

Con
erning 
overs in a preordered set we have two obvious rules:

(1) if C is a 
over then any subset D su
h that C � D is a 
over, and

(2) if C and D are 
overs then #C \ #D is a 
over, denoted C ^D.

Note that in (2), if E � C and E � D for any 
overs then E � C ^D.

Of 
ourse, in a meet semilatti
e C ^D is equivalent, in the sense provided

by the relation � between sets, to fs ^ t j s 2 C; t 2 Dg.

Next, regarding non-disjointness, we distinguish between preordered sets

and pre-ordered sets with spe
i�ed bottom 0, referring to both 
ases jointly

as general preordered sets. A �nite subset u will be 
alled a 
luster in

the �rst 
ase of u has lower bounds and in the se
ond 
ase of u has lower

bounds not less than or equal to the spe
i�ed 0. For u = fx

1

; : : : ; x

n

g and

`b(u) =# x

1

\ � � � \ # x

n

this says `b(u) 6= � and `b(u) 6= [0℄, the set of all

x � 0, respe
tively. In either 
ase, if u = fx

1

; : : : ; x

n

g we may express this

formally by x

1

^ � � � ^ x

n

6= 0, with x

1

^ � � � ^ x

n

= 0 meaning that u is not

a 
luster.

Now, for any 
over C of a general preordered set X and any x 2 X , let

C

x

= fs 2 C j x ^ s 6= 0g

and put x /

C

z if C

x

� # z. Note that the latter implies x � z: it makes

z an upper bound of # x \ # C be
ause z is trivially an upper bound of

the #x \ # s for s 62 C

x

in C. The relation /

C

gives rise to a new relation
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between 
overs: we put C �

�

D (C star-re�nes D) provided for ea
h x 2 C

there exist t 2 D su
h that s /

C

t.

Further, for any set A of 
overs of X , x /

A

z shall mean that x /

C

z for

some C 2 A, and we 
all A admissible whenever

z =

_

fx 2 X j x /

A

zg

for ea
h z 2 X . Finally, a nearness on X is an admissible set N of 
overs

of X su
h that C 2 N and C � D implies D 2 N and C ^ D 2 N for any

C;D 2 N.

Note that, for any set A of 
overs whi
h is admissible and down-dire
ted

in the sense of�, the set of 
overs re�ned by some member of A is a nearness,

said to be generated by A.

Regarding spe
ial kinds of nearnesses, a nearness N is 
alled strong if

the 
over

�

C = fx 2 X j x /

N

z for some z 2 Cg

belongs to N for ea
h C 2 N, and a uniformity if, for ea
h C 2 N there exist

D �

�

C in N. Note that D �

�

C implies D �

�

C and hen
e any uniformity

is a strong nearness (but 
ertainly not 
onversely.

It is perfe
tly obvious that, in the 
ase of a frame, all these notions

amount to the familiar ones referred to by the same terminology, and hen
e

the present de�nitions provide a 
onsiderable extension of the s
ope of these


on
epts.

Regarding the existen
e of nearnesses on a given X , note that if X has a

nearness then the set CovX of all its 
overs is a nearness; 
learly, this is the


ase i� CovX is admissible, and whenever this holds the nearness CovX is

trivially strong. Further, if x � z is de�ned to mean that

fzg [ fy 2 X j x ^ y = 0g

is a 
over then CovX is admissible i� z =

W

fx 2 X j x � zg, extending

the familiar fa
t that a frame has a nearness i� it is regular. Note that, as

an obvious 
onsequen
e of this, no totally ordered set with more than two

elements has a nearness: in this 
ase, x � z only holds if x = 0 or z = e.

We 
lose with a simple observation 
on
erning the two basi
 pro
esses

involving preordered sets, the passage to partially ordered sets by taking

the familiar quotient modulo the equivalen
e \x � y and y � x" and the

enlargement X � X

?

of a partially ordered set without spe
i�ed bottom

by the addition of a spe
i�ed bottom.
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If � : X !

~

X is the quotient map in the �rst 
ase then C � X is a 
over

i� �[C℄ is a 
over; C � D for 
overs in X i� �[C℄ � �[D℄; for any 
over C

of X and x; z 2 X , x /

C

z i� �(x) /

�[C℄

�(z); and � preserves and re
e
ts all

existing joins. Consequently, the nearnesses on X and on

~

X 
orrespond to

ea
h other by the map �, and the same holds, for analogous reasons, for the

nearnesses on X and X

?

in relation to the embedding X ! X

?

. Moreover,

it is 
lear that strong nearnesses and uniformities 
orrespond to ea
h other,

respe
tively, in both 
ases.

2 Approximation systems and strati�ed in-

formation systems

An approximation system is a partially ordered set with a top together with

a strong nearness on it. We denote su
h systems by X;Y; : : :, the 
orre-

sponding nearness by NX;NY; : : :, and allow notational 
onfusion between

X and its underlying set or partially ordered set; the partial orders will

be �

X

;�

Y

; : : : ; or without the index whenever 
onvenient. Further, an

approximation system will be 
alled uniform if NX is a uniformity.

As indi
ated in the Introdu
tion, we view the elements of the underlying

partially ordered set of an information system as approximations to some

entity or other where the partial order indi
ates \is a better approximation

than," the 
overs belonging to NX signify levels of pre
ision, and NX as a

whole provides a s
ale of su
h levels, with re�nement indi
ating in
reased

pre
ision. We leave it to the reader to spell out the meaning of the formal

properties of 
overs and the admissibility of NX in terms of this view.

Examples 2.1 (1) We now 
onsider D as the partially ordered set of

terminating de
imal expansions dis
ussed in the Introdu
tion augmented by

a formal top element. Then, as shown in the appendix, the sets C

n

= f� 2

D j ord� = ng form an admissible set of 
overs su
h that C

n+1

�

�

C

n

.

Hen
e we have a uniform approximation system, to be 
alled the de
imal

approximation system, again denoted by D.

(2) For any strong nearness frame, the partially ordered set of all its non-

zero elements, together with the uniform 
overs not 
ontaining 0 obviously

forms an approximation system.

(3) The singleton partially ordered set f0g 
learly has N = ff0gg as

its unique nearness, and we let 1 be the resulting approximation system.

Note this results from the two-element strong nearness frame by the pro
ess
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des
ribed in (2).

Below we use the following notation for any binary relation f � X � Y

between sets X and Y : for x 2 X , y 2 Y , S � X , and T � Y ,

f(x) = fy 2 Y j xfyg ; f

�1

(y) = fx 2 X j xfyg

f [S℄ =

[

ff(x) j x 2 Sg = fy 2 Y j xfy for some x 2 Sg

f

�1

[T ℄ =

[

ff

�1

(y) j y 2 Tg = fx 2 X j xfy for some y 2 Tg

Now, for any approximation systems X and Y , an approximation map

(map for short) f : X ! Y is a binary relation f � X � Y su
h that

(AM1) efe.

(AM2) If x

0

� x, xfy, and y � y

0

then x

0

fy

0

.

(AM3) If x

1

^� � �^x

n

6= 0 in X and x

i

fy

i

for i = 1; : : : ; n then y

1

^� � �^

y

n

6= 0.

(AM4) For any C 2 NY , f

�1

[C℄ 2 NX .

We 
onsider the �rst three 
onditions to de�ne 
luster preserving mor-

phisms between partially ordered sets and view the last one as an added

uniformity requirement.

Note that, for any approximation system X , its partial order is a map

X ! X , the �rst three 
onditions being quite obvious while (AM4) holds

be
ause (�)

�1

(x) =#x and C �

S

f#s j s 2 Cg. As a 
onsequen
e, we may

view the f : X ! Y as externally provided modes of 
omparing the quality

of approximations in X with that of approximations in Y whi
h is suitably


ompatible with the spe
i�ed levels of pre
ision.

Lemma 2.1 (1) For any approximation maps f : X ! Y and g : Y !

Z, f Æ g is approximation map X ! Z.

(2) For any approximation map f : X ! Y , (�

X

) Æ f = f = f Æ (�

Y

).

Proof. (1) (AM1) and (AM3) are quite straightforward to 
he
k, and

the other two 
onditions result from the general observation that

(f Æ g)[S℄ = g[f [S℄℄ and (f Æ g)

�1

[T ℄ = f

�1

[g

�1

[T ℄℄

for any S � X and T � Z.

(2) x((�

X

) Æ f)y means x � z and zfy for some z and hen
e xfy by

(AM1); on the other hand, xfy implies x � x and xfy so that x((�

X

)Æf)y,

proving the reverse in
lusion. The se
ond 
ase is obtained in the same way.

2
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As a result, if we take f Æ g : X ! Z as the 
omposite gf of f : X ! Y

and g : Y ! Z the asso
iativity of relational 
omposition together with

(2) of the lemma shows that this de�nes a 
ategory whi
h will be denoted

ApprSyst.

Examples 2.2 (1) For any approximation system X there is a unique

map f : X ! 1, obviously su
h that xf0 for all x 2 X . Hen
e 1 is the

terminal obje
t of ApprSyst.

(2) De�ning the operation \multipli
ation by 10" on the underlying set

of the de
imal approximation system D in the obvious way we obtain 
orre-

sponding maps f; g : D ! D su
h that �f� i� 10� � � and �g� i� � � 10�

for whi
h gf = id

C

= fg, expressing multipli
ation and division by 10 in

terms of the 
ategory ApprSyst.

(3) For any uniform homomorphism h : M ! L between strong near-

ness frames, if X and Y are the 
orresponding approximation systems de-

termined by L � f0g and M � f0g respe
tively then h determines an ap-

proximation map f : X ! Y su
h that xfy i� x � h(y). The �rst three


onditions for maps hold quite obviously, and regarding the fourth one we

have, for any C 2 NY , that is: C 2 NM and 0 62 C,

f

�1

[C℄ = fx 2 X j x � h(y) for some y 2 Cg = (#h[C℄)� f0g

whi
h belongs to NX sin
e h[C℄� f0g 2 NL.

For the following we refer to the ba
kground on information systems

given in Se
tion 0.

A strati�ed information system is an entity S = (E;Con;`;N) where

(E;Con;`) is an information system and N a strong nearness on ConS

taken with its usual preorder `. We let jSj = E, ConS = Con, andNS = N.

Further, for strati�ed information system S and T , a map f : S ! T is

a map of the underlying information systems whi
h is uniform in the sense

that f

�1

[C℄ 2 NS for ea
h C 2 NT .

Lemma 2.2 For strati�ed information systems, their identity maps and

the 
omposites of any uniform maps are uniform.

Proof. For any S, id

S

=`; hen
e if C 2 NS then

(`)

�1

[C℄ = fu 2 ConS j u ` v for some v 2 Cg

whi
h 
ontains C and 
onsequently belongs to NS. Further, for uniform

f : S ! T and g : T ! U , if C 2 NU then

(gf)

�1

[C℄ = (f Æ g)

�1

[C℄ = f

�1

[g

�1

[U ℄℄
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whi
h belongs to NS by the given uniformity of f and g. 2

As a result, the strati�ed information systems together with the uniform

maps between them form a 
ategory StrInfSyst with units and 
omposition

as in the 
ategory of (mere) information systems. It is our aim now to relate

this 
ategory to our earlier 
ategory ApprSyst.

As a �rst step, we note that any approximation system X determines a

strati�ed information system SX as follows.

jSX j is the underlying set of X ,

Con(SX) is the set CluX of 
lusters of X , that is (to re
all) the �nite

u � X whi
h have a lower bound in X ,

u ` x for any 
luster u of X and x 2 X i� `b(u) � #x,

N(SX) is generated by the sets C

�

= ffsg j s 2 Cg, C 2 NX .

Regarding the axioms of information systems, we have:

(IS1) if u � v where v 2 CluX then `b(v) � `b(u) and `b(v) 6= � so that

`b(u) 6= � and hen
e u 2 CluX .

(IS2) Any fxg is trivially a 
luster.

(IS3) If u ` x then `b(u) � #x trivially, hen
e `b(u[fxg) = `b(u)\#x =

`b(u) 6= � and therefore u [ fxg 2 CluX .

(IS4) For any 
luster u and x 2 u, `b(u) � # x trivially and hen
e u ` x.

(IS5) For any 
lusters u and v, if `b(u) � #x for all x 2 v then `b(u) �

T

f#x j x 2 vg = `b(v) and 
onsequently `b(v) � #y implies `b(u) � #y.

Note further for the extension of ` to Con(SX) that u ` v i� `b(u) �

`b(v).

Con
erning N(SX) it has to be 
he
ked that the C

�

are indeed 
overs

of Con(SX) = CluX and that the set of these 
overs has all the required

properties.

To see any C

�

is a 
over, 
onsider u; v 2 CluX su
h that

u [ fsg ` v for ea
h s 2 C where u [ fsg is a 
luster:

Then `b(u) \ # s = � and `b(u) \ # s � `b(v). Hen
e for x 2 `b(u) and

z 2 v, #x \ # s � # z and be
ause C is a 
over of X this shows x � z. As

a result, `b(u) � # z for all z 2 v, saying that `b(u) � `b(v) and therefore

u ` v. This proves the 
laim sin
e #u \ #fsg 6= � i� u [ fsg is a 
luster,

and for ea
h x 2 `b(u), #x \ #s 6= � obviously implies u [ fsg is a 
luster.

Next, if C � D in NX then C

�

� D

�

be
ause x � z in X implies

fxg ` fzg in Con(SX), and hen
e the C

�

, C 2 NX , form a �lter basis of


overs of Con(SX).

11



Regarding strong in
lusion, note that x /

C

z in X i� fxg/

C

�

fyg in

Con(SX) be
ause

(C

�

)

fxg

= ffsg 2 C

�

j u ` fxg and u ` fsg for some u 2 CluXg

= ffsg 2 C

�

j fx; sg 2 CluXg = ffsg 2 C

�

j s 2 C

�

g

and s � z i� fsg ` fzg.

Before we turn to admissibility, note the following important property of

the fxg in CluX : If fxg ` u implies fxg ` v for all x 2 X then u ` v sin
e

fxg ` w i� x 2 `b(w) so that `b(u) � `b(v) whi
h means u ` v. As a result

u =

W

ffxg j fxg ` ug in CluX , saying that ffxg j x 2 Xg is join-dense in

CluX .

Now, for ea
h x 2 X , fxg =

W

ffzg j fzg / fxgg. To see this, 
onsider

any u 2 CluX su
h that fzg ` u for all fzg / fxg. Then fzg ` u for any

z / u by our earlier observation and 
onsequently z � y for ea
h y 2 u

whenever z / x. Hen
e x � y by the admissibility of NX , and in all this

implies x 2 `b(u), that is fxg ` u. Finally, given that the fxg, x 2 X are

join-dense in CluX this proves the admissibility.

As a result, the C

�

, C 2 NX , generate a nearness on Con(SX), and

sin
e x/s i� fxg/fsg we have (

�

C)

�

� (C

�

)�, showing this nearness is strong.

Similarly, C �

�

D in NX implies C

�

�

�

D

�

and hen
e this nearness is a

uniformity whenever this holds for NX .

Our next aim is to extend the obje
t 
orresponden
eX 7! SX fromAp-

prSyst to StrInfSyst to an appropriate 
orresponden
e of maps. Ideally

one would like this to be a fun
tor but that does not quite work out: what

we obtain here is a fun
tor only modulo a 
ertain equivalen
e on the 
lass

of maps in either 
ategory. The 
ru
ial point here is that, in both 
ases,

the set of maps between any pair of obje
ts is partially ordered, namely by

set in
lusion, with 
omposition of maps preserving this partial order, and

one 
an then 
onsider the equivalen
e relations generated by these partial

orders. We refer to this as \modulo order" for short. Similarly, by a lax

fun
tor between the 
ategories involved here we mean a 
orresponden
e of

obje
ts to obje
ts and maps to maps whi
h takes identity maps to identity

maps but for whi
h the equality of 
omposition preservation is repla
ed by

the partial order { whi
h 
ertainly implies equality modulo order.

For any map f : X ! Y of approximation systems 
onsider Sf �

Con(SX)� Con(SY ) = CluX � CluY su
h that

�Sf� and

12



uSfv i� there exist x

1

; : : : ; x

n

2 X and y

1

; : : : ; y

n

2 Y su
h that

u ` fx

1

; : : : ; x

n

g; x

i

fy

i

for all i; fy

1

; : : : ; y

n

g ` v:

Note here that fx

1

; : : : ; x

n

g is a 
luster by the �rst 
ondition and so is

fy

1

; : : : ; y

n

g by the properties of f .

Now, given uSfv and uSfw, that is

u ` fx

1

; : : : ; x

n

g; x

i

fy

i

; fy

1

; : : : ; y

n

g ` v

and

u ` fx

0

1

; : : : ; x

0

m

g; x

0

i

fy

0

i

; fy

0

1

; : : : ; y

0

m

g ` w;

it follows that u ` fx

1

; : : : ; x

0

m

g and fy

1

; : : : ; y

0

m

g ` v[w and hen
e uSf(v[

w). Sin
e the remaining 
onditions are obvious this shows Sf is a map of

the underlying information systems. Furthermore, it is uniform: for any

C 2 NY ,

(Sf)

�1

[C

�

℄ = fu 2 CluX j u ` fx

1

; : : : ; x

n

g; x

i

fy

i

; fy

1

; : : : ; y

n

g ` s; s 2 Cg

� ffxg j xfs; s 2 Cg = (f

�1

[C℄)

�

and the latter belongs to N(SX) sin
e f

�1

[C℄ 2 NX .

Next, the 
orresponden
e f 7! Sf takes identities to identities: uS(�

X

)v

means that u ` fx

1

; : : : ; x

n

g where x

i

� z

i

and fz

1

; : : : ; z

n

g ` v, and

the middle 
ondition implies fx

1

; : : : ; x

n

g ` fz

1

; : : : ; z

n

g so that u ` v.

Conversely, if u ` v then also u ` u [ v ` v and hen
e uS(�

X

)v.

Regarding 
omposition, if f : X ! Y and g : Y ! Z then uS(f Æ g)w

says that

u ` fx

1

; : : : ; x

n

g; x

i

(f Æ g)z

i

; fz

1

; : : : ; z

n

g ` w

and hen
e by the middle 
ondition x

i

fy

i

and y

i

gz

i

for suitable y

i

2 Y ;

thus uSfv and vSgw with v = fy

1

; : : : ; y

n

g so that u(Sf) Æ (Sg)w, showing

S(gf) � (Sg)(Sf). Thus S : ApprSyst ! StrInfSyst is a lax fun
tor in

the sense explained earlier.

Proposition 2.1 Modulo order, S is an equivalen
e between ApprSyst

and StrInfSyst.

Proof. This will be given in the following steps: (1) S is onto on obje
ts,

up to isomorphism. (2) For any g : SX ! SY there exists ĝ : X ! Y su
h

that Sĝ � g, showing f 7! Sf is full modulo order. (3) For any f; g : X ! y,

f � g i� Sf � Sg for the equivalen
e relation � generated by �.

13



(1) Given any strati�ed information system S, let X be the partially

ordered set ConS= à of à-blo
ks [u℄; [v℄; : : : as dis
ussed in Se
tion 0 to-

gether with the strong nearness determined by NS, that is, 
onsisting of

the 
overs C

#

= f[s℄ j s 2 Cg of ConS= à for C 2 NS. Then SX is given

by the following spe
i�
ations:

jSX j = ConS= à,

Con(SX) = Clu(ConS= à), 
onsisting of the f[u

1

℄; : : : ; [u

n

℄g su
h that

? 6= [u

1

℄^� � �^ [u

n

℄ in terms of the semilatti
e (ConS= à)[f?g and hen
e

of the f[u

1

℄; : : : ; [u

n

℄g for whi
h u

1

[ � � � [ u

n

2 ConS,

f[u

1

℄; : : : ; [u

n

℄g ` [u℄ i� [u

1

℄ ^ � � � ^ [u

n

℄ � [u℄ i� u

1

[ � � � [ u

n

` u, and

N(SX) is generated by the 
overs (C

#

)

�

= ff[s℄g j s 2 Cg.

Now 
onsider the relations f � Con(SX) � ConS and g � ConS �

Con(SX) su
h that

f[u

1

℄; : : : ; [u

n

℄gfv i� u

1

[ � � � [ u

n

` v; �f�

and

ugf[v

1

℄; : : : ; [v

n

℄j℄ i� u ` v

1

[ � � � [ v

n

; �g�:

It is easily 
he
ked that these are maps of the information systems involved,

based on the observation that

f[w

1

℄; : : : ; [w

m

℄g ` f[u

1

℄; : : : ; [u

n

℄g i� w

1

[ � � � [ w

m

` u

1

[ � � � [ u

n

for any 
lusters fw

1

; : : : ; w

m

g and fu

1

; : : : ; u

n

g in ConS. In the same way,

one readily veri�es that f Æ g =`

SX

and g Æ f =`

S

, and hen
e f and g are

isomorphism, inverse to ea
h other, of the underlying information systems.

Regarding the uniformity 
onditions we have, for any C 2 NS,

f

�1

[C℄ = ff[u

1

℄; : : : ; [u

n

℄g 2 Con(SX) j u

1

[ � � � [ u

n

` s; s 2 Cg

� ff[s℄g j s 2 Cg = (C

#

)

�

;

and sin
e N(SX) is generated by the (C

#

)

�

this shows f

�1

[C℄ 2 N(SX).

Similarly,

g

�1

[(C

#

)

�

℄ = fu 2 ConS j ugf[s℄g; s 2 Cg

= fu 2 ConS j u ` s; s 2 Cg � C

whi
h proves the 
ondition for g, again sin
e the (C

#

)

�

generate N(SX).

(2) For any g : SX ! SY , let ĝ � X �Y be de�ned by xĝy i� fxggfyg.

We 
laim this is a map ĝ : X ! Y .

14



eĝe be
ause �g� and feg à �.

If x

0

� x, fxggfyg, and y � y

0

then fx

0

g ` fxg and fyg ` fy

0

g and

hen
e fx

0

ggfy

0

g.

For any 
luster fx

1

; : : : ; x

n

g, if fx

i

ggfy

i

g for y

1

; : : : ; y

n

2 Y then

fx

1

; : : : ; x

n

g ` fx

i

g and therefore fx

1

; : : : ; x

n

ggfy

i

g for ea
h i whi
h im-

plies fx

1

; : : : ; x

n

ggfy

1

; : : : ; y

n

g, showing fy

1

; : : : ; y

n

g is a 
luster.

For any C 2 NY , g

�1

[C

�

℄ 2 N(SX) sin
e C

�

2 N(SY ), and hen
e

B

�

� g

�1

[C

�

℄ for some B 2 NX by the de�nition of N(SX). Now, the

latter means for ea
h z 2 B there exist u 2 CluX for whi
h

fzg ` u and ugfsg for some s 2 C;


onsequently fzggfsg, showing that z 2 ĝ

�1

[C℄, hen
e B � ĝ

�1

[C℄ and

therefore ĝ

�1

[C℄ 2 NX .

This proves the 
laim. Further, for any u 2 CluX and v 2 CluY , if

uSĝv then

u ` fx

1

; : : : ; x

n

g; fx

i

ggfy

i

g; and fy

1

; : : : ; y

n

g ` v

for suitable x

1

; : : : ; x

n

2 X and y

1

; : : : ; y

n

2 Y , hen
e ugfy

i

g for ea
h i so

that ugfy

1

; : : : ; y

n

g and 
onsequently ugv. Thus Sĝ � g, as desired.

(3) For any f : X ! Y , xfy trivially implies fxgSffyg and therefore

f � (Sf )̂. Hen
e, for any f; g : X ! Y , if Sf � Sg then (Sf )̂ � (Sg)̂ as

()̂ 
learly preserves in
lusion, and 
onsequently f � g be
ause f � (Sf )̂ �

(Sg)̂ � g. The 
onverse being trivial sin
e S also preserves in
lusion, this

shows f � g i� Sf � Sg for any f; g : X ! Y . 2

Remark 2.1 It is 
lear from the 
onstru
tion of SX and from part

(1) of the above proof that S indu
es an equivalen
e modulo order on the

sub
ategories of uniform entities in either 
ategory.

3 Nearness semilatti
es and strati�ed infor-

mation systems

A nearness semilatti
e is a meet semilatti
e, always understood to be bounded,

together with a strong nearness on it. We denote these by A;B; : : : ; the 
or-

responding nearness by NA;NB; : : :, and again permit notational 
onfusion

between A and its underlying set. For notation and basi
 results 
on
erning

mere semilatti
es we refer to Se
tion 0.
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For nearness semilatti
es A and B, an extended homomorphism ' :

A��B of the underlying semilatti
es is 
alled uniform if

'[C℄ =

[

f'(s) j s 2 Cg

belongs to NB for ea
h C 2 NA.

Lemma 3.1. For any nearness semilatti
es, the identity maps and 
om-

posites of uniform maps are uniform.

Proof. Re
all that the identity map A��A is �

A

: A! DA taking a to

#a. Hen
e, for any E 2 NA,

�

A

[E℄ =

[

f#s j s 2 Eg

whi
h 
ontains E and hen
e belongs to NA.

Further, for any uniform ' : A��B and  : B ��C and any E 2 NA,

 � '[E℄ =

[

f � '(s) j s 2 Eg =

[

f

[

f (b) j b 2 '(s)g j s 2 Eg

=

[

f (b) j b 2

[

f'(s) j s 2 Eg =  ['[E℄℄

whi
h belongs to NC sin
e ' and  are uniform. 2

As a result, we have the 
ategory of nearness semilatti
e and their uni-

form extended homomorphisms whi
h will be denoted ENearS.

For any strati�ed information system S, the semilatti
e (ConS= à) [

f?g asso
iated with S inherits from S the nearness whi
h is derived from

the nearness NS on ConS via the pro
esses dis
ussed at the end of Se
tion

1. Hen
e, in the present setting, we shall 
onsider LS as the nearness

semilatti
e thus de�ned.

Lemma 3.2. For any strati�ed information systems S and T , a map of

information systems f : S ! T is uniform i� Lf : LT ! LS is uniform.

Proof. If � : ConS ! LS is the quotient map taking u to [u℄ then, for

any C 2 NT ,

Lf [�[C℄℄ = f[u℄ 2 LS j ufs for some s 2 Cg = �[f

�1

[C℄℄;

and this belongs to N(LS) i� f

�1

[C℄ 2 NS by the relation between near-

nesses on ConS and (ConS= à) [ f?g. 2
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It follows that we have a 
ontravariant fun
tor, again to be denoted by

L, from StrInfSyst to ENearS given by the 
orresponden
es S 7! LS,

f 7! Lf . Moreover, any nearness semilatti
e A is isomorphi
 to LS for the

strati�ed information system S given as follows:

jSj = jAj � f0g,

ConS 
onsists of all �nite u � jSj su
h that

V

u 6= 0,

u ` x for u 2 ConS and x 2 X i�

V

u � x, and

NS is generated by the C

�

= ffsg j s 2 Cg. That the last spe
i�
ation

indeed determines a nearness on ConS follows immediately from the proof

of the 
orresponding fa
t for SX in the last se
tion, and sin
e the familiar

algebrai
 isomorphism A ! LS taking a to [fag℄ for a 6= 0 and 0 to ? is

also a nearness isomorphism it is 
lear that A ' LS in ENearS.

In all, we therefore have

Proposition 3.1. L is a dual equivalen
e between StrInfSyst and

ENearS.

Corollary 3.1. The 
omposite LS : ApprSyst ! ENearS is a dual

equivalen
e modulo order.

It may be of interest to des
ribe the e�e
t of this 
omposite dire
tly,

at least for the obje
ts. For any approximation system X , the underlying

semilatti
e of LSX , apart from the added bottom ?, 
onsists of the 
lusters

of X modulo the equivalen
e relation

#x

1

\ � � � \ #x

n

=#y

1

\ � � � \ #y

m

;

with partial order derived from the preorder ` de�ned by

fx

1

; : : : ; x

n

g ` fy

1

; : : : ; y

m

g i� #x

1

\ � � � \ #x

n

�#y

1

\ � � � \ #y

m

:

Hen
e this may just as well be taken as the set of all non-void #x

1

\� � � \ #x

n

,

partially ordered by in
lusion. Also, there is the embedding x 7!#x ofX into

this whose image is a join-dense generating set for \, and the underlying

semilatti
e of LSX is abstra
tly 
hara
terized by this. Furthermore, the

nearness determined by NX on this semilatti
e is generated by the 
overs

f#x j x 2 Cg, C 2 NX ; hen
e if we regard X as a subset of LSX NX itself

generates the nearness.

Remark 3.1. It is obvious from the 
losing remarks of Se
tion 1 that the

above dual equivalen
e indu
es a dual equivalen
e between the sub
ategories

of uniform entities in either 
ategory, and the 
orresponding result holds for

the situation 
overed by the 
orollary.
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4 Nearness semilatti
es and nearness frames

The purpose of this se
tion is to relate our 
ategory of nearness semilatti
es

to the more familiar 
ategory of 
omplete strong nearness frames whi
h will

be denoted CSNearF. For details regarding the latter we refer to Se
tion

0.

We begin with a spe
ial notion whi
h will play a 
entral rôle in this


ontext.

In the following, a semilatti
e homomorphism ' : A ! L between a

(bounded meet) semilatti
e A and a frame L is always understood to be a

meet homomorphism preserving zero and unit. Furthermore, for nearness

semilatti
es and nearness frames, ' is 
alled uniform if '[C℄ 2 NL for all

C 2 NA. Finally, a uniform ' : A! L is 
alled regular if

'(a) =

_

f'(x) j x / ag

for all a 2 A.

Lemma 4.1. For any uniform semilatti
e homomorphism ' : A ! L,

'

o

: A! L de�ned by

'

o

(a) =

_

f'(x) j x / ag

is a regular uniform semilatti
e homomorphism, and if  � ' is any su
h

homomorphism then  = '

o

.

Proof. '

o

is a homomorphism: it preserves zero and unit sin
e 0 / 0 and

e / e, and

'

o

(a) ^ '

o

(b) =

_

f'(x ^ y) j x / a; y / bg � '

o

(a ^ b)

be
ause x / a and y / b implies x ^ y / a ^ b, and as '

o

is 
learly order

preserving it follows that it preserves ^.

Further, '

o

is uniform: for any C 2 NA,

'

o

[C℄ =

n

_

f'(x) j x / sg j s 2 C

o

� '[

�

C ℄

and the latter belongs to NL sin
e NA is strong and ' is uniform.

Next, for any C 2 NA, if x /

C

a so that C

x

� #a then

(�) C � fag [ fs 2 C j s ^ x = 0g;
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showing the set on the right belongs to NA, and sin
e '

oo

is uniform it

follows that

'

oo

(a) _

_

f'

oo

(s) j s 2 C; s ^ x = 0g = e:

Further, '

oo

(s) � '(s) and '(s)^'(x) = 0, and this implies '(x) � '

oo

(a),

hen
e '

o

(a) � '

oo

(a) and 
onsequently '

oo

(a) = '

o

(a), showing '

o

is

regular.

Finally, if  : A! L is any regular uniform semilatti
e homomorphism

su
h that  (a) � '(a) for all a 2 A then by (�) we also have

 (a) _

_

f (s) j s 2 C; s ^ x = 0g = e

whenever x /

C

a, and sin
e  (s) ^ '(x) � '(s ^ x) = 0 it follows that

'(x) �  (a), showing '

o

(a) �  (a). On the other hand,  � ' implies

 =  

o

� '

o

, and in all  = '

o

, as 
laimed. 2

Next, we 
onstru
t a nearness frame for any given nearness semilatti
e

as follows. For the details 
on
erning prenu
lei see Banas
hewski [1℄.

In the frame DA of all downsets of A, that is, the U � A su
h that

0 2 U and x 2 U whenever x � y and y 2 U , the 
losure system of all

U 2 DA for whi
h

(C)

fag ^ C � implies a 2 U; for all a 2 A and C 2 NA;

k(a) = fx 2 A j x / ag � U implies a 2 U , for all a 2 A

is a quotient frame ofDA: the 
orresponding order preserving and expansive

operator `

0

on DA su
h that

`

0

(U) = fa 2 A j fag ^ C � U for some C 2 NA or k(a) � Ug

is a prenu
leus, that is, `

0

(U) \ V � `

0

(U \ V ) be
ause

fag ^ C � U and a 2 V implies fag ^ C � U \ V

and

k(a) � U and a 2 V implies k(a) � U \ V:

We let ` be the asso
iated nu
leus, re
alling that the present 
losure

system is Fix(`) =Fix(`

0

).

Note that any #a satis�es (C), the �rst part by the properties of 
overs

and the se
ond by admissibility. Further, the sets

~

C = f# s j s 2 Cg
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for C 2 NA are 
overs of Fix(`) be
ause non-void join in this is union

followed by the a
tion of ` and C � U = `(U) implies e 2 U . Also, for any

C;D 2 NA,

~

C ^

~

D = f#s \ #t j s 2 C; t 2 Dg = f#(s ^ t) j s 2 C; t 2 Dg = (C ^D)~

showing the

~

C form a �lter basis of 
overs Fix(`). We 
laim this is admis-

sible.

To begin with, note that # x /

~

C

# a i� x /

C

a for any x; a 2 A and

C 2 NA be
ause the map z 7! # z is a semilatti
e embedding. Hen
e, for

any a 2 A,

#a =

_

f#x j x / ag =

_

f#x j#x / #ag

in Fix(`), the �rst step by (C) and the se
ond / referring to the

~

C , C 2 NA,

and sin
e any U 2 Fix(`) is the join of the #a, a 2 U , this proves the 
laim.

We let FA be the resulting nearness frame, noting that it is indeed strong

be
ause (

~

C)� 
ontains (

�

C)~; moreover, it will be uniform i� A is uniform

be
ause C �

�

D implies

~

C �

�

~

D and 
onversely. Further, "

A

: A ! FA

will be the map a 7! #a. This is a semilatti
e embedding, as already noted,

uniform be
ause "

A

[C℄ =

~

C, and regular sin
e "

A

(a) =

W

f"

A

(x) j x / ag,

again as observed already.

Proposition 4.1. "

A

: A ! FA is the universal regular uniform semi-

latti
e homomorphism from A to nearness frames.

Proof. Given any ' : A! L as stated, the obvious 
hoi
e for the desired

~' : FA ! L is ~'(U) =

W

'[U ℄. Indeed, for arbitrary U 2 DA this de�nes

the standard frame homomorphism DA ! L by whi
h a 7! #a is shows to

be the universal semilatti
e homomorphism to mere frames, and the point to


he
k is that this fa
tors through the quotient homomorphism ` : DA! FA

de�ning FA. This amounts to saying that ~'` = ~' whi
h will follow, by

general prin
iples (Banas
hewski [1℄) if we show ~'`

0

= ~'. Now, for any

a 2 A, C 2 NA, and U 2 DA, if fag^C � U then f'(a)g^f'[C℄g � '[U ℄,

hen
e f'(a)g ^ '[C℄ � # ~'(U), and sin
e '[C℄ is a 
over of L this shows

'(a) � ~'(U). Similarly, if k(a) � U then '[k(a)℄ � # ~'(U), and sin
e

'(a) =

W

'[k(a)℄ by regularity we again obtain '(a) � ~'(U). In all, then,

~'(`

0

(U)) � ~'(U), the non-trivial part of the desired equality. Further,

~'"

A

= ' immediately be the de�nition of ~', and this 
ondition 
learly


hara
terizes ~' sin
e Im("

A

) is join-dense in FA. Finally, ~' is uniform

be
ause N(FA) is generated by the 
overs "

A

[C℄, C 2 NA. 2
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Corollary 4.1. For any uniform semilatti
e homomorphism ' : A !

L from a nearness semilatti
e to a nearness frame there exists a unique

uniform frame homomorphism h : FA! L su
h that h"

A

� '.

Proof. By Lemma 4.1 we have the regular '

o

: A ! L and hen
e

the proposition supplies a uniform frame homomorphism h : FA ! L,

unique su
h that h"

A

= '

o

. Now, the latter trivially implies h"

A

� ',

but this 
ondition equally 
hara
terizes h. For any uniform homomorphism

k : FA! L su
h that k"

A

� '

o

, k"

A

is a regular sin
e "

A

is and k is a frame

homomorphism, hen
e k"

A

= '

o

by Lemma 4.1 and therefore k"

A

= h"

A

,

whi
h proves k = h be
ause Im("

A

) generates FA. 2

Corollary 4.2. For any nearness semilatti
e A, FA is 
omplete.

Proof. Let k : K ! FA be the 
ompletion of FA. Then the right adjoint

k

�

: FA ! K is a uniform semilatti
e homomorphism (Banas
hewski [2℄),

and Corollary 4.1 provides a frame homomorphism h : FA ! K su
h that

k"

A

� k

�

"

A

. It follows that kh"

A

� "

A

, hen
e kh � id

FA

sin
e Im("

A

)

generate FA, and therefore kh = id

FA

by the regularity of the frames

involved. Finally, sin
e k is dense this implies k is an isomorphism, again

by regularity. 2

For nearness semilatti
es A and B we let i

A

: FA! DA be the identi
al

embedding, a semilatti
e homomorphism by the properties of FA, and �

B

:

DB ! FB the quotient homomorphism de�ning FB. Then we have:

Lemma 4.2. (1) For any inform extended semilatti
e homomorphism

' : A��B, �

B

' : A! FB is a uniform semilatti
e homomorphism.

(2) For any uniform semilatti
e homomorphism  ! AFB, i

B

 : A��B

is a uniform extended semilatti
e homomorphism.

Proof. First a general observation: a 
over C of FA is uniform i�

S

C

is a uniform 
over of A. It is 
lear that

S

C is a 
over of A for any 
over

C of FA, and if C is uniform then

~

E � C for some E 2 NA whi
h implies

E �

S

C. Conversely, if E =

S

C is uniform then C is uniform be
ause

~

E � C.

(1) �

B

' is a semilatti
e homomorphism be
ause �

B

is a nu
leus su
h

that �

B

(#0) =#0. Further, for any C 2 NA,

'[C℄ =

[

f'(s) j s 2 Cg �

[

f�

B

'(s) j s 2 Cg =

[

(�

B

')[C℄;

the se
ond step sin
e �

B

is a 
losure operator, and sin
e '[C℄ is uniform by

hypothesis the same holds for (�

B

')[C℄ by the above observation.
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(2) i

B

 is 
learly a semilatti
e homomorphism. Further, for any C 2

NA,

i

B

 [B℄ =

[

fi

B

 (s) j s 2 Cg =

[

f (s) j s 2 Cg =

[

 [C℄

is uniform, by our initial observation, be
ause  [C℄ 2 N(FB) by hypothesis.

2

Proposition 4.2 The 
orresponden
e A 7! FA extends to a full fun
tor

F : ENearS! CSNearF.

Proof. For any ' : A ��B in ENearS, �

B

' is a uniform semilatti
e

homomorphism by Lemma 4.2 and hen
e determines a uniform frame ho-

momorphism �' : FA! FB, unique su
h that �'"

A

� �

B

', by Corollary 4.1.

We 
laim the 
orresponden
e ' 7! �' has the required properties.

First, for any identity map �

A

: A! DA, �

A

�

A

= "

A

so that ��

A

"

A

� "

A

,

and this implies ��

A

= id

FA

by reasoning already en
ountered.

Regarding 
omposition, given any ' : A ��B and  : B ��C, we have

�' : FA ! FB and

�

 : FB ! FC su
h that �'"

A

� �

B

' and

�

 "

B

� �

C

 ,

and then for any a 2 A

�

 �

B

'(a) =

�

 (

_

f#x j x 2 '(a)g) =

_

f

�

 "

B

(x) j x 2 '(a)g �

�

_

f�

C

 (x) j x 2 '(a)g = �

C

(

[

f (x) j x 2 '(a)g) = �

C

( � ')(a);

the inequality by the de�nition of

�

 . Further,

�

 �'"

A

�

�

 �

B

' by the de�ni-

tion of �' and hen
e

�

 �'"

A

� �

C

( � '), showing that  � ' =

�

 � �'.

It follows that putting F' = �' de�nes the desired fun
tor.

Further, for any uniform homomorphism h : FA ! FB, h"

A

: A ! FB

is a uniform semilatti
e homomorphism and hen
e i

B

h"

A

: A��B a uniform

extended semilatti
e homomorphism by Lemma 4.2. Now

F(i

B

h"

A

)"

A

� �

B

i

B

h"

A

= h"

A

and hen
e F(i

B

h"

A

) = h, showing F is full. 2

If A is the underlying nearness semilatti
e of a nearness frame L then

the de�nition of FA shows that this is exa
tly the 
ompletion of L and


onsequently the fun
tor F is also onto on obje
ts, up to isomorphism. The

following makes the nature of F more pre
ise.

Proposition 4.3. Modulo order F is an equivalen
e between ENearS

and CSNearF.
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Proof. Of 
ourse, the partial order between the maps in the se
ond


ategory is trivial, by the regularity of nearness frames, and hen
e what

has to be shown is that, for any ';  : A ��B in ENearS, F' = F 

i� ' �  . Now, if ' �  then (�

B

')

o

= (�

B

 )

o

by Lemma 4.1, hen
e

(F')"

A

= (F )"

A

and therefore F' = F . Conversely, if F' = F then

(�

B

')

o

= (�

B

 )

o

, and we have the relations

' � i

B

�

B

' � i

B

(�

B

')

o

= i

B

(�

B

 )

o

� i

B

�

B

 �  

where all maps are uniform extended homomorphisms A ��B by Lemma

4.2, and hen
e ' �  . 2

Corollary 4.3. The fun
tors FLS : ApprSyst ! CSNearF and

FL : StrInfSyst! CSNearF are dual equivalen
es modulo order.

Proof. Regarding FLS it should be noted that, although S and hen
e

LS are only lax fun
tors, the latter sin
e L is 
learly order preserving on

maps, F transform inequalities into equalities and hen
e FLS is indeed a

fun
tor. 2

Remark 4.1. Ea
h of the above three fun
tors has the property that

it makes uniform entities 
orrespond to uniform entities, indu
ing the same

relation between the sub
ategories involved.

Remark 4.2. To provide some added perspe
tive it should be pointed

out that the fun
tor F as su
h really is not an equivalen
e, saying: there

do exist di�erent ';  : A ��B for whi
h ' �  . Let A be the underlying

semilatti
e of an arbitrary regular frame with the (strong!) nearness of all


overs and 
onsider ' : A��A su
h that '(a) =#(a

��

) where ( )

�

indi
ates

pseudo
omplement. This is 
learly an extended semilatti
e homomorphism,

uniform sin
e a

��

� a. Further, �

A

� ' for the same reason, but examples

where �

A

6= ' abound: this holds for the frame of ideals of any 
omplete

Boolean algebra whi
h has non-prin
ipal ideals, and by the Prin
iple of

Dependent Choi
es this is the 
ase for any in�nite Boolean algebra.

5 Points

Following Banas
hewski-Pultr [5℄ it is natural to 
onsider as the points of

an approximation system X its regular Cau
hy �lters, that is, the down-

dire
ted upsets P � X whi
h meet every uniform 
over and 
ontain, for
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ea
h x 2 P , some z /x (listing the properties in reverse order). We let PtX

be the nearness spa
e of these P with basi
 open sets

W

x

= fP 2 PtX j x 2 Pg;

equipped with the nearness determined by the open 
overs

(#) fW

x

j x 2 Cg; C 2 NX:

That the latter do indeed form a nearness basis for the topology 
onsid-

ered here readily follows from the fa
t that

(1) if x � z in X then W

x

�W

z

,

(2) if x / z in X then W

x

/W

z

relative to the 
overs (#), and

(3) if P 2W

x

then P 2W

z

for some W

z

/W

x

Sin
e (1) is obvious we only 
onsider (2) and (3). Regarding (2), if

W

x

\W

y

6= � for some y 2 C where x /

C

z then x; y 2 P for some point

P , hen
e fx; yg is a 
luster and therefore y � z, showing thatW

y

�W

z

, as

desired. Further, (3) follows immediately from this be
ause P 2 W

x

, that

is: x 2 P , implies z / x for some z 2 X .

In the following, FX = FLSX , the 
omplete nearness frame asso
iated

with the nearness semilatti
e LSX ; also, re
all that, for any nearness frame

L, �L is the frame spe
trum of L equipped with the nearness indu
ed by

that of L in the manner analogous to the above (#).

Proposition 5.1. For any approximation system X, PtX

�

=

�FX.

Proof. Let � : X ! FX be the 
omposite map X ! LSX ! FX =

FLSX for whi
h

x 7! [fxg℄ 7!# [fxg℄ = f[u℄ 2 LSX j `b(u) � #sg [ f?g

where the equality holds be
ause [u℄ � [fxg℄ i� u 7! fxg i� `b(u) � #x for

any 
luster u of X and x 2 X .

Now, � is a partial order embedding: x � z in X implies #x � #z, hen
e

`b(u) � #x implies `b(u) � #z and therefore �(x) � �(z). Conversely, given

the latter, [fxg℄ 2 # [fzg℄, hen
e #x = `b(fxg) � #z and thus x � z.

Further, the nearness N(FX) has a basis the 
overs �[C℄, C 2 NX , and

for any su
h C, x/

C

z i� �(x)/

�[C℄

�(z). Regarding the forward impli
ation,

if �(s) ^ �(x) 6= f?g for some s 2 C then there exist u 2 ClX su
h that

`b(u) � # s and `b(u) � # x, hen
e s ^ x 6= 0 so that s � z by hypothesis

and therefore �(s) � �(z), showing �(x) /

�[C℄

�(z). The 
onverse follows by

the same kind of argument.
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As a result, �[P ℄ is a regular Cau
hy �lter basis in FX for any point

P of X , and by the 
ompleteness of FX it follows that the �lter generated

by �[P ℄ in FX is 
ompletely prime, that is, belongs to �FX (Banas
hewski

[2℄). Conversely, for any Q 2 �FX , �

�1

[Q℄ is a regular Cau
hy �lter in

X : it is trivially an upset and downdire
ted be
ause

S

f�[C℄ j C 2 NXg is

join-dense in FX , as a familiar 
onsequen
e of the admissibility 
ondition,

obviously Cau
hy, and regular sin
e �(x) / �(z) in FX implies x / z in X ,

as already noted. Furthermore, �[�

�1

[Q℄℄ = Q \ �[X ℄ generates Q, and

hen
e the 
orresponden
e P 7! �[P ℄ indu
es a one-one onto map between

PtX and �FX . Finally, that this is an isomorphism of nearness spa
es is

obvious sin
e it makesW

x


orrespond to �

�(x)

. 2

Given the fun
toriality of � we have as an immediate 
onsequen
e

Corollary 5.1. The 
orresponden
e X 7! PtX is fun
torial, provid-

ing a 
ovariant fun
tor from ApprSyst to the 
ategory of 
omplete strong

nearness spa
es and uniformly 
ontinuous maps.

In analogy with terminology used for uniform frames, we 
all an ap-

proximation system of 
ountable type whenever its nearness has a 
ount-

able basis and apply the same terminology to nearness frames and nearness

spa
es. Regarding the 
omplete nearness frames of this kind there is the

fundamental fa
t that they are spatial so that the spe
trum fun
tor e�e
ts

a dual equivalen
e on them. As a result we have

Proposition 5.2. Modulo order, the fun
tor Pt indu
es an equivalen
e

between the 
ategory of approximation systems of 
ountable type and the


ategory of 
omplete strong nearness spa
es of 
ountable type and uniformly


ontinuous maps.

There is a spe
ial 
ase of this proposition whi
h merits parti
ular men-

tion.

Corollary 5.2. Modulo order, the fun
tor Pt indu
es an equivalen
e

between the 
ategory of uniform approximation systems of 
ountable type

and the 
ategory of 
omplete metri
 spa
es and uniformly 
ontinuous maps.

Proof. This follows immediately from the proposition, by the 
lassi
al

result that any uniform T

0

-spa
e of 
ountable type is metrizable, that is,

has a metri
 whi
h determines its uniformity (Bourbaki [7℄, Ch. IX, x2). 2

These results should be viewed as providing a 
on
rete representation of

approximation systems of 
ountable type: their elements do indeed amount
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to approximations of a
tual entities, namely the points of the asso
iated

nearness spa
e, in the form of basi
 open sets of this spa
e, su
h that the

abstra
t partial order \ is a better approximation than" is realized by set

in
lusion. Moreover, in the uniform 
ase, the levels of pre
ision are repre-

sented in a parti
ularly suggestive manner, namely by a metri
.

By way of 
ontrast, it should be pointed out that, at the other extreme,

there obviously exist approximation systems whi
h are 
ompletely beyond

su
h 
on
rete representation. For instan
e, if X is given by the non-zero

elements of an atomless 
omplete Boolean algebra M , with the nearness of

all 
overs (whi
h is a uniformity), then FX

�

=

M and PtX

�

=

�M = �.

Appendix 1. The De
imal Approximation Sys-

tem

The present aim is to verify that the stru
ture D des
ribed in Example

2.1(1) is indeed a uniform approximation system and to add some remarks

pla
ing it into a wider 
ontext.

In order to avoid 
onfusion it will be desirable to distinguish between

the partial order of D, as given in the Introdu
tion, and the usual order of

the rationals; we shall 
ontinue to use � for the former and then v for the

latter. Also, �; �; : : : will always stand for the de
imal expansions involved

and never by equal to >, the added top.

We pro
eed in the obvious steps to prove the �rst assertion.

(1) Ea
h C

n

= f� 2 D j ord� = ng is a 
over of D.

It has to be shown that (i) there is no 
 su
h that C

n

� #
 (the 
over


ondition for >) and (ii) if #� \ #C

n

� #
 then � � 
, where (i) is obvious:

for any 
, if the rationals represented by 
 and � 2 C

n

are suÆ
iently far

apart then 
learly � 6� 
.

Regarding (ii), let � = b

m

� � � b

0

:a

1

� � � a

k

and 
onsider �rst n � k. Then

� 2 # C

n

sin
e � � b

m

� � � b

0

:a

1

� � � a

n

, and hen
e trivially � � 
. On the

other hand, if k < n then � � 
 for any � = b

m

� � � b

0

:a

1

� � � a

k

� � � a

n

and for

` = ord
 this says


 � 10

�`

v b

m

� � � b

0

:a

1

� � �a

k

� � � a

n

� 10

�n

;

b

m

� � � b

0

:a

1

� � � a

k

� � �+ 10

�n

v 
 + 10

�`

:

Here, for a

k+1

= � � � = a

n

= 0, we have 
 � 10

�`

v � � 10

�n

v � � 10

�k

.

26



Similarly, for a

k+1

= � � � = a

n

= 9 we obtain � + 10

�k

v 
 + 10

�`

, and in

all this shows � � 
, as 
laimed.

(2) For any �; � 2 D, f�; �g is a 
luster i�

(�� 10

�ord�

; �+ 10

�ord�

) \ (� � 10

�ord�

; � + 10

�ord�

) 6= �:

Any non-void rational open interval 
ontains an interval of the form

(
 � 10

�ord


; 
 +10

�ord


) provided ord
 is large enough. Hen
e the latter

implies the former, and the 
onverse is obvious.

(3) Admissibility.

Note �rst that � / � i� � � 10

�ord�

< �� 10

�ord�

and �+ 10

�ord�

<

� + 10

�ord�

. Given the latter then, for any 
 of suÆ
iently large order n,

(
 � 10

�n

; 
 + 10

�n

) \ (�� 10

�ord�

; �+ 10

�ord�

) 6= �

implies (
 � 10

�n

; 
 + 10

�n

) � (� � 10

�ord�

; � + 10

�ord�

), and by (2) this

shows: if f
; �g is a 
luster then 
 � � and hen
e � / �. Conversely, if the

former holds then 
ertainly � � � but both, � � 10

�ord�

= � � 10

�ord�

and �+ 10

�ord�

= � + 10

�ord�

, are 
learly ex
luded and hen
e the stated


ondition holds.

(4) For ea
h n, C

n+1

�

�

C

n

.

By (2), if � 2 C

n+1

and � 2 C

n

then � /

C

n+1

� whenever

� � 10

�n

v �� 3 � 10

�n�1

and �+ 3 � 10

�n�1

v � + 10

�n

;

or equivalently

�� 7 � 10

�n�1

v � v �+ 7 � 10

�n�1

;

and if � = b

m

� � � b

0

:a

1

� � � a

n+1

then simple 
al
ulations show that this holds

for � = b

m

� � � b

0

:a

1

� � � a

n

if a

n+1

= 0; : : : ; 7 and for � = b

m

� � � b

0

:a

1

� � � a

n

+

10

�n

if a

n+1

= 8; 9:

This 
ompletes the proof that D is a uniform approximation system.

The wider 
ontext refereed to at the beginning of this se
tion is that of

the frame L(R) of the reals. We brie
y indi
ate, without going into any

detail, how D is related to this. For the relevant ba
kground we refer to

Johnstone [8℄, Chapter IV, 1, or to Banas
hewski [3℄.
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Re
all that L(R) is de�ned by generators and relations where the gen-

erators are the ordered pairs (p; q) of rational numbers and the relations

are

(p; q) ^ (r; s) = (p _ r; q ^ s);

(p; q) _ (r; s) = (p; s) whenever p � r < q � s;

(p; q) =

_

f(r; s) j r < r < s < qg; and

e =

_

f(p; q) j all p; qg:

Now, straightforward 
he
king shows that the assignment

(p; q) 7!

_

n

�(�) j � 2 D; p < �� 10

�ord�

; �+ 10

�ord�

< q

o

for the map � : D ! FD dis
ussed in general in the last se
tion turns

these relations into identities in the frame FD and hen
e de�nes a frame

homomorphism L(R) ! FD. Further, this maps any (p; 0) to 0, and as a

result it indu
es a homomorphism h :" (�; 0)! FD on the 
losed quotient

of L(R) determined by

(�; 0) =

_

f(p; 0) j all p < 0g

whi
h is otherwise known as the frame L(R

+

) of the non-negative reals.

Next, h turns out to be dense, onto, and a uniform surje
tion for the natural

uniformity of L(R

+

) indu
ed by that of L(R) whi
h is given by the basi



overs

f(p; q) j 0 < q � p <

1

n

g; n = 1; 2; : : : :

Consequently, by the 
ompleteness of FD (Corollary 4.2), h : L(R

+

)! FD

is an isomorphism of uniform frames.

As an added observation one notes that the partial order embedding

D

�

�! FD

h

�1

�! L(R

+

)

makes � 2 D 
orrespond to the element of L(R

+

) determined by the pair

(�� 10

�ord�

; �+ 10

�ord�

).

Finally, it now follows by Proposition 5.1 that PtD

�

=

R

+

as uni-

form spa
es, given the general fa
t that �(L(R))

�

=

R and 
onsequently

�(L(R

+

))

�

=

R

+

.
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Regarding the isomorphism PtD

�

=

R

+

, it should not be passed over that

this 
ould also be obtained dire
tly: ea
h point of D determines a Cau
hy

�lter basis in R

+

whi
h 
onverges to some � 2 R

+

, and this provides a

map PtD ! R

+

whi
h 
an then be shown to be an isomorphism of uniform

spa
es. On the other hand, though, the initial isomorphism L(R

+

)

�

=

FD is

more fundamental, in parti
ular sin
e it is 
onstru
tively valid in the sense

of topos theory.

Appendix 2. An alternative view of the rela-

tion between approximation systems and near-

ness frames

The aim here is to provide a 
loser look at the situation 
onsidered in

Example 2.2(3).

We use the following notation. For any 
omplete strong nearness frame

L, L

#

will be the approximation system determined by L � f0g, and for

any uniform homomorphism h : M ! L of su
h nearness frames we put

h

#

: L

#

! M

#

for the approximation map introdu
ed in that example,

that is, xh

#

y i� x � h(y). Then we have:

The 
orresponden
es L 7! L

#

and h 7! h

#


onstitute a 
ontravariant

embedding of CSNearF into ApprSyst whi
h is replete and full, and hen
e

a dual equivalen
e, modulo order.

Proof. For the fun
toriality, if g : N ! M , h : M ! L, x 2 L

#

, and

z 2 N

#

then

x(h

#

Æ g

#

)z i� x � h(y) and y � g(z)

for some y 2 M

#

so that x � hg(z) and hen
e x(hg)

#

z; 
onversely, given

this then x(h

#

Æ g

#

)z holds with y = g(z), and hen
e (hg)

#

= g

#

h

#

.

Further, it is 
lear that id

#

L

=�

L

#
, as required.

Next, this fun
tor is faithful. Consider any g; h : M ! L su
h that

g

#

= h

#

. Then, trivially, g(y) = h(y) whenever g(y) 6= 0 6= h(y). Further,

if g(y) 6= 0 then g(y) 2 L

#

and g(y)g

#

y, hen
e g(y)h

#

y so that g(y) � h(y)

and 
onsequently also h(y) 6= 0. By symmetry it follows that g(y) 6= 0 i�

h(y) 6= 0 and hen
e g = h.

For the next step we show that X

�

=

(FX)

#

modulo order, for any

approximation system X , where FX = FLSX as in Se
tion 5. For this
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onsider the following binary relations:

f � X � (FX)

#

; xfU i� �(x) � U;

g � (FX)

#

�X ; Ugx i� U � �(x);

where � : X ! FX is the partial order embedding introdu
ed in the proof

of Proposition 5.1. It is obvious that (AM1){(AM3) hold in either 
ase; on

the other hand, for any C 2 NX ,

f

�1

[�[C℄℄ = fx 2 X j �(x) � �(s) for some s 2 Cg =#C

and

g

�1

[C℄ = fU 2 (FX)

#

j U � �(s) for some s 2 Cg =#�[C℄;

and sin
e N((FX)

#

) is generated by the �[C℄ for the C 2 NX not 
on-

taining 0, by the proof of Proposition 5.1, this proves (AM4) is either 
ase.

Thus we have maps f : X ! (FX)

#

and g : (FX)

#

! X , and simple


al
ulations then show f Æ g = id

X

and g Æ f � id

(FX)

# ; 
onsequently, f

is an isomorphism modulo order.

Finally, for any map f : L

#

!M

#

, 
onsider ' :M ! L given by

'(y) =

_

fx 2 L j y

1

^ � � � ^ y

n

� y and xfy

i

for ea
h ig:

It is 
lear that '(0) = 0, '(e) = e, and ' preserves �; in addition, simple


al
ulation shows '(y)^'(z) � '(y ^ z) and hen
e ' preserves ^. Further,

if C 2 NM then f

�1

[C℄ � '[C℄ sin
e xfs implies x � '(s) for any x 2 L

#

and s 2 C (s 6= 0 without loss of generality), showing that '[C℄ 2 NL

sin
e this holds for f

�1

[C℄ by hypothesis. In all, ' is a uniform semilatti
e

homomorphisms, hen
e h = '

o

is a regular uniform semilatti
e homomor-

phism, and by a fundamental property of 
omplete nearness frames this

makes h :M ! L a uniform frame homomorphism.

Now, let g � L

#

�M

#

be su
h that

xgy i� xfz for some z / y:

It is easily seen that this is a map g : L

#

!M

#

: the �rst three 
onditions

hold quite obviously, and the fourth one follows from the fa
t that g

�1

[C℄ �

f

�1

[

�

C℄ for ea
h C 2 N(M

#

). Furthermore, if xgy and hen
e xfz for some

z / y then x � '(z) � '

o

(y) = h(y), showing that g � h

#

; on the other

hand, g � f trivially, and 
onsequently h

#

� f . 2
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It should be pointed out that, although full modulo order, the above

fun
tor is not full per se. To see this, let L be any 
omplete strong nearness

frame and f : L

#

! L

#

su
h that xfy i� x � y

��

, whi
h is easily 
he
ked

to de�ne a map as indi
ated. Now, if f = h

#

for some h : L ! L then

h(y) � y

��

for all y 2 L, and sin
e

h(y) =

_

fh(z) j z / yg

and z

��

� y whenever z / y it follows that h(y) � y, showing h = id

L

.

Further, y

��

� y

��

implies y

��

fy, hen
e y

��

� y and then y = y

��

, for all

y 2 L, and this holds i� L is Boolean.
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