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Abstra
t

The van der Waerden theorem in Ramsey theory states that for ev-

ery k and t and suÆ
iently large N , every k-
oloring of [N ℄ 
ontains a

mono
hromati
 arithmeti
 progression of length t. Motivated by this

result, Radoi�
i�
 
onje
tured that every equinumerous 3-
oloring of

[3n℄ 
ontains a 3-term rainbow arithmeti
 progression, i.e., an arith-

meti
 progression whose terms are 
olored with distin
t 
olors. In

this paper, we prove that every 3-
oloring of the set of natural num-

bers for whi
h ea
h 
olor 
lass has density more than 1=6, 
ontains a

3-term rainbow arithmeti
 progression. We also prove similar results

for 
olorings of Z

n

. Finally, we give a general perspe
tive on other

anti-Ramsey-type problems that 
an be 
onsidered.

1 Introdu
tion

In 1916, S
hur [24℄ proved that for every k, if n is suÆ
iently large, then

every k-
oloring of [n℄ := f1; : : : ; ng 
ontains a mono
hromati
 solution of

the equation x + y = z. More than seven de
ades later, Alekseev and
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Sav
hev [1℄ 
onsidered what Bill Sands 
alls an un-S
hur problem [13℄.

They proved that for every equinumerous 3-
oloring of [3n℄ (i.e., a 
oloring

in whi
h di�erent 
olor 
lasses have the same 
ardinality), equation x +

y = z has a solution with x, y and z belonging to di�erent 
olor 
lasses.

Su
h solutions will be 
alled rainbow solutions. E. and G. Szekeres asked

whether the 
ondition of equal 
ardinalities for three 
olor 
lasses 
an be

weakened [26℄. Indeed, S
h�onheim [23℄ proved that for every 3-
oloring of

[n℄, su
h that every 
olor 
lass has 
ardinality greater than n=4, equation

x+ y = z has rainbow solutions. Moreover, he showed that n=4 is optimal.

Inspired by the problem above, Radoi�
i�
 posed the following 
onje
ture at

the open problem session of the MIT Combinatori
s Seminar.

Conje
ture 1 For every equinumerous 3-
oloring of [3n℄ there exists a

rainbow AP (3), i.e., a solution to the equation x + y = 2z in whi
h x,

y, and z are 
olored with three di�erent 
olors.

This 
onje
ture 
an be 
onsidered as the 
ounterpart of van der Waerden's

theorem in Ramsey theory. Van der Waerden's theorem states that for every

k and t, if N is suÆ
iently large, then every k-
oloring of [N ℄ 
ontains a

mono
hromati
 t-term arithmeti
 progression.

Ba
ked by the 
omputer eviden
e (n � 56), we pose the following stronger

form of Conje
ture 1.

Conje
ture 2 For every n � 3, every partition of [n℄ into three 
olor


lasses R, G, and B with min(jRj; jGj; jBj) > r(n), where

r(n) :=

�

b(n+ 2)=6
 if n 6� 2 (mod 6)

(n+ 4)=6 if n � 2 (mod 6)

(1)


ontains a rainbow AP (3).

Unable to settle the above 
onje
tures, in this paper we prove the following

in�nite version of Conje
ture 2.

Theorem 1 Every 3-
oloring of the set of natural numbers N with the upper

density of ea
h 
olor greater than 1=6 
ontains a rainbow AP (3).

A more pre
ise statement of the above theorem and its proof will be pre-

sented in Se
tion 2. We also show that there exist a 3-
oloring of [n℄ with
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min(jRj; jGj; jBj) = r(n), where r is the fun
tion de�ned in (1), that 
on-

tains no rainbow AP (3). This shows that Conje
ture 2, if true, is the best

possible.

An interesting 
orollary of Theorem 1 is the modular version of Conje
ture

2, whi
h states that if Z

n

is 
olored with 3 
olors su
h that the size of every


olor 
lass is greater than n=6, then there exist x, y and z, ea
h of a di�erent


olor with x+ y � 2z (mod n). It turns out that in this 
ase n=6 is not the

best possible. We will dis
uss further generalizations of the modular 
ase

of Conje
ture 2 in Se
tion 3.

Previous work regarding the existen
e of rainbow stru
tures in a 
olored

universe has been done in the 
ontext of 
anoni
al Ramsey theory (see [8,

7, 6, 20, 19, 15, 16, 17, 21℄ and referen
es therein). However, the 
anoni
al

theorems prove the existen
e of either a mono
hromati
 stru
ture or a rain-

bow stru
ture. Our results are not \either-or" statements and, thus, are the

�rst results in literature guaranteeing the sole existen
e of rainbow arith-

meti
 progressions. In a sense, the 
onje
tures and theorems above 
an be

thought of as the �rst rainbow 
ounterparts of 
lassi
al theorems in Ramsey

theory, su
h as van der Waerden's, Rado's and Szemer�edi's theorems [12℄.

It is 
urious to note that anti-Ramsey problems have re
eived great atten-

tion in the 
ontext of graph theory as well (see [9, 5, 2, 3, 22, 10, 4℄ and

referen
es therein).

In Se
tion 4, we present a Rado-type theorem for 
olorings of Z

p

, using

both 
lassi
al and re
ent results from additive number theory. Finally, in

Se
tion 5, we give several open problems and a general perspe
tive of various

resear
h problems in this area.

2 The in�nite form of our 
onje
ture

Assume 
 : N 7! fR;G;Bg is a 3-
oloring of the set of natural numbers

with 
olors Red, Green, and Blue. We 
an also think of 
 as an in�nite

sequen
e of the elements of fR;G;Bg. Let R




(n) be the number of integers

less than or equal to n that are 
olored red. In other words, R




(n) :=

j[n℄ \ fi : 
(i) = Rgj. G




(n) and B




(n) are de�ned similarly. A rainbow

AP (3) is a sequen
e a

1

; a

2

; a

3

su
h that a

1

+ a

3

= 2a

2

and 
(a

i

) 6= 
(a

j

)

for every i 6= j. We say that 
 is rainbow-free, if it does not 
ontain any

rainbow AP (3).
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Theorem 1 Let 
 be a 3-
oloring of N su
h that

lim sup

n!1

(min(R




(n); G




(n); B




(n))� n=6) = +1: (2)

Then 
 
ontains a rainbow AP (3).

Before proving Theorem 1 we de�ne a few terms. We say that a string

s 2 fR;G;B; ?g

k

appears in 
, if there exists an i su
h that for every

j = 1; : : : ; k, either s

j

= 
(i + j) or s

j

=?. In this 
ase, s appears in 
 at

position i. For x; y; z 2 fR;G;Bg; i

1

; i

2

2 N su
h that fx; y; zg = fR;G;Bg

and i

1

< i

2

� 1, we say that 
 has a 
olor-
hange of type xyz at positions

(i

1

; i

2

), if 
(i

1

) = x, 
(i

2

) = z, and 
(j) = y for every i

1

< j < i

2

.

Lemma 1 Let 
 be a rainbow-free 3-
oloring of N. If there is a 
olor-


hange of type xyz at position (i

1

; i

2

) for some 1 < i

1

< i

2

, then 
(i

1

�1) =


(i

2

+ 1) = y.

Proof: If 
(i

1

�1) = z, then i

1

�1; i

1

; i

1

+1 is a rainbow AP (3). Therefore,


(i

1

� 1) is either y or x. Assume 
(i

1

� 1) = x. One of the numbers i

1

� 1

and i

1

has the same parity as i

2

. Let i

0

1

denote this number. It is easy to

see that i

0

1

; (i

0

1

+ i

2

)=2; i

2

is a rainbow AP (3). This 
ontradi
tion show that


(i

1

� 1) = y. Similarly, 
(i

2

+ 1) = y. 2

Corollary 1 Let 
 be a rainbow-free 3-
oloring of N. If there is a 
olor-


hange of type xyz at position (i

1

; i

2

) for some 1 < i

1

< i

2

, then both yxyy?y

and y?yyzy appear in 
 at positions i

1

� 1 and i

2

� 4.

Proof: It suÆ
es to note that if 
 has a 
olor-
hange at position (i

1

; i

2

),

then i

1

� i

2

is odd, for otherwise i

1

; (i

1

+ i

2

)=2; i

2

is a rainbow AP (3). This,

together with Lemma 1 imply that if there is a 
olor-
hange of type xyz at

position (i

1

; i

2

), then 
(i

1

+ 4) = 
(i

2

� 4) = y. 2

Lemma 2 Every 3-
oloring of N that 
ontains both a 
olor-
hange of type

xyz and a 
olor-
hange of type xzy 
ontains a rainbow AP (3).

Proof: Assume 
 is a 3-
oloring of N that 
ontains a 
olor-
hange of type

xyz at position (i

1

; i

2

) and a 
olor-
hange of type xzy at position (i

0

1

; i

0

2

).

By Corollary 1, 
 
ontains yxyy?y and zxzz?z at positions i

1

�1 and i

0

1

�1.

Consider the following two 
ases:
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RGB

RBGGRB

GBR BRG

BGR

Figure 1: Di�erent types of 
olor-
hanges

� i

1

� i

0

1

(mod 2): In this 
ase, 
onsider one of the following arithmeti


progressions based on the value of 
((i

1

+ i

0

1

+ 2)=2):

i

1

+ 1; (i

1

+ i

0

1

+ 2)=2; i

0

1

+ 1 if 
((i

1

+ i

0

1

+ 2)=2) = x

i

1

; (i

1

+ i

0

1

+ 2)=2; i

0

1

+ 2 if 
((i

1

+ i

0

1

+ 2)=2) = y

i

1

+ 2; (i

1

+ i

0

1

+ 2)=2; i

0

1

if 
((i

1

+ i

0

1

+ 2)=2) = z

� i

1

6� i

0

1

(mod 2): In this 
ase, 
onsider one of the following arithmeti


progressions based on the value of 
((i

1

+ i

0

1

+ 1)=2):

i

1

� 1; (i

1

+ i

0

1

+ 1)=2; i

0

1

+ 2 if 
((i

1

+ i

0

1

+ 1)=2) = x

i

1

; (i

1

+ i

0

1

+ 1)=2; i

0

1

+ 1 if 
((i

1

+ i

0

1

+ 1)=2) = y

i

1

+ 1; (i

1

+ i

0

1

+ 1)=2; i

0

1

if 
((i

1

+ i

0

1

+ 1)=2) = z

It is easy to see that in ea
h 
ase the arithmeti
 progression that we 
on-

sidered is a rainbow arithmeti
 progression. 2

Similarly, we 
an prove that a rainbow-free 3-
oloring of N 
annot 
ontain


olor-
hanges of type xyz and yxz at the same time. Therefore, we get the

following 
orollary.

Corollary 2 Let 
 be a rainbow-free 3-
oloring of N. Then for every two

types of 
olor-
hanges that are 
onne
ted in Figure 1 by an edge, 
 
annot


ontain both of them at the same time.

5



The following lemma shows an important property of rainbow-free 3-
olorings

of N. Note that we don't need any assumption about the density of 
ol-

ors here. In fa
t, it is possible to prove the 
on
lusion of this lemma even

without the assumption that ea
h 
olor is used in�nitely many times.

Lemma 3 Let 
 be a rainbow-free 3-
oloring of N. Assume ea
h 
olor is

used for 
oloring in�nitely many numbers in 
. Then there are two distin
t


olors x; y 2 fR;G;Bg that never appear next to ea
h other in 
.

Proof: Assume, for 
ontradi
tion, that every two distin
t 
olors appear

next to ea
h other somewhere in 
. In other words, for any two distin
t


olors x and y, there is an i su
h that one of i and i + 1 is 
olored with

x and the other is 
olored with y. Consider the smallest number j greater

than i that is 
olored with the third 
olor, z. Su
h a number exists, sin
e by

assumption ea
h 
olor is used in�nitely often in 
. There must be a 
olor-


hange of type xyz or yxz at position (j

0

; j), for some j

0

< j. This shows

that for every three distin
t 
olors x; y; z 2 fR;G;Bg, either a 
olor-
hange

of type xyz, or a 
olor-
hange of type yxz must appear in 
. A similar

argument shows that either a 
olor-
hange of type xyz or a 
olor-
hange of

type xzy must appear in 
. This together with Corollary 2 imply that for

every two types of 
olor-
hanges that are 
onne
ted in Figure 1 by an edge,


 
ontain exa
tly one of them. Therefore, either 
 
ontains 
olor-
hanges of

types RGB, BRG, and GBR, and no 
olor-
hange of type RBG, BGR, or

GRB, or vi
e versa. We assume, without loss of generality, that 
 
ontains


olor-
hanges of types RGB, BRG, and GBR, and does not 
ontain any


olor-
hange of type RBG, BGR, or GRB.

Consider a 
olor-
hange of type RGB at position (i

1

; i

2

), let i

4

be the small-

est number greater than i

2

that is 
olored red, and i

6

be the smallest number

greater than i

4

that is 
olored green. Sin
e 
 does not 
ontain any 
olor-


hange of type BGR or RBG, there must be a 
olor-
hange of type GBR

at position (i

3

; i

4

) for some i

2

< i

3

< i

4

, and a 
olor-
hange of type BRG

at position (i

5

; i

6

) for some i

4

< i

5

< i

6

. Noti
e that all numbers between

i

2

and i

3

are 
olored blue or green, and all numbers between i

4

and i

5

are


olored blue or red. (See Figure 2). One important observation is that R

and G do not appear next to ea
h other after i

1

and before i

6

.

By Corollary 1, 
 
ontains G?GGBG and RBRR?R at positions i

2

� 4 and

i

5

� 1. We 
onsider two 
ases based on the parity of i

2

+ i

5

.
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i
1

i
2

i
3

i
4

i
5

i
6

RG ... GB GB ... BR BR ... RG
no R here no G here

.... ....

Figure 2: Lemma 3

� i

2

+ i

5

is odd: Consider the number (i

2

+ i

5

� 1)=2. In 
, this

number 
annot be 
olored red, for otherwise we have a rainbowAP (3):

i

2

� 1; (i

2

+ i

5

� 1)=2; i

5

. Also, it 
annot be 
olored blue be
ause of

the arithmeti
 progression i

2

� 2; (i

2

+ i

5

� 1)=2; i

5

+ 1. Therefore,


((i

2

+ i

5

� 1)=2) = G. Similarly, the arithmeti
 progressions i

2

; (i

2

+

i

5

+1)=2; i

5

+1 and i

2

� 1; (i

2

+ i

5

+1)=2; i

5

+2 show that 
((i

2

+ i

5

+

1)=2) = R. But this is in 
ontradi
tion with the observation that G

and R never appear next to ea
h other between i

1

and i

6

.

� i

2

+ i

5

is even: Considering the arithmeti
 progressions i

2

� 2; (i

2

+

i

5

�2)=2; i

5

and i

2

�1; (i

2

+i

5

�2)=2; i

5

�1 shows that 
((i

2

+i

5

�2)=2) =

G. Also, 
((i

2

+ i

5

+2)=2) = R be
ause of the arithmeti
 progressions

i

2

; (i

2

+ i

5

+2)=2; i

5

+2 and i

2

+1; (i

2

+ i

5

+2)=2; i

5

+1. Sin
e G and R

never appear next to ea
h other between i

1

and i

6

, (i

2

+ i

5

)=2 
annot

be 
olored with green or red. Therefore, it is 
olored with blue. Thus,

(i

2

+ i

5

� 2)=2); (i

2

+ i

5

)=2; (i

2

+ i

5

+2)=2 is a rainbow AP (3), whi
h

is a 
ontradi
tion.

Therefore, the assumption that every two distin
t 
olors appear next to

ea
h other leads to a 
ontradi
tion in both 
ases. 2

Lemma 3 shows that for any rainbow-free 3-
oloring, there is a 
olor z, su
h

that for every two 
onse
utive numbers that are 
olored with di�erent 
olors,

at least one of them is 
olored with z. We 
all su
h a 
olor a dominant 
olor.

In the rest of this proof, we assume, without loss of generality, that red is

the dominant 
olor. In other words, we will assume that B and G do not

appear next to ea
h other in 
.

Lemma 4 Let 
 be a 3-
oloring of N and assume red is the dominant 
olor

in 
. If there are in�nitely many i's su
h that i and i + 1 are both 
olored

blue, and in�nitely many j's su
h that j and j + 1 are both 
olored green,

then 
 
ontains a rainbow AP (3).
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Proof: Assume, for 
ontradi
tion, that 
 is a 3-
oloring of N with no

rainbow AP (3) in whi
h BB and GG appear in�nitely many times, and

R is the dominant 
olor. Therefore, there is i

1

< i

2

< i

3

, su
h that BB

appears at positions i

1

and i

3

, and GG appears at position i

2

. Let j

1

be the

largest number less than i

2

su
h that a BB appears at position j

1

, and j

2

be the smallest number greater than i

2

su
h that a BB appears at position

j

2

. Let k

1

; k

1

+ 1; : : : ; k

2

be the longest sequen
e of 
onse
utive numbers

between j

1

and j

2

that are 
olored green (i.e., j

1

< k

1

< k

2

< j

2

, 
(k) = G

for every k

1

� k � k

2

, and k

2

� k

1

+ 1 is maximum). By the de�nition of

j

1

and j

2

, neither j

1

+ 2 nor j

2

� 1 is 
olored blue. Therefore, sin
e red is

the dominant 
olor, 
(j

1

+2) = 
(j

2

� 1) = R. Consider one of the numbers

j

1

or j

1

+ 1 that has the same parity as j

2

� 1. The arithmeti
 progression


onsisting of this number, j

2

� 1, and their midpoint b(j

1

+ j

2

)=2
 shows

that 
(b(j

1

+ j

2

)=2
) 6= G. Similarly, the red at j

1

+ 2 and one of the blues

at j

2

or j

2

+1 imply that 
(d(j

1

+j

2

)=2e+1) 6= G. Therefore, sin
e k

1

< k

2

,

we either have k

2

< b(j

1

+ j

2

)=2
, or k

1

> d(j

1

+ j

2

)=2e+ 1.

Assume k

2

< b(j

1

+ j

2

)=2
. For every i, k

1

� i � k

2

, the arithmeti


progressions j

1

; i; 2i � j

1

and j

1

+ 1; i; 2i � j

1

� 1 show that 2i � j

1

� 1

and 2i � j

1

are not 
olored red. Therefore, none of the numbers between

2k

1

� j

1

� 1 and 2k

2

� j

1

is red. This, together with the fa
t that red is

the dominant 
olor, imply that all of the numbers between 2k

1

� j

1

� 1 and

2k

2

� j

1

must be 
olored with the same 
olor, either blue or green. If they

are all blue, we get a 
ontradi
tion with the de�nition of j

1

and j

2

, as these

de�nitions imply that no BB appears after j

1

and before j

2

. If they are

all green, we have a 
ontradi
tion with the de�nition of k

1

and k

2

, sin
e by

the assumption k

2

< b(j

1

+ j

2

)=2
, the sequen
e 2k

1

� j

1

� 1; : : : ; 2k

2

� j

1

is a sequen
e greens between j

1

and j

2

that is longer than the sequen
e

k

1

; : : : ; k

2

.

Therefore, we get a 
ontradi
tion in either 
ase. A symmetri
 argument

leads to a similar 
ontradi
tion for the 
ase k

1

> d(j

1

+ j

2

)=2e+ 1. 2

Next we show that the density assumption (2) implies that the dominant


olor must appear in 
 with a high frequen
y. We start with the following

simple lemma.

Lemma 5 Let 
 be a 3-
oloring of N that satis�es the density assumption

(2). Then there is a k � 5 su
h that for every i, there exists j > i su
h that

j and j + k are both 
olored green.

8



G GBB BB BB

i i + 2k j j+k 2j−i−1

Figure 3: Lemma 6

Proof: Assume not, then there is an i su
h that every two numbers greater

than i that are 
olored green are at least 6 apart. Therefore, G




(n) � n=6+i,

whi
h is a 
ontradi
tion with (2). 2

Lemma 6 If 
 is a rainbow-free 3-
oloring of N that satis�es the density

assumption (2), and red is a dominant 
olor in 
, then there is n

0

su
h that

for every i > n

0

, either 
(i) or 
(i+ 1) is red.

Proof: By Lemma 4, the number of appearan
es of either BB or GG in 


is �nite. Assume, without loss of generality, that GG appears only a �nite

number of times in 
. That is, there is an n

0

su
h that no GG appears in 


after n

0

. If no BB appears after n

0

, then we are done. Otherwise, 
onsider

a BB at position i > n

0

.

By Lemma 5, there exists k � 5 and j > i su
h that j and j + k are both


olored green. The arithmeti
 progressions i; j; 2j � i and i+1; j; 2j � i� 1

imply that 2j � i � 1 and 2j � i are not red. Therefore, sin
e red is the

dominant 
olor, either they are both blue, or both green. The latter 
ase is

impossible, sin
e 2j� i� 1 > n

0

. This shows that there is a BB at position

2j� i� 1. Similarly, having a BB at position 2j� i� 1 and a G at position

j + k implies that there is another BB at position i+ 2k. (See Figure 3).

Repeating the same argument, we 
on
lude that BB appears at positions

i+2kt for every integer t � 0. Using Lemma 1 it is not diÆ
ult to see that

if there is a BB at position i

1

, and a G at position i

2

> i

1

, then i

2

� i

1

+6.

Similarly, if there is a BB at position i

1

and a G at position i

2

< i

1

, then

i

2

� i

1

� 5. Sin
e k � 5, these fa
ts imply that for every t � 0, none of the

numbers between i+ 2kt and i+ 2k(t+ 1) is 
olored green. Therefore, the

number of greens is �nite, whi
h is a 
ontradi
tion. 2

9



Lemma 7 If 
 be a rainbow-free 3-
oloring of N that satis�es the density

assumption (2), and red is a dominant 
olor in 
, then there is n

0

su
h that

for every i > n

0

, either 
(i) or 
(i+ 2) is red.

Proof: By Lemma 6, there is an n

0

su
h that for every i > n

0

, either i

or i+ 1 is 
olored red. Assume, for 
ontradi
tion, that there exists i > n

0

su
h that neither i nor i + 2 is 
olored red. By Lemma 6, 
(i + 1) = R.

Therefore, i and i+2 are either both green, or both blue. Assume, without

loss of generality, that they are both blue. Consider an arbitrary l > i whose

parity is the same as the parity of i. If l is 
olored green, then the arithmeti


progressions i; (i+ l)=2; l and i+2; (i+ l)=2+1; l show that neither (i+ l)=2

nor (i+ l)=2+ 1 is red, whi
h is a 
ontradi
tion with Lemma 6. Therefore,

no l > i with the same parity as i is 
olored green.

Now 
onsider an arbitrary i

0

� i that is 
olored blue and has the same

parity as i. Using Lemma 5, there is j > i

0

su
h that j and j + k are both


olored green (for a �xed k � 5). By the above argument, neither j nor

j+ k has the same parity as i. Therefore, k is either 2 or 4. The arithmeti


progression i

0

; j; 2j � i

0

shows that 2j � i

0

is not red. Also, sin
e it has the

same parity as i, it 
annot be green. Therefore, 
(2j � i

0

) = B. Similarly,

the arithmeti
 progression i

0

+2k; j+ k; 2j� i

0

and the fa
t that i

0

+2k has

the same parity as i show that 
(i

0

+ 2k) = B. This means that for every

i

0

> i with the same parity as i, if i

0

is 
olored blue, then so is i

0

+2k. Thus,

all numbers i+ 2kt and i+ 2kt+ 2 for t � 0 must be 
olored blue.

� If k = 2, this means that every number greater than i that has the

same parity as i is 
olored blue. Therefore, by Lemma 3 no number

greater than i is 
olored green, whi
h is a 
ontradi
tion.

� If k = 4, this means that for every integer t � 0, i + 8t, i + 8t + 2

and i + 8t + 8 are 
olored blue. Therefore, by Lemma 3, i + 8t + 1,

i+8t+3, and i+8t+7 are not green. Also, i+8t+4 and i+8t+6 have

the same parity as i and therefore 
annot be 
olored green. Thus, the

only numbers that 
an be 
olored green are in the form i + 8t + 5.

Therefore, G




(n) � n

0

+

1

8

n, whi
h is a 
ontradi
tion with (2).

2

Now, we are ready to prove Theorem 1.

Proof of Theorem 1: Assume 
 does not 
ontain any rainbow AP (3).

Therefore, by Lemma 3, there is a dominant 
olor. Assume without loss of

10



generality that the dominant 
olor is red. By Lemmas 6 and 7 there is an n

0

su
h that for every i > n

0

, at least two of the numbers i; i+1; i+2 are 
olored

red. Therefore, for every n, R




(n) �

2

3

(n�n

0

). Thus, min(G




(n); B




(n)) �

1

2

(n�

2

3

(n� n

0

)) =

1

6

n+

1

3

n

0

, 
ontradi
ting (2). 2

A natural question is whether the assumption (2) in Theorem 1 
an be weak-

ened. Noti
e that Conje
ture 2 suggests that the 
on
lusion of Theorem 1 is

true with the weaker assumption that lim sup

n!1

�

min(R




(n); G




(n); B




(n)) �

1

6

n

�

>

4

6

. We still haven't been able to prove this fa
t. However, the following

proposition shows that the 
onstant 1=6 in the density assumption 
annot

be substituted with a smaller 
onstant.

Proposition 1 There is a rainbow-free 3-
oloring 
 of N su
h that for every

n,

min(R




(n); G




(n); B




(n)) = b(n+ 2)=6
:

Proof: Consider the following 
oloring of N:


(i) :=

8

<

:

B if i � 1 (mod 6)

G if i � 4 (mod 6)

R otherwise

It is easy to see that 
 
ontains no rainbowAP (3) and min(R




(n); G




(n); B




(n)) =

G




(n) = b(n+ 2)=6
. 2

The following proposition shows that Conje
ture 2, if true, is the best pos-

sible.

Proposition 2 For every n � 3, there is a rainbow-free 3-
oloring 
 of [n℄

in whi
h the size of the smallest 
olor 
lass is r(n), where r is the fun
tion

de�ned in (1).

Proof: For n 6� 2 (mod 6), Proposition 1 gives su
h a 
oloring. Assume

n = 6k + 2 for an integer k. We de�ne a 
oloring 
 as follows:


(i) :=

8

<

:

B if i � 2k + 1 and i is odd

G if i � 4k + 2 and i is even

R otherwise

Sin
e every blue number is at most 2k+1, and every green number is at least

4k+2, a blue and a green number 
annot be the �rst and the se
ond, or the

11



se
ond and the third terms of an arithmeti
 progression with all terms in [n℄.

Also, sin
e blue numbers are odd and green numbers are even, a blue and a

green 
annot be the �rst and the third terms of an arithmeti
 progression.

Therefore, 
 does not 
ontain any rainbow AP (3). It is not diÆ
ult to see

that 
 
ontains no rainbow AP (3) and min(R




(n); G




(n); B




(n)) = k + 1 =

(n+ 4)=6. 2

3 Rainbow arithmeti
 progressions in Z

n

A 3-term arithmeti
 progression (AP (3)) in Z

n

is a sequen
e a

1

; a

2

; a

3

su
h

that a

1

+ a

3

� 2a

2

(mod n). For a 3-
oloring 
 : Z

n

7! fR;G;Bg of Z

n

, we

de�ne R




:= fi : 
(i) = Rg. G




and B




are de�ned similarly. An interesting


orollary of Theorem 1 is the following.

Theorem 2 Every 3-
oloring 
 of Z

n

with min(jR




j; jG




j; jB




j) > n=6 
on-

tains a rainbow AP (3).

Proof: For a 3-
oloring 
 of Z

n

, we de�ne a 3-
oloring �
 of N as follows: For

every i 2 N, �
(i) := 
(i mod n). The assumption min(jR




j; jG




j; jB




j) > n=6

implies that

lim sup

n!1

(min(R

�


(n); G

�


(n); B

�


(n))� n=6) = +1:

Therefore, by Theorem 1, there is a rainbow AP (3) in �
. By 
omputing the

terms of this arithmeti
 progression modulo n we obtain a rainbow AP (3)

in 
. 2

A natural question is whether the 
ondition min(jR




j; jG




j; jB




j) > n=6 in

Theorem 2 
an be weakened. For n divisible by 6, the 
oloring de�ned

in Proposition 1 shows that this 
ondition is tight. However, for most

other values of n it is possible to use number theoreti
 properties of Z

n

to

substitute this 
ondition with a weaker assumption. The following theorem

is an example.

Theorem 3 Let n be an odd number and q be the smallest prime fa
tor of

n. Then every 3-
oloring 
 of Z

n

with min(jR




j; jG




j; jB




j) > n=q 
ontains

a rainbow AP (3).
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First, we prove the following lemma.

Lemma 8 Let 
 be a 3-
oloring of Z

n

, a be an integer relatively prime to

n, and b be an arbitrary integer. Let 


0

(i) := 
((ai + b) mod n) for every

i 2 Z

n

. Then 
 
ontains a rainbow AP (3) if and only if 


0


ontains a

rainbow AP (3). Furthermore, jR




0

j = jR




j, jG




0

j = jG




j, and jB




0

j = jB




j.

Proof: It is enough to note that sin
e a is relatively prime to n, the

mapping i 7! ai+ b (mod n) is an automorphism of (Z

n

;+). 2

Proof of Theorem 3: Assume, for 
ontradi
tion, that we have a 3-


oloring 
 of Z

n

with no rainbow AP (3) su
h that min(jR




j; jG




j; jB




j) >

n=q. Assume, without loss of generality, that jG




j = min(jR




j; jG




j; jB




j).

Sin
e jG




j > n=q, there exist k < q and i su
h that i and i + k are both


olored green. Sin
e k < q and q is the smallest prime fa
tor of n, k is

relatively prime to n. Therefore, Lemma 8 with a = k and b = i gives a 
ol-

oring with the same properties as 
 in whi
h 0 and 1 are both 
olored green.

From now on, we let 
 denote this 
oloring. Therefore, 
 does not 
ontain

any rainbow AP (3), and it satis�es jG




j = min(jR




j; jG




j; jB




j) > n=q and


(0) = 
(1) = G.

>From 
, we 
onstru
t a 
oloring �
 of N as in the proof of Theorem 2. Lemma

3 shows that there is a dominant 
olor in �
. We 
onsider the following two


ases:

Case 1: G is the dominant 
olor in �
. Sin
e �
 is periodi
, Lemma 4 implies

that �
 
annot 
ontain BB and RR at the same time. Assume, without loss

of generality, that �
 does not 
ontain any BB. This, together with the fa
t

that G is the dominant 
olor imply that in 
 every B is followed by a G

(i.e., for every i 2 Z

n

, if 
(i) = B, then 
(i + 1) = G). Furthermore, sin
e

by Lemma 3 no R 
an be followed by a B in �
, there must be at least one

R in 
 that is followed by a G. Thus, jG




j � jB




j + 1, 
ontradi
ting the

assumption that jG




j = min(jR




j; jG




j; jB




j).

Case 2: G is not the dominant 
olor in �
. Without loss of generality,

assume R is the dominant 
olor in �
. In �
, GG appears at positions nt

for every t > 0. Therefore, by Lemma 4 no BB appears in 
. On the

other hand, the assumption jB




j � n=q implies that there exist k < q and i

su
h that i and i + k are both 
olored blue. Now, 
onsider the arithmeti


progressions 0; i; 2i and 1; i; 2i�1. These arithmeti
 progressions show that

neither of 2i� 1 and 2i 
an be red. Therefore, sin
e 
 doesn't 
ontain BB,
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they must be both green. Similarly, the arithmeti
 progressions 2k; i+ k; 2i

and 2k + 1; i+ k; 2i� 1 show that there is a GG at position 2k. Repeating

the same argument implies that there is a GG at position 2kt (mod n) for

every t � 0. But sin
e k is smaller than the smallest prime fa
tor of n, and n

is odd, 2k is relatively prime to n. Thus, we have proved that every number

in f2kt (mod n) : t � 0g = Z

n

is 
olored green, whi
h is a 
ontradi
tion. 2

For any integer n, we de�ne m(n) as the largest integer m for whi
h there is

a rainbow-free 3-
oloring 
 of Z

n

su
h that jR




j; jG




j; jB




j � m. Theorems

2 and 3 show that for every integer n, m(n) � min(n=6; n=q), where q is the

smallest prime fa
tor of n. Computing the exa
t value of m(n) for every n

remains a 
hallenge. The following theorem gives a general lower bound for

the value of m(n).

Theorem 4 For every integer n that is not a power of 2, if q denotes the

smallest odd prime fa
tor of n, then m(n) � b

n

2q


.

Proof: It suÆ
es to show that there is a rainbow-free 3-
oloring 
 of Z

n

with min(jR




j; jG




j; jB




j) � b

n

2q


. We know that exa
tly n=q elements of

Z

n

are divisible by q. Color b

n

2q


 of these numbers with green and the

remaining d

n

2q

e multiples of q with blue. Color other elements of Z

n

with

red. Sin
e q is odd, if two elements of a 3-term arithmeti
 progression are

divisible by q, the third term should also be divisible by q. Therefore, the


oloring 
 
onstru
ted above does not 
ontain any rainbow AP (3), and we

have min(jR




j; jG




j; jB




j) � b

n

2q


. 2

In the following theorem we 
hara
terize the set of natural numbers n for

whi
h m(n) = 0.

Theorem 5 For every integer n, there is a rainbow-free 3-
oloring of Z

n

with non-empty 
olor 
lasses if and only if n does not satisfy any of the

following 
onditions:

(a) n is a power of 2.

(b) n is a prime and ord

n

(2) = n� 1 (i.e., 2 is a generator of Z

n

).

(
) n is a prime, ord

n

(2) = (n� 1)=2, and (n� 1)=2 is an odd number.
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Proof: We �rst prove the if part. We need to prove that for every n that

does not satisfy any of the above 
onditions, there is a rainbow-free 
oloring

of Z

n

with no empty 
olor 
lass. We 
onsider the following two 
ases: n is

not prime, and n is prime.

If n is not a prime number, then by 
onditions above n 
an be written as

n = pq where p is an odd number and q > 1. Let 
 denote the 
oloring of Z

p

obtained by 
oloring 0 with red, other multiples of p with green, and other

numbers with blue. In this 
oloring, every rainbow AP (3) must 
ontain 0

and a multiple of p. Sin
e p is odd, the other term in su
h an arithmeti


progression must also be a multiple of p. Therefore, 
 is rainbow-free.

If n is a prime number, then we de�ne the 
oloring 
 as follows: 0 is 
olored

with red, all numbers in f2

i

mod n : i 2 Zg [ f�2

i

mod n : i 2 Zg are


olored with green, and other numbers are 
olored with blue. By 
onditions

(b) and (
) we know that either ord

n

(2) < (n�1)=2, or ord

n

(2) = (n�1)=2 =

2k for an integer k. In the former 
ase, jG




j � 2ord

n

(2) < n � 1. In the

latter 
ase, we have 2

k

= �1 and therefore jG




j = ord

n

(2) < n�1. Thus, B




is non-empty in either 
ase. Also, every rainbow AP (3) in 
 must 
ontain

0. Sin
e G




is 
losed under multipli
ation/division by 2 and �1, any 3-term

arithmeti
 progression that 
ontains 0 and an element of G




, must 
ontain

another element of G




. Thus, 
 is rainbow-free.

For the only if part, we need to argue that if n satis�es any of the 
onditions

(a), (b), or (
), then every 
oloring of Z

n

with non-empty 
olor 
lasses


ontains a rainbow AP (3). If n satis�es one of the 
onditions (b) or (
), then

by Theorem 3 any 
oloring 
 of Z

n

with min(jR




j; jG




j; jB




j) > 1 
ontains

a rainbow AP (3). If min(jR




j; jG




j; jB




j) = 1, then assume without loss

of generality that 0 is the only number 
olored with red and 1 is 
olored

with green. For every number i 2 Z

n

n f0g that is 
olored green, 2i must

also be green; otherwise 0; i; 2i will be a rainbow AP (3). Similarly, if i

is green, then �i must also be green. This implies that every number

in f2

i

mod n : i 2 Zg [ f�2

i

mod n : i 2 Zg must be 
olored green.

However, if one of the 
onditions (b) or (
) hold, then f2

i

mod n : i 2

Zg[f�2

i

mod n : i 2 Zg= Z

n

nf0g. This 
ontradi
ts with the assumption

that B




is non-empty.

The only 
ase that remains to 
he
k is when n satis�es (a), i.e., we need to

prove that when n = 2

k

for an integer k, there is no rainbow-free 
oloring

of Z

n

with non-empty 
olor 
lasses. We prove this statement by indu
tion

on k. The indu
tion basis is easy to verify. Assume this statement holds

for k � 1, and (for 
ontradi
tion) 
onsider a rainbow-free 
oloring 
 of Z

2

k
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with non-empty 
olor 
lasses.

We 
an partition Z

2

k into two sets: the set of even numbers Z

E

2

k

= f2i mod

2

k

: i 2 Z

2

kg and the set of odd numbers Z

O

2

k

= f2i+ 1 mod 2

k

: i 2 Z

2

kg.

It is 
lear that ea
h of Z

E

2

k

and Z

O

2

k

is isomorphi
 to Z

2

k�1. Therefore, by

the indu
tion hypothesis if 
 restri
ted to either one of them has non-empty


olor 
lasses, then 
 will 
ontain a rainbow AP (3). Thus, we may assume

without loss of generality that no element of Z

E

2

k

is 
olored blue and no

element of Z

O

2

k

is 
olored green. Also, assume without loss of generality

that jG




j � jB




j, and let G




= fa

1

; a

2

; : : : ; a

jG




j

g � Z

E

2

k

. Now, 
onsider an

arbitrary x 2 Z

O

2

k

that is 
olored blue, and some i, 1 � i � jG




j. Sin
e

2a

i

�x mod 2

k

belongs to Z

O

2

k

, it 
an not be green. Also, it 
an not be red,

sin
e otherwise 2a

i

� x; a

i

; x will be a rainbow AP (3). Thus, for every i

and every x that is blue, 2a

i

� x is also blue. Starting from a �xed blue

element x and using the above statement, we obtain that all the elements

of f2a

i

� x mod 2

k

: 1 � i � jG




jg [ f2(a

i

� a

1

) + x mod 2

k

: 1 � i �

jG




jg are 
olored blue. We know that for distin
t i; j, 2a

i

� x 6� 2a

j

� x

(mod 2

k

) and 2(a

i

� a

1

) + x 6� 2(a

j

� a

1

) + x (mod 2

k

). Also, if for some

i; j, 2a

i

� x = 2(a

j

� a

1

) + x (mod 2

k

), then 2(a

j

� a

1

� a

i

+ x) must

be divisible by 2

k

, whi
h is impossible sin
e a

j

� a

1

� a

i

+ x is an odd

number. Thus, there are 2jG




j distin
t numbers in f2a

i

� x mod 2

k

: 1 �

i � jG




jg [ f2(a

i

� a

1

)+x mod 2

k

: 1 � i � jG




jg that are all 
olored blue.

This shows that jB




j � 2jG




j, whi
h is in 
ontradi
tion with the assumption

jG




j � jB




j > 0. 2

4 Additive number theory and rainbows in Z

p

Strong inverse theorems from additive number theory have proved to be

useful tools in Ramsey theory. For example, Gowers' proof of Szemer�edi

theorem relies on the theorem of Freiman [11℄. Likewise, we will use a

re
ent theorem of Hamidoune and R�dseth [14℄, generalizing the 
lassi
al

Vosper's theorem [28℄, to prove that almost every 
oloring of Z

p

with three


olors has rainbow solutions for almost all linear equivalen
e relations in

three variables in Z

p

. Moreover, we 
lassify all the ex
eptions.

We write p to denote a prime number and (m;n) to denote the greatest


ommon divisor of m and n. For a; b 2 Z

p

, we de�ne sequen
e fig

b

a

in

Z

p

as fiji 2 Z

p

; a � i � bg, if a � b, and fiji 2 Z

p

; a � i � p � 1 or

0 � i � bg, otherwise. For X;Y � Z

p

and j 2 Z

p

, let jX = fjx j x 2 Xg,
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X � j = fx � j j x 2 Xg and X + Y = fx + y j x 2 X; y 2 Y g. We also

de�ne the distan
e fun
tion D

p

(k; l) in Z

p

as the smallest nonnegative value

of jk � l + pjj, over all j 2 Z. Hen
e, D

p

(k) := D

p

(k; 0) = minfk; p � kg:

Note that D

p

(k) �

p

2

.

Theorem 6 Let a; b; 
; e 2 Z

p

, with ab
 6� 0 (mod p). Then every 
oloring

of Z

p

= R [ B [ G with jRj; jBj; jGj � 4, 
ontains a rainbow solution

of ax + by + 
z � e (mod p) with the only ex
eption being the 
ase when

a = b = 
 and every 
olor 
lass is an arithmeti
 progression with the same


ommon di�eren
e d, so that d

�1

R = fig

a

2

�1

i=a

1

, d

�1

B = fig

a

3

�1

i=a

2

and d

�1

G =

fig

a

1

�1

i=a

3

, where (a

1

+ a

2

+ a

3

) � e+ 1 or e+ 2 (mod p).

Before proving Theorem 6, we re
all the 
lassi
al theorem of Cau
hy and

Davenport [18℄ and the re
ent result of Hamidoune and R�dseth [14℄.

Theorem (Cau
hy-Davenport) If S; T � Z

p

, then jS+T j � minfp; jSj+

jT j � 1g.

Theorem (Hamidoune-R�dseth ) Let S; T � Z

p

, jSj � 3, jT j � 3,

7 � jS + T j � p � 4. Then either jS + T j � jSj+ jT j+ 1, or S and T are


ontained in arithmeti
 progressions with the same 
ommon di�eren
e and

jSj+ 1 and jT j+ 1 elements respe
tively.

We also need the following two lemmas.

Lemma 9 If S � Z

p

is 
ontained in an arithmeti
 progression of length

jSj+1 with 
ommon di�eren
e d, then there are at most two pairs of elements

of Z

p

of the form (x; x+ d) su
h that x 2 S and x+ d 62 S.

Proof: Let S � fa+dig

jSj

i=0

. De�ne X = fa+(i+1)d j 0 � i � jSj; a+id 2

S; a+(i+1)d =2 Sg. Then X \S = ; and X [S � fa+dig

jSj+1

i=0

. Therefore,

jX j+ jSj � jSj+2, and jX j � 2. Note that X is pre
isely the set of elements

of the form x+ d su
h that (x+ d) 62 S and x 2 S. 2

Lemma 10 Let p > 7 and let S � Z

p

, 3 � jSj � p � 5, be 
ontained

in an arithmeti
 progression of length jSj + 1 and 
ommon di�eren
e d,

(d; p) = 1. Then every arithmeti
 progression of length jSj+1 
ontaining S

has the 
ommon di�eren
e equal to d or p� d.
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Proof: Suppose that S is 
ontained in an arithmeti
 progression of length

jSj + 1 and 
ommon di�eren
e d

0

6= d; p � d. Applying the group isomor-

phism Z

p

! d

�1

Z

p

, we 
an assume that S is 
ontained in the arithmeti


progression A := fa + ig

jSj

i=0

, as well as in the arithmeti
 progression

�

A

of length jSj + 1 and 
ommon di�eren
e

�

d (= D

p

(d

�1

d

0

)). We have the

following three 
ases:

1. 2 �

�

d � 4.

View Z

p

as a 
ir
le on p elements and 
onsider the pro
ess of looping

around the 
ir
le and removing the terms of

�

A with respe
t to their

order in

�

A. Let j be the smallest integer su
h that all the terms

of

�

A have been removed after j loops. Number of elements of A,

removed after j loops is at most

P

j�1

i=0

d

jSj+1�i

�

d

e. Sin
e S � A, we

have jSj �

P

j�1

i=0

d

jSj+1�i

�

d

e. Number of elements x, x 2

�

A and x =2 A,

removed after j loops is at least

P

j�2

i=0

b

p�(jSj+1)+i

�

d


. Hen
e, to �nish

the proof by 
ontradi
tion, it suÆ
es to show that if j is the smallest

integer with jSj �

P

j�1

i=0

d

jSj+1�i

�

d

e, then

P

j�2

i=0

b

p�(jSj+1)+i

�

d


 > 1.

(a)

�

d = 2.

jSj � d

jSj+1

2

e does not hold and, thus, j � 2. Then b

p�(jSj+1)

2


 �

2.

(b)

�

d = 3.

jSj � d

jSj+1

3

e+ d

jSj

3

e only if jSj 2 f3; 4g. Hen
e, either j = 3, or

j = 2 and jSj 2 f3; 4g. If j = 3, then b

p�(jSj+1)

3


+ b

p�jSj

3


 � 2.

If j = 2, then b

p�(jSj+1)

3


 � 2, sin
e jSj � 4 and p > 7.

(
)

�

d = 4.

If j � 2, then jSj � d

jSj+1

4

e+d

jSj

4

e. Hen
e, jSj � 2, whi
h 
ontra-

di
ts jSj � 3. Therefore, j � 3. Then b

p�(jSj+1)

4


+ b

p�jSj

4


 � 2,

sin
e p� jSj > 4.

2. 4 �

�

d � jAj.

Exa
tly 1 element of A is not in S. Sin
e Z

p

nS has at least 5 elements,

no element of U := fa+ jSj+1+ ig

3

i=0

is in S. Sin
e every element of

U�

�

d is in A, U�

�

d 
ontains at least 3 elements of S. This 
ontradi
ts

Lemma 9, be
ause there are 3 pairs (x; x +

�

d), x 2 S, x+

�

d 62 S.

3.

�

d > jAj.

No element of V := fa+ i+

�

dg

3

i=0

is in S be
ause a+

�

d > a+ jSj+1

18



and a+

�

d+3 � a+

p

2

+3 < a+p. However, every element of V �

�

d is in

A. Thus, at least 3 elements of V are in S. This 
ontradi
ts Lemma

9, be
ause there are 3 pairs of elements (x; x+

�

d), x 2 S, x+

�

d =2 S.

2

Proof of Theorem 6: Assume that that there exist a; b; 
; e 2 Z

p

, with

ab
 6� 0 (mod p), and a 
oloring ~


p

of Z

p

= R [ B [ G into 3 
olor 
lasses

(jRj; jBj; jGj � 4), 
ontaining no rainbow solution of ax + by + 
z � e

(mod p). Let R

0

; B

0

; G

0

be a permutation of R;B;G, and let a

0

; b

0

; 


0

be a

permutation of a; b; 
. Sin
e a

0

b

0




0

= ab
 6� 0 (mod p), ja

0

R

0

j = jR

0

j; jb

0

B

0

j =

jB

0

j; j


0

G

0

j = jG

0

j. If ja

0

R

0

+ b

0

B

0

j � ja

0

R

0

j+ jb

0

B

0

j+1, then by the theorem

of Cau
hy and Davenport and jR

0

j+ jB

0

j+ jG

0

j = p, ja

0

R

0

+ b

0

B

0

+ 


0

G

0

j �

minfp; (jR

0

j+jB

0

j+1)+jG

0

j�1g = p. Hen
e, there exists a rainbow solution

of ax+ by + 
z � e (mod p), whi
h is a 
ontradi
tion. Therefore,

ja

0

R

0

+ b

0

B

0

j < ja

0

R

0

j+ jb

0

B

0

j+ 1 = jR

0

j+ jB

0

j+ 1 < p� 3;

jb

0

B

0

+ 


0

G

0

j < jb

0

B

0

j+ j


0

G

0

j+ 1 = jB

0

j+ jG

0

j+ 1;

ja

0

R

0

+ 


0

G

0

j < ja

0

R

0

j+ j


0

G

0

j+ 1 = jR

0

j+ jG

0

j+ 1:

Moreover, using the 
ondition jRj; jBj; jGj � 4 and the theorem of Cau
hy

and Davenport, we obtain

ja

0

R

0

+ b

0

B

0

j � 7; jb

0

B

0

+ 


0

G

0

j � 7; ja

0

R

0

+ 


0

G

0

j � 7:

Hen
e, for every X;Y 2 fR;B;Gg; X 6= Y , and every x; y 2 fa; b; 
g; x 6= y,

we 
an apply the theorem of Hamidoune and R�dseth on sets xX and yY ;

that is, xX and yY are 
ontained in arithmeti
 progressions with the same


ommon di�eren
e and jX j+ 1 and jY j+ 1 elements respe
tively.

Set xX is 
ontained in an arithmeti
 progression of length jX j + 1 if and

only if X is 
ontained in an arithmeti
 progression of length jX j+1. Thus,

R, B and G are 
ontained in arithmeti
 progressions of lengths jRj + 1,

jBj+1 and jGj+1, respe
tively. Sin
e every arithmeti
 progression in Z

p

of


ommon di�eren
e d is also an arithmeti
 progression of 
ommon di�eren
e

p�d, Lemma 10 implies that there exist unique 
ommon di�eren
es d

R

, d

B

and d

G

(�

p

2

) for all arithmeti
 progressions of lengths jRj+1, jBj+1 and

jGj+ 1, 
ontaining R, B and G, respe
tively.

Let X;Y 2 fR;B;Gg; X 6= Y , and x; y 2 fa; b; 
g; x 6= y. Sin
e xX and yY

are 
ontained in arithmeti
 progressions with the same 
ommon di�eren
e
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and jX j+ 1 and jY j+1 elements respe
tively, y

�1

xX and Y are 
ontained

in arithmeti
 progressions with the 
ommon di�eren
e d

Y

and jX j+ 1 and

jY j+ 1 elements respe
tively. Hen
e, y

�1

xd

X

= d

Y

.

Similarly, yX and xY are 
ontained in arithmeti
 progressions with the

same 
ommon di�eren
e and jX j+1 and jY j+1 elements respe
tively. Thus,

x

�1

yX and Y are 
ontained in arithmeti
 progressions with the 
ommon

di�eren
e d

Y

and jX j+1 and jY j+1 elements respe
tively. Hen
e, x

�1

yd

X

=

d

Y

.

It follows that y

�1

xd

X

= x

�1

yd

X

, that is, jxj = jyj. Therefore, jaj = jbj =

j
j =: t and d

R

= d

B

= d

G

=: d.

Multiplying by t

�1

and using the symmetry in the variables x; y; z, the

equation ax + by + 
z � e (mod p) redu
es to one of the following four

equations: x+y�z � �e, x+y�z � e, x+y+z � �e, x+y+z � e in Z

p

.

The �rst two 
ases further redu
e to the equation x+ y � z (mod p), after

shifting Z

p

by �e and e, respe
tively. Next, we use the following result of

S
h�onheim [23℄:

Theorem (S
h�onheim) Let E [F [G be a partition of N, with no rainbow

solutions of x+y = z. Let G be the 
lass 
ontaining the largest smallest ele-

ment, denoted by m. Let E;F , be subsets of E ;F 
onsisting of the elements

smaller than m. Then for i 2 N,

1. e 2 E ! e+ im 2 E

2. f 2 F ! f + im 2 F ,

with ex
eptions o

urring only for one of the 
lasses E, F , and only at the

multiples of some �xed nontrivial divisor of m.

Consider the 
oloring ~
 : N ! fR;G;Bg de�ned by ~
(x) = ~


p

(x (mod p)),

for all x 2 N. Assume thatG is the 
olor 
lass 
ontaining the largest smallest

element denoted by m. S
h�onheim's theorem (with R � E, B � F , G � G)

implies that there exists a divisor s of m � p, su
h that every element x

with 
(x) = G is a multiple of s. If (p; s) = 1, then 
(m+ p) = G. However,

s does not divide m + p, so 
(m + p) 6= G, and we have a 
ontradi
tion.

If s = p, then 
(x) = G for x 2 N if and only if x 2 fp; 2p; 3p:::g. Then

the 
oloring 


p

of Z

p

has only 1 element with 
olor G, namely 0. This


ontradi
ts the 
ondition jGj � 4.

Therefore, we 
an assume that the equation ax+ by+ 
z � e (mod p) is of

the form x + y + z � e (mod p). Sin
e d = d

R

= d

B

= d

G

, after applying

20



the group isomorphism Z

p

! d

�1

Z

p

, we 
an assume that R, B and G are


ontained in strings of jRj + 1, jBj + 1 and jGj + 1 
onse
utive elements,

respe
tively. One of the following two 
ases o

urs:

1. There exist at least two 
olor 
lasses, say R and B, that are not


ontained in strings of jRj and jBj 
onse
utive elements, respe
tively.

Then R = fa

1

+ ig

jRj�2

i=0

[ fa

1

+ jRjg and B = fa

1

+ jRj � 1g [

fa

1

+ jRj+ ig

jBj�1

i=1

. Then R + B = f2a

1

+ jRj+ ig

jRj+jBj�1

i=�1

, so that

jR + Bj = jRj + jBj + 1. By the theorem of Cau
hy and Davenport,

jR+B+Gj = p, whi
h implies that the equation x+y+z � e (mod p)

has a rainbow solution. Contradi
tion.

2. R, B and G are 
ontained in the strings of jRj, jBj and jGj 
onse
utive

elements, respe
tively. Then R = fig

a

2

�1

i=a

1

, B = fig

a

3

�1

i=a

2

, G = fig

a

1

�1

i=a

3

,

in whi
h 
ase R + B + G = fig

a

1

+a

2

+a

3

�3

i=a

1

+a

2

+a

3

. Clearly, if there is no

rainbow solution to the equation x + y + z � e (mod p), then a

1

+

a

2

+ a

3

� e+ 1 or e+ 2 (mod p).

Therefore, if the equation ax+by+
z � e (mod p) has no rainbow solutions,

then a = b = 
 and every 
olor 
lass is an arithmeti
 progression with the

same 
ommon di�eren
e d, so that d

�1

R = fig

a

2

�1

i=a

1

, d

�1

B = fig

a

3

�1

i=a

2

and

d

�1

G = fig

a

1

�1

i=a

3

, where (a

1

+ a

2

+ a

3

) � e+ 1 or e+ 2 (mod p).

2

5 Future dire
tions

The problems and 
onje
tures stated in the previous se
tions deal with the

existen
e of rainbow stru
tures in the sets of integers. There are many more

dire
tions and generalization one might 
onsider.

One natural dire
tion is generalizing the problems above for rainbow so-

lutions of any homogeneous equation, imitating Rado's theorem about the

mono
hromati
 analogue. We have already showed an example of this in

Theorem 6.

Sear
h for a rainbow 
ounterpart of the Hales-Jewett theorem, though an ex-


iting possibility, led us to some negative results. First, re
all some notation

from [12℄. De�ne C

n

t

, the n-
ube over t elements by C

n

t

= f(x

1

; : : : ; x

n

) :
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x

i

2 f0; 1; : : : ; t � 1gg. A geometri
 line in C

n

t

is a set of (suitably or-

dered) points x

0

; : : : ;x

t�1

, x

i

= (x

i;1

; : : : ; x

i;n

) so that in ea
h 
oordi-

nate j, 1 � j � n, either x

0;j

= x

1;j

= : : : = x

t�1;j

, or x

s;j

= s for

every 0 � s < t, or x

s;j

= n � s for every 0 � s < t. The Hales-

Jewett theorem states that for every t and k, if n is suÆ
iently large,

every k-
oloring of C

n

t


ontains a mono
hromati
 geometri
 line. This

motivates the following question: Is it true that for every equinumerous

t-
oloring of C

n

t

there exists a rainbow geometri
 line? The following 
ol-

oring show that the answer is negative even for small values of t and n. A

3-
oloring of C

3

3

de�ned by C

1

= f000; 002; 020; 200; 220; 022; 202; 222; 001g,

C

2

= f011; 021; 101; 201; 111; 221; 010; 210; 012g,

and C

3

= f100; 110; 120; 121; 211; 102; 112; 122; 212g (parentheses and 
om-

mas being removed for 
larity), has no rainbow geometri
 lines.

Another generi
 dire
tion we 
onsidered is in
reasing the number of 
olors

and the length of a rainbow AP .

Proposition 3 For every n and k > 3, there exists a k-
oloring of [n℄ with

no rainbow AP (k) and with ea
h 
olor of size at least b

n+2

3b(k+4)=3



.

Proof: First, we partition the set of k 
olors into three sets C

1

; C

2

, and

C

3

of sizes l

1

, l

2

, and l

3

, respe
tively, where (l

1

; l

2

; l

3

) is de�ned as follows:

(l

1

; l

2

; l

3

) =

8

<

:

(l + 1; l; l� 1) if k = 3l

(l + 1; l + 1; l� 1) if k = 3l+ 1

(l + 2; l; l) if k = 3l+ 2

Noti
e that by the above de�nition, max(l

1

; l

2

; l

3

) = b(k + 4)=3
, and there

are always i; j su
h that jl

i

� l

j

j = 2. Now, for i = 1; 2; 3, we 
olor the

numbers in N

i

:= fx 2 [n℄ : x � i (mod 3)g with 
olors in C

i

, so that for

ea
h two 
olors in C

i

, the number of times they are used di�er by at most 1

(one 
an a
hieve this by 
oloringN

i

with the 
olors in C

i


y
li
ally). Thus, it

is easy to verify that ea
h 
olor is used at least b

n+2

3max(l

1

;l

2

;l

3

)


 = b

n+2

3b(k+4)=3





number of times. Also, every arithmeti
 progression A is either 
ompletely


ontained in one of N

i

's, or satis�es jjA \N

i

j � jA \N

j

jj � 1 for every

i; j 2 f1; 2; 3g. Thus, the existen
e of i; j with jl

i

� l

j

j = 2 shows that there

is no rainbow AP (k) in this 
oloring. 2

The above proposition 
an be thought of as a generalization of Proposition 1

for k > 3. One is tempted to also generalize Theorem 1 and 
onje
ture that
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any partition N = C

1

[C

2

[: : :[C

k

into k 
olor 
lasses, with every 
olor 
lass

having density greater than

1

3b(k+4)=3


, 
ontains a rainbow AP (k). However,

it is easy to verify that the following equinumerous 
olorings of N do not


ontain any rainbow AP (5), and hen
e the generalization of Radoi�
i�
's 
on-

je
ture is not true for k = 5; 6.




5

(i) :=

8

>

>

>

>

<

>

>

>

>

:

1 if i � 1; 3 (mod 10)

2 if i � 2; 5 (mod 10)

3 if i � 4; 8 (mod 10)

4 if i � 6; 7 (mod 10)

5 if i � 9; 0 (mod 10)




6

(i) :=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

1 if i � 1; 3 (mod 12)

2 if i � 2; 4 (mod 12)

3 if i � 5; 7 (mod 12)

4 if i � 6; 8 (mod 12)

5 if i � 9; 11 (mod 12)

6 if i � 10; 0 (mod 12)

We still do not know whether there is a similar example when the number

of 
olors is k = 4 or k > 6. If the number of 
olors is in�nite, the following

proposition shows that one 
annot guarantee even the existen
e of a rainbow

AP (3) with the assumption that ea
h 
olor has a positive density.

Proposition 4 There is an in�nite 
oloring of N with ea
h 
olor having

positive density su
h that there is no rainbow AP (3).

Proof: For ea
h x 2 N, let 
(x) be the largest integer k su
h that x is

divisible by 3

k

. It is easy to see that the 
olor k has density 2� 3

�k�1

> 0

in this 
oloring. Also, if 
(x) 6= 
(y), it is not diÆ
ult to see that 
(2x�y) =


((x+ y)=2) = max(
(x); 
(y)). Therefore, if two elements of an arithmeti


progression are 
olored with two di�erent 
olors, the third term must be


olored with one of those two 
olors. Thus, there is no rainbow AP (3) in 
.

2

Yet another dire
tion is limiting our attention to equinumerous 
olorings

and letting the number of 
olors be di�erent from the desired length of a

rainbow AP . Let T

k

denote the minimal number t 2 N su
h that there is

a rainbow AP (k) in every equinumerous t-
oloring of [tn℄ for every n 2 N.

We have the following lower and upper bounds on T

k

.

Proposition 5 For every k � 3, b

k

2

4


 < T

k

�

k(k�1)

2

2

:

Proof: First, we prove the upper bound. Let m = a(k�1)+b, with k � 3,

a � 1, and 0 � b � k � 1. We note that there is bije
tive 
orresponden
e
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between the set of all AP (k)'s and the set of all 2-element sets f�; �g � [m℄,

� < �, with � � � (mod (k�1)). It follows that the number of all AP (k)'s

in [m℄ is b

�

a+1

2

�

+ (k � b� 1)

�

a+1

2

�

. Thus,

# of AP (k)'s in [tn℄ >

tn(tn� 2(k � 1))

2(k � 1)

:

Note that for a t-regular 
oloring of [tn℄, in ea
h of the t 
olors there are

�

n

2

�

pairs that 
ould be the terms of at most

�

k

2

�

di�erent AP (k)'s. Therefore,

for any t-regular 
oloring of [tn℄ there are at most t

�

k

2

��

n

2

�

AP (k)'s that are

not rainbow. Therefore, T

k

is bounded by the smallest t that satis�es

tn(tn� 2(k � 1))

2(k � 1)

� t

�

k

2

��

n

2

�

for all n;

whi
h implies the upper bound.

As for the lower bound, we exhibit 
olorings 


1

and 


2

, showing that T

2k+1

>

k

2

+ k and T

2k

> k

2

.

Let a j-blo
k B

j

(j 2 N) be the sequen
e 12 : : : j12 : : : j, where the left half

and the right half of the blo
k are naturally de�ned.

The 
oloring 


1

gives the following 
olor assignment to the elements of

[2k

2

+ 2k℄ (bars denoting endpoints of the blo
ks):

�

�

�

B

�

k

�

�

�

: : :

�

�

�

B

�

j

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

i

�

�

�

: : :

�

�

�

B

+

k

�

�

�

;

Here, B

�

j

= B

j

�

�

j+1

2

�

and B

+

i

= B

i

+

�

i

2

�

, where X + a denotes the set

fx + ajx 2 Xg, for a 2 Z, X � Z. Note that 


1

uses ea
h of the k

2

+ k


olors exa
tly twi
e.

The 
oloring 


2

of [2k

2

℄ is de�ned similarly:

�

�

�

B

�

k�1

�

�

�

: : :

�

�

�

B

�

j

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

i

�

�

�

: : :

�

�

�

B

+

k

�

�

�

;

thus using ea
h of the k

2


olors exa
tly twi
e.

Next, we show that [2k

2

+ 2k℄, 
olored by 


1

, does not 
ontain a rainbow

AP (2k + 1). The key observation is that a rainbow AP with 
ommon

di�eren
e d 
annot 
ontain elements from opposite halves of any blo
k B

j

,

where d divides j. Fix a longest rainbow AP A and let d denote its 
ommon

di�eren
e. If d > k, then the length of A is � 2k. If d � k, then A is one

of the following three types:
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1. A is 
ontained in

�

�

�

B

�

d

�

�

�

B

�

d�1

�

�

�

: : :

�

�

�

B

�

2

�

�

�

B

�

1

�

�

�

B

+

1

�

�

�

B

+

2

�

�

�

: : :

�

�

�

B

+

d�1

�

�

�

B

+

d

�

�

�

:

Then A does not interse
t the left half of B

�

d

nor the right half of B

+

d

.

Hen
e, the length of A is at most 2d � 2k:

2. A is 
ontained in

�

�

�

B

�

(j+1)d

�

�

�

B

�

(j+1)d�1

�

�

�

: : :

�

�

�

B

�

jd

�

�

�

or in

�

�

�

B

+

jd

�

�

�

B

+

jd+1

�

�

�

: : :

�

�

�

B

+

(j+1)d

�

�

�

,

where (j + 1)d � k.

Assume that the �rst 
ase o

urs. Then A does not interse
t the left

half of B

�

(j+1)d

nor the right half of B

�

jd

. Hen
e, the length of A is at

most

1

d

(jd + 2(jd+ 1) + 2(jd+ 2) + : : :+ 2(jd+ d� 1) + (jd+ d) �

2(j + 1)d � 2k:

3. A is 
ontained in

�

�

�

B

�

jd+x

�

�

�

B

�

jd+x�1

�

�

�

: : :

�

�

�

B

�

jd

�

�

�

or in

�

�

�

B

+

jd

�

�

�

B

+

jd+1

�

�

�

: : :

�

�

�

B

+

jd+x

�

�

�

,

where jd + x < k: Assume that the �rst 
ase o

urs. Then A does

not interse
t the right half of B

�

jd

. Hen
e, the length of A is at most

1

d

(jd + 2(jd + 1) + 2(jd + 2) + : : : + 2(jd + x � 1) + 2(jd + x)) �

1

d

(jd+ 2jd(d� 1) + d(x� 1)) < 2(jd+ x) < 2k:

Similarly, one shows that [2k

2

℄, 
olored by 


2

, does not 
ontain a rainbow

AP (2k). 2

Note that Proposition 5 gives 3 � T

3

� 6, while Conje
ture 1 
laims that

T

3

= 3.

Conje
ture 3 For all k � 3, T

k

= �(k

2

).

The proof of Proposition 5 above is inspired by the proof of the following

\
anoni
al version" of van der Waerden's theorem on arithmeti
 progres-

sions, due to Erd}os and Graham [7℄. We in
lude this for 
ompleteness:

Theorem 7 For every positive integer k � 3, there exists a positive integer

n(k) su
h that every 
oloring of the �rst n � n(k) positive integers 
ontains

either a mono
hromati
 AP (k) or a rainbow AP (k).

Proof: By Szemer�edi's Theorem [27℄, for every Æ > 0 there exists a posi-

tive integer s(k; Æ) su
h that for all n � s(k; Æ) every subset C � [n℄ with

jCj > Æn 
ontains an AP (k). Fix Æ =

2

k(k�1)

2

and let n � s(k; Æ). Suppose

there exists a 
oloring of [n℄ = C

1

[C

2

[: : :[C

r


ontaining no mono
hromati
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or rainbow AP (k). Sin
e a 
olor 
lass C

i

does not 
ontain a mono
hromati


AP (k), then jC

i

j � Æn. In the proof of Proposition 5, it was shown that the

number of AP (k)'s is at least

n(n�2(k�1))

2(k�1)

. Sin
e every non-rainbow AP (k)


ontains a pair of terms of the same 
olor, there are at most

�

k

2

�

P

r

i=1

�

jC

i

j

2

�

non-rainbow AP (k)'s. Sin
e 0 � jC

i

j � Æn and

P

i=1

jC

i

j = n, the in-

equality

�

k

2

�

P

r

i=1

�

jC

i

j

2

�

�

�

k

2

�

P

1=Æ

i=1

�

Æn

2

�

=

(

k

2

)(

Æn

2

)

Æ

. However, the inequality

n(n�2(k�1))

2(k�1)

�

(

k

2

)(

Æn

2

)

Æ

does not hold for our 
hoi
e of Æ. 2

It is easy to show that the maximal number of rainbow AP (3)'s over all

equinumerous 3-
olorings of [3n℄ is b3n

2

=2
, this being a
hieved for the

unique 3-
oloring with 
olor 
lasses R = fnjn � 0 (mod 3)g, B = fnjn � 1

(mod 3)g and G = fnjn � 2 (mod 3)g. It seems very diÆ
ult to 
hara
ter-

ize those equinumerous 3-
olorings (in general, k-
olorings) that minimize

the number of rainbow AP (3)'s. Letting f

k

(n) denote the minimal number

of rainbow AP (k)'s, over all equinumerous k-
olorings of [kn℄, we pose the

following 
onje
ture.

Conje
ture 4 f

3

(n) = 
(n).

If we de�ne g

k

(n) as the minimal number of rainbow AP (k)'s, over all

equinumerous k-
olorings of Z

kn

, then a straightforward 
ounting argument

shows that g

3

(n) � n, when n is odd.

Finally, the further generalization of Vosper's theorem, due to Serra and

Z�emor [25℄, may lead to a generalization of Theorem 6 for more than 3


olor 
lasses.
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