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Abstra
t

A 
onne
ted graph H is said to be light in the 
lass of graphs H

if there exists a positive integer k su
h that ea
h graph G 2 H that


ontains an isomorphi
 
opy of H 
ontains a subgraph K isomorphi


to H that satis�es the inequality

P

v2V (K)

deg

G

(v) � k. It is known

that an r-
y
le C

r

is light in the family of planar graphs with mini-

mum degree 5 if 3 � r � 6, and not light for r � 11. We prove that

C

7

is also light in this family
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1 Introdu
tion and preliminaries

By Euler's famous theorem, we know that ea
h planar graph has a vertex of

degree � 5. A beautiful theorem of Kotzig [8℄ states that every 3-
onne
ted

planar graph 
ontains an edge with degree sum of its endverti
es being at

most 13. We say that the path with one or two verti
es is light in the 
lass

of those graphs. In general, let H be a family of graphs and let H be a


onne
ted graph. Denote by w(H;H) the smallest integer su
h that ea
h

graph G 2 H 
ontaining a subgraph isomorphi
 with H , 
ontains also a

subgraph K; K

�

=

H su
h that

X

v2V (K)

deg

G

(v) � w(H;H):

The sum on the left side is 
alled the weight of subgraph K in G. If su
h a

�nite number does not exist or there is no graph in H whi
h 
ontains H as

a subgraph, then we put w(H;H) = +1.

We say that a graph H is light in the family H provided w(H;H) is

�nite, otherwise we 
all it heavy. The integer w(H;H) is 
alled the weight

of H in the family H.

For the family of polyhedral graphs, only the paths are light [2℄. The

same holds for the family of polyhedral graphs with minimum degree 4 [3℄

and minimum fa
e size 4 [4℄. On the other hand, in the family of planar

graphs of minimum degree 5, there are graphs other than paths whi
h are

light, see [1, 6℄.

The 
omplete 
hara
terization of light 
y
les in the family of all planar

triangulations of minimum degree 5 was given in [7℄ and [9℄ (see also [1℄

and [6℄). It was proved that a k-
y
le is light in this family if and only if

3 � k � 10. For the family of all planar graphs of minimum degree 5, it is

known that C

3

[1℄, C

4

; C

5

[6℄ (also R. Sot�ak, private 
ommuni
ation) and

C

6

[10℄ are light. Moreover, C

r

is heavy for r � 11 [7℄. A survey of results

on light subgraphs 
an be found in [5℄.

In this paper we prove the following theorem:

Theorem 1.1 The 
y
le C

7

is light in the family of all planar graphs with

minimum degree 5. Moreover, ea
h graph of that family 
ontains a light


y
le C

7

.

For proving of this result, the Dis
harging method is used. We 
onsider

a hypotheti
al 
ounterexample G with vertex set V (G) and fa
e set F (G).
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We may assume that G is 
onne
ted. We assign initial 
harge to every

vertex v 2 V (G) and every fa
e f 2 F (G) of the graph G in the following

way:


(v) := d(v)� 6 and 
(f) := 2r(f)� 6; (1)

where d(v) and r(f) stand for the degree of v and the size of f , respe
tively.

Hen
e, we 
an rewrite Euler's formula in the following form:

X

v2V (G)


(v) +

X

f2F (G)


(f) = �12:

Thus, the total sum of the 
harges of the verti
es and fa
es of G is negative.

We will redistribute the 
harges of the verti
es and fa
es of G by applying

some rules without 
hanging the total sum of all 
harges. Denote by 


�

(x)

the 
harge of a vertex x or a fa
e x after applying the rules. It will be also


alled the �nal 
harge of x. We will prove that ea
h fa
e and vertex of G

has a nonnegative �nal 
harge. Sin
e the total sum must be negative, it will

be a 
ontradi
tion and 
omplete the proof.

An i-vertex and a j-fa
e is a vertex of degree i and a fa
e of size j,

respe
tively.

2 The lightness of C

7

In this se
tion we prove Theorem 1.1.

Proof. Suppose that the theorem is false. Then, we may assume that for

ea
h integer m there exists a planar graph of minimum degree 5 whi
h has

no 7-
y
le or has at least one 7-
y
le and ea
h 7-
y
le of G 
ontains a vertex

of degree � m. So, let G be a graph whi
h satis�es the above assumptions

for m = 360. For the purpose of the proof, a vertex of degree at least 360

is 
alled big, a vertex of degree between 6 and 359 is 
alled intermediate. A

fa
e of size at least 4 is 
alled big. Moreover, a 7-
y
le whose verti
es are of

degree � 359 is 
alled a light 7-
y
le.

The lo
al redistribution of 
harges preserving their total sum is per-

formed by the rules given below. In order to des
ribe and deal easily with

these rules we introdu
e the following de�nitions. If a 3-fa
e [x

1

; x

2

; x

3

℄ and

a big fa
e f have the 
ommon edge x

1

x

2

, then we say that the vertex x

3

is

diagonally in
ident with f (at x

1

x

2

). If [x

1

; x

2

; x

3

℄ and [x

1

; x

2

; x

4

℄ are two

in
ident 3-fa
es with x

3

6= x

4

, the verti
es x

3

; x

4

are diagonally adja
ent (at

3



x

1

x

2

). If [x

1

; x

2

; x

4

; x

5

℄ and [x

1

; x

2

; x

3

℄ are a 4-fa
e and a 3-fa
e, respe
-

tively, then, we say that x

3

and x

5

are squarely adja
ent (at x

1

x

2

). If x

3

is

a 5-vertex and some 
harge is sent to x

3

from f or from x

5

, then we use to

say that this 
harge is sent through the edge x

1

x

2

.

Rule R1: Ea
h big fa
e sends

1

2

to ea
h of its in
ident 5-verti
es. The

remaining positive 
harge of the fa
e is equally distributed to its diagonally

in
ident 5-verti
es.

Rule R2: Ea
h big vertex sends

1

2

+

1

12

to ea
h adja
ent 5-vertex or inter-

mediate vertex.

Rule R3: Ea
h big vertex sends

2

5

to ea
h diagonally adja
ent 5-vertex.

Rule R4: Ea
h big vertex sends

1

5

to ea
h squarely adja
ent 5-vertex,

where the big vertex is in the 4-fa
e and the 5-vertex is in the 3-fa
e.

Rule R5: Ea
h intermediate vertex of degree � 7 sends

1

5

to ea
h adja
ent

5-vertex if the edge joining them is in
ident with two 3-fa
es.

Rule R6: Let [v; v

1

; v

2

℄ be a 3-fa
e, v be big, v

1

be a 5-vertex, and v

2

be

intermediate. Then the intermediate vertex v

2

sends

1

4

to the 5-vertex v

1

.

Note that the rules R5 and R6 
an independently be applied. So, if in rule

R6 the edge v

2

v

1

is in two triangles and v

2

has a degree � 7 then v

1

re
eives

at least

1

4

+

1

5

from v

2

.

A 5-vertex is 
alled over
harged, if after applying rules R1 { R6 its 
harge

is positive, and under
harged, if it is negative.

Rule R7: Ea
h over
harged 5-vertex equally distributes its positive 
harge

to its adja
ent under
harged 5-verti
es.

Now, we will prove that for every x 2 V (G) [ F (G), the �nal 
harge




�

(x) � 0. To these purposes, several 
ases have to be 
onsidered. Firstly,

observe that if f is a 3-fa
e of G then 


�

(f) = 
(f) = 0. And, if f is a big

fa
e of size d � 4, then after sending

1

2

to ea
h of its in
ident 5-verti
es, the

remaining 
harge of f is at least 2d � 6�

d

2

� 0. Hen
e, we 
on
lude that

the �nal 
harge of ea
h fa
e is nonnegative.

Now, we determine the 
harge whi
h f sends to ea
h diagonally in
ident

5-vertex. If f is a 4-fa
e in
ident with at most three (or at most two)

5-verti
es, then f sends at least

1

8

(or at least

1

4

, respe
tively) to ea
h

diagonally in
ident 5-vertex. Suppose now that f is a 5-fa
e. If f is not

in
ident with a big vertex then it is diagonally in
ident with at most two
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5-verti
es; otherwise G would have a light 7-
y
le. (Note: at most one

vertex, whi
h is diagonally in
ident with f , 
an also be in
ident with f , i.e.,

it belongs to the boundary of f). In that 
ase ea
h su
h 5-vertex re
eives

at least

3

4

from f . If f is in
ident with a big vertex then f has at least

2

5

to send to ea
h diagonally in
ident 5-vertex. Finally, if f is of size d � 6,

then f sends at least

2d�6�d=2

d

�

1

2

to ea
h diagonally in
ident 5-vertex.

We 
on
lude that a fa
e of size � 5 sends to ea
h diagonally in
ident vertex

at least

2

5

.

Suppose that v is a vertex of degree d. We denote the neigbours of

v around v by v

1

; : : : ; v

d

. The fa
e in
ident with the subwalk v

i

vv

i+1

is

denoted by f

i

. If f

i

is a 3-fa
e, then let f

0

i

be the other fa
e in
ident with

v

i

v

i+1

(indi
es modulo d). Moreover, if f

0

i

is a 3-fa
e, then we denote by x

i

the third vertex in
ident with f

0

i

.

Case A: v is an intermediate vertex. Let k be the number of big neighbours

of v and let s be the number of 5-neighbours of v re
eiving a positive 
harge

from v; k + s � d. If d = 6 then s = 0. If d = 7 then s � 5; otherwise v is

only in
ident with 3-fa
es, and the six 5-neighbours and v would generate

a light 7-
y
le. Ea
h of the k big neighbours of v sends

1

2

+

1

12

to v by R2,

v sends

1

4

to ea
h of at most 2k neighbours by R6, and v sends

1

5

to ea
h

of the s re
eiving 5-neighbours of v. With the values of s, the new 
harge




�

(v) � d� 6�

s

5

+ k(

1

2

+

1

12

)� 2k �

1

4

� 0.

Case B: v is a big vertex. By rules R3 and R4, it sends at most

2

5

d to its

diagonally and squarely adja
ent 5-verti
es and by rule R2 it sends at most

(

1

2

+

1

12

)d to its 5-neighbours or intermediate neighbours. Sin
e d � 360,

the �nal 
harge is 


�

(v) > d� 6�

2

5

d�

�

1

2

+

1

12

�

d =

d

60

� 6 � 0:

Case C: v is a 5-vertex. First, we introdu
e the following de�nitions. We

say that the fa
e f

0

i

is a twisted 3-fa
e (around v), if it is a 3-fa
e and x

i


oin
ides with v

i+3

. We say that the fa
es f

0

i

; f

0

j

are kissing 3-fa
es (around

v) if they are 3-fa
es with x

i

= x

j

(Observe that j 62 fi�1; i; i+1g). By the

planarity, at most one triangle is twisted or at most one 
ouple of triangles

is kissing, but both these 
ases are not possible at the same time.

Suppose that v

i

v

i+1

is an edge of G. If, by the rules above, a 
harge

�

13

40

is sent to v through v

i

v

i+1

, then we say that it is a good edge, and

otherwise we say that it is bad. If f

0

i

is a triangle then v

i

v

i+1

is bad only if

x

i

is not big. If f

0

i

is of size � 5 then it is diagonally in
ident with v. So,

f

0

i

sends at least

2

5

to v and 
onsequently v

i

v

i+1

is always good. Suppose

5



now that f

0

i

= [v

i

; a; b; v

i+1

℄ is a 4-fa
e. If a or b is big, then by R4 and R1,

at least

1

5

+

1

8

=

13

40

is sent to v through the edge v

i

v

i+1

; and so it is good.

Thus, f

0

i

is bad only if f

0

i

is a 3-fa
e and x

i

is not big or f

0

i

is a 4-fa
e and

both verti
es of V (f

0

i

) n fv

i

; v

i+1

g are not big.

If v is in
ident with two big fa
es, then 


�

(v) � �1 +

1

2

+

1

2

= 0. If

v is in
ident with three big fa
es then 


�

(v) � �1 +

1

2

+

1

2

+

1

2

=

1

2

, and

v is over
harged with �

1

2

>

1

12

. Observe that if v is adja
ent to two big

verti
es or it is in
ident with one big fa
e and adja
ent to one big vertex,

then 


�

(v) � �1 +

1

2

+

1

12

+

1

2

=

1

12

> 0; thus it is over
harged with �

1

12

.

Hen
e, we have to 
onsider the three 
ases given below. In ea
h of these


ases, we assume that there is no 4-fa
e [v

i

; v

i+1

; x; y℄; i = 2; 3; 4 with x; y

not big and not being neighbours of v; otherwise, a light C

7


an be found.

Case 1: There is pre
isely one big fa
e in
ident with v and there is no big

vertex adja
ent to v. We may assume that the big fa
e is f

3

. Then, f

3

sends

1

2

to v. Now, we 
onsider the 
harge sent to v through ea
h of the edges

v

1

v

2

; v

2

v

3

; v

4

v

5

; v

5

v

1

. Consider �rst when the edge v

2

v

3

is bad. It follows

that f

0

2

is a 3-fa
e and x

2

is not big or f

0

2

= [v

2

; a; b; v

3

℄ is a 4-fa
e, and a; b

are not big. Sin
e every 7-
y
le of G 
ontains a big vertex and G is a simple

graph, one 
an easily show that whenever v

2

v

3

is bad, one of the next two


onditions is satis�ed:

� f

0

2

is a 3-fa
e with x

2

= v

4

or x

2

= v

5

;

� f

0

2

is the 4-fa
e [v

2

; v

3

; v

4

; v

5

℄ or a 4-fa
e [v

2

; x; v

5

; v

3

℄ with some vertex

x 62 fv; v

1

; v

2

; : : : ; v

5

g.

By similar arguments one 
an show: if v

1

v

2

is bad, then f

0

1

is twisted. By

the symmetry arguments, similar ne
essary 
onditions 
ould be found for

the badness of the edges v

3

v

4

and v

4

v

5

. We 
laim: there are at most two

bad edges. Suppose that this is false. As it was stated above there is at

most one twisted triangle around v. So, we may assume that v

1

v

2

, v

2

v

3

,

and v

4

v

5

are bad edges. Then f

0

1

= [v

1

; v

2

; v

4

℄ is a twisted triangle. The

3-
y
le [v; v

2

; v

4

℄ separates the verti
es v

3

and v

5

, and so v

2

v

3

is a good edge.

Thus the 
laim is proved. Hen
e, we obtain that at least two of the edges

v

1

v

2

; v

2

v

3

; v

4

v

5

; v

5

v

1

are good; and so, 


�

(v) � �1+

1

2

+2 �

13

40

=

3

20

> 0. We


an 
on
lude that if a 5-vertex is in
ident with pre
isely one big fa
e (and

is not adja
ent with a big vertex), then it is over
harged with �

3

20

>

1

12

.

Remark. We have proved: if a 5-vertex x is in
ident with at least one big

6



fa
e then it is over
harged with �

3

20

besides the 
ase that x is in
ident with

pre
isely two big fa
es.

Case 2: All in
ident fa
es of v are triangles and v has no big neighbours.

Suppose that an edge v

i

v

i+1

is bad. Then, f

0

i

is a 4-fa
e or a 3-fa
e. If f

0

i

is a 4-fa
e then all its verti
es are not big and pre
isely three of them are

neighbours of v. If f

0

i

is a 3-fa
e and x

i

is not a neighbour of v, then x

i

is

not big. In both 
ases, we easily �nd a light C

7

. Thus, we 
on
lude that f

0

i

is a twisted triangle. Sin
e there is at most one twisted triangle, four edges

v

j

v

j+1

are good and 


�

(v) � �1 + 4 �

13

40

> 0.

Case 3: All in
ident fa
es of v are triangles, and v has only one big neigh-

bour. We may assume that the big neighbour is v

1

. This vertex sends

1

2

+

1

12

to v.

In the forth
oming part of the proof we often en
ounter a quadrangle f

0

i


ontaining more than two neighbours of v. There are pre
isely two di�erent

essential possibilities depi
ted in Fig. 1.

v

v

Fig. 1

Case 3.1: There is a twisted triangle (around v). Regarding whi
h triangle

f

0

i

is twisted, we 
onsider several sub
ases:

Case 3.1.1: f

0

1

or f

0

5

is a twisted triangle, say f

0

1

. Suppose �rst that v

4

v

5

is

a bad edge. Then, f

0

4

is a triangle and x

4

is not big. If v

2

v

3

or v

3

v

4

is bad,

then we obtain a vertex x whi
h is not big and whi
h is adja
ent to both

v

2

; v

3

or to both v

3

; v

4

; a light C

7


an be found whi
h 
ontains both verti
es

x; x

4

. Hen
e both edges v

2

v

3

and v

3

v

4

are good, we obtain that 


�

(v) > 0.

7



Suppose now that v

4

v

5

is a good edge. We may assume that ea
h of

v

2

; v

5

is a 5-vertex. Otherwise, v

2

or v

5

sends

1

4

to v by R6, and 


�

(v) �

�1+

1

2

+

1

12

+

13

40

+

1

4

> 0. If one of v

2

v

3

and v

3

v

4

is good, then also 


�

(v) > 0.

So, assume that these two edges are bad. Observe that one of f

0

2

; f

0

3

is a

3-fa
e (but not both sin
e we would obtain a light C

7

).

If f

0

2

is a 3-fa
e, then f

0

3

= [v

3

; x; v

2

; v

4

℄ for some vertex x. Note that

x 6= x

2

, otherwise this vertex is of degree 2. This implies that v

2

has degree

� 6, whi
h 
ontradi
ts the assumption that v

2

is a 5-vertex.

If f

0

3

is a 3-fa
e, then f

0

2

= [v

4

; x; v

3

; v

2

℄ for some vertex x. Note that x

and x

3

are di�erent verti
es. Then v

2

has degree 4, whi
h 
ontradi
ts the

assumption that v

2

is a 5-vertex.

Case 3.1.2: f

0

3

is a twisted triangle. Then, v

1

sends additional

2

5

to v by

R3. Note that one of the edges v

2

v

3

and v

4

v

5

is good. Otherwise, we obtain

that f

0

2

; f

0

4

are 3-fa
es and x

2

; x

4

are not big verti
es; and so we en
ounter

a light C

7

. Thus, through v

2

v

3

or v

4

v

5

is sent at least

13

40

to v. Now, we

easily infer that the �nal 
harge of v is positive.

Case 3.1.3: f

0

2

or f

0

4

is a twisted triangle, say f

0

4

. Regarding the degree of

v

2

, we 
onsider the following possibilities:

d(v

2

) = 5: Note that f

0

1

; f

0

2

are of size � 4. Observe that v

5

is in
ident with

f

0

1

and v

3

; v

4

are in
ident with f

0

2

. This implies (see Case 1) that they

are not under
harged 5-verti
es. Sin
e v

2

is adja
ent with one big

vertex and two big fa
es, it follows that it is an over
harged 5-vertex

with more than

1

2

extra 
harge. By rule R7, this 
harge is sent to v.

Thus, 


�

(v) � �1 +

1

2

+

1

12

+

1

2

> 0.

d(v

2

) = 6: By rule R6, v

2

sends

1

4

to v. Note that f

0

1

or f

0

2

is a big fa
e. If

f

0

1

or f

0

2

is a fa
e of size � 5, then it sends at least

2

5

to v. And if f

0

1

is a 4-fa
e, then it sends at least

1

4

to v (sin
e v

1

and v

2

are of degree

� 6). In both of these 
ases, it follows that 


�

(v) � 0. Thus, assume

that f

0

1

is a triangle and f

0

2

= [v

2

; v

3

; y; v

4

℄ is a quadrangle.

If f

0

2

has at most two in
ident 5-verti
es, then it sends

1

4

to v; and so




�

(v) � �1 +

1

2

+

1

12

+

1

4

+

1

4

> 0. We may assume now that v

4

; y; v

3

are 5-verti
es. If v

3

is over
harged with at least

1

12

then v

3

sends at

least

1

24

to v by R7, and f

0

2

sends

1

8

to v. Consequently, 


�

(v) � 0.

Next let v

3

be a 5-vertex being not over
harged with at least

1

12

. By

our remark at the end of Case 1 the vertex v has only 5-neighbours

and intermediate neighbours, and v

3

is in
ident with three 3-fa
es and

8



two big fa
es, one of them is f

0

2

. Sin
e v

4

is a 5-vertex the boundary of

the region formed by the three 3-fa
es and the 4-fa
e f

0

2

is a light C

7

.

So we arrive at a 
ontradi
tion, and v

3

is over
harged with at least

1

12

in any 
ase. Thus the proof of the sub
ase d(v

2

) = 6 is 
omplete.

d(v

2

) � 7: By rules R6 and R7, the vertex v

2

sends the 
harge

1

4

+

1

5

to v.

Thus, 


�

(v) � �1 +

1

2

+

1

12

+

1

4

+

1

5

> 0.

Case 3.2: There is no twisted triangle and no kissing 
ouple (around v). We


an assume that at least two of the edges v

2

v

3

; v

3

v

4

; v

4

v

5

are bad; otherwise




�

(v) > 0. Suppose that v

i

v

i+1

and v

j

v

j+1

(i; j 2 f2; 3; 4g) are two bad

edges. If f

0

i

; f

0

j

are triangles or f

0

i

; f

0

j

are quadrangles, then we obtain a light

C

7

in G (In the 
ase of quadrangles see Fig. 1). So, assume that f

0

i

is a

3-fa
e and f

0

j

is a 4-fa
e. Note that v

k

v

k+1

is good for k 2 f2; 3; 4gnfi; jg. If

f

0

j

is not in
ident with v

i

or f

0

j

is not in
ident with v

i+1

, we again en
ounter

a light C

7

in G. Assume now that v

i

; v

i+1

are verti
es of f

0

j

.

If i = 2, then j = 3 and f

0

3

= [v

3

; v

4

; v

2

; y℄ for some vertex y. Sin
e v

3

has a degree � 5 the vertex y 6= x

2

. So, the vertex v

2

is of degree � 6 and it

sends

1

4

by R6. Thus, 


�

(v) � �1+

1

2

+

1

12

+

13

40

+

1

4

> 0. We argue similarly,

if i = 4.

Suppose now that i = 3. Then, j = 2 or 4, say j = 2. Then, f

0

2

=

[v

2

; v

3

; y; v

4

℄ for some vertex y 6= x

3

. So, vertex v

4

is of degree � 6 and hen
e

f

0

2

sends �

1

8

to v by R1. We infer that 


�

(v) � �1 +

1

2

+

1

12

+

13

40

+

1

8

> 0.

Case 3.3: There is a kissing 
ouple of 3-fa
es (around v). Note that there is

no twisted triangle in this 
ase. Note also that the 
ommon vertex x of these

two triangles is not a big vertex; otherwise 


�

(v) � �1+

1

2

+

1

12

+2 �

2

5

> 0.

Regarding whi
h fa
es are kissing, we 
onsider the following 
ases:

Case 3.3.1: f

0

3

is one of the kissing 3-fa
es. We may assume that the other

fa
e is f

0

1

. Then, v

4

v

5

is a good edge; otherwise f

0

4

is a 3-fa
e with x

4

not

big, or a 4-fa
e not in
ident with a big vertex. In both 
ases, a light C

7


ontaining v; v

2

: : : v

5


an be found. From the same reasons, v

2

v

3

is a good

edge; thus,




�

(v) � �1 +

1

2

+

1

12

+ 2 �

13

40

> 0.

Case 3.3.2: f

0

1

is one of the kissing 3-fa
es. By the previous 
ase, we may

assume that f

0

4

is the other 3-fa
e from the kissing 
ouple. If f

0

2

is a 3-fa
e

and x

2

is not a big vertex, or a 4-fa
e without a big vertex not 
ontaining

v

4

, then one 
an easily �nd a light C

7

.

If f

0

2

is a 4-fa
e without a big vertex 
ontaining v

4

, then f

0

2

= [v

2

v

3

yv

2

℄,

and there exists a light C

7

through x and y. Hen
e v

2

v

3

is a good edge.

9



By the same arguments the edge v

3

v

4

is good, too. In that 
ase, 


�

(v) �

�1 +

1

2

+

1

12

+ 2 �

13

40

> 0.

Case 3.3.3: f

0

2

and f

0

4

are kissing 3-fa
es. Then x = (x

2

= x

4

) is not big.

In order to 
omplete the proof, we 
onsider the following two possibilities:

f

0

3

is not a 4-fa
e: If f

0

3

has a size � 5 then at least

2

5

is sent to v through

v

3

v

4

. If f

0

3

is a 3-fa
e then x

3

= x be
ause v

3

and v

4

have a degree

� 5. If x

3

is not big then through x and x

3

a light C

7


an be found.

Hen
e x

3

is big, and also in this 
ase at least

2

5

is sent to v through

v

3

v

4

. If at least one of v

2

; v

5

is of degree � 6, then R6 is applied and




�

(v) � �1 +

1

2

+

1

12

+

2

5

+

1

4

> 0. So, assume that both v

2

; v

5

are 5-

verti
es. If all fa
es in
ident with v

2

are triangles, then the neighbours

of v

2

lie on the 
y
le [vv

1

zxv

3

℄. The vertex z 6= v

5

, be
ause otherwise

v

1

would have degree 3. There exists a C

7

through x; z; v; v

2

; v

3

; v

4

; v

5

avoiding v

1

. Consequently, z is a big vertex. This big vertex sends

2

5

to v through v

1

v

2

and, subsequently, 


�

(v) > 0. The same holds for v

5

.

Thus, ea
h of v

2

; v

5

is in
ident with a big fa
e and the big vertex v

1

.

Hen
e, these two verti
es are over
harged with

1

12

, and ea
h of them

sends at least

1

48

to v. Thus, 


�

(v) � �1 +

1

2

+

1

12

+

2

5

+ 2 �

1

48

> 0.

f

0

3

is a 4-fa
e: Let f

0

3

= [v

3

; v

4

; z; y℄. Observe that f

0

3

is in
ident with a big

vertex, say z; otherwise a light C

7

is found. If f

0

3

is in
ident with less

than three 5-verti
es, then at least

1

5

+

1

4

>

2

5

is sent to v by R4 and

R1, afterwards use a similar argument as in previous 
ase to dedu
e

that 


�

(v) > 0. Now, assume that y; v

3

; v

4

are 5-verti
es. Note that f

0

3

and z together send

13

40

to v. Vertex v

3


annot be in
ident with four

3-fa
es; otherwise a light C

7

exists. Hen
e, x; v

3

are not under
harged

5-verti
es. Sin
e v

4

is in
ident with one big vertex and one big fa
e,

it is an over
harged 5-vertex.

If at least one of v

2

; v

5

is of degree � 6, then R6 is used and 


�

(v) �

�1+

1

2

+

1

12

+

13

40

+

1

4

> 0. Otherwise, as in the previous 
ase, ea
h of

v

2

,v

5

is an over
harged 5-vertex whi
h sends

1

48

to v. In this 
ase v is

the only possible under
harged 5-neighbour of v

4

, so v

4

sends

1

12

to v

by R7. Thus, we infer that 


�

(v) � �1+

1

2

+

1

12

+

13

40

+

1

12

+2 �

1

48

> 0:
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