Feasible Sets of Pattern Hypergraphs

Zdeněk Dvořák Jan Kára Daniel Král’ Ondřej Pangrác

Institute for Theoretical Computer Science^∗ Charles University Malostranské nám. 25, 118 00 Prague, Czech Republic E-mail: {rakdver,kara,kral,pangrac}@kam.mff.cuni.cz

Abstract

A pattern (Π1, . . . , Π_λ)-hypergraph H is a hypergraph (V, E) with edge types Πi; each of Πi is a set of equivalences. Each edge of H is assigned one of the edge types Πi. A coloring c of H is proper if for each Πi-edge E the color classes of c on E form an equivalence which is contained in the type Πi. The feasible set of H is the set of all k’s for which there is a proper coloring using exactly k colors.

We prove a simple sufficient and necessary condition on (Π1, . . . , Π_λ) for the existence of a pattern (Π1, . . . , Π_λ)-hypergraph H whose feasible set is not an interval of integers.

1 Introduction

Coloring problems are among the most intensively studied combinatorial problems both from the theoretical and the practical point of view. Generalizations of usual graph and hypergraph coloring, e.g., channel assignment problems, are widely applied in practice. Quite a new concept of mixed hypergraphs has attracted lots of interest [1, 6–14, 16, 19–22]: A mixed hypergraph is a hypergraph with two types of edges, C-edges and D-edges. A coloring of a mixed hypergraph is proper if no C-edge is polychromatic and no D-edge is monochromatic. However, mixed hypergraphs have some very surprising properties. The most striking results include: For any finite set

∗Supported by Ministry of Education of Czech Republic as project LN00A056.

of integers I such that 1 ∉ I, there is a mixed hypergraph which can be colored by precisely k of colors iff k ∈ I [7], e.g., there exists a mixed hypergraph on 6 vertices which is 2-colorable and 4-colorable and which is not 3-colorable. Even more stronger result is the following: For any sequence s_1, . . . , s_k of integers such that s_1 = 0, there exists a mixed hypergraph which has precisely s_k′ proper colorings using k^′ colors, 1 ≤ k^′ ≤ k, and no proper coloring using more than k colors [10]. These results led to lots of papers, e.g., [1, 6, 8, 11–14, 16, 21, 22], which study for which subclasses of mixed hypergraphs results of this kind may be obtained. In this paper, we provide a full characterization of edge types of hypergraphs which cause that the numbers of colors which may be used by proper colorings do not form intervals. We introduce a concept of pattern hypergraphs which generalizes concept of usual graph, usual hypergraphs and mixed hypergraphs and which allows several different types of edges. In addition, pattern hypergraphs appear naturally in certain types of constraint satisfaction problems and our characterization gives also an interesting result in this area as discussed further.

An edge type is a non-empty set Π of equivalences on the same ordered set; the size of the edge type Π is the size of the set on which the equivalences of Π are defined. An equivalence is a reflexive, transitive and symmetric relation; we write x ∼_π y if x and y are π-equivalent. An equivalence partitions a support set into classes. A pattern hypergraph H consists of a type which is a sequence (Π_1, . . . , Π_λ) of edge types, a vertex set V (H) and an edge set E(H) which contains ordered tuples of its vertices (an edge may contain each vertex at most once); each tuple is assigned one of the λ edge types Π_1, . . . , Π_λ; if an edge E is of type Π_i, we say that E is a Π_i-edge. The size of an Π_i-edge has to be equal to the size of Π_i. If H is a pattern hypergraph of type (Π_1, . . . , Π_λ), we say that H is (Π_1, . . . , Π_λ)- hypergraph and in case λ = 1, briefly a Π_1-hypergraph. An example of a pattern hypergraph can be found in Figure 1.

Let H be a (Π_1, . . . , Π_λ)-hypergraph. A k-coloring c is a mapping of the vertices V (H) to the set [1, k]; we write [a, b] for the interval of integers between a and b (inclusively). Unless we need to emphasize the number of used colors, we briefly use a term coloring. If π is an equivalence, we say that a coloring c is π-consistent on an edge E = (v_1, . . . , v_l) if c(v_i) = c(v_j ) iff i ∼_π j. If Π is an edge type, a coloring c is Π-consistent on E if it is π-consistent for some π ∈ Π. A coloring c is proper if c is Π_i-consistent with all Π_i-edges E. Alternatively: A coloring c defines an equivalence ∼ such that v ∼ w iff c(v) = c(w). The classes of the equivalence ∼ are called color

Figure 1: An example of a pattern hypergraph with the vertex set {α, β, γ, δ, ϵ, φ}. There are two edge types: Π_1 is of size two and it contains only a single equivalence. Π_2 is of size three and it contains the two equivalences depicted above. The pattern hypergraph has ten edges: eight Π_1-edges {α, β}, {α, δ}, {α, φ}, {γ, β}, {γ, δ}, {γ, φ}, {ϵ, β} and {ϵ, δ} and two Π_2-edges {α, γ, ϵ} and {β, δ, φ}. All the proper colorings are depicted above. The feasible set of the pattern hypergraph is {2, 4, 5, 6}.

classes. A coloring c is proper iff the equivalence induced by ∼ on any edge E is contained in its edge type.

A coloring c is a strict k-coloring if it is proper and it uses all the colors 1, . . . , k. The feasible set F(H) is the set of all the integers k for which there is a strict k-coloring of H. If F(H) is non-empty, a pattern hypergraph is colorable. If H is colorable, the least element of F(H) is called the chromatic number of H and it is denoted by χ(H). Then, the largest element of F(H) is called the upper chromatic number of H and it is denoted by χ̄(H). If F(H) = [χ(H), χ̄(H)] or F(H) = ∅, the feasible set is said to be unbroken or gap-free. Otherwise, the feasible set is said to be broken. A spectrum of a pattern hypergraph H is a sequence s_1, . . . , s_{χ̄(H)} such that s_k is the number of different strict k-colorings, 1 ≤ k ≤ χ̄(H) (two colorings are different if they define different color classes). The results mentioned in the first paragraph may be now stated as follows: For any finite set of integers I avoiding 1, there is a mixed hypergraph H with a feasible set equal to I [7]; for any sequence s_1, . . . , s_k with s_1 = 0, there is a mixed hypergraph with the spectrum s_1, . . . , s_k [10].

An equivalence is the universal equivalence if it has a single class; an equivalence is the trivial equivalence if each of its classes are singletons. C_l is the edge type containing all the equivalences on l elements except for the trivial equivalence. D_l is the edge type containing all the equivalences on l elements except for the universal equivalence. We show several examples of pattern hypergraphs: D_2-hypergraphs are usual graphs and proper colorings of D_2-hypergraphs are exactly proper colorings of the corresponding graph. Similarly, D_l-hypergraphs are l-uniform hypergraphs and proper colorings of D_l-hypergraphs are exactly proper colorings of the corresponding l-uniform hypergraph and (D_2, . . . , D_l)-hypergraphs are just hypergraphs with maximum edge size l. The notions of a chromatic number for pattern hypergraphs and corresponding (hyper)graphs coincide. A (D_2, C_{l+1})-hypergraphs may be used to model an l-choosability problems (a similar construction can be found in [15] for mixed hypergraphs): In an l-choosability problem, you are given a graph G = (V, E) together with lists Λ(v) of colors of size l. The goal is to find a coloring c of the vertices of V such that c(v) ∈ Λ(v) and c(u) ≠ c(v) whenever uv ∈ E. The construction of a (D_2, C_{l+1})-hypergraph H for a given l-choosability problem is the following: The vertex set of H is V ∪ Λ where Λ is the union of Λ(v) taken over all v ∈ V . Any pair of u and v such that uv ∈ E is a D_2-edge of H. Any pair of colors of Λ also forms a D_2-edge of H. The C_{l+1}-edges of H are (l +1)-tuples {v}∪Λ(v) for v ∈ V . It is easy to check that any proper coloring of H is also a valid coloring of the given l-choosability problem. Besides this, pattern hypergraphs generalize the concept of mixed hypergraphs as it is explained in a detail in Section 2. They also generalize a concept of coloring of co-hypergraphs as studied, e.g., in [3, 9, 17, 18].

We introduce four closure concepts for the edge types Π. An equivalence π is finer than π^′, if x ≁_π′ y implies that x ≁_π y. If π is finer than π^′, then π^′ is coarser than π. The equivalence ρ(Π) is the equivalence such x ∼_{ρ(Π)} y iff x ∼_π y for all π ∈ Π; it is easy to check that a relation defined in this way is indeed an equivalence relation. The equivalence ρ(Π) may be viewed as an intersection of all the equivalences of Π. An equivalence π^′ is a refinement of π with respect to ρ(Π) if π^′ is coarser than ρ(Π) and π^′ can be obtained from π by splitting one of the equivalence classes to two (in particular, π^′ is finer than π). The following four closure concepts are considered in this paper (cf. Figures 2–5; equivalence classes are described by shapes):

• The edge type Π is simply-closed if it contains all the equivalences π which has only classes of size one with possible exception for a single class. In particular, Π contains both the universal and the trivial equivalence. The unique inclusion-wise smallest edge type which is simply-closed is denoted by Π_{simple}. Note that Π is simply closed iff Π_{simple} ⊆ Π.

Figure 2: The smallest simply-closed edge type Π_{simple} for the edge size 4.

Figure 3: An edge type which is down-closed but which is neither simplyclosed, up-closed nor up-group-closed.

• The edge type Π is down-closed if for any π ∈ Π the edge type Π contains all relations π^′ which are coarser than π. In particular, Π contains the universal equivalence.

• The edge type Π is up-closed if for any π ∈ Π the edge type Π contains all the relations π^′ which can be obtained from π by choosing an element x and introducing a new single element class containing only x. In particular, Π contains the trivial equivalence.

• The edge type Π is up-group-closed if for any π ∈ Π the edge type Π contains all the refinements π^′ of the equivalence π with respect to ρ(Π).

If all the edge types Π_1, . . . , Π_λ are simply-closed (Lemma 1), down-closed (Lemma 2), up-closed (Lemma 3) or up-group-closed (Lemma 4), then any (Π_1, . . . , Π_λ)-hypergraph has an unbroken feasible set. The main theorem of this paper, Theorem 4 in Section 4, states that these sufficient conditions are also necessary with respect for feasible sets being unbroken:

Figure 4: An edge type which is up-closed but which is neither simplyclosed, down-closed nor up-group-closed.

Figure 5: An edge type which is up-group-closed but which is neither simplyclosed, down-closed nor up-closed.

There is a (Π_1, . . . , Π_λ)-hypergraph with a broken feasible set iff all the edge types Π_1, . . . , Π_λ are not simply-closed, down-closed, up-closed or upgroup-closed. This provides a full characterization of edge types which may cause that the feasible set of a pattern hypergraph is broken.

There is a close relation between pattern hypergraphs and certain types of constraint satisfaction problems. A constraint satisfaction problem consists of variables x_1, . . . , x_n, a domain set X and several types of predicates P_i : X^{ri} → {0, 1} where r_i is the arity of the i-th predicate. One demands that the predicate P_i is satisfied, for prescribed r_i-tuples of x_1, . . . , x_n, i.e., the value of P_i is one for the prescribed tuples. The goal is to find an assignment σ : {x_1, . . . , x_n} → X which satisfies all the predicates. One of possible constraint satisfaction problems is radio frequency assignment: The variables x_1, . . . , x_n represent radio transmitters, the set X consists of available frequencies and predicates P_i represent possible types of interferences. In this example, the predicates P_i are often invariant to permuting the elements of X, i.e., the predicates are essentially sets of equivalences. Then, an existence of a desired proper assignment σ depends only on the cardinality of the domain set X and such constraint satisfaction problems may be viewed as pattern hypergraphs. There exists a proper assignment σ for X of size k = |X| iff the corresponding pattern hypergraph is kcolorable. The problem which we study in this paper may reformulated as the following question: For which types of predicates can one conclude from the fact that there is a proper assignment σ for X of size k and no proper assignment σ for X of size k − 1 that there is no proper assignment σ for X of size at most k − 1?

The paper is structured as follows: We first discuss relation of the concept of pattern hypergraphs to mixed hypergraphs in Section 2. We show that our new general results for pattern hypergraphs provide new interesting results also for mixed hypergraphs. The sufficiency and necessity of the closure properties are studied in Section 3 and Section 4. We show that several possible modifications of definition of pattern hypergraphs do not lead to more general concepts, we discuss possible directions for future research and we post several problems in Section 5.

2 Mixed Hypergraphs

Mixed hypergraphs were introduced in [19,20]. A mixed hypergraph has two types of edges: C-edges and D-edges. A C-edge of size l is in a terminology of pattern hypergraphs a C_l-edge and a D-edge of size l is a D_l-edge. A mixed hypergraph is a mixed bihypergraph if each edge is simultaneously a C-edge and a D-edge. The definitions of a feasible set, a spectrum, a chromatic number, an upper chromatic number, etc., for pattern and mixed hypergraphs coincide. A hypergraph H is spanned by a graph G if V (G) = V (H) and any edge of H induce a connected subgraph of G. The following results on feasible sets of mixed hypergraphs were obtained:

• For any finite integer set I such that 1 ∉ I, there exists a mixed hypergraph H with F(H) = I [7]. Moreover, there is such a hypergraph H which has only one strict k-coloring for any k ∈ I. A similar result may be obtained for l-uniform mixed bihypergraphs for l ≥ 3.

• Any mixed hypergraph on at most five vertices has an unbroken feasible set [7]. This bound on the number of vertices is sharp.

• For any sequence of integers s_1, . . . , s_k such that s_1 = 0, there exists a mixed hypergraph H with O(k + ∑_k i=1 log(s_i + 1)) vertices with the spectrum s_1, . . . , s_k [10].

• Any mixed hypergraph spanned by a path [1], a tree [11, 12], a cycle [21, 22] or a strong cactus [13] has an unbroken feasible set. There are mixed hypergraphs spanned by weak cacti with a broken feasible set [13].

• For any non-planar graph G with at least six vertices, there is a mixed hypergraph H spanned by G with a broken feasible set [13].

• There are mixed hypergraphs with the maximum vertex degree three with broken feasible sets. Any mixed hypergraph with the maximum vertex degree at most two has an unbroken feasible set [14].

• There are planar mixed hypergraphs with broken feasible sets but the gap in such sets may be only for 3 colors [6, 8, 16]. There is no planar mixed bihypergraph with a broken feasible set [4, 6, 8, 16].

Theorem 4 allows us to enhance this list of results by the following theorems:

Theorem 1 For any l_1 ≥ 3 and l_2 ≥ 2, there exists a mixed hypergraph H with C-edges only of size l_1 and D-edges only of size l_2 such that F(H) is broken.

Proof: The edge type C_{l1} is neither simply-closed, up-closed nor up-group-closed; the edge type D_{l2} is not down-closed. Hence Theorem 4 may be applied. □

In a similar fashion, one may also reprove the following theorem of [7]:

Theorem 2 For any l ≥ 3, there exists an l-uniform mixed bihypergraph H with a broken feasible set.

Proof: The edge type C_l ∩ D_l is neither simply-closed, down-closed, upclosed nor up-group-closed. Then Theorem 4 can be applied. □

3 Sufficiency of the Condition

We prove the sufficiency of the closure properties on the edge types in this section:

Lemma 1 Let (Π_1, . . . , Π_λ) be a fixed type of a pattern hypergraph. If all the types Π_1, . . . , Π_λ are simply-closed, then any (Π_1, . . . , Π_λ)-hypergraph H has an unbroken feasible set.

Proof: Fix a (Π_1, . . . , Π_λ)-hypergraph H with n vertices. Let 1 ≤ k ≤ n. Color k−1 vertices with mutually different colors and the remaining vertices all with the same color different from the k − 1 colors. This coloring is a strict k-coloring because all the edge types are simply-closed. Hence, F(H) = [1, n]. □

Lemma 2 Let (Π_1, . . . , Π_λ) be a fixed type of a pattern hypergraph. If all the types Π_1, . . . , Π_λ are down-closed, then any (Π_1, . . . , Π_λ)-hypergraph H has an unbroken feasible set.

Proof: Fix a (Π_1, . . . , Π_λ)-hypergraph H. If H is uncolorable, then its feasible set is not broken. Otherwise, let c be a strict k-coloring of H. Since all the edge types are down-closed, the coloring c^′ defined as c^′(v) := c(v) for c(v) < k and c^′(v) := k − 1 for c(v) = k is a strict (k − 1)-coloring. Hence, F(H) = [1, χ̄(H)]. □

Lemma 3 Let (Π_1, . . . , Π_λ) be a fixed type of a pattern hypergraph. If all the types Π_1, . . . , Π_λ are up-closed, then any (Π_1, . . . , Π_λ)-hypergraph H has an unbroken feasible set.

Proof: Fix a (Π_1, . . . , Π_λ)-hypergraph H with n vertices. If H is uncolorable, then its feasible set is not broken. Otherwise, let c be a strict k-coloring of H for k < n. Assume that the color k is used to color at least two vertices and one of them is a vertex w. Since all the edge types are upclosed, the coloring c^′ defined as c^′(v) := c(v) for v ≠ w and c^′(w) := k + 1 is a strict (k + 1)-coloring. Hence, F(H) = [χ(H), n]. □

Lemma 4 Let (Π_1, . . . , Π_λ) be a fixed type of a pattern hypergraph. If all the types Π_1, . . . , Π_λ are up-group-closed, then any (Π_1, . . . , Π_λ)-hypergraph H has an unbroken feasible set.

Proof: Fix a (Π_1, . . . , Π_λ)-hypergraph H. If H is uncolorable, then its feasible set is not broken. Otherwise, consider the following relation ∼^′ on the vertices of H: v ∼^′ w iff v ∼_{ρ(Πi)} w for some Π_i-edge. Let ∼ be the equivalence closure of the relation ∼^′ and k_0 the number of its classes. In any proper coloring c of H, if v ∼ w, then c(v) = c(w). Thus χ̄(H) ≤ k_0. Let c be a strict k-coloring of H for k < k_0. Assume that the color k is used to color at least two different classes of ∼ and one of the vertices colored with the color k is a vertex w. Consider the coloring c^′ defined as c^′(v) := c(v) for v ≁ w and c^′(v) := k +1 for v ∼ w. Since all the edge-types are up-group-closed and ρ(Π_i) is on Π_i-edge E finer than ∼, c^′ is a strict (k + 1)-coloring. Hence, F(H) = [χ(H), k_0] = [χ(H), χ̄(H)]. □

4 Necessity of the Condition

In the beginning of this section, we consider the special case when the pattern hypergraph has a single edge type. First, several lemmas dealing with the case that this edge type contains the trivial or the universal equivalence are presented:

Lemma 5 Let Π be a fixed edge type which contains both the trivial and the universal equivalence and which is not simply-closed. Then there exists a Π-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of Π and consider a hypergraph H with n = l^2 vertices such that all possible l-tuples form edges of H. Clearly, 1 ∈ F(H) and n ∈ F(H). Assume for the sake of contradiction that l ∈ F(H). Let c be a strict l-coloring of H; assume that the color 1 is used the most times, i.e., there are at least l vertices v_1, . . . , v_l are colored with the color 1. Let u_i for 2 ≤ i ≤ l be any vertex colored with the color i. Let π be an equivalence of Π_{simple}; the tuple containing some of vertices v_1, . . . , v_l in the positions of the largest class of π and some of vertices u_2, . . . , u_l in the positions of the single-element classes of π is an edge of H and thus π ∈ Π. But this is impossible for all the π ∈ Π_{simple} because Π is not simply-closed. □

Lemma 6 Let Π be a fixed edge type which contains the trivial equivalence, which does not contain the universal equivalence and which is not up-closed. Then there exists a Π-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of Π and consider a hypergraph H with n = l^2(l + 1) vertices v_{ij} for 1 ≤ i ≤ l and 1 ≤ j ≤ l(l + 1). Take an lcoloring c_0 such that c_0(v_{ij} ) = i. The edges of H are all l-tuples Π-consistent with the coloring c_0. Clearly, l ∈ F(H) and n ∈ F(H). Assume for the sake of contradiction that l + 1 ∈ F(H); let c be a strict (l + 1)-coloring and ξ_i be the color used by c to color most of vertices v_{ij} , 1 ≤ j ≤ l(l + 1). We may assume w.l.o.g. that c(v_{i1}) = . . . = c(v_{il}) = ξ_i for each 1 ≤ i ≤ l.

We first prove that ξ_i ≠ ξ_i′ for all i ≠ i^′. Assume that ξ_1 = ξ_2. Let π be the equivalence of Π such that the size of the largest class of π is as large as possible; let l_0 be the size of largest class of π. Note that l_0 < l because Π does not contain the universal equivalence. Consider an edge E of H which corresponds to a tuple π-consistent with c_0 which contains vertices v_{11}, . . . , v_{1l0} and a vertex v_{21}. Then there is an equivalence of Π such that the size of its largest class is at least l_0 + 1 because c is a proper coloring and E contains l_0 + 1 vertices of the same color. This contradicts the choice of π. This argumentation may be easily extended for the case ξ_i = ξ_i′ for any i ≠ i^′.

Next, we prove that Π is up-closed. Since c is a strict (l + 1)-coloring, we may assume w.l.o.g. that c(v_{1,l+1}) ≠ c(v_{i1}) for all 1 ≤ i ≤ l. Let π be an equivalence of Π which is not the trivial equivalence and π^′ be an equivalence obtained from π by creating a single element class by separating an element w from a class of π. Consider the edge E of H corresponding to a tuple π-consistent with c_0 such that w is v_{1,l+1}, the remaining elements of the class of w in π are some of the vertices v_{11}, . . . , v_{1l} and other classes of π are formed by vertices v_{i1}, . . . , v_{il}. Since c is a proper coloring, we have obtained π^′ ∈ Π. Hence Π is up-closed. □

We state as a proposition a deficit version of Hall’s theorem [2] which we use in the proof of the next lemma:

Proposition 1 Let A_i be a system of sets for 1 ≤ i ≤ n; let 0 ≤ Δ ≤ n. If it holds that | ⋃ i∈I A_i| ≥ |I| − Δ for any I ⊆ [1, n], then there exists a set I_0 ⊆ [1, n] of size n − Δ and elements a_i for i ∈ I_0 such that a_i ∈ A_i and all the elements a_i, i ∈ I_0 are mutually different.

Lemma 7 Let Π be a fixed edge type which contains the universal equivalence, which does not contain the trivial equivalence and which is not downclosed. Then there exists a Π-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size and consider a hypergraph H with n = l^2(l + 1)^2 vertices v_{ij} for 1 ≤ i ≤ (l + 1)^2 and 1 ≤ j ≤ l^2; set L = (l + 1)^2. Consider a coloring c_0 such that c_0(v_{ij} ) = i for 1 ≤ i ≤ L. The edges of

H are all l-tuples Π-consistent with the coloring c_0. Clearly, 1 ∈ F(H) and L ∈ F(H). We prove L − 1 ∉ F(H).

Assume for the sake of contradiction that there is a strict (L−1)-coloring c of H. We prove that c(v_{ij} ) = c(v_{ij}′ ) for all 1 ≤ i ≤ L and 1 ≤ j, j^′ ≤ l^2. Assume that, e.g., c(v_{11}) ≠ c(v_{12}). Let C_i = {c(v_{ij} ), 1 ≤ j ≤ l^2}. We distinguish two cases:

• There exists a set I ⊆ [1, L] such that |I| = L − (l + 1) and | ⋃ i∈I C_i| ≤ l. Let I be such a set and I^′ = [1, L] \ I. The size of ⋃ i∈I^′ Ci is at least L − 1 − l = L − (l + 1) because c is a strict (L − 1)-coloring. Since |I^′| = l + 1, there exists i_0 ∈ I^′, such that |C_{i0} | is at least (L − (l + 1))/(l + 1) = l. Consider an edge E of H which contains vertices v_{i0 j} for 1 ≤ j ≤ l^2 such that their colors are mutually different; such an edge E exists because Π contains the universal equivalence. Since c is proper, Π has to contain the trivial equivalence due to E.

• It holds that | ⋃ i∈I C_i| ≥ l + 1 for each set I ⊆ [1, L] such that |I| = L − (l + 1). We apply Proposition 1 to the sets C_i for 1 ≤ i ≤ L with Δ = L − (l + 1). If size of I ⊆ [1, L] is at most L − (l + 1), then |I| − Δ ≤ 0. If size of I ⊆ [1, L] is at least L − (l + 1), then | ⋃ i∈I C_i| ≥ l + 1 = L − Δ ≥ |I| − Δ. Hence there exists a set I_0 of size l + 1 such that the colors of vertices v_{iji} , i ∈ I_0 are mutually different. We may assume w.l.o.g. that all the colors of the vertices v_{11}, v_{21}, . . . , v_{l1} and of a vertex v_{12} are different. Let π be an equivalence of Π with the largest number of classes; let l^′ be this number. Note that l^′ < l. Consider the edge E of H corresponding to the tuple π-consistent with c_0 such that E contains all the vertices v_{11}, . . . , v_l′_1 and the vertex v_{12}. Since c is proper, there must be an equivalence of Π with at least l^′ + 1 classes due to the presence of the edge E. But this is impossible because of the choice of l^′.

Let ξ_i be further the common color of the vertices v_{ij} for 1 ≤ j ≤ l^2. Assume w.l.o.g. that ξ_1 = ξ_2 and all the colors ξ_i for i ≥ 2 are mutually different. Consider an equivalence π ∈ Π and an equivalence π^′ obtained from π by an union of two classes of π. Let E be the edge of H corresponding to the tuple π-consistent with c_0 such that the united classes of π contain vertices v_{1j} and v_{2j} . Since c is proper, π^′ ∈ Π due to the presence of the edge E in H. Hence Π is down-closed. □

We focus on edge types avoiding both the universal and the trivial equivalence:

Lemma 8 Let Π be a fixed edge type which contains neither the universal nor the trivial equivalence. There exists a Π-hypergraph whose feasible set is broken iff there exists a (Π, C_2, D_2)-hypergraph whose feasible set is broken.

Proof: It is enough to prove that if there is a (Π, C_2, D_2)-hypergraph H with a broken feasible set, then there is a Π-hypergraph H^′ with a broken feasible set because the opposite implication is trivial. Let l be the edge size of Π.

We first construct a certain special Π-hypergraph H_0: Consider a set of 2l^3 vertices v_{ij} such that 1 ≤ i ≤ 2l and 1 ≤ j ≤ l^2 and a coloring c_0(v_{ij} ) = i. The edges of H_0 are all the possible tuples of vertices Π-consistent with c_0. We claim that c_0 is the only proper coloring of H_0. Consider any proper coloring c of H_0. Let C_i = {c(v_{ij} ), 1 ≤ j ≤ l^2} for 1 ≤ i ≤ 2l and I the set of i for which |C_i| ≤ l. If |I| ≤ l, then there is an edge E such that all its vertices are colored by c with mutually different colors: Consider π ∈ Π. Choose vertices v_{ij} with the same i ∉ I to form a color class of π and for different color classes choose vertices with different indices i; due to the definition of I, it is possible to choose these vertices in such a way that all of them are colored by c with mutually different colors. This edge is π-consistent with c_0, but it is not Π-consistent with c because Π does not contain a trivial equivalence. Since c is proper, we may conclude that it must be that |I| ≥ l + 1.

We assume w.l.o.g. that [1, l + 1] ⊆ I and c(v_{i1}) = . . . = c(v_{il}) for each i ∈ I. Let ξ_i = c(v_{i1}) for i ∈ I and V = {v_{ij} , c(v_{ij} ) = ξ_i, 1 ≤ i ≤ l} ⊇ {v_{ij} , 1 ≤ i ≤ l + 1, 1 ≤ j ≤ l}. The colors ξ_i, i ∈ I are mutually different: Assume ξ_1 = ξ_2. Consider the equivalence π ∈ Π such that it has the largest size l^′ of a class among all the equivalences in Π and an edge E formed by some of the vertices of V which is π-consistent with c_0 such that the largest class of π is formed by some of the vertices v_{1j} with 1 ≤ j ≤ l and one of the other classes is formed by the vertices v_{2j} with 1 ≤ j ≤ l. But E contains more than l^′ vertices colored by c with the same color which is impossible because of the choice of π. Observe that we have actually proved that ξ_1 ≠ c(v_{ij} ) for any 2 ≤ i ≤ 2l and 1 ≤ j ≤ l^2.

We first prove that I = [1, 2l] and later we prove that V actually contains all the vertices of H_0. Assume that 2l ∉ I. We may assume w.l.o.g. c(v_{2l,1}) ≠ c(v_{2l,2}) and that both these colors are different from all ξ_1, . . . , ξ_{l+1} (this is because of the observation at the end of the previous paragraph). Consider an equivalence of Π with the largest number l^′ of classes and an edge E which is π-consistent with c_0 and one of its classes contain both the vertices v_{2l,1} and v_{2l,2} and E contains only the vertices of V except for the vertices v_{2l,j} for 1 ≤ j ≤ l^2. The vertices of E are colored by c with more colors than l^′ which is impossible because of the choice of π. Thus I = [1, 2l].

We assume that V does not contain all the vertices of H_0; let w be a vertex of H_0 not contained in V . The color c(w) is different from all ξ_i, 1 ≤ i ≤ 2l, due to the observation at the end of the last but one paragraph. Assume that w = v_{i,l+1}. Consider again an equivalence of Π with the largest number l^′ of classes and an edge E which is π-consistent with c_0 and one of its classes contains both the vertices v_{i1} and v_{i,l+1} and E contains only the vertices of V except for v_{i,l+1}. The vertices of E are colored by c with more colors than l^′ which is impossible because of the choice of π. Hence V contains all the vertices of H_0.

We have proved that the special Π-hypergraph H_0 has the desired properties, namely, c_0 is its only proper coloring. Consider now a (Π, C_2, D_2)- hypergraph H with a broken feasible set; let u_1, . . . , u_n be the vertices of H. We now construct a Π-hypergraph H^′ with a broken feasible set. The vertex set of H^′ consists of vertices u_{ij} for 1 ≤ i ≤ n and 1 ≤ j ≤ l^2 and vertices u^∗_{ij} for 2 ≤ i ≤ 2l and 1 ≤ j ≤ l^2. We form on these vertices several copies of H_0: The first copy is formed on the vertices u^∗_{ij} setting v_{ij} = u^∗_{ij} . Other copies are formed on the vertices u_{i0j} for a fixed 1 ≤ i_0 ≤ n and u^∗_{ij} for 2 ≤ i ≤ 2l setting v_{1j} = u_{i0j} and v_{ij} = u^∗_{ij} for 2 ≤ i ≤ 2l. The just formed copies of H_0 force that any proper coloring colors all the vertices u^∗_{ij} , 1 ≤ j ≤ l^2, for a fixed i by the same color ξ^∗_i and it colors all the vertices u_{ij} , 1 ≤ j ≤ l^2, for a fixed i also by the same color ξ_i. Besides this, ξ^∗_i ≠ ξ^∗_i′ for any i ≠ i^′ and ξ^∗_i ≠ ξ_i′ for any i, i^′.

If the vertices u_{i1} and u_{i2} form a D_2-edge in H, we add a copy of H_0 on the vertices u_{i1 j} , u_{i2 j} and u^∗_{ij} for 3 ≤ i ≤ 2l setting v_{1j} = u_{i1 j} , v_{2j} = u_{i2j} and v_{ij} = u^∗_{ij} for 3 ≤ i ≤ 2l. This forces that ξ_{i1} ≠ ξ_{i2} . If the vertices u_{i1} and u_{i2} form a C_2-edge in H, we add the following copy of H_0 on the vertices u_{i11}, u_{i2j} and u^∗_{ij} for 2 ≤ i ≤ 2l setting v_{11} = u_{i11}, v_{1j} = u_{i2 j} (this for 2 ≤ j ≤ l^2) and v_{ij} = u^∗_{ij} for 2 ≤ i ≤ 2l. This forces ξ_{i1} = ξ_{i2} . Finally, if the vertices u_{i1} , . . . , u_{il} form a Π-edge in H, we add an Π-edge u_{i1 ,1}, . . . , u_{il,1} to H^′. This completes the construction of H^′. Proper colorings of H and H^′ one-to-one correspond through setting c(u_i) = ξ_i. Hence we may conclude

F(H^′) = {k + 2l|k ∈ F(H)} and the feasible set of H^′ is broken. □

We define a projection of an edge type Π: An edge type Π^′ is a Cprojection of Π if there exist α and β such that Π^′ = {π|π ∈ Π ∧ α ∼_π β}. An edge type Π^′ is a D-projection of Π if there exist α and β such that Π^′ = {π|π ∈ Π ∧ α ≁_π β}. A projection of Π is any edge type which may be obtained from Π by a sequence of C-projections and D-projections.

We first state the following proposition to show the reasons for introducing the previous definition:

Proposition 2 Let Π be an edge type containing neither the trivial nor the universal equivalence. Let Π^′ be any projection of Π. If there is Π^′- hypergraph H^′ with a broken feasible set, then there is Π-hypergraph with a broken feasible set.

Proof: It is enough to show the proposition for Π^′ which is either a Cprojection or a D-projection of Π (in a general case, this proof is inductively applied to the sequence of projections needed to obtain Π^′ from Π). We construct a (Π, C_2, D_2)-hypergraph H with a broken feasible set which is sufficient due to Lemma 8. The hypergraph H has the same vertex set as H^′; the Π-edges of H are exactly the same one as Π^′-edges of H^′. In case that Π^′ is a C-projection of Π, we place C_2-edges in each edge on the positions of the pairs defining the projection Π^′. In case that Π^′ is a Dprojection, we place D_2-edges in a similar way. Clearly, F(H) = F(H^′) and the feasible set of H is broken. □

We now prove several little technical lemmas:

Lemma 9 Let Π be a fixed edge type which contains neither the universal nor the trivial equivalence such that ρ(Π) ∉ Π. Then there exist (not necessarily distinct) elements α, β, γ and δ which satisfy for some projection Π_0 of Π the following:

• There is π ∈ Π_0 such that α ∼_π β.

• It holds that α ≁_{ρ(Π)} β, α ≁_{ρ(Π)} γ, α ≁_{ρ(Π)} δ, β ≁_{ρ(Π)} γ and γ ≁_{ρ(Π)} δ. • For any π ∈ Π_0, if α ≁_π β, then γ ∼_π δ.

Proof: Let π_0 = ρ(Π) and α and β be any two elements such that α ≁_{π0} β and such that there is an equivalence π ∈ Π for which α ∼_π β. Consider the D-projection Π^′ with respect to the pair α and β. Assume first that π_0 ≠ ρ(Π^′). Let γ and δ be such that γ ≁_{π0} δ, but γ ∼_{ρ(Π}′_) δ. If α ∼_{π0} γ and β ∼_{π0} γ, then α ∼_{π0} β which is impossible due to the choice of α and β. Similarly for α ∼_{π0} δ and β ∼_{π0} δ or α ∼_{π0} γ and α ∼_{π0} δ or β ∼_{π0} γ and β ∼_{π0} δ. If α ∼_{π0} γ and β ∼_{π0} δ, then γ ∼_{ρ(Π}′_) δ implies α ∼_{ρ(Π}′_) β which is impossible due to the choice of Π^′. Similarly for α ∼_{π0} δ and β ∼_{π0} γ. Hence we may assume w.l.o.g. that α ≁_{π0} γ, α ≁_{π0} δ and β ≁_{π0} γ. We get α ≁_{π0} β from the choice of α and β and γ ≁_{π0} δ from the choice of γ and δ. Then the elements α, β, γ and δ satisfy the conditions of the statement of the lemma.

If ρ(Π^′) = ρ(Π), we apply the above described procedure to Π^′. Since each time the number of equivalences contained in Π is decreased (we have chosen α and β such that α ≁_{π0} β), we either end with the quadruple α, β, γ and δ and a projection Π_0 of Π obtained as through the above sequence of D-projections such that Π_0 satisfies the conditions of the statement of the lemma or we end with a projection of Π consisting only of the equivalence π_0, but then π_0 = ρ(Π) ∈ Π. □

Lemma 10 Let Π be a fixed edge type which contains neither the universal nor the trivial equivalence. If there exist (not necessarily distinct) elements α, β, γ and δ which satisfy the following:

• There is π ∈ Π such that α ∼_π β.

• It holds that α ≁_{ρ(Π)} β, α ≁_{ρ(Π)} γ, α ≁_{ρ(Π)} δ, β ≁_{ρ(Π)} γ and γ ≁_{ρ(Π)} δ. And one of the following two conditions holds:

• For any π ∈ Π, if α ≁_π β, then γ ∼_π δ.

• For any π ∈ Π, if α ∼_π β, then γ ∼_π δ.

Then there exists a (Π, C_2, D_2)-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of Π (note that l ≥ 3) and consider the following (Π, C_2, D_2)-hypergraph H on the vertices v_{ijk} for 1 ≤ i ≤ l + 2, 1 ≤ j ≤ l + 4 and 1 ≤ k ≤ l. For simplicity we say that the vertices with the same first index form rows and the vertices with the same second index form columns. Let c_1 be the (l + 2)-strict coloring defined as c_1(v_{ijk} ) = i and c_2 the (l + 4)-strict coloring defined as c_2(v_{ijk} ) = j. The hypergraph H contains all the tuples Π-consistent with both c_1 and c_2 as Π-edges, the pairs D_2-consistent with both c_1 and c_2 as D_2-edges and the pairs C_2-consistent with both c_1 and c_2 as C_2-edges. Hence, two vertices v_{ijk} and v_i′_j′_k′ form a D_2-edge iff i ≠ i^′ and j ≠ j^′ and two vertices v_{ijk} and v_i′_j′_k′ form a C_2-edge iff i = i^′ and j = j^′. Consider any proper coloring c of H and let ξ_{ij} be the common color of the vertices v_{ijk} for 1 ≤ k ≤ l. Observe that α, β and γ are mutually different and δ is either β or different from both α and β (note that δ cannot be γ).

We first deal with the case that α ≁_π β implies γ ∼_π δ for all π ∈ Π. In this case, the feasible set of H is always broken. Let π_1 be the relation of Π such that γ ≁_{π1} δ (and hence α ∼_{π1} β) and π_2 the relation of Π such that α ≁_{π2} β (and hence γ ∼_{π2} δ). We distinguish several cases with respect to the relation of π_1, π_2, α, β, γ and δ from the statement of the theorem: • β = δ Assume that there exists i, j and j^′ such that ξ_{ij} ≠ ξ_{ij}′ . Due to the construction of H and the existence of π_1 and π_2, there is an edge E of H such that α = v_{ij1}, β = v_{ij}′_1 and γ = v_i′_j′_1 for all i^′ ≠ i. But then ξ_i′_j′ = ξ_{ij}′ for all i ≠ i^′. Similarly, with setting α = v_{ij}′_1 and β = v_{ij1} we may conclude that ξ_i′_j = ξ_{ij} for all i ≠ i^′. Let j^{′′} be any number different from both j and j^′. Then ξ_{ij}′′ ≠ ξ_{ij} or ξ_{ij}′′ ≠ ξ_{ij}′ . Hence, we may conclude that ξ_{ij}′′ = ξ_i′_j′′ for all i ≠ i^′. Since the choice of j^{′′} was arbitrary, we may conclude that each column is monochromatic with respect to c. In such case, c has to be a strict (l + 4)-coloring due to the presence of D_2-edges.

On the other hand, if ξ_{ij} = ξ_{ij}′ for all possible triples i, j and j^′, the coloring c consists of monochromatic rows and c is a strict (l + 2)- coloring. Finally, F(H) = {l + 2, l + 4} and this feasible set is clearly broken.

• β ≠ δ, either γ or δ is π_1-equivalent to α (and hence to β as well) and either α or β is π_2-equivalent to γ (and hence to δ as well). We may assume w.l.o.g. that β ∼_{π1} δ and β ∼_{π2} δ (otherwise we exchange α and β or γ and δ). We proceed as in the previous with additional setting δ = v_{ij2} whenever β has been set to be v_{ij1} for some i and j and we conclude that F(H) = {l + 2, l + 4}.

• β ≠ δ and either γ or δ is π_1-equivalent to α (and hence to β as well), but α ≁_{π2} γ and β ≁_{π2} γ. We assume w.l.o.g. that α ∼_{π1} γ.

Assume that there exist i, j and j^′ such that ξ_{ij} ≠ ξ_{ij}′ . Due to the construction of H and the existence of π_1 and π_2, there is an edge E of H such that α = v_{ij1}, β = v_{ij}′_1 and γ = v_{ij}′′_1 and δ = v_i′_j′′_1 for any i^′ ≠ i and j^{′′} ≠ j, j^′. But then ξ_{ij}′′ = ξ_i′_j′′ . Hence all the columns are monochromatic except possible for those with indices j and j^′. Due to the presence of the D_2-edges, we may choose now two different j and j^′ such that ξ_{ij} ≠ ξ_{ij}′ to be indices of these monochromatic columns and applying a symmetric argument yields that all the columns are monochromatic. Then the coloring c has to be a strict (l +4)-coloring. On the other hand, if ξ_{ij} = ξ_{ij}′ for all possible triples i, j and j^′, the coloring c has to be a strict (l + 2)-coloring due to the D_2-edges. Hence F(H) = {l + 2, l + 4} and this feasible set is clearly broken.

• β ≠ δ and either α or β is π_2-equivalent to γ (and hence to δ as well), but α ≁_{π1} γ and α ≁_{π1} δ. We assume w.l.o.g. that β ∼_{π2} γ.

Assume that there exist i, j and j^′ such that ξ_{ij} ≠ ξ_{ij}′ . Due to the construction of H and the existence of π_1 and π_2, there is an edge E of H such that α = v_{ij1}, β = v_{ij}′_1, γ = v_i′_j′_1 and δ = v_i′′_j′_1 for all i^′, i^{′′} ≠ i. But then ξ_i′_j′ = ξ_i′′_j′ for all i ≠ i^′, i^{′′}. Similarly as in the first case, we conclude that all the columns except possibly for their elements of the i-th row are monochromatic. Using the same reasoning for another choice of i (which is possible because of the presence of D_2- edges in H and because the columns are monochromatic with possible exception for the elements of the i-th row), one can conclude that actually the columns are completely monochromatic. Hence c is a strict (l + 4)-coloring.

On the other hand, if ξ_{ij} = ξ_{ij}′ for all possible triples i, j and j^′, the coloring c consists of monochromatic rows and it is a strict (l + 2)- coloring. We conclude again that F(H) = {l+2, l+4} and this feasible set is clearly broken. • β ≠ δ, α ≁_{π1} γ, α ≁_{π1} δ, α ≁_{π2} γ and β ≁_{π2} γ. Assume that there exist i, j and j^′ such that ξ_{ij} ≠ ξ_{ij}′ . Due to the construction of H and the existence of π_1 and π_2, there is an edge

E of H such that α = v_{ij1}, β = v_{ij}′_1 and γ = v_i′_j′′_1 and δ = v_i′′_j′′_1 for any i ≠ i^′, i^{′′} and j^{′′} ≠ j, j^′. But then ξ_i′_j′′ = ξ_i′′_j′′ . Hence all the columns except possibly for those with indices j and j^′ and with a possible exception for the elements of the i-th row are monochromatic. Combining technique of the previous two cases, we again conclude that all the columns are completely monochromatic. Hence the coloring c has to be a strict (l + 4)-coloring.

On the other hand, if ξ_{ij} = ξ_{ij}′ for all possible triples i, j and j^′, the coloring c consists of monochromatic rows and it is a strict (l + 2)- coloring. Finally, F(H) = {l + 2, l + 4} and this feasible set is broken.

It remains to deal with the case that α ∼_π β implies γ ∼_π δ for all π ∈ Π. Due to Lemma 9, either ρ(Π) ∈ Π or there exists other α, β, γ and δ and a projection of Π for which the already proven part of this lemma may be applied (and hence this would give an existence of a desired hypergraph with a broken feasible set due to Proposition 2). In the latter case, the proof is finished. Hence assume that ρ(Π) ∈ Π and let π_0 = ρ(Π).

We first deal with the case β = δ. The assumptions of the lemma yield that α ≁_{ρ(Π)} β, α ≁_{ρ(Π)} γ and β ≁_{ρ(Π)} γ. Thus α ≁_{π0} β, α ≁_{π0} γ and β ≁_{π0} γ. Let π be the equivalence of Π such that α ∼_π β (and thus β ∼_π γ). Consider i, j and j^′ such that ξ_{ij} = ξ_{ij}′ . Due to the construction of H and the existence of π_0 and π, there is an edge E of H such that α = v_{ij1}, β = v_{ij}′_1 and γ = v_{ij}′′_1 for any j^{′′} ≠ j, j^′. But then ξ_{ij} = ξ_{ij}′ = ξ_{ij}′′ . Hence each row is either monochromatic or completely polychromatic. If all the rows are monochromatic, then c is a strict (l+2)-coloring. If any of the rows is completely polychromatic, then c uses at least l + 4 colors. We conclude that F(H) ⊆ {l + 2} ∪ [l + 4, n] where n = (l + 2)(l + 4).

The remaining case is that all α, β, γ and δ are mutually different. If it holds that β ∼_π δ for all π ∈ Π, we may set β = δ and this case can be reduced to the case considered in the previous paragraph. Assume that β ≁_π δ for some π ∈ Π, i.e., β ≁_{ρ(Π)} δ. Then for any pair of α, β, γ and δ, there is π ∈ Π such that the elements of this pair are not π-equivalent (this follows from the assumptions of the lemma for pairs different from β and δ). Hence any two elements of α, β, γ and δ are not π_0-equivalent. Let π be the equivalence of Π such that α ∼_π β (and thus γ ∼_π δ). If all such equivalences satisfy that β ∼_π γ, we may replace δ by β and the case considered in the previous paragraph may be applied. Assume hence further that β ≁_π γ.

Consider i, j and j^′ such that ξ_{ij} = ξ_{ij}′ . Due to the construction of H and the existence of π_0 and π, there is an edge E of H such that α = v_{ij1}, β = v_{ij}′_1, γ = v_i′_j′′_1 and δ = v_i′_j′′′_1 for any i^′ ≠ i, j^{′′} ≠ j, j^′ and j^{′′′} ≠ j, j^′, j^{′′}. But then ξ_i′_j′′ = ξ_i′_j′′′ . Hence each row except possibly for the i-th row is monochromatic with a possible exception for the elements of the j-th and j^′-th column. Using a similar arguments as in the previous, we may conclude that all the rows are completely monochromatic. Hence either all the rows are completely monochromatic or there is a completely polychromatic row. Thus F(H) ⊆ {l +2}∪[l +4, n] where n = (l +2)(l +4). □ Lemma 11 Let Π be a fixed edge type. If Π is not up-group-closed, then there exist (not necessarily distinct) elements α, β, γ and δ and a projection Π_0 of Π which satisfy the following:

• There is π ∈ Π_0 such that α ∼_π β.

• It holds that α ≁_{ρ(Π)} β, α ≁_{ρ(Π)} γ, α ≁_{ρ(Π)} δ, β ≁_{ρ(Π)} γ and γ ≁_{ρ(Π)} δ. Moreover, one of the following two conditions holds:

• For any π ∈ Π_0, if α ≁_π β, then γ ∼_π δ.

• For any π ∈ Π_0, if α ∼_π β, then γ ∼_π δ.

Proof: Assume that Π is not up-group-closed. Let π be an equivalence of Π and π^′ an refinement of π w.r.t. ρ(Π) such that π^′ ∈ Π. If π^′ = ρ(Π), we use Lemma 9. Otherwise there exist α and β such that α ≁_{ρ(Π)} β and α ∼_π′ β. Consider the C-projection Π^′ of Π with respect to the pair α and β. Note that π ∈ Π^′. Assume first that there are two elements γ and δ such that γ ∼_{ρ(Π}′_) δ and γ ≁_π′ δ, i.e., ρ(Π^′) is not finer than π^′. If α ∼_{ρ(Π)} γ and β ∼_{ρ(Π)} γ, then α ∼_{ρ(Π)} β which is impossible due to the choice of α and β. Similarly for α ∼_{ρ(Π)} δ and β ∼_{ρ(Π)} δ or α ∼_{ρ(Π)} γ and α ∼_{ρ(Π)} δ or β ∼_{ρ(Π)} γ and β ∼_{ρ(Π)} δ. If α ∼_{ρ(Π)} γ and β ∼_{ρ(Π)} δ, then α ∼_π′ β implies γ ∼_π′ δ which is impossible due to the choice of γ and δ. Similarly for α ∼_{ρ(Π)} δ and β ∼_{ρ(Π)} γ. Hence we may assume w.l.o.g. that α ≁_{ρ(Π)} γ, α ≁_{ρ(Π)} δ and β ≁_{ρ(Π)} γ. We get α ≁_{ρ(Π)} β from the choice of α and β and γ ≁_{ρ(Π)} δ from the choice of γ and δ. It is now clear that the elements α, β, γ and δ satisfy the conditions of the statement of the lemma.

If ρ(Π^′) is finer than π^′, we apply the above described procedure to Π^′ (recall that π ∈ Π^′). Since each time the number of equivalences contained in Π is decreased (we have chosen α and β such that α ≁_{ρ(Π)} β), we either end with the quadruple α, β, γ and δ and a suitable projection Π_0 of Π or a projection Π^{′′} of Π such that ρ(Π^{′′}) = π^′. In the latter case, either π^′ ∈ Π^{′′} or we find the desired quadruple α, β, γ and δ and a projection Π_0 of Π^{′′} (and hence of Π) due to Lemma 9. If π^′ ∈ Π^{′′}, then π^′ ∈ Π which is impossible due to the choice of π^′. □

We are now able to prove the main results:

Theorem 3 Let Π be an edge type. There exists a Π-hypergraph with a broken feasible set iff Π is neither simply-closed, down-closed, up-closed nor up-group-closed.

Proof: We distinguish several the following four cases:

• Π contains both the trivial and the universal equivalence.

Note that if Π is down-closed, up-closed or up-group-closed, then it is simply-closed. If Π is simply closed, then any Π-hypergraph has unbroken feasible set due to Lemma 4. If Π is not simply-closed, then there is a Π-hypergraph with a broken feasible set due to Lemma 5.

• Π contains the trivial equivalence but it does not contain the universal equivalence.

Π is neither simply-closed nor down-closed. Note that if Π is up-group-closed, then it is up-closed. If Π is up-closed, then any Π-hypergraph has unbroken feasible set due to Lemma 3. If Π is not up-closed, then there is a Π-hypergraph with a broken feasible set due to Lemma 7.

• Π contains the universal equivalence but it does not contain the trivial equivalence.

Π is neither simply-closed nor up-closed. Note that if Π is up-group-closed, then it is down-closed. If Π is down-closed, then any Πhypergraph has unbroken feasible set due to Lemma 2. If Π is not down-closed, then there is a Π-hypergraph with a broken feasible set due to Lemma 6.

• Π contains neither the trivial nor the universal equivalence.

Π is neither simply-closed nor down-closed nor up-closed. If Π is upgroup-closed, then any Π hypergraph has unbroken feasible set due to Lemma 4. If Π is not up-group-closed, then there exists a (Π, C_2, D_2)- hypergraph with a broken feasible set due to Lemma 10 applied to the quadruple and a projection of Π from Lemma 11. But then, there is also a Π-hypergraph with a broken feasible set due to Proposition 2. □ Theorem 4 Let Π_i be edge types for 1 ≤ i ≤ λ. There exists a (Π_1, . . . , Π_λ)- hypergraph with a broken feasible set iff there is an edge type which is not simply-closed, an edge type which is not down-closed, an edge type which is not up-closed and an edge type which is not up-group-closed.

Proof: Let l_i be the edge size of Π_λ. Consider the following edge type Π of the size l_1 + . . . + l_λ: The Π consists of equivalences on the set x_{ij} for 1 ≤ i ≤ λ and 1 ≤ j ≤ l_i; Π contains all the equivalences π such that the equivalence π_i induced by π on x_{i1}, . . . , x_{il}, i.e., x_{ij} ∼_{πi} x_{ij}′ iff x_{ij} ∼_π x_{ij}′ , is contained in Π_i. Π is simply-closed iff all the edge types Π_i, 1 ≤ i ≤ λ are simply-closed. Similarly: Π is down-closed iff all the edge types Π_i, 1 ≤ i ≤ λ are down-closed. Π is up-closed iff all the edge types Π_i, 1 ≤ i ≤ λ are up-closed. Π is up-group-closed iff all the edge types Π_i, 1 ≤ i ≤ λ are up-group-closed. Hence there is a Π-hypergraph H with a broken feasible set. We turn H into (Π_1, . . . , Π_λ)-hypergraph with a broken feasible set; each edge E of H is decomposed into λ parts of sizes l_1, . . . , l_λ and each of the these parts is set to be an Π_i-edge, 1 ≤ i ≤ λ. □

5 Conclusion

Several modification of our definition of pattern hypergraphs may be considered however they all are included in our definition:

• The edges are formed by unordered tuples. In such case, we may define a corresponding pattern hypergraph in which an edge type Π contains together with an equivalence π all the equivalences obtainable by a permutation of the elements of π.

• Cycle systems considered in [5]. In this case, an edge type Π contains together with an equivalence π all its rotations.

• The edges are ordered but the vertex may be contained in the same edge more times. In this case we may either add dummy vertices and join them by C_2-edges to the old ones, or for each edge type Π add all the edge types Π^′ of smaller sizes which may be obtained by identifying two elements of the support set.

For any such modification, our main Theorem 4 may be easily reformulated.

We have made a first step for understanding why mixed hypergraphs allows such surprising results like those of [7, 10]. Let (Π_1, . . . , Π_λ) be a type of a pattern hypergraph. The types may be classified as proposed in the following hierarchy:

Type 0 Any (Π_1, . . . , Π_λ)-pattern hypergraph has unbroken feasible set.

Type 1 There is a (Π_1, . . . , Π_λ)-pattern hypergraph with a broken feasible set.

Type 2 There is a set of integers I_0 and an integer k_0 such that for any finite set of integers I with I_0 = I∩[1, k_0], there is (Π_1, . . . , Π_λ)-pattern hypergraph H with F(H) = I.

Type 3 There is a set of integers I_0 and an integer k_0 such that for any set of integers I with I_0 = I ∩ [1, k_0], there is (Π_1, . . . , Π_λ)-pattern hypergraph H with F(H) = I and H has exactly one strict k-coloring for k ∈ F(H).

Type 4 There is an integer number k_0, such that for any sequence of integers s_{k0+1}, . . . , s_k, there is (Π_1, . . . , Π_λ)-pattern hypergraph H whose spectrum is a sequence s_1, . . . , s_k for some choice of s_1, . . . , s_{k0} .

Any type of pattern hypergraph of type i is also of type i^′ for 1 ≤ i^′ < i. Hence the classification is really hierarchical. Usual graphs and hypergraphs are of type 0. The result of [7] with setting I_0 = ∅ and k_0 = 1 yield that mixed hypergraphs are of type 3; more precisely, even (D_3 ∩C_3)-hypergraphs are of type 3. The result of [10] yields that mixed hypergraphs are even of type 4; more precisely, even (D_2, D_3, C_3)-hypergraphs are of type 4. In this paper, we have fully described the border between the type 0 and type 1 pattern hypergraphs. It remains an interesting open problem to find the full characterizations of pattern hypergraphs of type 2, type 3 and type 4. It might even be that some of the types 1, 2, 3 or 4 turn to be exactly the same. We have managed to prove that for an edge type Π containing only equivalences with at most two classes, if Π is of type 1, then it is also of type 3.

References

[1] E. Bulgaru and V. Voloshin: Mixed interval hypergraphs, Discrete Applied Math., 77, 1997, 24–41.

[2] G. Chartrand, O. R. Oellermann: Applied and Algorithmic Graph Theory, McGraw-Hill, 1993.

[3] K. Diao, P. Zhao, H. Zhou: About the upper chromatic number of a co-hypergraph. Discrete Math. 220 (1-3) (2000), 67–73.

[4] A. A. Diwan: Disconnected 2-factors in planar cubic bridgeless graphs, J. Combinatorial Theory, Ser. B 84(2), 2002.

[5] Z. Dvořák, J. Kára, D. Král’, O. Pangrác: Complexity of Pattern Coloring of Cycle Systems, to appear in Proceedings 28th Workshop on Graph-Theoretic Concepts in Computer Science, LNCS, 2002.

[6] Z. Dvořák, D. Král’: On Planar Mixed Hypergraphs, Electronic J.

Combin. 8 (1), 2001, #R35.

[7] T. Jiang, D. Mubayi, Zs. Tuza, V. Voloshin and D. B. West: The Chromatic Spectrum of Mixed Hypergraphs, Graphs Comb. 18 2, 2002, 309–318.

[8] D. Kobler, A. Kündgen: Gaps in the chromatic spectrum of face– constrained plane graphs, Electronic J. Combin. 3, 2001, #N3.

[9] D. Král’: A Counter-Example to Voloshin’s Hypergraph Co-perfectness Conjecture, submitted.

[10] D. Král’: On Feasible Sets of Mixed Hypergraphs, submitted.

[11] D. Král’, J. Kratochvíl, A. Proskurowski, H.-J. Voss: Coloring mixed hypertrees, Proceedings 26th Workshop on Graph-Theoretic Concepts in Computer Science, LNCS vol. 1928, 2000, p. 279–289.

[12] D. Král’, J. Kratochvíl, A. Proskurowski, H.-J. Voss: Mixed Hypertrees, submitted.

[13] D. Král’, J. Kratochvíl, H.-J. Voss: Mixed Hypercacti, submitted.

[14] D. Král’, J. Kratochvíl, H.-J. Voss: Mixed Hypergraphs with Bounded Degree: Edge–Colouring of Mixed Multigraphs, to appear in Theoretical Computer Science.

[15] J. Kratochvíl, Z. Tuza, M. Voigt: New trends in the theory of graph colorings: Choosability and list coloring, in: Contemporary Trends in Discrete Mathematics (from DIMACS and DIMATIA to the future), DI- MACS Series in Discrete Mathematics and Theoretical Computer Science, vol. 49, American Mathematical Society, Providence, RI (1999), 183–197.

[16] A. Kündgen, E. Mendelsohn, V. Voloshin: Colouring planar mixed hypergraphs, Electronic J. Combin. 7, 2000, #R60.

[17] A.Kündgen, R. Ramamurthi: Coloring face-hypergraphs of graphs on surfaces, Journal of Comb. Theory Ser. B 85, 2002, 307–337.

[18] R. Ramamurthi, D. B. West: Maximum Face-Constrained Coloring of Plane Graphs, to appear in Discrete Mathematics.

[19] V. Voloshin: On the upper chromatic number of a hypergraph, Australasian Journal of Combinatorics 11, 1995, 25–45.

[20] V. Voloshin: The mixed hypergraphs, Computer Science Journal of Moldova, Vol.1, No 1(1), 1993, 45–52.

[21] V. Voloshin, H.-J. Voss: Circular Mixed hypergraphs I: colorability and unique colorability, Congr. Numer. 144, 2000, 207–219.

[22] V. Voloshin, H.-J. Voss: Circular Mixed Hypergraphs II: The Upper Chromatic Number, submitted.