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Abstra
t

A pattern (�

1

; : : : ;�

�

)-hypergraph H is a hypergraph (V; E) with

edge types �

i

; ea
h of �

i

is a set of equivalen
es. Ea
h edge of H is

assigned one of the edge types �

i

. A 
oloring 
 of H is proper if for

ea
h �

i

-edge E the 
olor 
lasses of 
 on E form an equivalen
e whi
h

is 
ontained in the type �

i

. The feasible set of H is the set of all k's

for whi
h there is a proper 
oloring using exa
tly k 
olors.

We prove a simple suÆ
ient and ne
essary 
ondition on (�

1

; : : : ;�

�

)

for the existen
e of a pattern (�

1

; : : : ;�

�

)-hypergraph H whose fea-

sible set is not an interval of integers.

1 Introdu
tion

Coloring problems are among the most intensively studied 
ombinatorial

problems both from the theoreti
al and the pra
ti
al point of view. Gener-

alizations of usual graph and hypergraph 
oloring, e.g., 
hannel assignment

problems, are widely applied in pra
ti
e. Quite a new 
on
ept of mixed

hypergraphs has attra
ted lots of interest [1, 6{14, 16, 19{22℄: A mixed hy-

pergraph is a hypergraph with two types of edges, C-edges and D-edges. A


oloring of a mixed hypergraph is proper if no C-edge is poly
hromati
 and

no D-edge is mono
hromati
. However, mixed hypergraphs have some very

surprising properties. The most striking results in
lude: For any �nite set

�
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of integers I su
h that 1 62 I , there is a mixed hypergraph whi
h 
an be


olored by pre
isely k of 
olors i� k 2 I [7℄, e.g., there exists a mixed hy-

pergraph on 6 verti
es whi
h is 2-
olorable and 4-
olorable and whi
h is not

3-
olorable. Even more stronger result is the following: For any sequen
e

s

1

; : : : ; s

k

of integers su
h that s

1

= 0, there exists a mixed hypergraph

whi
h has pre
isely s

k

0

proper 
olorings using k

0


olors, 1 � k

0

� k, and

no proper 
oloring using more than k 
olors [10℄. These results led to lots

of papers, e.g., [1,6,8,11{14,16,21,22℄, whi
h study for whi
h sub
lasses of

mixed hypergraphs results of this kind may be obtained. In this paper, we

provide a full 
hara
terization of edge types of hypergraphs whi
h 
ause that

the numbers of 
olors whi
h may be used by proper 
olorings do not form

intervals. We introdu
e a 
on
ept of pattern hypergraphs whi
h general-

izes 
on
ept of usual graph, usual hypergraphs and mixed hypergraphs and

whi
h allows several di�erent types of edges. In addition, pattern hyper-

graphs appear naturally in 
ertain types of 
onstraint satisfa
tion problems

and our 
hara
terization gives also an interesting result in this area as dis-


ussed further.

An edge type is a non-empty set � of equivalen
es on the same ordered

set; the size of the edge type � is the size of the set on whi
h the equivalen
es

of � are de�ned. An equivalen
e is a re
exive, transitive and symmetri


relation; we write x �

�

y if x and y are �-equivalent. An equivalen
e

partitions a support set into 
lasses. A pattern hypergraph H 
onsists

of a type whi
h is a sequen
e (�

1

; : : : ;�

�

) of edge types, a vertex set V (H)

and an edge set E(H) whi
h 
ontains ordered tuples of its verti
es (an edge

may 
ontain ea
h vertex at most on
e); ea
h tuple is assigned one of the

� edge types �

1

; : : : ;�

�

; if an edge E is of type �

i

, we say that E is a

�

i

-edge. The size of an �

i

-edge has to be equal to the size of �

i

. If H is

a pattern hypergraph of type (�

1

; : : : ;�

�

), we say that H is (�

1

; : : : ;�

�

)-

hypergraph and in 
ase � = 1, brie
y a �

1

-hypergraph. An example of a

pattern hypergraph 
an be found in Figure 1.

Let H be a (�

1

; : : : ;�

�

)-hypergraph. A k-
oloring 
 is a mapping of

the verti
es V (H) to the set [1; k℄; we write [a; b℄ for the interval of integers

between a and b (in
lusively). Unless we need to emphasize the number of

used 
olors, we brie
y use a term 
oloring. If � is an equivalen
e, we say

that a 
oloring 
 is �-
onsistent on an edge E = (v

1

; : : : ; v

l

) if 
(v

i

) = 
(v

j

)

i� i �

�

j. If � is an edge type, a 
oloring 
 is �-
onsistent on E if it is

�-
onsistent for some � 2 �. A 
oloring 
 is proper if 
 is �

i

-
onsistent with

all �

i

-edges E. Alternatively: A 
oloring 
 de�nes an equivalen
e � su
h

that v � w i� 
(v) = 
(w). The 
lasses of the equivalen
e � are 
alled 
olor

2
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Figure 1: An example of a pattern hypergraph with the vertex set

f�; �; 
; Æ; �; 'g. There are two edge types: �

1

is of size two and it 
on-

tains only a single equivalen
e. �

2

is of size three and it 
ontains the two

equivalen
es depi
ted above. The pattern hypergraph has ten edges: eight

�

1

-edges f�; �g, f�; Æg, f�; 'g, f
; �g, f
; Æg, f
; 'g, f�; �g and f�; Æg and

two �

2

-edges f�; 
; �g and f�; Æ; 'g. All the proper 
olorings are depi
ted

above. The feasible set of the pattern hypergraph is f2; 4; 5; 6g.


lasses. A 
oloring 
 is proper i� the equivalen
e indu
ed by � on any edge

E is 
ontained in its edge type.

A 
oloring 
 is a stri
t k-
oloring if it is proper and it uses all the 
olors

1; : : : ; k. The feasible set F(H) is the set of all the integers k for whi
h there

is a stri
t k-
oloring of H . If F(H) is non-empty, a pattern hypergraph is


olorable. If H is 
olorable, the least element of F(H) is 
alled the 
hromati


number of H and it is denoted by �(H). Then, the largest element of F(H)

is 
alled the upper 
hromati
 number of H and it is denoted by ��(H). If

F(H) = [�(H); ��(H)℄ or F(H) = ;, the feasible set is said to be unbroken

or gap-free. Otherwise, the feasible set is said to be broken. A spe
trum

of a pattern hypergraph H is a sequen
e s

1

; : : : ; s

��(H)

su
h that s

k

is the

number of di�erent stri
t k-
olorings, 1 � k � ��(H) (two 
olorings are

di�erent if they de�ne di�erent 
olor 
lasses). The results mentioned in the

�rst paragraph may be now stated as follows: For any �nite set of integers

I avoiding 1, there is a mixed hypergraph H with a feasible set equal to

I [7℄; for any sequen
e s

1

; : : : ; s

k

with s

1

= 0, there is a mixed hypergraph

with the spe
trum s

1

; : : : ; s

k

[10℄.

An equivalen
e is the universal equivalen
e if it has a single 
lass; an

equivalen
e is the trivial equivalen
e if ea
h of its 
lasses are singletons.

C

l

is the edge type 
ontaining all the equivalen
es on l elements ex
ept

for the trivial equivalen
e. D

l

is the edge type 
ontaining all the equiv-
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alen
es on l elements ex
ept for the universal equivalen
e. We show sev-

eral examples of pattern hypergraphs: D

2

-hypergraphs are usual graphs

and proper 
olorings of D

2

-hypergraphs are exa
tly proper 
olorings of the


orresponding graph. Similarly, D

l

-hypergraphs are l-uniform hypergraphs

and proper 
olorings of D

l

-hypergraphs are exa
tly proper 
olorings of the


orresponding l-uniform hypergraph and (D

2

; : : : ;D

l

)-hypergraphs are just

hypergraphs with maximum edge size l. The notions of a 
hromati
 num-

ber for pattern hypergraphs and 
orresponding (hyper)graphs 
oin
ide. A

(D

2

; C

l+1

)-hypergraphs may be used to model an l-
hoosability problems

(a similar 
onstru
tion 
an be found in [15℄ for mixed hypergraphs): In an

l-
hoosability problem, you are given a graph G = (V;E) together with lists

�(v) of 
olors of size l. The goal is to �nd a 
oloring 
 of the verti
es of V

su
h that 
(v) 2 �(v) and 
(u) 6= 
(v) whenever uv 2 E. The 
onstru
tion

of a (D

2

; C

l+1

)-hypergraph H for a given l-
hoosability problem is the fol-

lowing: The vertex set of H is V [ � where � is the union of �(v) taken

over all v 2 V . Any pair of u and v su
h that uv 2 E is a D

2

-edge of H .

Any pair of 
olors of � also forms a D

2

-edge of H . The C

l+1

-edges of H are

(l+1)-tuples fvg[�(v) for v 2 V . It is easy to 
he
k that any proper 
olor-

ing of H is also a valid 
oloring of the given l-
hoosability problem. Besides

this, pattern hypergraphs generalize the 
on
ept of mixed hypergraphs as

it is explained in a detail in Se
tion 2. They also generalize a 
on
ept of


oloring of 
o-hypergraphs as studied, e.g., in [3, 9, 17, 18℄.

We introdu
e four 
losure 
on
epts for the edge types �. An equivalen
e

� is �ner than �

0

, if x 6�

�

0

y implies that x 6�

�

y. If � is �ner than �

0

, then �

0

is 
oarser than �. The equivalen
e �(�) is the equivalen
e su
h x �

�(�)

y i�

x �

�

y for all � 2 �; it is easy to 
he
k that a relation de�ned in this way is

indeed an equivalen
e relation. The equivalen
e �(�) may be viewed as an

interse
tion of all the equivalen
es of �. An equivalen
e �

0

is a re�nement

of � with respe
t to �(�) if �

0

is 
oarser than �(�) and �

0


an be obtained

from � by splitting one of the equivalen
e 
lasses to two (in parti
ular, �

0

is �ner than �). The following four 
losure 
on
epts are 
onsidered in this

paper (
f. Figures 2{5; equivalen
e 
lasses are des
ribed by shapes):

� The edge type � is simply-
losed if it 
ontains all the equivalen
es �

whi
h has only 
lasses of size one with possible ex
eption for a single


lass. In parti
ular, � 
ontains both the universal and the trivial

equivalen
e. The unique in
lusion-wise smallest edge type whi
h is

simply-
losed is denoted by �

simple

. Note that � is simply 
losed i�

�

simple

� �.

4



Figure 2: The smallest simply-
losed edge type �

simple

for the edge size 4.

Figure 3: An edge type whi
h is down-
losed but whi
h is neither simply-


losed, up-
losed nor up-group-
losed.

� The edge type � is down-
losed if for any � 2 � the edge type �


ontains all relations �

0

whi
h are 
oarser than �. In parti
ular, �


ontains the universal equivalen
e.

� The edge type � is up-
losed if for any � 2 � the edge type � 
ontains

all the relations �

0

whi
h 
an be obtained from � by 
hoosing an

element x and introdu
ing a new single element 
lass 
ontaining only

x. In parti
ular, � 
ontains the trivial equivalen
e.

� The edge type � is up-group-
losed if for any � 2 � the edge type

� 
ontains all the re�nements �

0

of the equivalen
e � with respe
t to

�(�).

If all the edge types �

1

; : : : ;�

�

are simply-
losed (Lemma 1), down-
losed

(Lemma 2), up-
losed (Lemma 3) or up-group-
losed (Lemma 4), then any

(�

1

; : : : ;�

�

)-hypergraph has an unbroken feasible set. The main theorem

of this paper, Theorem 4 in Se
tion 4, states that these suÆ
ient 
on-

ditions are also ne
essary with respe
t for feasible sets being unbroken:

5



Figure 4: An edge type whi
h is up-
losed but whi
h is neither simply-


losed, down-
losed nor up-group-
losed.

Figure 5: An edge type whi
h is up-group-
losed but whi
h is neither simply-


losed, down-
losed nor up-
losed.

There is a (�

1

; : : : ;�

�

)-hypergraph with a broken feasible set i� all the

edge types �

1

; : : : ;�

�

are not simply-
losed, down-
losed, up-
losed or up-

group-
losed. This provides a full 
hara
terization of edge types whi
h may


ause that the feasible set of a pattern hypergraph is broken.

There is a 
lose relation between pattern hypergraphs and 
ertain types

of 
onstraint satisfa
tion problems. A 
onstraint satisfa
tion problem 
on-

sists of variables x

1

; : : : ; x

n

, a domain set X and several types of predi
ates

P

i

: X

r

i

! f0; 1g where r

i

is the arity of the i-th predi
ate. One demands

that the predi
ate P

i

is satis�ed, for pres
ribed r

i

-tuples of x

1

; : : : ; x

n

, i.e.,

the value of P

i

is one for the pres
ribed tuples. The goal is to �nd an

assignment � : fx

1

; : : : ; x

n

g ! X whi
h satis�es all the predi
ates. One

of possible 
onstraint satisfa
tion problems is radio frequen
y assignment:

The variables x

1

; : : : ; x

n

represent radio transmitters, the set X 
onsists of

available frequen
ies and predi
ates P

i

represent possible types of interfer-

en
es. In this example, the predi
ates P

i

are often invariant to permuting

the elements of X , i.e., the predi
ates are essentially sets of equivalen
es.

Then, an existen
e of a desired proper assignment � depends only on the


ardinality of the domain set X and su
h 
onstraint satisfa
tion problems

6



may be viewed as pattern hypergraphs. There exists a proper assignment

� for X of size k = jX j i� the 
orresponding pattern hypergraph is k-


olorable. The problem whi
h we study in this paper may reformulated as

the following question: For whi
h types of predi
ates 
an one 
on
lude from

the fa
t that there is a proper assignment � for X of size k and no proper

assignment � for X of size k � 1 that there is no proper assignment � for

X of size at most k � 1?

The paper is stru
tured as follows: We �rst dis
uss relation of the 
on-


ept of pattern hypergraphs to mixed hypergraphs in Se
tion 2. We show

that our new general results for pattern hypergraphs provide new interest-

ing results also for mixed hypergraphs. The suÆ
ien
y and ne
essity of the


losure properties are studied in Se
tion 3 and Se
tion 4. We show that sev-

eral possible modi�
ations of de�nition of pattern hypergraphs do not lead

to more general 
on
epts, we dis
uss possible dire
tions for future resear
h

and we post several problems in Se
tion 5.

2 Mixed Hypergraphs

Mixed hypergraphs were introdu
ed in [19,20℄. A mixed hypergraph has two

types of edges: C-edges and D-edges. A C-edge of size l is in a terminology

of pattern hypergraphs a C

l

-edge and a D-edge of size l is a D

l

-edge. A

mixed hypergraph is a mixed bihypergraph if ea
h edge is simultaneously

a C-edge and a D-edge. The de�nitions of a feasible set, a spe
trum, a


hromati
 number, an upper 
hromati
 number, et
., for pattern and mixed

hypergraphs 
oin
ide. A hypergraph H is spanned by a graph G if V (G) =

V (H) and any edge of H indu
e a 
onne
ted subgraph of G. The following

results on feasible sets of mixed hypergraphs were obtained:

� For any �nite integer set I su
h that 1 62 I , there exists a mixed hy-

pergraph H with F(H) = I [7℄. Moreover, there is su
h a hypergraph

H whi
h has only one stri
t k-
oloring for any k 2 I . A similar result

may be obtained for l-uniform mixed bihypergraphs for l � 3.

� Any mixed hypergraph on at most �ve verti
es has an unbroken fea-

sible set [7℄. This bound on the number of verti
es is sharp.

� For any sequen
e of integers s

1

; : : : ; s

k

su
h that s

1

= 0, there exists

a mixed hypergraph H with O(k+

P

k

i=1

log(s

i

+1)) verti
es with the

spe
trum s

1

; : : : ; s

k

[10℄.
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� Any mixed hypergraph spanned by a path [1℄, a tree [11, 12℄, a 
y
le

[21, 22℄ or a strong 
a
tus [13℄ has an unbroken feasible set. There

are mixed hypergraphs spanned by weak 
a
ti with a broken feasible

set [13℄.

� For any non-planar graph G with at least six verti
es, there is a mixed

hypergraph H spanned by G with a broken feasible set [13℄.

� There are mixed hypergraphs with the maximum vertex degree three

with broken feasible sets. Any mixed hypergraph with the maximum

vertex degree at most two has an unbroken feasible set [14℄.

� There are planar mixed hypergraphs with broken feasible sets but the

gap in su
h sets may be only for 3 
olors [6,8,16℄. There is no planar

mixed bihypergraph with a broken feasible set [4, 6, 8, 16℄.

Theorem 4 allows us to enhan
e this list of results by the following theorems:

Theorem 1 For any l

1

� 3 and l

2

� 2, there exists a mixed hypergraph H

with C-edges only of size l

1

and D-edges only of size l

2

su
h that F(H) is

broken.

Proof: The edge type C

l

1

is neither simply-
losed, up-
losed nor up-group-


losed; the edge type D

l

2

is not down-
losed. Hen
e Theorem 4 may be

applied. �

In a similar fashion, one may also reprove the following theorem of [7℄:

Theorem 2 For any l � 3, there exists an l-uniform mixed bihypergraph

H with a broken feasible set.

Proof: The edge type C

l

\ D

l

is neither simply-
losed, down-
losed, up-


losed nor up-group-
losed. Then Theorem 4 
an be applied. �

3 SuÆ
ien
y of the Condition

We prove the suÆ
ien
y of the 
losure properties on the edge types in this

se
tion:

8



Lemma 1 Let (�

1

; : : : ;�

�

) be a �xed type of a pattern hypergraph. If all

the types �

1

; : : : ;�

�

are simply-
losed, then any (�

1

; : : : ;�

�

)-hypergraph H

has an unbroken feasible set.

Proof: Fix a (�

1

; : : : ;�

�

)-hypergraph H with n verti
es. Let 1 � k � n.

Color k�1 verti
es with mutually di�erent 
olors and the remaining verti
es

all with the same 
olor di�erent from the k � 1 
olors. This 
oloring is

a stri
t k-
oloring be
ause all the edge types are simply-
losed. Hen
e,

F(H) = [1; n℄. �

Lemma 2 Let (�

1

; : : : ;�

�

) be a �xed type of a pattern hypergraph. If all

the types �

1

; : : : ;�

�

are down-
losed, then any (�

1

; : : : ;�

�

)-hypergraph H

has an unbroken feasible set.

Proof: Fix a (�

1

; : : : ;�

�

)-hypergraph H . If H is un
olorable, then its

feasible set is not broken. Otherwise, let 
 be a stri
t k-
oloring of H . Sin
e

all the edge types are down-
losed, the 
oloring 


0

de�ned as 


0

(v) := 
(v)

for 
(v) < k and 


0

(v) := k � 1 for 
(v) = k is a stri
t (k � 1)-
oloring.

Hen
e, F(H) = [1; ��(H)℄. �

Lemma 3 Let (�

1

; : : : ;�

�

) be a �xed type of a pattern hypergraph. If all

the types �

1

; : : : ;�

�

are up-
losed, then any (�

1

; : : : ;�

�

)-hypergraph H has

an unbroken feasible set.

Proof: Fix a (�

1

; : : : ;�

�

)-hypergraph H with n verti
es. If H is un-


olorable, then its feasible set is not broken. Otherwise, let 
 be a stri
t

k-
oloring of H for k < n. Assume that the 
olor k is used to 
olor at least

two verti
es and one of them is a vertex w. Sin
e all the edge types are up-


losed, the 
oloring 


0

de�ned as 


0

(v) := 
(v) for v 6= w and 


0

(w) := k + 1

is a stri
t (k + 1)-
oloring. Hen
e, F(H) = [�(H); n℄. �

Lemma 4 Let (�

1

; : : : ;�

�

) be a �xed type of a pattern hypergraph. If all

the types �

1

; : : : ;�

�

are up-group-
losed, then any (�

1

; : : : ;�

�

)-hypergraph

H has an unbroken feasible set.

Proof: Fix a (�

1

; : : : ;�

�

)-hypergraph H . If H is un
olorable, then its

feasible set is not broken. Otherwise, 
onsider the following relation �

0

on

9



the verti
es of H : v �

0

w i� v �

�(�

i

)

w for some �

i

-edge. Let � be the

equivalen
e 
losure of the relation �

0

and k

0

the number of its 
lasses. In

any proper 
oloring 
 of H , if v � w, then 
(v) = 
(w). Thus ��(H) � k

0

.

Let 
 be a stri
t k-
oloring of H for k < k

0

. Assume that the 
olor k

is used to 
olor at least two di�erent 
lasses of � and one of the verti
es


olored with the 
olor k is a vertex w. Consider the 
oloring 


0

de�ned as




0

(v) := 
(v) for v 6� w and 


0

(v) := k+1 for v � w. Sin
e all the edge-types

are up-group-
losed and �(�

i

) is on �

i

-edge E �ner than �, 


0

is a stri
t

(k + 1)-
oloring. Hen
e, F(H) = [�(H); k

0

℄ = [�(H); ��(H)℄. �

4 Ne
essity of the Condition

In the beginning of this se
tion, we 
onsider the spe
ial 
ase when the pat-

tern hypergraph has a single edge type. First, several lemmas dealing with

the 
ase that this edge type 
ontains the trivial or the universal equivalen
e

are presented:

Lemma 5 Let � be a �xed edge type whi
h 
ontains both the trivial and

the universal equivalen
e and whi
h is not simply-
losed. Then there exists

a �-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of � and 
onsider a hypergraph H with n = l

2

verti
es su
h that all possible l-tuples form edges of H . Clearly, 1 2 F(H)

and n 2 F(H). Assume for the sake of 
ontradi
tion that l 2 F(H). Let 


be a stri
t l-
oloring of H ; assume that the 
olor 1 is used the most times,

i.e., there are at least l verti
es v

1

; : : : ; v

l

are 
olored with the 
olor 1. Let u

i

for 2 � i � l be any vertex 
olored with the 
olor i. Let � be an equivalen
e

of �

simple

; the tuple 
ontaining some of verti
es v

1

; : : : ; v

l

in the positions

of the largest 
lass of � and some of verti
es u

2

; : : : ; u

l

in the positions of

the single-element 
lasses of � is an edge of H and thus � 2 �. But this is

impossible for all the � 2 �

simple

be
ause � is not simply-
losed. �

Lemma 6 Let � be a �xed edge type whi
h 
ontains the trivial equivalen
e,

whi
h does not 
ontain the universal equivalen
e and whi
h is not up-
losed.

Then there exists a �-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of � and 
onsider a hypergraph H with

n = l

2

(l + 1) verti
es v

ij

for 1 � i � l and 1 � j � l(l + 1). Take an l-


oloring 


0

su
h that 


0

(v

ij

) = i. The edges ofH are all l-tuples �-
onsistent

10



with the 
oloring 


0

. Clearly, l 2 F(H) and n 2 F(H). Assume for the sake

of 
ontradi
tion that l + 1 2 F(H); let 
 be a stri
t (l + 1)-
oloring and �

i

be the 
olor used by 
 to 
olor most of verti
es v

ij

, 1 � j � l(l + 1). We

may assume w.l.o.g. that 
(v

i1

) = : : : = 
(v

il

) = �

i

for ea
h 1 � i � l.

We �rst prove that �

i

6= �

i

0

for all i 6= i

0

. Assume that �

1

= �

2

. Let � be

the equivalen
e of � su
h that the size of the largest 
lass of � is as large

as possible; let l

0

be the size of largest 
lass of �. Note that l

0

< l be
ause

� does not 
ontain the universal equivalen
e. Consider an edge E of H

whi
h 
orresponds to a tuple �-
onsistent with 


0

whi
h 
ontains verti
es

v

11

; : : : ; v

1l

0

and a vertex v

21

. Then there is an equivalen
e of � su
h that

the size of its largest 
lass is at least l

0

+ 1 be
ause 
 is a proper 
oloring

and E 
ontains l

0

+1 verti
es of the same 
olor. This 
ontradi
ts the 
hoi
e

of �. This argumentation may be easily extended for the 
ase �

i

= �

i

0

for

any i 6= i

0

.

Next, we prove that � is up-
losed. Sin
e 
 is a stri
t (l + 1)-
oloring,

we may assume w.l.o.g. that 
(v

1;l+1

) 6= 
(v

i1

) for all 1 � i � l. Let

� be an equivalen
e of � whi
h is not the trivial equivalen
e and �

0

be an

equivalen
e obtained from � by 
reating a single element 
lass by separating

an element w from a 
lass of �. Consider the edge E of H 
orresponding to

a tuple �-
onsistent with 


0

su
h that w is v

1;l+1

, the remaining elements

of the 
lass of w in � are some of the verti
es v

11

; : : : ; v

1l

and other 
lasses

of � are formed by verti
es v

i1

; : : : ; v

il

. Sin
e 
 is a proper 
oloring, we have

obtained �

0

2 �. Hen
e � is up-
losed. �

We state as a proposition a de�
it version of Hall's theorem [2℄ whi
h

we use in the proof of the next lemma:

Proposition 1 Let A

i

be a system of sets for 1 � i � n; let 0 � � � n. If

it holds that j

S

i2I

A

i

j � jI j �� for any I � [1; n℄, then there exists a set

I

0

� [1; n℄ of size n �� and elements a

i

for i 2 I

0

su
h that a

i

2 A

i

and

all the elements a

i

; i 2 I

0

are mutually di�erent.

Lemma 7 Let � be a �xed edge type whi
h 
ontains the universal equiva-

len
e, whi
h does not 
ontain the trivial equivalen
e and whi
h is not down-


losed. Then there exists a �-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size and 
onsider a hypergraph H with n =

l

2

(l + 1)

2

verti
es v

ij

for 1 � i � (l + 1)

2

and 1 � j � l

2

; set L = (l + 1)

2

.

Consider a 
oloring 


0

su
h that 


0

(v

ij

) = i for 1 � i � L. The edges of

11



H are all l-tuples �-
onsistent with the 
oloring 


0

. Clearly, 1 2 F(H) and

L 2 F(H). We prove L� 1 62 F(H).

Assume for the sake of 
ontradi
tion that there is a stri
t (L�1)-
oloring


 of H . We prove that 
(v

ij

) = 
(v

ij

0

) for all 1 � i � L and 1 � j; j

0

� l

2

.

Assume that, e.g., 
(v

11

) 6= 
(v

12

). Let C

i

= f
(v

ij

); 1 � j � l

2

g. We

distinguish two 
ases:

� There exists a set I � [1; L℄ su
h that jI j = L � (l + 1) and

j

S

i2I

C

i

j � l.

Let I be su
h a set and I

0

= [1; L℄ n I . The size of

S

i2I

0

C

i

is at

least L � 1 � l = L � (l + 1) be
ause 
 is a stri
t (L � 1)-
oloring.

Sin
e jI

0

j = l + 1, there exists i

0

2 I

0

, su
h that jC

i

0

j is at least

(L � (l + 1))=(l + 1) = l. Consider an edge E of H whi
h 
ontains

verti
es v

i

0

j

for 1 � j � l

2

su
h that their 
olors are mutually di�erent;

su
h an edge E exists be
ause � 
ontains the universal equivalen
e.

Sin
e 
 is proper, � has to 
ontain the trivial equivalen
e due to E.

� It holds that j

S

i2I

C

i

j � l + 1 for ea
h set I � [1; L℄ su
h that

jI j = L� (l + 1).

We apply Proposition 1 to the sets C

i

for 1 � i � L with � =

L� (l+1). If size of I � [1; L℄ is at most L� (l+1), then jI j�� � 0.

If size of I � [1; L℄ is at least L � (l + 1), then j

S

i2I

C

i

j � l + 1 =

L�� � jI j��. Hen
e there exists a set I

0

of size l+1 su
h that the


olors of verti
es v

ij

i

; i 2 I

0

are mutually di�erent. We may assume

w.l.o.g. that all the 
olors of the verti
es v

11

; v

21

; : : : ; v

l1

and of a

vertex v

12

are di�erent. Let � be an equivalen
e of � with the largest

number of 
lasses; let l

0

be this number. Note that l

0

< l. Consider

the edge E of H 
orresponding to the tuple �-
onsistent with 


0

su
h

that E 
ontains all the verti
es v

11

; : : : ; v

l

0

1

and the vertex v

12

. Sin
e 


is proper, there must be an equivalen
e of � with at least l

0

+1 
lasses

due to the presen
e of the edge E. But this is impossible be
ause of

the 
hoi
e of l

0

.

Let �

i

be further the 
ommon 
olor of the verti
es v

ij

for 1 � j � l

2

.

Assume w.l.o.g. that �

1

= �

2

and all the 
olors �

i

for i � 2 are mutually

di�erent. Consider an equivalen
e � 2 � and an equivalen
e �

0

obtained

from � by an union of two 
lasses of �. Let E be the edge ofH 
orresponding

to the tuple �-
onsistent with 


0

su
h that the united 
lasses of � 
ontain

verti
es v

1j

and v

2j

. Sin
e 
 is proper, �

0

2 � due to the presen
e of the

edge E in H . Hen
e � is down-
losed. �

12



We fo
us on edge types avoiding both the universal and the trivial equiv-

alen
e:

Lemma 8 Let � be a �xed edge type whi
h 
ontains neither the universal

nor the trivial equivalen
e. There exists a �-hypergraph whose feasible set is

broken i� there exists a (�; C

2

;D

2

)-hypergraph whose feasible set is broken.

Proof: It is enough to prove that if there is a (�; C

2

;D

2

)-hypergraph H

with a broken feasible set, then there is a �-hypergraph H

0

with a broken

feasible set be
ause the opposite impli
ation is trivial. Let l be the edge

size of �.

We �rst 
onstru
t a 
ertain spe
ial �-hypergraph H

0

: Consider a set of

2l

3

verti
es v

ij

su
h that 1 � i � 2l and 1 � j � l

2

and a 
oloring 


0

(v

ij

) = i.

The edges of H

0

are all the possible tuples of verti
es �-
onsistent with 


0

.

We 
laim that 


0

is the only proper 
oloring of H

0

. Consider any proper


oloring 
 of H

0

. Let C

i

= f
(v

ij

); 1 � j � l

2

g for 1 � i � 2l and I the

set of i for whi
h jC

i

j � l. If jI j � l, then there is an edge E su
h that

all its verti
es are 
olored by 
 with mutually di�erent 
olors: Consider

� 2 �. Choose verti
es v

ij

with the same i 62 I to form a 
olor 
lass of �

and for di�erent 
olor 
lasses 
hoose verti
es with di�erent indi
es i; due

to the de�nition of I , it is possible to 
hoose these verti
es in su
h a way

that all of them are 
olored by 
 with mutually di�erent 
olors. This edge

is �-
onsistent with 


0

, but it is not �-
onsistent with 
 be
ause � does not


ontain a trivial equivalen
e. Sin
e 
 is proper, we may 
on
lude that it

must be that jI j � l + 1.

We assume w.l.o.g. that [1; l + 1℄ � I and 
(v

i1

) = : : : = 
(v

il

) for ea
h

i 2 I . Let �

i

= 
(v

i1

) for i 2 I and V = fv

ij

; 
(v

ij

) = �

i

; 1 � i � lg �

fv

ij

; 1 � i � l + 1; 1 � j � lg. The 
olors �

i

; i 2 I are mutually di�erent:

Assume �

1

= �

2

. Consider the equivalen
e � 2 � su
h that it has the largest

size l

0

of a 
lass among all the equivalen
es in � and an edge E formed by

some of the verti
es of V whi
h is �-
onsistent with 


0

su
h that the largest


lass of � is formed by some of the verti
es v

1j

with 1 � j � l and one

of the other 
lasses is formed by the verti
es v

2j

with 1 � j � l. But

E 
ontains more than l

0

verti
es 
olored by 
 with the same 
olor whi
h is

impossible be
ause of the 
hoi
e of �. Observe that we have a
tually proved

that �

1

6= 
(v

ij

) for any 2 � i � 2l and 1 � j � l

2

.

We �rst prove that I = [1; 2l℄ and later we prove that V a
tually


ontains all the verti
es of H

0

. Assume that 2l 62 I . We may assume

w.l.o.g. 
(v

2l;1

) 6= 
(v

2l;2

) and that both these 
olors are di�erent from all

13



�

1

; : : : ; �

l+1

(this is be
ause of the observation at the end of the previous

paragraph). Consider an equivalen
e of � with the largest number l

0

of


lasses and an edge E whi
h is �-
onsistent with 


0

and one of its 
lasses


ontain both the verti
es v

2l;1

and v

2l;2

and E 
ontains only the verti
es of

V ex
ept for the verti
es v

2l;j

for 1 � j � l

2

. The verti
es of E are 
olored

by 
 with more 
olors than l

0

whi
h is impossible be
ause of the 
hoi
e of

�. Thus I = [1; 2l℄.

We assume that V does not 
ontain all the verti
es of H

0

; let w be a

vertex of H

0

not 
ontained in V . The 
olor 
(w) is di�erent from all �

i

,

1 � i � 2l, due to the observation at the end of the last but one paragraph.

Assume that w = v

i;l+1

. Consider again an equivalen
e of � with the largest

number l

0

of 
lasses and an edge E whi
h is �-
onsistent with 


0

and one

of its 
lasses 
ontains both the verti
es v

i1

and v

i;l+1

and E 
ontains only

the verti
es of V ex
ept for v

i;l+1

. The verti
es of E are 
olored by 
 with

more 
olors than l

0

whi
h is impossible be
ause of the 
hoi
e of �. Hen
e V


ontains all the verti
es of H

0

.

We have proved that the spe
ial �-hypergraph H

0

has the desired prop-

erties, namely, 


0

is its only proper 
oloring. Consider now a (�; C

2

;D

2

)-

hypergraph H with a broken feasible set; let u

1

; : : : ; u

n

be the verti
es of

H . We now 
onstru
t a �-hypergraph H

0

with a broken feasible set. The

vertex set of H

0


onsists of verti
es u

ij

for 1 � i � n and 1 � j � l

2

and

verti
es u

�

ij

for 2 � i � 2l and 1 � j � l

2

. We form on these verti
es several


opies of H

0

: The �rst 
opy is formed on the verti
es u

�

ij

setting v

ij

= u

�

ij

.

Other 
opies are formed on the verti
es u

i

0

j

for a �xed 1 � i

0

� n and u

�

ij

for 2 � i � 2l setting v

1j

= u

i

0

j

and v

ij

= u

�

ij

for 2 � i � 2l. The just

formed 
opies of H

0

for
e that any proper 
oloring 
olors all the verti
es u

�

ij

,

1 � j � l

2

, for a �xed i by the same 
olor �

�

i

and it 
olors all the verti
es

u

ij

, 1 � j � l

2

, for a �xed i also by the same 
olor �

i

. Besides this, �

�

i

6= �

�

i

0

for any i 6= i

0

and �

�

i

6= �

i

0

for any i; i

0

.

If the verti
es u

i

1

and u

i

2

form a D

2

-edge in H , we add a 
opy of H

0

on

the verti
es u

i

1

j

, u

i

2

j

and u

�

ij

for 3 � i � 2l setting v

1j

= u

i

1

j

, v

2j

= u

i

2

j

and v

ij

= u

�

ij

for 3 � i � 2l. This for
es that �

i

1

6= �

i

2

. If the verti
es

u

i

1

and u

i

2

form a C

2

-edge in H , we add the following 
opy of H

0

on the

verti
es u

i

1

1

, u

i

2

j

and u

�

ij

for 2 � i � 2l setting v

11

= u

i

1

1

, v

1j

= u

i

2

j

(this

for 2 � j � l

2

) and v

ij

= u

�

ij

for 2 � i � 2l. This for
es �

i

1

= �

i

2

. Finally, if

the verti
es u

i

1

; : : : ; u

i

l

form a �-edge inH , we add an �-edge u

i

1

;1

; : : : ; u

i

l

;1

to H

0

. This 
ompletes the 
onstru
tion of H

0

. Proper 
olorings of H and H

0

one-to-one 
orrespond through setting 
(u

i

) = �

i

. Hen
e we may 
on
lude
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F(H

0

) = fk + 2ljk 2 F(H)g and the feasible set of H

0

is broken. �

We de�ne a proje
tion of an edge type �: An edge type �

0

is a C-

proje
tion of � if there exist � and � su
h that �

0

= f�j� 2 � ^ � �

�

�g.

An edge type �

0

is a D-proje
tion of � if there exist � and � su
h that

�

0

= f�j� 2 � ^ � 6�

�

�g. A proje
tion of � is any edge type whi
h may

be obtained from � by a sequen
e of C-proje
tions and D-proje
tions.

We �rst state the following proposition to show the reasons for intro-

du
ing the previous de�nition:

Proposition 2 Let � be an edge type 
ontaining neither the trivial nor

the universal equivalen
e. Let �

0

be any proje
tion of �. If there is �

0

-

hypergraph H

0

with a broken feasible set, then there is �-hypergraph with a

broken feasible set.

Proof: It is enough to show the proposition for �

0

whi
h is either a C-

proje
tion or a D-proje
tion of � (in a general 
ase, this proof is indu
tively

applied to the sequen
e of proje
tions needed to obtain �

0

from �). We


onstru
t a (�; C

2

;D

2

)-hypergraph H with a broken feasible set whi
h is

suÆ
ient due to Lemma 8. The hypergraph H has the same vertex set

as H

0

; the �-edges of H are exa
tly the same one as �

0

-edges of H

0

. In


ase that �

0

is a C-proje
tion of �, we pla
e C

2

-edges in ea
h edge on the

positions of the pairs de�ning the proje
tion �

0

. In 
ase that �

0

is a D-

proje
tion, we pla
e D

2

-edges in a similar way. Clearly, F(H) = F(H

0

) and

the feasible set of H is broken. �

We now prove several little te
hni
al lemmas:

Lemma 9 Let � be a �xed edge type whi
h 
ontains neither the universal

nor the trivial equivalen
e su
h that �(�) 62 �. Then there exist (not ne
-

essarily distin
t) elements �, �, 
 and Æ whi
h satisfy for some proje
tion

�

0

of � the following:

� There is � 2 �

0

su
h that � �

�

�.

� It holds that � 6�

�(�)

�, � 6�

�(�)


, � 6�

�(�)

Æ, � 6�

�(�)


 and 
 6�

�(�)

Æ.

� For any � 2 �

0

, if � 6�

�

�, then 
 �

�

Æ.
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Proof: Let �

0

= �(�) and � and � be any two elements su
h that � 6�

�

0

�

and su
h that there is an equivalen
e � 2 � for whi
h � �

�

�. Consider

the D-proje
tion �

0

with respe
t to the pair � and �. Assume �rst that

�

0

6= �(�

0

). Let 
 and Æ be su
h that 
 6�

�

0

Æ, but 
 �

�(�

0

)

Æ. If � �

�

0




and � �

�

0


, then � �

�

0

� whi
h is impossible due to the 
hoi
e of � and �.

Similarly for � �

�

0

Æ and � �

�

0

Æ or � �

�

0


 and � �

�

0

Æ or � �

�

0


 and

� �

�

0

Æ. If � �

�

0


 and � �

�

0

Æ, then 
 �

�(�

0

)

Æ implies � �

�(�

0

)

� whi
h

is impossible due to the 
hoi
e of �

0

. Similarly for � �

�

0

Æ and � �

�

0


.

Hen
e we may assume w.l.o.g. that � 6�

�

0


, � 6�

�

0

Æ and � 6�

�

0


. We get

� 6�

�

0

� from the 
hoi
e of � and � and 
 6�

�

0

Æ from the 
hoi
e of 
 and

Æ. Then the elements �, �, 
 and Æ satisfy the 
onditions of the statement

of the lemma.

If �(�

0

) = �(�), we apply the above des
ribed pro
edure to �

0

. Sin
e

ea
h time the number of equivalen
es 
ontained in � is de
reased (we have


hosen � and � su
h that � 6�

�

0

�), we either end with the quadruple �, �,


 and Æ and a proje
tion �

0

of � obtained as through the above sequen
e of

D-proje
tions su
h that �

0

satis�es the 
onditions of the statement of the

lemma or we end with a proje
tion of � 
onsisting only of the equivalen
e

�

0

, but then �

0

= �(�) 2 �. �

Lemma 10 Let � be a �xed edge type whi
h 
ontains neither the universal

nor the trivial equivalen
e. If there exist (not ne
essarily distin
t) elements

�, �, 
 and Æ whi
h satisfy the following:

� There is � 2 � su
h that � �

�

�.

� It holds that � 6�

�(�)

�, � 6�

�(�)


, � 6�

�(�)

Æ, � 6�

�(�)


 and 
 6�

�(�)

Æ.

And one of the following two 
onditions holds:

� For any � 2 �, if � 6�

�

�, then 
 �

�

Æ.

� For any � 2 �, if � �

�

�, then 
 �

�

Æ.

Then there exists a (�; C

2

;D

2

)-hypergraph H whose feasible set is broken.

Proof: Let l be the edge size of � (note that l � 3) and 
onsider the

following (�; C

2

;D

2

)-hypergraph H on the verti
es v

ijk

for 1 � i � l + 2,

1 � j � l + 4 and 1 � k � l. For simpli
ity we say that the verti
es with
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the same �rst index form rows and the verti
es with the same se
ond index

form 
olumns. Let 


1

be the (l + 2)-stri
t 
oloring de�ned as 


1

(v

ijk

) = i

and 


2

the (l+4)-stri
t 
oloring de�ned as 


2

(v

ijk

) = j. The hypergraph H


ontains all the tuples �-
onsistent with both 


1

and 


2

as �-edges, the pairs

D

2

-
onsistent with both 


1

and 


2

as D

2

-edges and the pairs C

2

-
onsistent

with both 


1

and 


2

as C

2

-edges. Hen
e, two verti
es v

ijk

and v

i

0

j

0

k

0

form a

D

2

-edge i� i 6= i

0

and j 6= j

0

and two verti
es v

ijk

and v

i

0

j

0

k

0

form a C

2

-edge

i� i = i

0

and j = j

0

. Consider any proper 
oloring 
 of H and let �

ij

be the


ommon 
olor of the verti
es v

ijk

for 1 � k � l. Observe that �, � and 


are mutually di�erent and Æ is either � or di�erent from both � and � (note

that Æ 
annot be 
).

We �rst deal with the 
ase that � 6�

�

� implies 
 �

�

Æ for all � 2 �.

In this 
ase, the feasible set of H is always broken. Let �

1

be the relation of

� su
h that 
 6�

�

1

Æ (and hen
e � �

�

1

�) and �

2

the relation of � su
h that

� 6�

�

2

� (and hen
e 
 �

�

2

Æ). We distinguish several 
ases with respe
t to

the relation of �

1

, �

2

, �, �, 
 and Æ from the statement of the theorem:

� � = Æ

Assume that there exists i, j and j

0

su
h that �

ij

6= �

ij

0

. Due to the


onstru
tion of H and the existen
e of �

1

and �

2

, there is an edge E of

H su
h that � = v

ij1

, � = v

ij

0

1

and 
 = v

i

0

j

0

1

for all i

0

6= i. But then

�

i

0

j

0

= �

ij

0

for all i 6= i

0

. Similarly, with setting � = v

ij

0

1

and � = v

ij1

we may 
on
lude that �

i

0

j

= �

ij

for all i 6= i

0

. Let j

00

be any number

di�erent from both j and j

0

. Then �

ij

00

6= �

ij

or �

ij

00

6= �

ij

0

. Hen
e,

we may 
on
lude that �

ij

00

= �

i

0

j

00

for all i 6= i

0

. Sin
e the 
hoi
e of j

00

was arbitrary, we may 
on
lude that ea
h 
olumn is mono
hromati


with respe
t to 
. In su
h 
ase, 
 has to be a stri
t (l + 4)-
oloring

due to the presen
e of D

2

-edges.

On the other hand, if �

ij

= �

ij

0

for all possible triples i, j and j

0

, the


oloring 
 
onsists of mono
hromati
 rows and 
 is a stri
t (l + 2)-


oloring. Finally, F(H) = fl+ 2; l+ 4g and this feasible set is 
learly

broken.

� � 6= Æ, either 
 or Æ is �

1

-equivalent to � (and hen
e to � as well) and

either � or � is �

2

-equivalent to 
 (and hen
e to Æ as well).

We may assume w.l.o.g. that � �

�

1

Æ and � �

�

2

Æ (otherwise we

ex
hange � and � or 
 and Æ). We pro
eed as in the previous with

additional setting Æ = v

ij2

whenever � has been set to be v

ij1

for some

i and j and we 
on
lude that F(H) = fl+ 2; l+ 4g.
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� � 6= Æ and either 
 or Æ is �

1

-equivalent to � (and hen
e to � as well),

but � 6�

�

2


 and � 6�

�

2


.

We assume w.l.o.g. that � �

�

1


.

Assume that there exist i, j and j

0

su
h that �

ij

6= �

ij

0

. Due to the


onstru
tion of H and the existen
e of �

1

and �

2

, there is an edge E

of H su
h that � = v

ij1

, � = v

ij

0

1

and 
 = v

ij

00

1

and Æ = v

i

0

j

00

1

for any

i

0

6= i and j

00

6= j; j

0

. But then �

ij

00

= �

i

0

j

00

. Hen
e all the 
olumns are

mono
hromati
 ex
ept possible for those with indi
es j and j

0

. Due to

the presen
e of the D

2

-edges, we may 
hoose now two di�erent j and

j

0

su
h that �

ij

6= �

ij

0

to be indi
es of these mono
hromati
 
olumns

and applying a symmetri
 argument yields that all the 
olumns are

mono
hromati
. Then the 
oloring 
 has to be a stri
t (l+4)-
oloring.

On the other hand, if �

ij

= �

ij

0

for all possible triples i, j and j

0

,

the 
oloring 
 has to be a stri
t (l + 2)-
oloring due to the D

2

-edges.

Hen
e F(H) = fl + 2; l+ 4g and this feasible set is 
learly broken.

� � 6= Æ and either � or � is �

2

-equivalent to 
 (and hen
e to Æ as well),

but � 6�

�

1


 and � 6�

�

1

Æ.

We assume w.l.o.g. that � �

�

2


.

Assume that there exist i, j and j

0

su
h that �

ij

6= �

ij

0

. Due to the


onstru
tion of H and the existen
e of �

1

and �

2

, there is an edge E

of H su
h that � = v

ij1

, � = v

ij

0

1

, 
 = v

i

0

j

0

1

and Æ = v

i

00

j

0

1

for all

i

0

; i

00

6= i. But then �

i

0

j

0

= �

i

00

j

0

for all i 6= i

0

; i

00

. Similarly as in the

�rst 
ase, we 
on
lude that all the 
olumns ex
ept possibly for their

elements of the i-th row are mono
hromati
. Using the same reasoning

for another 
hoi
e of i (whi
h is possible be
ause of the presen
e of D

2

-

edges in H and be
ause the 
olumns are mono
hromati
 with possible

ex
eption for the elements of the i-th row), one 
an 
on
lude that

a
tually the 
olumns are 
ompletely mono
hromati
. Hen
e 
 is a

stri
t (l + 4)-
oloring.

On the other hand, if �

ij

= �

ij

0

for all possible triples i, j and j

0

, the


oloring 
 
onsists of mono
hromati
 rows and it is a stri
t (l + 2)-


oloring. We 
on
lude again that F(H) = fl+2; l+4g and this feasible

set is 
learly broken.

� � 6= Æ, � 6�

�

1


, � 6�

�

1

Æ, � 6�

�

2


 and � 6�

�

2


.

Assume that there exist i, j and j

0

su
h that �

ij

6= �

ij

0

. Due to the


onstru
tion of H and the existen
e of �

1

and �

2

, there is an edge
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E of H su
h that � = v

ij1

, � = v

ij

0

1

and 
 = v

i

0

j

00

1

and Æ = v

i

00

j

00

1

for any i 6= i

0

; i

00

and j

00

6= j; j

0

. But then �

i

0

j

00

= �

i

00

j

00

. Hen
e all

the 
olumns ex
ept possibly for those with indi
es j and j

0

and with a

possible ex
eption for the elements of the i-th row are mono
hromati
.

Combining te
hnique of the previous two 
ases, we again 
on
lude that

all the 
olumns are 
ompletely mono
hromati
. Hen
e the 
oloring 


has to be a stri
t (l + 4)-
oloring.

On the other hand, if �

ij

= �

ij

0

for all possible triples i, j and j

0

, the


oloring 
 
onsists of mono
hromati
 rows and it is a stri
t (l + 2)-


oloring. Finally, F(H) = fl+2; l+4g and this feasible set is broken.

It remains to deal with the 
ase that � �

�

� implies 
 �

�

Æ for

all � 2 �. Due to Lemma 9, either �(�) 2 � or there exists other �, �,


 and Æ and a proje
tion of � for whi
h the already proven part of this

lemma may be applied (and hen
e this would give an existen
e of a desired

hypergraph with a broken feasible set due to Proposition 2). In the latter


ase, the proof is �nished. Hen
e assume that �(�) 2 � and let �

0

= �(�).

We �rst deal with the 
ase � = Æ. The assumptions of the lemma yield

that � 6�

�(�)

�, � 6�

�(�)


 and � 6�

�(�)


. Thus � 6�

�

0

�, � 6�

�

0


 and

� 6�

�

0


. Let � be the equivalen
e of � su
h that � �

�

� (and thus � �

�


).

Consider i, j and j

0

su
h that �

ij

= �

ij

0

. Due to the 
onstru
tion of H and

the existen
e of �

0

and �, there is an edge E of H su
h that � = v

ij1

,

� = v

ij

0

1

and 
 = v

ij

00

1

for any j

00

6= j; j

0

. But then �

ij

= �

ij

0

= �

ij

00

. Hen
e

ea
h row is either mono
hromati
 or 
ompletely poly
hromati
. If all the

rows are mono
hromati
, then 
 is a stri
t (l+2)-
oloring. If any of the rows

is 
ompletely poly
hromati
, then 
 uses at least l + 4 
olors. We 
on
lude

that F(H) � fl+ 2g [ [l + 4; n℄ where n = (l + 2)(l + 4).

The remaining 
ase is that all �, �, 
 and Æ are mutually di�erent. If

it holds that � �

�

Æ for all � 2 �, we may set � = Æ and this 
ase 
an

be redu
ed to the 
ase 
onsidered in the previous paragraph. Assume that

� 6�

�

Æ for some � 2 �, i.e., � 6�

�(�)

Æ. Then for any pair of �, �, 
 and

Æ, there is � 2 � su
h that the elements of this pair are not �-equivalent

(this follows from the assumptions of the lemma for pairs di�erent from �

and Æ). Hen
e any two elements of �, �, 
 and Æ are not �

0

-equivalent.

Let � be the equivalen
e of � su
h that � �

�

� (and thus 
 �

�

Æ). If

all su
h equivalen
es satisfy that � �

�


, we may repla
e Æ by � and the


ase 
onsidered in the previous paragraph may be applied. Assume hen
e

further that � 6�

�


.
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Consider i, j and j

0

su
h that �

ij

= �

ij

0

. Due to the 
onstru
tion of

H and the existen
e of �

0

and �, there is an edge E of H su
h that � =

v

ij1

, � = v

ij

0

1

, 
 = v

i

0

j

00

1

and Æ = v

i

0

j

000

1

for any i

0

6= i, j

00

6= j; j

0

and

j

000

6= j; j

0

; j

00

. But then �

i

0

j

00

= �

i

0

j

000

. Hen
e ea
h row ex
ept possibly for

the i-th row is mono
hromati
 with a possible ex
eption for the elements

of the j-th and j

0

-th 
olumn. Using a similar arguments as in the previous,

we may 
on
lude that all the rows are 
ompletely mono
hromati
. Hen
e

either all the rows are 
ompletely mono
hromati
 or there is a 
ompletely

poly
hromati
 row. Thus F(H) � fl+2g[ [l+4; n℄ where n = (l+2)(l+4).

�

Lemma 11 Let � be a �xed edge type. If � is not up-group-
losed, then

there exist (not ne
essarily distin
t) elements �, �, 
 and Æ and a proje
tion

�

0

of � whi
h satisfy the following:

� There is � 2 �

0

su
h that � �

�

�.

� It holds that � 6�

�(�)

�, � 6�

�(�)


, � 6�

�(�)

Æ, � 6�

�(�)


 and 
 6�

�(�)

Æ.

Moreover, one of the following two 
onditions holds:

� For any � 2 �

0

, if � 6�

�

�, then 
 �

�

Æ.

� For any � 2 �

0

, if � �

�

�, then 
 �

�

Æ.

Proof: Assume that � is not up-group-
losed. Let � be an equivalen
e of

� and �

0

an re�nement of � w.r.t. �(�) su
h that �

0

2 �. If �

0

= �(�),

we use Lemma 9. Otherwise there exist � and � su
h that � 6�

�(�)

� and

� �

�

0

�. Consider the C-proje
tion �

0

of � with respe
t to the pair � and

�. Note that � 2 �

0

. Assume �rst that there are two elements 
 and Æ su
h

that 
 �

�(�

0

)

Æ and 
 6�

�

0

Æ, i.e., �(�

0

) is not �ner than �

0

. If � �

�(�)




and � �

�(�)


, then � �

�(�)

� whi
h is impossible due to the 
hoi
e of �

and �. Similarly for � �

�(�)

Æ and � �

�(�)

Æ or � �

�(�)


 and � �

�(�)

Æ

or � �

�(�)


 and � �

�(�)

Æ. If � �

�(�)


 and � �

�(�)

Æ, then � �

�

0

�

implies 
 �

�

0

Æ whi
h is impossible due to the 
hoi
e of 
 and Æ. Similarly

for � �

�(�)

Æ and � �

�(�)


. Hen
e we may assume w.l.o.g. that � 6�

�(�)


,

� 6�

�(�)

Æ and � 6�

�(�)


. We get � 6�

�(�)

� from the 
hoi
e of � and � and


 6�

�(�)

Æ from the 
hoi
e of 
 and Æ. It is now 
lear that the elements �,

�, 
 and Æ satisfy the 
onditions of the statement of the lemma.
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If �(�

0

) is �ner than �

0

, we apply the above des
ribed pro
edure to �

0

(re
all that � 2 �

0

). Sin
e ea
h time the number of equivalen
es 
ontained

in � is de
reased (we have 
hosen � and � su
h that � 6�

�(�)

�), we either

end with the quadruple �, �, 
 and Æ and a suitable proje
tion �

0

of �

or a proje
tion �

00

of � su
h that �(�

00

) = �

0

. In the latter 
ase, either

�

0

2 �

00

or we �nd the desired quadruple �, �, 
 and Æ and a proje
tion �

0

of �

00

(and hen
e of �) due to Lemma 9. If �

0

2 �

00

, then �

0

2 � whi
h is

impossible due to the 
hoi
e of �

0

. �

We are now able to prove the main results:

Theorem 3 Let � be an edge type. There exists a �-hypergraph with a

broken feasible set i� � is neither simply-
losed, down-
losed, up-
losed nor

up-group-
losed.

Proof: We distinguish several the following four 
ases:

� � 
ontains both the trivial and the universal equivalen
e.

Note that if � is down-
losed, up-
losed or up-group-
losed, then it

is simply-
losed. If � is simply 
losed, then any �-hypergraph has

unbroken feasible set due to Lemma 4. If � is not simply-
losed, then

there is a �-hypergraph with a broken feasible set due to Lemma 5.

� � 
ontains the trivial equivalen
e but it does not 
ontain the

universal equivalen
e.

� is neither simply-
losed nor down-
losed. Note that if � is up-group-


losed, then it is up-
losed. If � is up-
losed, then any �-hypergraph

has unbroken feasible set due to Lemma 3. If � is not up-
losed, then

there is a �-hypergraph with a broken feasible set due to Lemma 7.

� � 
ontains the universal equivalen
e but it does not 
ontain

the trivial equivalen
e.

� is neither simply-
losed nor up-
losed. Note that if � is up-group-


losed, then it is down-
losed. If � is down-
losed, then any �-

hypergraph has unbroken feasible set due to Lemma 2. If � is not

down-
losed, then there is a �-hypergraph with a broken feasible set

due to Lemma 6.

� � 
ontains neither the trivial nor the universal equivalen
e.
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� is neither simply-
losed nor down-
losed nor up-
losed. If � is up-

group-
losed, then any � hypergraph has unbroken feasible set due to

Lemma 4. If � is not up-group-
losed, then there exists a (�; C

2

;D

2

)-

hypergraph with a broken feasible set due to Lemma 10 applied to the

quadruple and a proje
tion of � from Lemma 11. But then, there is

also a �-hypergraph with a broken feasible set due to Proposition 2.

�

Theorem 4 Let �

i

be edge types for 1 � i � �. There exists a (�

1

; : : : ;�

�

)-

hypergraph with a broken feasible set i� there is an edge type whi
h is not

simply-
losed, an edge type whi
h is not down-
losed, an edge type whi
h is

not up-
losed and an edge type whi
h is not up-group-
losed.

Proof: Let l

i

be the edge size of �

�

. Consider the following edge type

� of the size l

1

+ : : : + l

�

: The � 
onsists of equivalen
es on the set x

ij

for 1 � i � � and 1 � j � l

i

; � 
ontains all the equivalen
es � su
h

that the equivalen
e �

i

indu
ed by � on x

i1

; : : : ; x

il

, i.e., x

ij

�

�

i

x

ij

0

i�

x

ij

�

�

x

ij

0

, is 
ontained in �

i

. � is simply-
losed i� all the edge types �

i

,

1 � i � � are simply-
losed. Similarly: � is down-
losed i� all the edge

types �

i

, 1 � i � � are down-
losed. � is up-
losed i� all the edge types

�

i

, 1 � i � � are up-
losed. � is up-group-
losed i� all the edge types �

i

,

1 � i � � are up-group-
losed. Hen
e there is a �-hypergraph H with a

broken feasible set. We turn H into (�

1

; : : : ;�

�

)-hypergraph with a broken

feasible set; ea
h edge E of H is de
omposed into � parts of sizes l

1

; : : : ; l

�

and ea
h of the these parts is set to be an �

i

-edge, 1 � i � �. �

5 Con
lusion

Several modi�
ation of our de�nition of pattern hypergraphs may be 
on-

sidered however they all are in
luded in our de�nition:

� The edges are formed by unordered tuples. In su
h 
ase, we may de�ne

a 
orresponding pattern hypergraph in whi
h an edge type � 
ontains

together with an equivalen
e � all the equivalen
es obtainable by a

permutation of the elements of �.

� Cy
le systems 
onsidered in [5℄. In this 
ase, an edge type � 
ontains

together with an equivalen
e � all its rotations.
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� The edges are ordered but the vertex may be 
ontained in the same

edge more times. In this 
ase we may either add dummy verti
es

and join them by C

2

-edges to the old ones, or for ea
h edge type �

add all the edge types �

0

of smaller sizes whi
h may be obtained by

identifying two elements of the support set.

For any su
h modi�
ation, our main Theorem 4 may be easily reformulated.

We have made a �rst step for understanding why mixed hypergraphs

allows su
h surprising results like those of [7, 10℄. Let (�

1

; : : : ;�

�

) be a

type of a pattern hypergraph. The types may be 
lassi�ed as proposed in

the following hierar
hy:

Type 0 Any (�

1

; : : : ;�

�

)-pattern hypergraph has unbroken feasible set.

Type 1 There is a (�

1

; : : : ;�

�

)-pattern hypergraph with a broken feasible

set.

Type 2 There is a set of integers I

0

and an integer k

0

su
h that for any

�nite set of integers I with I

0

= I\[1; k

0

℄, there is (�

1

; : : : ;�

�

)-pattern

hypergraph H with F(H) = I .

Type 3 There is a set of integers I

0

and an integer k

0

su
h that for any

set of integers I with I

0

= I \ [1; k

0

℄, there is (�

1

; : : : ;�

�

)-pattern

hypergraph H with F(H) = I and H has exa
tly one stri
t k-
oloring

for k 2 F(H).

Type 4 There is an integer number k

0

, su
h that for any sequen
e of inte-

gers s

k

0

+1

; : : : ; s

k

, there is (�

1

; : : : ;�

�

)-pattern hypergraph H whose

spe
trum is a sequen
e s

1

; : : : ; s

k

for some 
hoi
e of s

1

; : : : ; s

k

0

.

Any type of pattern hypergraph of type i is also of type i

0

for 1 � i

0

< i.

Hen
e the 
lassi�
ation is really hierar
hi
al. Usual graphs and hypergraphs

are of type 0. The result of [7℄ with setting I

0

= ; and k

0

= 1 yield that

mixed hypergraphs are of type 3; more pre
isely, even (D

3

\C

3

)-hypergraphs

are of type 3. The result of [10℄ yields that mixed hypergraphs are even of

type 4; more pre
isely, even (D

2

;D

3

; C

3

)-hypergraphs are of type 4. In this

paper, we have fully des
ribed the border between the type 0 and type 1

pattern hypergraphs. It remains an interesting open problem to �nd the

full 
hara
terizations of pattern hypergraphs of type 2, type 3 and type 4.

It might even be that some of the types 1, 2, 3 or 4 turn to be exa
tly the

same. We have managed to prove that for an edge type � 
ontaining only

equivalen
es with at most two 
lasses, if � is of type 1, then it is also of

type 3.
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