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Abstra
t

The fa
e hypergraph of a graph G embedded in a surfa
e has the

same vertex set as G and its edges are the sets of verti
es forming

fa
es of G. A hypergraph is k-
hoosable if for ea
h assignment of lists

of 
olors of sizes k to its verti
es, there is a 
oloring of the verti
es

from these lists avoiding a mono
hromati
 edge.

We prove that the fa
e hypergraph of a triangulation of a surfa
e

of Euler genus g is O(

3

p

g)-
hoosable. This bound mat
hes a previ-

ously known lower bound of the order 
(

3

p

g). If ea
h fa
e of the

graph is in
ident with at least r verti
es, then the fa
e hypergraph

is O(

r

p

g)-
hoosable. Separate results for small genera are presented:

The bound of 3 for triangulations of surfa
es of Euler genus g = 3 and

�
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the bound of

l

7+

p

36g+49

6

m

for g � 3 are shown. Our results dominate

the previously known bounds for all genera ex
ept for g = 4; 7; 8; 9; 14.

MR Subje
t 
lassi�
ation:

Keywords:

1 Introdu
tion

We study 
oloring verti
es of fa
e hypergraphs in this paper. The 
on
ept

of fa
e hypergraphs represents a way how to embed hypergraphs naturally

into surfa
es and this 
on
ept 
oin
ide in the plane with a previously known

notion of planar hypergraphs [16℄. Given an embedding of a graph G =

(V;E) in a surfa
e S, its fa
e hypergraph F(G) is the hypergraph on the

vertex set V su
h that V

0

� V is an edge of F(G) if there is a fa
e inG whose

verti
es are exa
tly those of V

0

. Fa
e hypergraphs were introdu
ed in [12℄

but several related 
on
epts had been known before: Planar hypergraphs are

studied in [3, 14, 16℄; e.g., in [3, 16℄, it is proved that every fa
e hypergraph

of a plane graph 
an be 
olored by two 
olors. In 
ase of planar hypergraphs,

even spe
ial types of vertex 
oloring have been intensively studied, e.g., there

is a series of papers on so-
alled planar mixed hypergraphs [5, 9, 11℄. In this


on
ept one wants to 
olor verti
es of a plane graph su
h that some of the

fa
es are not mono
hromati
 and some of the fa
es are not poly
hromati
.

We refer the reader to [7℄ and [13℄ for introdu
tion to topologi
al graph

theory. Graphs 
onsidered in this paper are loopless and they may 
ontain

parallel edges unless stated that they are simple, i.e., without parallel edges.

A triangulation is an embedded graph su
h that ea
h its fa
e is formed by

a triangle. Triangulations are allowed to have parallel edges throughout

this paper. The degree of a vertex is the number of edges in
ident with it


ounting edges with multipli
ity. The size of a fa
e is the number of verti
es

in
ident with it.

A proper 
oloring of a fa
e hypergraph F(G) is a 
oloring of its verti
es

su
h that no edge of F(G) is mono
hromati
, i.e., G has no mono
hromati


fa
e. The 
hromati
 number of a fa
e hypergraph is the least number of


olors needed to properly 
olor its verti
es. We say that F(G) is k-
olorable

if it may be properly 
olored by k 
olors. A notion of 
olorings 
an be

also generalized to a notion of list 
olorings as for usual graphs [10℄. In list


oloring, there is a pres
ribed list of available 
olors for ea
h vertex. The

least number k for whi
h F(G) 
an be always properly 
olored from any

2



lists of size k is 
alled the list 
hromati
 number of F(G). F(G) is said to

be k-
hoosable if it might be properly 
olored from lists of sizes k.

We survey results on 
oloring fa
e hypergraphs from [12℄: All graphs


onsidered in this paragraph has minimum fa
e size at least three. A fa
e

hypergraph of a plane graph is 2-
olorable and 3-
hoosable. K�undgen and

Ramamurthi 
onje
tured that all su
h hypergraphs are a
tually 2-
hoosable.

Fa
e hypergraphs of graphs embedded in the proje
tive plane or on the

torus are 3-
hoosable and this bound is tight. Ea
h fa
e hypergraph of a

graph embedded in a surfa
e of Euler genus g � 3 is b

9+

p

1+24g

4


-
hoosable.

They 
onstru
t graphs embedded on a surfa
e of Euler genus g whose fa
e

hypergraphs need 
(

3

p

g) 
olors to be properly 
olored.

We �nd the 
orre
t order of the magnitude of the 
hromati
 number

and the list 
hromati
 number of fa
e hypergraphs for graphs embedded in a

surfa
e of Euler genus g: Fa
e hypergraphs of triangulations (and hen
e also

of graphs with minimum fa
e size at least three) are 3

�

3

q

g�2

2

�

-
olorable

and

�

3d

3

p

3e(g � 2)e+ 6

�

-
hoosable (Corollary 1 and Corollary 2). Our

proofs a
tually give more: Verti
es of a graph embedded in a surfa
e of

genus g 
an be 
olored from lists of size �(

r

p

g) in su
h a way that no fa
e

of size at least r is mono
hromati
 (for r � 3). This together with the


lassi
al result of Heawood [8℄ 
ombines to: Verti
es of a graph embedded

in a surfa
e of genus g with a minimum fa
e size r 
an be 
olored from lists

of size O(

r

p

g) in su
h a way that none of its fa
es is mono
hromati
. In the


ase r = 2 and r = 3, the bounds were proven to be asymptoti
ally tight

in [8, 12℄. In the remaining 
ases, there is a lower bound of 
(

r

p

g), too:

It 
an be easily shown that there is an embedding of an n-vertex graph in

a surfa
e of genus 2r

�

n

r

�

su
h that ea
h r-tuple of its verti
es form a fa
e.

Sin
e more than n=r 
olors are needed to 
olor its verti
es in order to avoid

a mono
hromati
 fa
e of size at least r, we have the desired lower bound


(

r

p

g).

Separate proofs for 
oloring and list-
oloring of the asymptoti
ally op-

timal upper bounds are in
luded in Se
tion 2. The proof of the bound for

the ordinary 
oloring is simpler, provides a better upper bound and avoids

using Lov�asz Lo
al Lemma whi
h is used in the list-
oloring proof. In either

of the two proofs, we did not try to tune the multipli
ative and additive


onstants in the obtained bounds.

The bounds of Se
tion 2 are good for large values of g. Still, we show

that neither for small values of g the previous bound b

9+

p

1+24g

4


 for tri-
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angulations is best possible. The bound of

l

7+

p

36g+49

6

m

for list-
oloring

(Theorem 3) is proved using a 
areful pre
oloring te
hnique with assistan
e

of the probability method. We deal separately with the 
ase of g = 3 in Se
-

tion 4 and the statement that fa
e hypergraphs of triangulations of a surfa
e

of genus 3 are 3-
hoosable is proven. Our bounds are smaller than those of

[12℄ by at least one ex
ept for g = 4; 7; 8; 9; 14. However, even our bounds


an be improved, e.g., it is possible to prove that fa
e hypergraphs of graphs

embedded in a surfa
e of genus 23 are 6-
hoosable (the bound of Theorem 3

gives 7-
hoosability and the bound of [12℄ gives only 8-
hoosability).

2 Asymptoti
ally Optimal Upper Bounds

As in the 
ase of the usual 
oloring of graphs, one may also remove verti
es

of small degrees when 
oloring of fa
e hypergraphs [12℄:

Proposition 1 Let G be a graph embedded in a surfa
e S and v any of its

verti
es. Every 
oloring of G�v 
an be extended to a 
oloring of G avoiding

a mono
hromati
 fa
e in
ident with v if the set of available 
olors for v has

size at least d(deg

G

(v) + 1)=2e.

First, we prove an asymptoti
ally tight upper bound for 
olorings:

Theorem 1 Let G be a graph embedded in a surfa
e S of Euler genus g � 5

and let r � 3 be an integer. The verti
es of G 
an be 
olored by at most

3

�

r

q

g�2

2

�


olors avoiding a mono
hromati
 fa
e of size r or more.

Proof: For the sake of simpli
ity, let further l = 3

�

r

q

g�2

2

�

� 6 and

l

0

= 2l=3. Suppose that the 
laim is false and G is a 
ounterexample with n

verti
es and m fa
es su
h that its number of verti
es is as small as possible.

The minimum degree of G is at least 2l due to Proposition 1 and hen
e the

average degree 2m=n � 2l. By Euler's formula, we have m � 3(n + g � 2)

whi
h 
ombine to n � 3(g � 2)=(l � 3). Let f

r

be the number of fa
es of G

of size at least r; using Euler's formula, we have f

r

� 6(n+ g � 2)=r (note

that it might be that f

r

> 2m=r, e.g., G may 
ontain isolated verti
es).

Next, 
olor the verti
es of G by 
hoosing a 
olor for ea
h vertex from

1; : : : ; l

0

independently and uniformly. The probability that a fa
e of size at

least r is mono
hromati
 is at most 1=l

r�1

0

and hen
e the expe
ted number

4



E of mono
hromati
 fa
es of sizes at least r is at most f

r

=l

r�1

0

. It holds

that E � l

0

whi
h we prove later.

Choose a 
oloring of G with at most l

0

mono
hromati
 fa
es and �nd a

minimum set W of verti
es of G su
h that W 
ontains at least one vertex

of ea
h of mono
hromati
 fa
es. Clearly jW j � l

0

= 2(l � l

0

). Re
olor �rst

two verti
es of W with the 
olor l

0

+ 1, next two verti
es with the 
olor

l

0

+ 2, et
. We have �nally 
onstru
ted a 
oloring of verti
es of G avoiding

a mono
hromati
 fa
e of size r or more. This 
ontradi
ts the 
hoi
e of G.

We prove the missing inequality E � l

0

:

E �

f

r

l

r�1

0

�

6(n+ g � 2)

rl

r�1

0

� l

0

6(n+ g � 2) � rl

r

0

6

�

3(g � 2)

l � 3

+ g � 2

�

� r2

r�1

(g � 2)

6

�

1 +

3

l � 3

�

� r2

r�1

6

�

1 +

3

6� 3

�

� 12

12 � 12

We re
all the statement of Lov�asz Lo
al Lemma [1℄ in order to prove

the next theorem:

Proposition 2 Let A

1

; : : : ; A

n

be events. A graph G = (V;E) on a vertex

set V = f1; : : : ; ng is a dependen
y graph for A

1

; : : : ; A

n

if the event A

i

is mutually independent of all events A

j

su
h that ij 62 E. Suppose that

there exists 0 � x

1

; : : : ; x

n

< 1 satisfying the following inequality for all

1 � i � n:

P (A

i

) � x

i

Y

j:ij2E

(1� x

j

)

Then P (\

1�i�n

A

i

) > 0.

Note that it is not enough that A

i

is independent from ea
h A

j

individ-

ually in the statement of Proposition 2 but it must be independent of any


ombination of out
omes of A

j

's

5



We are now ready to prove an asymptoti
ally optimal upper bound for


hoosability:

Theorem 2 Let G be a graph embedded in a surfa
e S of Euler genus g � 3

and let r � 3 be an integer. The verti
es of G 
an be 
olored from lists of

sizes at least 3d

r

p

re(g � 2)e+6 avoiding a mono
hromati
 fa
e of size r or

more.

Proof: For the sake of simpli
ity, let l = 3d

r

p

re(g � 2)e + 6 � 12 and

l

0

= 2l=3. Suppose that the 
laim is false and G is a 
ounterexample with

n verti
es and m fa
es su
h that n is the least possible. As in the previous

theorem, one may again obtain thatm � 3(n+g�2) and n � 3(g�2)=(l�3).

Let f

r

be the number of fa
es of G of size at least r; using Euler's formula,

we have f

r

� 6(n+ g � 2)=r.

Let � =

4(g�2)

l�l

0

and W a minimum set of verti
es of G su
h that G

0

:=

G�W has maximum degree at most �. Clearly, jW j �

m

�

. We prove that

jW j � l � l

0

:

m

�

�

3(n+ g � 2)

�

� l� l

0

3(n+ g � 2) � 4(g � 2)

3(g � 2)

�

1 +

3

l� 3

�

� 4(g � 2)

3

�

1 +

3

9

�

� 4

Color the verti
es of W by mutually di�erent 
olors from their lists and

remove these 
olors from the lists of the remaining verti
es; the sizes of the

new lists are at least l

0

.

Color the verti
es of G

0

by 
olors from the redu
ed lists randomly and

uniformly. We use Lov�asz Lo
al Lemma (Proposition 2) to prove that at

least one of the random 
olorings avoids mono
hromati
 fa
es of size r or

more. Constru
t a dependen
y graph where the events are that a fa
e F

is mono
hromati
 where F is a fa
e of size r or more. It is enough to

join by an edge in this graph the events 
orresponding to fa
es F and F

0

su
h that F and F

0

are not vertex disjoint; let us write F � F

0

if the


orresponding verti
es in the dependen
y graph are adja
ent. The degree

d(F ) of a vertex of the dependen
y graph 
orresponding to a fa
e F of size

6



r

0

is at most r

0

(� � 1). Set x(F ) =

1

r

0

(��1)+1

where F is a fa
e of size r

0

.

The probability p(F ) that su
h a fa
e is mono
hromati
 is at most

1

l

r

0

�1

0

.

We only need to establish the inequality (1) for r

0

� r in order to be able

to use Proposition 2:

p(F ) � x(F )

Y

F

0

�F

(1� x(F

0

)) (1)

1

l

r

0

�1

0

�

1

r

0

(�� 1) + 1

Y

F

0

�F

(1� x(F

0

))

r

0

(�� 1) + 1

l

r

0

�1

0

�

�

1�

1

r(� � 1) + 1

�

d(F )

r

0

4(g � 2)

(l � l

0

)l

r

0

�1

0

� e

�

d(F )

r(��1)

r

0

8(g � 2)

l

r

0

0

� e

�

r

0

(��1)

r(��1)

r

0

8(g � 2)

2

r

0

(re(g � 2))

r

0

=r

� e

�

r

0

r

8r

0

2

r

0

(re)

r

0

=r

� e

�

r

0

r

8r

0

� 2

r

0

r

r

0

=r

Hen
e there exists the desired 
oloring of verti
es of G

0

.

Immediate 
orollaries of Theorems 1 and 2 for 
oloring fa
e hypergraphs

are the following:

Corollary 1 Let G be a graph embedded in a surfa
e S of Euler genus g � 5

su
h that its minimum fa
e size is at least r � 3. Then, the fa
e hypergraph

F(G) is 3

�

r

q

g�2

2

�

-
olorable.

Corollary 2 Let G be a graph embedded in a surfa
e S of Euler genus g � 3

su
h that its minimum fa
e size is at least r � 3. Then, the fa
e hypergraph

F(G) is

�

3d

r

p

re(g � 2)e+ 6

�

-
hoosable.
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3 Triangulations of Surfa
es of Small Genera

Before stating and proving the �rst lemma in this se
tion, let us re
all that

triangulations are allowed to have parallel edges but we prohibit them to

have loops.

Proposition 3 Let G be a graph embedded in a surfa
e S su
h that all its

fa
es are triangles ex
ept for a fa
e F . If F is a 2-
ell fa
e of an embedded

graph su
h that its boundary is a walk formed by at least three di�erent ver-

ti
es (the boundary walk may 
ontain some verti
es several times), then it is

possible to add some edges to the interior of the fa
e F to get a triangulation

of the surfa
e S.

Proof: The proof pro
eeds by indu
tion on the length of the boundary

walk v

1

: : : v

k

. Assume k � 4. Sin
e the walk 
ontains at least three di�erent

verti
es, it 
ontains three 
onse
utive di�erent verti
es, say v

1

, v

2

and v

3

.

If v

2

is also one of the verti
es v

4

; : : : ; v

k

, we add an edge v

1

v

3

and apply

the indu
tion to the new fa
e v

1

v

3

: : : v

k

. If v

2

does not appear anywhere

else in the boundary walk, we add edges v

2

v

4

, : : :, v

2

v

k

and we obtain a

triangulation.

Lemma 1 A minimal (in the number of verti
es) triangulation G of a sur-

fa
e S whose fa
e hypergraph F(G) is not l-
hoosable satisfy the following:

1. The minimum degree of G is at least 2l.

2. If G is 2l-regular, then it is a 
omplete graph on 2l+ 1 verti
es.

3. G has at least 2l + 1 verti
es.

4. If G has exa
tly 2l+1 verti
es, then ea
h possible triple of the verti
es

form a fa
e.

Proof: We deal with one 
ase after another:

1. Let v be a vertex of G of degree smaller than 2l. Remove v from G: If

v is adja
ent to only two di�erent verti
es, say v

0

and v

00

, pro
eed as

follows (note that it still might be that the degree of v is greater than

2 be
ause of parallel edges vv

0

or vv

00

whi
h may be in the graph):

Contra
t all the edges vv

0

to a vertex v

0

and keep removing from ea
h

8



v

v

0

v

00

v

0

v

00

v

0

v

00

v

0

v

00

v

00

v

00

v

0

v

00

v

00

v

00

Figure 1: Redu
ing a vertex of degree 6 with only 2 neighbors.

newly 
reated digon formed by two edges v

0

v

00

one of the edges until

there are some su
h digons (
f. Figure 1); the 
ontra
ted edges are

drawn bold in the �gure. One 
learly ends with a triangulation. On

the other hand, if v is adja
ent to at least 3 di�erent verti
es, it is

always possible to subtriangulate the fa
e of G � v whi
h 
ontains v

in G to get again a triangulation of the surfa
e due to Proposition 3.

The obtained triangulation is l-
hoosable by minimality of G and

hen
e we have a 
oloring of G � v avoiding a mono
hromati
 tri-

angular fa
e. By Proposition 1, su
h a 
oloring 
an be extended to

G.

2. If G is 2l-regular and it is not a 
omplete graph on 2l + 1 verti
es,

then G is 2l-
hoosable [6, 15℄. Hen
e it may be 
olored from the lists

in su
h a way that there is no mono
hromati
 fa
e (Theorem 4.1 of

[12℄).

3. If G has at most 2l verti
es, it 
an be 
olored from the lists in su
h

a way that ea
h 
olor is used at most twi
e. Su
h a 
oloring 
learly

avoids a mono
hromati
 fa
e.

4. Let L(v) denote the list of the 
olors available for a vertex v. If there

are two verti
es u and v su
h that L(u) 6= L(v), then it is possible

to 
olor the verti
es of G using ea
h 
olor at most twi
e (and su
h a


oloring avoids a mono
hromati
 fa
e). If the lists of all the verti
es

are the same, then 
olor the triple of verti
es whi
h do not form a

fa
e by the same 
olor, then any other two verti
es by another 
olor,

then other two verti
es by another 
olor, et
. This 
oloring avoids a

mono
hromati
 fa
e.

9



Lemma 2 Let G be a triangulation and suppose that there are given lists

of sizes at least l of available 
olors for ea
h of the verti
es. If ea
h 
olor

appears in at most 2l lists, then F(G) 
an be 
olored from these lists.

Proof: We use a modi�ed Hall's mat
hing theorem [4℄: Let A

i

be a system

of sets su
h that for ea
h index set I , j [

i2I

A

i

j � jI j=2, then there exist

a

i

su
h that a

i

2 A

i

and there are no three di�erent indexes i

1

, i

2

and i

3

su
h that a

i

1

= a

i

2

= a

i

3

. The lists of 
olors satisfy this property and hen
e

there exists a 
oloring of verti
es of G su
h that ea
h 
olor is used at most

twi
e. Su
h a 
oloring 
learly avoids a mono
hromati
 fa
e.

Lemma 3 Let G be a triangulation with some verti
es pre
olored. Let A be

the set of the pre
olored verti
es and f(A) the number of fa
es 
ontaining

two or more verti
es of di�erent 
olors. For arbitrary vertex v 62 A su
h that

N(v) \ A 6= ; and N(v) 6� A, every extension of the pre
oloring assigning

a vertex v a 
olor di�erent from the 
olors of all its neighbors has at least

f(A) + 2 fa
es 
ontaining two or more verti
es of di�erent 
olors.

Proof: Let d be the degree of the vertex v and v

1

; : : : ; v

d

its neighbors

in the 
y
li
 ordering indu
ed by the embedding. We may assume that

v

1

; : : : ; v

k

2 A and v

k+1

; v

d

62 A for some 1 � k < d. After 
oloring the

vertex v, the sought new two fa
es with two di�erent pre
olored verti
es are

vv

d

v

1

and vv

k

v

k+1

.

Lemma 4 Let G be a triangulation of minimum degree at least l and sup-

pose that there are given lists of available 
olors for ea
h of the verti
es of

sizes at least l and a 
olor 


0


ontained in all but at most l lists. If G is

not a 
omplete multigraph or 


0

is not 
ontained in all the lists, then it is

possible to 
olor some of the verti
es of G in the following way:

� Ea
h fa
e 
ontaining two or more 
olored verti
es 
ontains at least two

verti
es with di�erent 
olors and there are at least 2(l� 1) su
h fa
es.

� No vertex is 
olored by the 
olor 


0

.
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� All the verti
es whose lists do not 
ontain the 
olor 


0

are 
olored.

Proof: We �nd a spe
ial ordering v

1

; : : : ; v

l+k�1

of some of the verti
es of

G for some k � 1 whi
h has the properties 1{4 des
ribed below. Let N

i

be

the set of the neighbors of v

i

pre
eding it in this ordering. This ordering

should satisfy the following 
onditions:

1. jN

i

j � l� 1 for all 1 � i � l+ k � 1.

2. If jN

i

j = l� 1, then the list of v

i

does not 
ontain the 
olor 


0

.

3. jN

i

j > 0 for all 1 � i � l + k � 1 ex
ept for at most k values of i.

4. Ea
h vertex of G whose list does not 
ontain the 
olor 


0

is among

the verti
es v

1

; : : : ; v

l+k�1

.

Let us �rst show that it is enough to �nd su
h an ordering. Assume that

we have su
h an ordering in hand. Sequentially for i from 1 up to l+ k� 1,

assign v

i

a 
olor whi
h is 
ontained in its list, whi
h is di�erent from 


0

and

whi
h is not assigned to any neighbor of v

i

in N

i

. The 
onditions 1 and 2

assure that it is possible to assign 
olors to all the verti
es v

1

; : : : ; v

l+k�1

.

Note that the obtained 
oloring is a proper 
oloring (in the usual sense) of

the subgraph of G indu
ed by the 
olored verti
es. For a vertex v

i

with

jN

i

j > 0, Lemma 3 
an be used (keeping in mind that minimum degree of G

is at least l) and hen
e at least 2(l�1) fa
es 
ontain two or three verti
es of

v

1

; : : : ; v

l+k�1

(and these verti
es have di�erent 
olors be
ause the 
oloring

is proper). The 
ondition 4 gives that all the verti
es whose lists do not


ontain the 
olor 


0

are 
olored.

We show how to �nd the desired ordering in the rest. Assume �rst that

the 
olor 


0

is 
ontained in all the lists. Sin
e G is not 
omplete, there

are two non-adja
ent verti
es w

0

and w

00

with a 
ommon neighbor w. Set

v

l�2

= w, v

l�1

= w

0

and v

l

= w

00

. For i from l � 3 down to 1, set v

i

to be

any neighbor of v

i+1

not already 
ontained in the sequen
e. We 
he
k that

the 
onstru
ted sequen
e has the desired properties (with k = 1):

1. jN

i

j � l� 1 for all 1 � i � l is 
learly satis�ed.

2. The only i for whi
h it might be jN

i

j = l � 1 is i = l. But sin
e w

l�1

and w

l

are not adja
ent, then jN

l

j < l � 1.

3. jN

i

j > 0 for all 2 � i � l be
ause v

i�1

2 N

i

for 2 � i � l � 1 and

v

l�2

2 N

l

.
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4. There are no verti
es whose lists do not 
ontain the 
olor 


0

.

The remaining 
ase is that there are some verti
es whose lists do not


ontain the 
olor 


0

. Let W

0

be the set of all su
h verti
es and l

0

= jW

0

j.

Let w

0

be any vertex of W

0

. If l

0

= l, set W = W

0

. If l

0

< l, then 
hoose

verti
es w

1

; : : : ; w

l�l

0

su
h that w

i

is a neighbor of w

i�1

for 1 � i � l�l

0

and

w

i

is neither in W

0

nor among w

1

; : : : ; w

i�1

. Set W =W

0

[ fw

1

; : : : ; w

l�l

0

g

in this 
ase.

Let C

1

; : : : ; C

k

be the sets of the verti
es of the 
omponents indu
ed

by the set W in G; we may assume that w

0

2 C

1

. Note that k � l

0

.

Choose from ea
h C

i

a single vertex w

C

i

; we may also assume that w

C

1

=

w

l�l

0

. Further 
hoose mutually di�erent verti
es u

i

for 1 � i < k su
h

that the verti
es u

i

and w

C

i+1

are neighbors and u

i

62 W . If k = 1, there

are no verti
es u

i

. Now, we 
onstru
t the sought sequen
e of verti
es v

i

for 1 � i � l + k � 1: Set v

i

= u

i

for 1 � i < k and v

k

= w

l�l

0

; v

k+1

=

w

l�l

0

�1

; : : : ; v

k+l

0

�l

= w

0

. As the rest of the sequen
e, set the verti
es of

W

0

n fw

0

g in the order determined by traversing a spanning tree of ea
h C

i

started in w

C

i

.

Traversing a tree is the following pro
ess: You start in a vertex of a tree

and you mark this vertex. Then you move to any neighbor of this vertex

and mark it. Then move to any neighbor of it, mark it and 
ontinue until

you rea
h a leaf. On
e a leaf is rea
hed, you move to the last (by time of

marking) marked vertex whi
h has an unmarked neighbor and from it you

move to any unmarked neighbor of it and mark this neighbor. And again,

you 
ontinue to moving to and marking unmarked neighbors unless a leaf is

rea
hed. On
e a leaf is rea
hed, you move to the last marked vertex whi
h

has an unmarked neighbor and 
ontinue in the above fashion. The pro
ess

ends when all the verti
es are marked. The order of verti
es is determined

by the time of assigning a mark to a vertex. Note that ex
ept for the �rst

vertex ea
h vertex has exa
tly one tree-neighbor before it in the ordering.

We verify that the 
onstru
ted sequen
e has the desired properties:

1. jN

i

j � l� 1

We distinguish several 
ases:

� 1 � i < k + l

0

� l

Sin
e k � l

0

, any of the verti
es v

i

for 1 � i < k+l

0

�l is pre
eded

by at most k + l

0

� l � 2 � 2l

0

� l� 2 � l� 2 verti
es.

� Other verti
es, i.e., i � k + l

0

� l.

Let C

j

be the 
omponent in whi
h the vertex v

i

is 
ontained.

12



The verti
es whi
h may pre
ede v

i

in the sequen
e are only the

verti
es u

1

; : : : ; u

k�1

and the verti
es of C

j

. Note that jC

j

j �

l � k + 1 be
ause there are k 
omponents and their union is the

set W of size l. Hen
e the vertex v

i

has at most (k � 1) + (l �

k + 1)� 1 = l � 1 prede
essors.

2. If jN

i

j = l� 1, then the list of v

i

does not 
ontain the 
olor 


0

.

The only verti
es for whi
h it might be that jN

i

j = l � 1 are those of

C

j

's, i.e., the verti
es of W

0

.

3. jN

i

j > 0 for all but k verti
es in the sequen
e.

Any vertex ex
ept for u

i

; 1 � i < k, and w

l�l

0

has at least one neighbor

pre
eding it in the sequen
e. The verti
es w

i

for 0 � i < l � l

0

are

pre
eded by w

i+1

. The verti
es w

C

i

for i > 1 are pre
eded by u

i

and

the remaining verti
es are pre
eded be
ause the order of the verti
es

in ea
h of the 
omponents C

i

was determined by traversing a spanning

tree of it (see above for analysis of it).

4. Any vertex whose list does not 
ontain the 
olor 


0

is among the

verti
es v

1

; : : : ; v

l+k�1

.

This follows from the 
hoi
e of W

0

.

Lemma 5 Let G be a triangulation su
h that G is a 
omplete multigraph on

at least l + 1 � 5 verti
es and suppose that there are given lists of available


olors for ea
h of the verti
es whose sizes are at least l. In addition, suppose

that there is a pair of verti
es of G whi
h is joined just by a single edge.

Then, for a given 
olor 


0


ontained in all the lists, it is possible to 
olor

some of the verti
es of G in the following way:

� Ea
h fa
e 
ontaining two or more 
olored verti
es 
ontains at least two

verti
es with di�erent 
olors and there are at least 2(l� 1) su
h fa
es.

� No vertex is 
olored by the 
olor 


0

.

Proof: If there are two verti
es whose lists are not the same, then it is

possible to 
olor l verti
es of G by mutually di�erent 
olors avoiding the


olor 


0

. By Lemma 3, used for 
oloring one vertex after another, we have

that there are at least 2(l � 1) fa
es with two verti
es 
olored by di�erent


olors and other fa
es have at most one 
olored vertex.
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The remaining 
ase is that all the lists are the same. Choose verti
es v

1

and v

2

whi
h are joined just by a single edge. Let v

0

and v

00

be those two

verti
es su
h that v

1

v

2

v

0

and v

1

v

2

v

00

are fa
es of G.

We �rst deal with the 
ase that v

0

6= v

00

. Choose v

3

= v

0

, v

4

= v

00

and v

5

; : : : ; v

l

arbitrarily. Then, 
olor the verti
es v

1

and v

2

by the same


olor and the remaining l � 2 verti
es by mutually di�erent 
olors di�erent

from the 
ommon 
olor of v

1

and v

2

. There are at least six fa
es 
ontaining

at least two of the verti
es v

1

, v

2

, v

3

and v

4

. Ea
h su
h fa
e 
ontains

at least two verti
es of di�erent 
olors due to the 
hoi
e of v

3

= v

0

and

v

4

= v

00

. Next, for ea
h of the verti
es v

i

; i � 5, one may use Lemma 3

setting A = fv

1

; : : : ; v

i�1

g. Hen
e there are at 2(l� 1) fa
es 
ontaining two

verti
es 
olored with di�erent 
olors and any other fa
e 
ontains at most

one 
olored vertex.

If v

0

= v

00

, 
hoose v

3

= v

0

= v

00

and v

4

; : : : ; v

l

arbitrarily. Then, 
olor

the verti
es v

1

and v

2

by the same 
olor and the remaining l � 2 verti
es

by mutually di�erent 
olors di�erent from the 
ommon 
olor of v

1

and v

2

.

There are at least four fa
es 
ontaining at least two of the verti
es v

1

, v

2

and

v

3

. Ea
h su
h fa
e 
ontains at least two verti
es of di�erent 
olors due to

the 
hoi
e of v

3

= v

0

= v

00

. Next, for ea
h of the verti
es v

i

; i � 4, one may

use again Lemma 3 setting A = fv

1

; : : : ; v

i�1

g and the 
laim is established

in this 
ase, too.

Theorem 3 Let G be a triangulation of a surfa
e S of Euler genus g � 3.

Then, the fa
e hypergraph F(G) is

l

7+

p

36g+49

6

m

-
hoosable.

Proof: Fix g � 3 throughout the whole proof. Let G be a 
ounterexample

with the smallest number of verti
es, n the number of its verti
es, m =

3(n+ g� 2) the number of its edges and f = 2(n+ g� 2) the number of its

fa
es. Let further l =

l

7+

p

36g+49

6

m

.

The average degree 2m=n of G is at least 2l by Lemma 1. Sin
e

�

2l+1

3

�

>

3((2l+1)+g�2), by Lemma 1 we have also 2l+2 � n and that the average

degree is more than 2l. Using m = 3(n + g � 2), we get from 2l < 2m=n

that n <

3g�6

l�3

. We show that n � 3l+ 1:

n <

3g � 6

l� 3

� 3l + 2

0 � 3l

2

� 7l� 3g (2)

14



0 � 3

�

l �

7 +

p

36g + 49

6

��

l �

7�

p

36g + 49

6

�

We prove having (2) and using f = 2(n+g�2) � 2(3l+g�1) the following

inequality (3) whi
h is used later:

f � 2(l � 1)

(l � 1)

2

< 3 (3)

4l + 2g

(l � 1)

2

< 3

0 < 3l

2

� 10l+ 3� 2g

0 < 3l

2

� 7l� 3g + (g + 3� 3l) (4)

The inequality (4) is satis�ed be
ause of (2) if 3l < g + 3 whi
h holds for

all g's ex
ept for g � 11 and g = 14; the inequality (4) 
an be veri�ed by


al
ulating its value for g = 3; 4; 5; 7; 8; 9; 10; 11; 14. In 
ase that g = 6, we

have l = 4, n �

3�6�6

4�3

= 12 and f � 32. Then:

f � 2(l� 1)

(l � 1)

2

�

32� 6

9

< 3

Hen
e, the inequality (2) holds also in this 
ase.

Re
all that 2l+2 � n � 3l+1. If ea
h of the 
olors appears in the lists

of at most 2l verti
es, then F(G) is l-
hoosable by Lemma 2. Let 


0

be a

most 
ommon 
olor in the lists, i.e., a 
olor 
ontained in the most number

of lists, and n

0

be the number of lists in whi
h 


0

is 
ontained. Note that

n

0

� 2l + 1. Let W be the set of verti
es whose lists do not 
ontain the


olor 


0

; note that jW j = n� n

0

� l.

If n

0

< n or G is not a 
omplete graph, by Lemma 4, we may pre
olor

without using the 
olor 


0

some superset of verti
es of W in su
h a way

that ea
h fa
e either 
ontains at most one pre
olored vertex or at least two

verti
es pre
olored by di�erent 
olors and the number of fa
es whi
h 
ontain

at least two pre
olored fa
es is at least 2(l�1). If G is a 
omplete graph, su
h

a pre
oloring exists by Lemma 5 be
ausem � 3(3l+g�1) < 2

�

2l+2

2

�

� 2

�

n

2

�

.

LetW

0

be the pre
olored verti
es. Note that the list of any vertex V (G)n

W

0


ontains the 
olor 


0

. We remove this 
olor from all the lists and 
olor the

verti
es of V (G) nW

0

independently and uniformly by a random 
olor from

their 
ut lists of size l � 1. The fa
es with two or three pre
olored verti
es

are de�nitely not mono
hromati
 and the probability that a fa
e with no
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or one pre
olored vertex is mono
hromati
 is at most 1=(l� 1)

2

. Thus, the

expe
ted number of mono
hromati
 fa
es is at most

f�2(l�1)

(l�1)

2

. By (3), there

exists a 
oloring of verti
es of G with at most two mono
hromati
 fa
es

whi
h does not use the 
olor 


0

at all. Consider su
h a 
oloring. Re
olor

a single vertex from ea
h mono
hromati
 fa
e by 


0

(ea
h mono
hromati


fa
e 
ontains at least two verti
es with 


0

in their lists). Sin
e there are now

at most two verti
es 
olored by the 
olor 


0

, no new mono
hromati
 fa
e

was 
reated and there are no mono
hromati
 fa
es in the obtained 
oloring

at all.

4 Triangulations of the Surfa
e of Genus Three

We �rst state the following proposition restri
ting a way of embedding K

7

to a surfa
e of Euler genus three:

Proposition 4 Let K

7

be embedded in the surfa
e of Euler genus 3. If all

the fa
es are not 2-
ells, then exa
tly one of the fa
es of is homeomorphi


to a 2-
ell 
ontaining a 
ross-
ap and the remaining fa
es are 2-
ells. More-

over, repla
ing the interior of the fa
e 
ontaining the 
ross-
ap with an open

dis
 gives an embedding of K

7

on the torus.

Proof: Cut a non-2-
ell fa
e. Afterwards along ea
h boundary 
y
le of this

fa
e paste a dis
. We obtained an embedding of K

7

in a surfa
e with Euler

genus at most two. The torus is the only surfa
e with su
h a genus whi
h

admits embedding of K

7

; moreover, an embedding of K

7

in the torus has to

be a triangulation [13℄. Hen
e the surgery drops the Euler genus by exa
tly

one. Then the 
ut fa
e was a disk 
ontaining the 
ross-
ap (otherwise the

genus would drop by two or more).

Lemma 6 Let G be an embedding of a 
omplete multigraph with seven ver-

ti
es in a surfa
e of Euler genus 3 su
h that its minimum fa
e size is at

least three. Then the fa
e hypergraph of G is 3-
hoosable.

Proof: Note that there are at most 2(7+g�2) = 16 fa
es in the embedding

be
ause of Euler's formula. If all the lists are the same, then we 
olor three

16



verti
es not forming a fa
e by the same 
olor (there is su
h a triple of

verti
es be
ause

�

7

3

�

> 16) and the remaining two pairs of verti
es ea
h with

the same 
olor. Sin
e the only three verti
es with the same 
olor are those

whi
h do not form a fa
e of G, this 
oloring is a proper 
oloring of the fa
e

hypergraph of G. On the other hand, if all the lists are not the same, then

there exists a 
oloring su
h that ea
h 
olor is used to 
olor at most two

verti
es by Hall's theorem. Su
h a 
oloring is also a proper 
oloring of the

fa
e hypergraph.

In the following, K

�

8

denotes a multigraph with eight verti
es su
h that

all the pairs of verti
es are joined by an edge ex
ept for a single pair of

them.

Lemma 7 Let G be an embedding of K

�

8

in a surfa
e of genus 3 su
h that

its minimum fa
e size is at least three. Then the fa
e hypergraph of G is

3-
hoosable.

Proof: If at most six of the lists are the same, then there is a 
oloring

using ea
h 
olor at most twi
e by Hall's theorem. Hen
e we may assume that

either all the lists are the same or seven of the lists are the same and the last

one is di�erent. In the latter 
ase, remove the vertex whose list is di�erent

in the manner similar as in the proof of Lemma 1, i.e., subtriangulate the

new fa
e. Color the new triangulation, now. We 
an extend this 
oloring

to the removed vertex by assigning it a 
olor whi
h is not in any other list

(and hen
e not used to 
olor any other vertex).

Assume that all the lists are the same. By Euler's formula, there are at

most 2(8 + g � 2) = 18 fa
es. We �nd two disjoint triples of verti
es su
h

that none of the two triples form a fa
e of G. There is at least a single

triple, say u

1

, u

2

and u

3

, whi
h does not form a fa
e of G be
ause

�

8

3

�

> 18.

Let v

1

, v

2

, v

3

, v

4

and v

5

be the remaining �ve verti
es. If all the triples of

the verti
es v

1

, v

2

, v

3

, v

4

and v

5

form fa
es, there are at least

�

5

3

�

= 10 fa
es

formed by them. There has to be among these �ve verti
es two verti
es, say

v

1

and v

2

, su
h that u

i

v

1

v

2

is not a fa
e of G for some i 2 f1; 2; 3g be
ause

3

�

5

2

�

> 18. Assume, e.g., i = 1. If all the triples of the verti
es u

2

, u

3

, v

3

,

v

4

and v

5

form fa
es of G, then there are at least

�

5

3

�

= 10 fa
es formed by

them. These fa
es are 
ompletely di�erent from the above 10 fa
es ex
ept

for the fa
e v

3

v

4

v

5

. Hen
e G has at least 19 fa
es whi
h is impossible. One

may 
on
lude that there exist two disjoint triples of the verti
es su
h that

the verti
es of neither of the two triples form a fa
e.
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We 
olor verti
es of ea
h of these two triples by the same 
olor and the

remaining two verti
es by the remaining 
olor. This 
oloring is 
learly a

proper 
oloring of the fa
e hypergraph.

Next, we state several lemmas on extensions of 
oloring of fa
e hyper-

graphs:

Lemma 8 Consider an embedding of a 
omplete multigraph with seven ver-

ti
es in a surfa
e of genus 2 with a minimum fa
e size three. Let three of

the verti
es whi
h form a fa
e be pre
olored. If the pre
olored verti
es do

not form a mono
hromati
 fa
e, then the remaining verti
es may be 
olored

from any lists of sizes three su
h that this embedding has no mono
hromati


fa
e.

Proof: Under assumptions of the lemma, the embedded graph 
an be

only a simple 
omplete graph with seven verti
es and the embedding is a

triangulation of the torus. Let u

1

, u

2

and u

3

be verti
es pre
olored with


olors 


1

, 


2

and 


3

, respe
tively. Let v

1

, v

2

, v

3

and v

4

be the remaining

verti
es and L

1

, L

2

, L

3

and L

4

their lists, respe
tively. Note that there are

exa
tly 2(7 + g � 2) = 14 fa
es in the embedding.

First, assume that all the lists L

1

, L

2

, L

3

and L

4

are not the same; say

L

1

6= L

4

. We �nd a 
oloring of the verti
es of K

7

su
h that the 
olor of

any of the verti
es v

1

, v

2

, v

3

and v

4

is used at most twi
e. Su
h a 
oloring

avoids a mono
hromati
 fa
e: No mono
hromati
 fa
e 
an 
ontain any of

the verti
es v

1

, v

2

, v

3

and v

4

be
ause the 
olor of ea
h of them is used

at most twi
e. But neither the pre
olored verti
es themselves 
an form a

mono
hromati
 fa
e due to the assumption of the lemma.

Let 
 2 L

1

nL

4

. If 
 is not used to 
olor more than one of u

1

, u

2

and u

3

,

then 
olor v

1

with 
; otherwise 
olor v

1

with a 
olor from its list whi
h is

used at most on
e. Afterwards, 
olor v

2

with any 
olor from its list whi
h is

used so far at most on
e (this is possible be
ause they are only four 
olored

verti
es at the moment). Then 
olor v

3

with any 
olor from its list whi
h is

used so far at most on
e (they are only �ve 
olored verti
es at the moment).

Color now the vertex v

4

with any 
olor from its list whi
h is used so far at

most on
e. This is possible: There are six 
olored verti
es but at least one

of them is 
olored with the 
olor 
 62 L

4

.

We now fo
us on the remaining 
ase L

1

= L

2

= L

3

= L

4

. If any of

the verti
es u

1

, u

2

and u

3

is 
olored with a 
olor not 
ontained in L

1

, we
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pro
eed as in the previous paragraph, i.e., we 
an �nd a 
oloring using ea
h


olor at most twi
e by a sequential 
oloring the verti
es v

1

, v

2

, v

3

and v

4

.

If f


1

; 


2

; 


3

g 6� L

1

, we 
an pro
eed in the same way, too. We distinguish

two 
ases in the rest:

� All the 
olors 


1

, 


2

and 


3

are mutually di�erent.

Hen
e L

1

= L

2

= L

3

= f


1

; 


2

; 


3

g. If there are indi
es i, j and j

0

su
h that the verti
es u

i

, v

j

and v

j

0

do not form a fa
e, we 
olor the

verti
es v

j

and v

j

0

by the 
olor 


i

and the remaining of the verti
es of

v

1

, v

2

, v

3

and v

4

by the 
olors di�erent from 


i

. The only triple of the

verti
es 
olored with the same 
olor is u

i

, v

j

and v

j

0

and these verti
es

do not form a fa
e. Hen
e su
h a 
oloring avoids a mono
hromati


fa
e.

If there is no su
h indi
es i, j and j

0

, then any u

i

, v

j

and v

j

0

form a

fa
e. Then, K

7

has at least 3 �

�

4

2

�

= 18 fa
es whi
h is impossible.

� Two of the 
olors 


1

, 


2

and 


3

are the same.

Assume 


1

= 


2

6= 


3

and let 


4

be the third 
olor 
ontained in the

lists L

1

= L

2

= L

3

= L

4

.

As in the previous 
ase, one may argue that for any j and j

0

the

verti
es u

3

, v

j

and v

j

0

form a fa
e and that for any j the verti
es u

1

,

u

2

and v

j

form a fa
e. Then K

7

has at least

�

4

2

�

+ 2 � 4 = 14 fa
es.

But this is impossible be
ause there is also a fa
e u

1

u

2

u

3

.

Lemma 9 Let G be a plane multigraph with three of its verti
es pre
olored

su
h that its minimum fa
e size is at least three. If the pre
olored verti
es do

not form a mono
hromati
 fa
e, then the remaining verti
es 
an be 
olored

from any lists of sizes three su
h that G has no mono
hromati
 fa
e.

Proof: Let G be a 
ounterexample with the smallest number of verti
es

and v

1

, v

2

and v

3

the pre
olored verti
es of G. An easy appli
ation of Euler's

formula yields that ea
h plane graph has at least four verti
es of degree at

most �ve. Choose a vertex w of degree at most �ve whi
h is di�erent from

v

1

, v

2

and v

3

. The graph G � w with pre
olored verti
es v

1

, v

2

and v

3

may be 
olored from the lists avoiding a mono
hromati
 fa
e di�erent from

v

1

v

2

v

3

and this 
oloring may be extended to G due to Proposition 1.
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We are now ready to prove the main theorem of this se
tion:

Theorem 4 Let G be a triangulation of a surfa
e S of Euler genus 3. Then,

the fa
e hypergraph F(G) is 3-
hoosable.

Proof: Let G be a triangulation of S with the smallest number of verti
es

whose fa
e hypergraph is not 3-
hoosable. The minimum degree of G is at

least six due to Proposition 1 and G is not a 6-
hoosable graph[12℄. Then

G 
ontains a 
opy of K

7

as a subgraph [2℄. We distinguish two 
ases:

� The embedding of K

7

on S is a 2-
ell embedding.

G 
annot have more than 8 verti
es be
ause of Euler's formula and

thus G has to be either K

7

or K

�

8

. Then, Lemma 6 or Lemma 7 states

that its fa
e hypergraph is 3-
hoosable.

� The embedding of K

7

on S is not a 2-
ell embedding.

Exa
tly one of the fa
es of K

7

is homeomorphi
 to a 2-
ell 
ontaining

a 
ross-
ap (Proposition 4). Let G

0

be the 
opy of K

7

, G

1

be the

part of G restri
ted to the fa
e with the 
ross-
ap and G

i

parts of

G restri
ted to other fa
es. By Proposition 4, G

0

may be 
onsidered

as an embedding of K

7

on the torus and hen
e G

0

is a triangulation.

Embedding of G

1

to the fa
e with the 
ross-
ap is a
tually embedding

of G

1

to a proje
tive plane and hen
e the fa
e hypergraph of G

1

is

3-
hoosable [12℄. This 
oloring gives a pre
oloring of 3 verti
es of K

7

whi
h may be extended to the whole G

0

by Lemma 8. This 
oloring

yields a pre
oloring of 3 verti
es of any G

i

, i � 2, whi
h 
an be

extended to the whole G

i

by Lemma 9. All the 
olorings together

form a proper 
oloring of the fa
e hypergraph of G.
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