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Abstra
t. We de�ne folding of a dire
ted graph as a 
oloring (or

a homomorphism) whi
h is inje
tive on all the down sets of a given

depth. While in general foldings are as 
ompli
ated as homomor-

phisms for some some 
lasses they present an useful tool to study


olorings and homomorphisms. Our main result yields for any proper

minor 
losed 
lass K a folding (of any pres
ribed depth) using a �xed

number of 
olors. This in turn yields (for any K) the existen
e of a

K

k

-free graph whi
h bounds all K

k

-free graphs belonging to K. This

has been 
onje
tured in [9℄ and elsewhere and solved for k = 3 in [10℄.

Parti
ularly, we prove (without using 4CT) the existen
e of a graph

H whi
h satis�es �(H) � 5, !(H) � 4 and su
h that any planar

graph G is homomorphi
 to H. This is sandwi
hed between 4CT and

5CT for planar graphs and the general 
ase has bearing to Hadwiger

Conje
ture.

1. Introdu
tion

For a dire
ted graph

~

G; x 2 V (

~

G); d a positive integer, we denote by

D

d

~

G

(x) the set of all those verti
es y of

~

G for whi
h there exists a dire
ted

path of length � d from y to x; we also 
all D

d

~

G

(x) d-down set in

~

G (we are

motivated by the terminology of the theory of partially ordered sets). Thus

D

1

~

G

(x) is just 
losed in-neighbourhood of x in

~

G.

A homomorphism f :

~

G !

~

H is said to be d-folding if f restri
ted to

any d-down set in G is inje
tive. (Re
all: A homomorphism f :

~

G !

~

H

is a mapping f : V (

~

G) ! V (

~

H) satisfying (f(x); f(y)) 2 E(

~

H) whenever

(x; y) 2 E(

~

G); see [9℄ for ba
kground and some related motivation). If

~

K

k

is an orientation of K

k

, a d-folding

~

G !

~

K

k

is then a d-folding whi
h uses

k 
olors. In this paper we study foldings of minor 
losed 
lasses and we
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establish the existen
e of a bounded folding for any su
h 
lass. This result


an be stated as follows:

Let K be a minor 
losed 
lass of graphs. We say that K is proper if K

does not 
ontain all graphs. Alternatively, K is proper if there exists at

least one forbidden minor. We have the following whi
h may be seen as the

main result of this paper:

Theorem 1.1. Let K be a proper minor 
losed 
lass of graphs, d a positive

integer. Then there exists a positive integer k = k(d;K) and an orientation

~

K

k

of K

k

, su
h that for any graph G 2 K there exists an a
y
li
 orientation

~

G and a d-folding f :

~

G!

~

K

k

(i.e. a d-folding using at most k 
olors).

It is well known that the graphs belonging to a proper minor 
losed 
lass

K have a bounded density and thus a bounded 
hromati
 number. The


elebrated Hadwiger's Conje
ture asserts that this bound is identi
al to

the maximal size of the 
omplete graph in K. See Se
tion 5 below for a

dis
ussion of relevan
e of our results to Hadwiger's Conje
ture.

Our Theorem 1.1 presents a stru
tural re�nement of this bound. This

extension is not straighforward and as a 
onsequen
e the present bound for

k(K) is very large (double exponential fun
tion). We do not optimize at this

point. Note that the minor 
losed property is used repeatedly in the proof

and that Therem 1.1 fails to be true for bipartite 2-degenerated graphs

We dis
overed Theorem 1.1 in the 
ontext of graphs and their homo-

morphisms. We write G � H if there exists a homomorphism G ! H .

This quasiorder is 
alled homomorphism or 
oloring order. It is well known

Gr�ots
h's Theorem (see e.g. [7℄ and [14℄ for the best proof) that every trian-

gle free planar graph is 3-
olorable. Using homomorphism order this means

that G � K

3

for any triangle free planar graph G. In yet another way we


an also say that the 
lass P

3

of all K

3

-free graphs is bounded by K

3

. The

following problem has been formulated in [9℄ and elsewhere:

Problem 1.1. Does there exists a triangle free graph H su
h that G � H

for any triangle free planar graph? In other words, is the 
lass P

3

bounded

by a triangle free graph H?

Is the 
lass P

4

of all K

4

-free planar graphs bounded by a K

4

-free graph?

Here we give an aÆrmative answer to this problem. In fa
t for k = 3; 4

one 
an prove that the 
lasses P

k

are bounded by a k-
olorable K

k

-free

graph and we also prove an analogous result for any proper minor 
losed


lass K:
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Theorem 1.2. Let K be a minor 
losed 
lass of graphs all of whi
h are t-


olorable, let k be a positive integer. Then the 
lass K

k

of all K

k

-free graphs

in K is bounded by a k-
olorable K

k

-free graph.

Similar result were obtained re
ently in [8℄ and in [10℄. Parti
ularly, [10℄

solved the above problem for k = 3 (triangle-free graphs). However the 
ase

of K

k

-free graphs was left open and seems more diÆ
ult. Here we treat the

problem in a more general 
ontext. All results may be seen as an eviden
e

for the following general 
onje
ture.

Let A; B be 
lasses of graphs, A � B. We say that the 
lass A is bounded

in B if there exists a graph H 2 B su
h that G � H for any G 2 A. Thus

A is bounded in A i� A has the greatest element (with respe
t to �). The

study of boundedness phenomena is one of the basi
 problems and we are

pleased that in our setting it relates questions like Hadwiger 
onje
ture to

the mainstream mathemati
s (see Remarks).

Given a �nite set F of graphs we denote by Forb

h

(F) the 
lass of all

graphs G with no homomorphism F ! G for an F 2 F . Equivalently and

more formally, Forb

h

(F) = fG;F 2 F ) F 6� Gg. As an example, note

that Forb

h

fK

3

g is the 
lass of all triangle free graphs.

Conje
ture 1. Let F be any �nite set of 
onne
ted graphs. Then for

any minor 
losed 
lass of graphs K the 
lass K \ Forb

h

(F) is bounded in

Forb

h

(F).

It has been proved in [6℄ (see also [3℄ and [8℄ for a di�erent proof) that

for the 
lass K

d

of all graphs with all their verti
es bounded by d and for

any �nite set of graphs F the analogous 
onje
ture holds. The results of

this paper and [10℄ verify the 
onje
ture for 
lasses Forb

h

(F) for F = fK

k

g.

Note that for graphs in general and even degenerated 
lasses of graphs the

analogous statement fails to be true: For F = fK

3

g 
onsider graphs K

??

n

formed from K

n

by subdividing ea
h edge by two new verti
es. All the

graphs K

??

n

are 2-degenerated yet they are not bounded by a �nite triangle-

free graph. Note also that this 
annot be saved by (large) girth: Let G be

a graph of girth ` with 
hromati
 number k. Then the graph G

??

has girth

3` and there is no homomorphism of G into a triangle free graph with at

most k verti
es.

This paper is organized as follows: In Se
tion 1 we prove Theorem 1.1. In

Se
tion 2 we prove the following result whi
h is perhaps of an independent

interest:
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Theorem 1.3. Let t � 3 be a positive integer. For any proper minor 
losed


lass K there exists k = k(K; t) su
h that any graph G 2 K has a proper

k-
oloring with the property that any set of t 
olor 
lasses either 
ontains a

K

t

or it indu
es a graph with 
hromati
 number < t.

Note that, again, an analogous statement fails to be true in general even

for k = 3: In any k-
oloring of the graph K

??

n

, n suÆ
iently large, there

exists odd 
y
les of length � 6 whi
h are 
olored by at most 3 
olors. Also

the graphs G

??

(see above) have girth 3` and in any k-
oloring 
ontain odd


y
les 
olored by at most 3 
olors.(More 
ompli
ated examples are provided

by Ramsey theory.)

The key notion for the proof of Theorem 1.3 is the above notion of d-

folding and using that we prove in Se
tion 4 Theorem 1.2 by an universal


onstru
tion given in [8℄ (we sket
h a proof for 
ompleteness). Se
tion 5


ontains 
on
luding remarks and open problems.

2. Existen
e of Foldings

In this se
tion, we shall prove that, for any �xed k, any a
y
li
 dire
ted

graph has a k-folding using a number of 
olors bounded by a fun
tion of

some usual parameters.

These parameters will be:

� �

-

(

~

G) the maximum indegree of

~

G,

� r(G) the maximum density of a minor of G:

r(G) = max

H<G

jE(H)j

jV (H)j

We will need some re�nement of the 
on
ept of k-folding in order to

a
hieve our proof. Therefore, we introdu
e the notion of deep 
oloring,

based on 
oloration properties of (a; b)-paths:

De�nition 2.1. Let a; b; a > 0; a � b � 0 be positive integers. An (a; b)-

path from x to y is a path of length a+ b whi
h has its �rst a edges oriented

from x to y and its remaining b edges oriented in the reverse dire
tion, from

y to x.

De�nition 2.2. A 
oloring of the vertex set (resp. the edge set) of a

dire
ted graph

~

G is (a; b)-deep if no two verti
es (resp. no two edges) of an

(a

0

; b

0

)-path of

~

G have the same 
olor, whenever 0 < a

0

� a and 0 � b

0

�

min(a

0

; b).

Furthermore, we denote:
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� F

v

(

~

G; a; b) the minimum number of 
olors of an (a; b)-deep vertex


oloration of

~

G,

� F

e

(

~

G; a; b) the minimum number of 
olors of an (a; b)-deep edge


oloration of

~

G.

A

ording to this de�nition, a (d; d)-deep vertex 
oloring is almost a d-

folding. The only di�eren
e between these 
on
epts is that, for any two


olors i 6= j, all the edges of a folding in
ident to a vertex of 
olor i and a

vertex of 
olor j are oriented the same way, what may not be the 
ase in a

(d; d)-deep vertex 
oloring. This di�eren
e is not as important as it 
ould

seem to be, as shown by the next two lemmas:

Lemma 2.1. Let

~

G be a dire
ted graph. If

~

G has a (2; 1)-deep vertex


oloring with k 
olors, then there exists an orientation

~

K

N

of K

N

(with

N = k2

k�1

), su
h that

~

G has a 1-folding to

~

K

N

.

Proof. For any 1 � i 6= j � k, there exists no monotone path of length 2

with verti
es 
olored i; j. Thus, for any vertex v of 
olor i, either v has an

in
oming edge from a vertex 
olored j and no outgoing edge to a vertex


olored j, or it has no in
oming edge from a vertex 
olored j. Let �

i;j

be

the mapping from the subset V

i

of V (

~

G) with verti
es 
olored i to f0; 1g

be de�ned as follows: �

i;j

(v) = 0 if v has no in
oming edge from a vertex


olored j, and �

i;j

(v) = 1 otherwise. Then, for any vertex v with 
olor i,

the k-tuple (i; �

i;1

(v); : : : ; �

i;i�1

(v); �

i;i+1

(v); : : : ; �

i;k

(v)) 
learly de�nes a

1-folding to K

N

. �

Lemma 2.2. Let

~

G be a dire
ted graph. If

~

G has a 1-folding to

~

K

N

and

a (d; d)-deep vertex 
oloring with k 
olors, then it has a d-folding to some

orientation of K

kN

.

Proof. Clearly, the produ
t 
oloring will work. �

First, we shall noti
e that (a; 0)-deep vertex 
olorations and (a; 1)-deep

edge 
oloration are easy to �nd in an a
y
li
 dire
ted graph with bounded

indegree:

Lemma 2.3. Let

~

G be an a
y
li
 dire
ted graph with �

-

(

~

G) � 2. Then:

F

v

(

~

G; a; 0) �

�

-

(

~

G)

a+1

� 1

�

-

(

~

G)� 1

< 2�

-

(

~

G)

a

(1)

F

e

(

~

G; a; 1) �

�

-

(

~

G)

a+1

��

-

(

~

G)

�

-

(

~

G)� 1

< 2�

-

(

~

G)

a

(2)
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Proof. Denote k the maximum indegree �

-

(

~

G) of

~

G. Consider a topologi
al

sort v

1

; : : : ; v

n

of the verti
es. For ea
h vertex v

i

, there are at most

k

a+1

�1

k�1

�

1 verti
es in the graph D

a

~

G

(v

i

) � v

i

. Hen
e, we may 
hoose an unused


olors to 
olor v

i

. Similarly, there are at most

k

a+1

�k

k�1

edges in the graph

D

a

~

G

(v

i

)�v

i

, k of them being adja
ent to v

i

. Thus, we may 
hoose k unused


olors to 
olor the edges in
oming v

i

. The remaining inequalities are a

simple 
onsequen
e of �

-

(

~

G) � 2. �

When b is at least 1, an (a; b)-deep vertex 
oloration indu
es an (a+1; b+

1)-deep edge 
oloration:

Lemma 2.4. Let

~

G be an a
y
li
 dire
ted graph and let a � b � 1. Then:

(3) F

e

(

~

G; a+ 1; b+ 1) �

�

F

v

(

~

G; a; b)

2

�

More pre
isely: let f

V

: V (

~

G) ! X be an (a; b) deep vertex 
oloration

of

~

G, with b � 1. Then, the mapping f

E

: E(

~

G) ! X � X de�ned by

f

E

((x; y)) = (f

V

(x); f

V

(y)) is an (a+ 1; b+ 1)-deep edge 
oloration of

~

G.

Proof. Consider any (a + 1; b + 1)-path P of

~

G and assume two edges e

and f of P gets the same image by f

E

. Then, the two endpoints of these

edges have the same image by f

V

. As the set of the endpoints of the edges

of P form an (a; b)-path, all the endpoints have di�erent images by f

V

.

Hen
e, e and f have the same endpoint and these edges form a (1; 1)-path.

Thus, the origins of these edges have di�erent images by f

V

, what leads to

a 
ontradi
tion. �

One of the main properties of deep edge 
olorings stands in the following

property:

Lemma 2.5. Let a � b � 1, let S = (


1

; : : : ; 


a

; 


0

b

; : : : ; 


0

1

) be a sequen
e

of a + b distin
t 
olors of an (a; b)-deep edge 
oloring of an a
yli
 dire
ted

graph

~

G, and let A be a subset of the vertex set of

~

G.

Denote

~

G

A;S

the partial graph of

~

G indu
ed by the (a; b)-paths of

~

G 
olored

a

ording to S and having all their verti
es but their endpoints in
luded in

A.

Then, any path of

~

G

A;S

linking two distin
t verti
es of V (

~

G)nA in
ludes

an edge 
olored 


a

.

Proof. Consider any path P of

~

G

A;S

linking two distin
t verti
es of V (

~

G)nA.

As P will start with a forward edge and end with a ba
kward one, it should

6



in
lude at least one sink, that is: a vertex z with two in
oming edges e anf

f .

Assume e is 
olored 


i

and f is 
olored 


j

with j � i. Let f = (y; z), let

e = (x

i

; z) and let x

j

; x

j+1

; : : : ; x

i

; z be the part of an (a; b)-path in
luding

e, starting with the edge of 
olor 


j

and ending with e. This part is a

(i � j + 1; 0) path. If y is none of the x

k

(j � k � i), then x

j

; : : : ; x

i

; z; y

is a (i � j + 1; 1) path with two edges 
olored 


j

. If y = x

k

for j < k < i

(remark that k 6= i, as e 6= f). Then, x

j

; : : : ; x

k

= y; z is a (k�j+1; 0)-path

in
luding two edges 
olored 


j

. Otherwise, y = x

j

(thus, j < i and thus

a � 2). Then, as f is in
luded in an (a; b)-path 
olored a

ording to S, there

exists an edge g = (z; t) 
olored 


j+1

. The vertex t is none of x

j+1

; : : : ; z, as

G is a
y
li
. Thus, we get a (i� j +1; 0)-path x

j+1

; : : : ; z; t with two edges


olored 


j+1

, a 
ontradi
tion.

Similarly, e and f 
annot be 
olored 


0

i

and 


0

j

, respe
tively.

Assume e is 
olored 


i

(i < a) and f is 
olored 


0

j

. Then, as e belongs to

an (a; b)-path 
olored a

ording to S, the edge f plus the a+b� i last edges

of the (a; b)-path de�ne an (a � i + 1; b)-path in
luding two edges 
olored




0

j

, a 
ontradi
tion.

Thus, e has to be 
olored 


a

, what a
hieves the proof. �

Lemma 2.6. Let

~

G be an a
y
li
 dire
ted graph and let a � b � 1.

Let �(

~

G; a; b) be the density of the graph with vertex set V (

~

G), with edges

fx; yg for ea
h (a; b)-path with endpoints fx; yg.

Then:

(4) �(

~

G; a; b) � �

-

(

~

G)

a+b

+ 4r(G)F

e

(

~

G; a; b)

a+b

Proof. Let k = �

-

(

~

G) and let B be any subset of the vertex set of

~

G. The

number of di�erent (a; b)-paths having their sink at a vertex in B is at most

k

a+b

jBj.

Moreover, for any sequen
e S = (


1

; : : : ; 


a

0

; 


0

b

0

; : : : ; 


0

1

) of a

0

+ b

0


olors

from F

e

(

~

G; a; b), we 
onsider the partial graph

~

G

A;S

of

~

G indu
ed by the

(a

0

; b

0

)-paths 
olored a

ording to S and having all their verti
es but their

endpoints in
luded in A = V (G) n B. A

ording to Lemma 2.5, the 
on-

tra
tion of the edges of

~

G

A;S

not 
olored 


a

0

indu
es no identi�
ation on

B and, moreover, two endpoints in B of an (a

0

; b

0

)-path whi
h interior is

in
luded in A will be joined by an edge. After simpli�
ation, the number of

edges will be at most r(G)jBj, what is an upper bound for the number of

(a; b)-path in
luding an (a

0

; b

0

)-path 
olored a

ording to S with endpoints

in B and interior verti
es outside B.
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Thus:

�(

~

G; a; b) �k

a+b

+r(G)

b

X

b

0

=1

a

X

a

0

=b

0

F

e

(

~

G; a; b)

a

0

+b

0

�k

a+b

+r(G)

�

a

X

i=0

F

e

(

~

G; a; b)

i

��

b

X

i=0

F

e

(

~

G; a; b)

i

�

�k

a+b

+ 4r(G)F

e

(

~

G; a; b)

a+b

(as F

e

(

~

G; a; b) � 2)

�

Lemma 2.7. Let

~

G be an a
y
li
 dire
ted graph and let a; b, a � b � 1, be

integers. Then:

(5) F

v

(

~

G; a; b) �

�

C

0

2

a�b

r(G)�

-

(

~

G)

(a�b+1)(a�b+2)

�

2

a+b

(

a+b

2

)

!

(

a�b

2

)

!

for some 
onstant C

0

Proof. A

ording to the de�nition of �(

~

G; a; b),

F

v

(

~

G; a; b) �1 + 2

k

a+1

� 1

k � 1

+ 2

b

X

b

0

=1

a

X

a

0

=b

0

�(

~

G; a

0

; b

0

)

�1 + 2

k

a+1

� 1

k � 1

+ 2

b

X

b

0

=1

a

X

a

0

=b

0

k

a

0

+b

0

+ 4r(G)

b

X

b

0

=1

a

X

a

0

=b

0

F

e

(

~

G; a; b)

a

0

+b

0

�4k

a

+ 4k

a+b

+ 8r(G)F

e

(

~

G; a; b)

a+b

Thus, if b > 1:

F

v

(

~

G; a; b) �12r(G)F

v

(

~

G; a� 1; b� 1)

2(a+b)

and

F

v

(

~

G; a; 1) �8�

-

(

~

G)

a+1

+ 2

a+4

r(G)�

-

(

~

G)

a(a+1)

�C2

a

r(G)�

-

(

~

G)

a(a+1)

Thus, for any b � 1:

F

v

(

~

G; a; b) �

�

C

0

2

a�b

r(G)�

-

(

~

G)

(a�b+1)(a�b+2)

�

2

a+b

(

a+b

2

)

!

(

a�b

2

)

!

�
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As a 
onsequen
e of all this we obtain Theorem 1.1 in the following form:

Theorem 2.8. There exists a fun
tion F : N

3

! N, su
h that, for any

integer k, any a
y
li
 dire
ted graph

~

G has a k-folding to some orientation

of K

N

, where N = F (k;r(G);�

-

(

~

G)) is bounded by:

logF (k;r(G);�

-

(

~

G)) = O(4

k

k! log(r(G)�

-

(

~

G)) +O(r(G)�

-

(

~

G)

6

)

Proof. This theorem follows from Lemmas 2.1, 2.2 and 2.7. �

It follows from Theorem 2.8 that, for any proper minor 
losed 
lass K of

graphs, and for any positive integer k, there exists N(K; k), su
h that any

graph G 2 K has a k-folding using N(K; k) 
olors.

Observe that even for the 
lass F of the forests, N(F ; k) may not be

bounded independently of k as, for any integer N , any suÆ
iently large N -

ary tree will 
ontain a downset of size at least N in any of its orientations.

3. K

k

-free Colorings

Theorem 3.1. Let a dire
ted graph

~

G have a 3-folding to

~

K

N

. Then, for

any subgraph H in G whi
h is 
olored by p 
olors, either �(H) < p or H

in
ludes a 
lique of size p.

Proof. We pro
eede by indu
tion on p. Assume the statement is proved

for p � 1. Let

~

G be a given graph with a 3-folding into

~

K

N

. Consider the

homomorphi
 image of

~

G as a subgraph

~

K

0

of

~

K

N

and 
onsider the subgraph

~

K

00

of

~

K

0

indu
ed by any p 
olors. Then, we 
an assume without loss of

generality that

~

K

00


ontains a monotone path with p verti
es (for otherwise

�(K

00

) � p � 1 and we are done). We number the 
olors a

ording to this

monotone path from 1 to p for 
onvenien
e. Consider now any subgraph

~

H

of

~

G with all its verti
es 
olored by 1; : : : ; p. If the subgraph of

~

H indu
ed

by verti
es with 
olors 1; : : : ; p � 1 has no 
lique of size p � 1, then it has


hromati
 number at most p� 2. Hen
e, in this 
ase we have �(

~

H) � p� 1.

Otherwise, we may assume

~

H is p-
olor 
riti
al. Let

~

K be a 
lique of size

p� 1 of this subgraph. Then, as

~

G is a
y
li
 oriented, so is

~

K. A

ording

to the existen
e of a monotone path 1; 2; : : : ; p � 1 the orientation of

~

K

follows. Let u be the vertex with 
olor p � 1. Thus u has an in
oming

edge from the verti
es of

~

K 
olored 1; : : : ; p� 2. As the degree of u in

~

H is

at least p� 1 (be
ause

~

H is p-
olor-
riti
al), and as u may not have other

in
oming edges from verti
es 
olored 1; : : : ; p�2 other than those in K (here

we use (2; 1)-deep vertex 
oloring) and as the edge of

~

K

0

linking p � 1 to

9



p is oriented from p � 1 to p (this is the last edge of the monotone path),

~

H 
ontains an edge (u; v) with the vertex v is 
olored by 
olor p. As our


oloring is also a (3; 0)-deep vertex 
oloring, v may not have an outgoing

edge (for otherwise we would get an oriented 
y
le of form i; p�1; p; i) and,

again using (2; 1)-deep vertex 
oloring, the vertex v may not have in
oming

edges from verti
es outside of

~

K. Thus, as the degree of v is at least p� 1

(as

~

H is p-
olor-
riti
al), the vertex v is adja
ent to all the verti
es of the


lique

~

K and thus

~

K together with the vertex u form a 
lique of size p. �

As a 
orollary, we obtain the following:

Corollary 3.2. Let

~

G have a 3-folding to

~

K

N

. Then, for any K

k

-free

subgraph H in G geting p 
olors, we have �(H) � bp

k�1

k


.

Proof. Partition the p 
olors in b

p

k


 
lasses of size p and one with the re-

maining (p � k:b

p

k


) elements (if any). Then, any of the 
lasses of size p

indu
es a graph of 
hromati
 number at most p�1. The 
hromati
 number

of the whole graph has then the requested bound. �

With help of a deeper folding, we may improve this result a bit:

Theorem 3.3. Let

~

G have a �(G)-folding to

~

K

N

. Then, for any subgraph

H in G geting p 
olors, we have �(H) �

p+!(H)

2

.

Proof. Compute a new proper 
oloring ofH a

ording to the a
y
li
 orienta-

tion: ea
h sour
e ofH is a�e
ted the 
olor 1 and, following a topologi
al sort

order, ea
h vertex v is 
olored by the minimum 
olor whi
h is not used by

one of its in
oming neighbours. A

ording to this 
oloring, ea
h vertex with


olor i has an in
oming edge from a vertex with 
olor j, for all 1 � j < i.

As this 
oloring is proper, at least one vertex z of H gets 
olor �(H). Con-

sider the �(G)-downset D

z

of z. Let n

i

denote the number of verti
es of

D

z


olored i. Then, p �

P

i

n

i

, as D

z

is a downset of depth at most �(G).

Moreover, as ea
h n

i

is at least 1, and as the set of the 
olors with n

i

= 1

obviously forms a 
lique,

P

�(H)

i=1

n

i

� 2�(H)�jfi; n

i

= 1gj � 2�(H)�!(H).

Thus, p � 2�(H)� !(H). �

4. K

k

-free Bounds

It follows from the main result (Theorem 5) of [8℄ that our Theorem 3.1

implies the existen
e of aK

k

-free bound. Note that Theorem 5 of [8℄ is more

general as it deals with lo
ally U-
olorable graphs (for a �xed graph U); but

presently we do not have analogy of Theorem 3.1 in this more general 
ase.
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For the sake of 
ompleteness of this paper we in
lude a dire
t proof of our

parti
ular 
ase.

Let N; k;N > k > 1 be positive integers. We denote by [N ℄ the set

f1; 2; : : : ; Ng and by [N ℄

k

the set of all k-element subsets of [N ℄. We de�ne

the graph H

N

k

as follows: The verti
es V (H

N

k

) are all pairs (i; 
) where

i 2 [N ℄ and 
 is a 
oloring of [N ℄

k

by k � 1 
olors (i.e. 
 : [N ℄

k

! [k � 1℄).

The edges ofH

N

k

are pairs f(i; 
); (i

0

; 


0

)g where i 6= i

0

and every set S 2 [N ℄

k

whi
h 
ontains both i and i

0

gets di�erent 
olors in 
 and 


0

(i.e. 
(S) 6=




0

(S)).

It is 
lear that for any 
hoi
e of N and k H

N

k

does not 
ontain K

k

(for

if we would denote its verti
es by (i

1

; 


1

); (i

2

; 


2

); : : : ; (i

k

; 


k

) then the k-

set S = fi

1

; i

2

; : : : ; i

k

g would have to get k distin
t 
olors 
ontrary to our

assumption.) On the other hand given a K

k

-free graph G with a 
oloring

f : G! K

N

as in Theorem 3.1 we 
an de�ne a homomorphism g : G! H

N

k

by g(v) = (f(v); 
) where for any k-tuple S of 
olors we 
onsider a k � 1-


oloring 


S

of the subgraph G

S

ondu
ed by the verti
es of 
olors from S

and we de�ne 
(S) = 


S

(v) (with 
(S) beeing arbitrary if f(v) 62 S). One


an 
he
k easily that this mapping g is indeed a homomorphism G! H

N

k

.

This together with Theorem 3.1 �nishes the proof of Theorem 1.2.

5. Remarks

1: The a
y
li
 
hromati
 number �

a

(G) is a minimal number of 
olors

needed to 
olor verti
es of G su
h that the subgraph indu
ed by any two


olors is a forest. d-folding is a stru
tural strengthening of this notion. It

has been proved in [10℄ that there is a fun
tion f su
h that any graph G

with �

a

(G) � k has a 1-folding whi
h uses at most f(k) 
olors. This result

is best possible as for every k there exists a graph G

k

with a
y
li
 
hromati


number 3 for whi
h any 2-folding uses at least k 
olors. One su
h example

we 
an obtain as follows:

Denote by K the 
omplete graph K

N

of order N , with all the edges

subdivided twi
e. Su
h a graph has a
y
li
 
hromati
 number 3 (all the

original verti
es are 
olored 1 and the two verti
es on an edge are 
olored 2

and 3). Consider any orientation of K and assume there exists a 2-folding

with x 
olors. Let A be the original set of verti
es K

N

. If there is a sink in

the subdivision verti
es between two verti
es a; b in A, then a and b have

di�erent 
olors. Otherwise, at least one of a and b gets an in
oming edge

from the subdivided verti
es. As any vertex has at most x�1 in
oming edges

(be
ause of the folding), there are at most (x�1)N subdivided edges having

a sour
e. Hen
e, the number of 
olors in A is at least equal to the minimum

11




hromati
 number of a graph on N verti
es with ((N � 1)=2 � (x � 1)N

edges. But, by Turan's theorem, N is at most equal to 2x(x� 1) + 1.

Thus, for any x, the 
lique of order 2x(x� 1) + 1 with edges subdivided

twi
e has a
y
li
 
hromati
 number 3 and 2-folding "number" is at least x.

2: Our Conje
ture 1 may be seen as a �nitary approximation to Had-

wiger 
onje
ture, see e.g. [7℄. In our language Hadwiger 
onje
ture may be

expressed as follows:

Conje
ture 2. (Hadwiger)

Any minor 
losed 
lass K with bounded 
hromati
 number has greatest

element whi
h is a 
omplete graph.

In the other words, if a minor 
losed 
lass K is bounded (by a �nite graph,

for example by a large 
omplete graph) then it has the greatest element

whi
h is a 
omplete graph. In this 
ontext one may see our Conje
ture 1 as

an approximation to Hadwiger 
onje
ture: instead of asking for the greatest

element of 
lass K we ask for a bound with lo
al properties similar to those

in K (su
h as not 
ontaining a given 
omplete graph). On the other hand

the following naturally arises as a weaker form of Hadwiger 
onje
ture:

Conje
ture 3. Any minor 
losed 
lass K with bounded 
hromati
 number

has greatest element.

In our setting the Hadwiger 
onje
ture is not an isolated statement. For

example the following problem is a weakening of it in another dire
tion. We

know that the 
oloring (or homomorphism) order � is a quasiorder (whi
h

may be turned into a partial order by a suitable 
anoni
al fa
torization).

Given a 
lass K we say that a graph H is supremum of K if

i: G � H for any G 2 K (i.e. H is a bound for K);

ii: If G < H then there exists G

0

2 K su
h that G � G

0

� H (i.e. H is

the smallest bound of K).

It follows from the density theorem [13℄ that for any positive integer

k the 
lass of all K

k

-free k-
olorable graphs has supremum K

k

(and this


lass fails to 
ontain a graph whi
h is its greatest element). The following


onje
tures that this density phenomena 
annot happen for geometri
ally

restri
ted 
lasses of graphs:

Conje
ture 4. If H is a supremum of proper minor 
losed 
lass K then

H 2 K (i.e. the supremum of K, if it exists, is also the greatest element of

K).
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3: The following is a 
onsequen
e of various results of this paper and of

[10℄. It shows the diversity and �ne interplay of very di�erent and seemingly

unrelated 
oloring 
hara
teristi
s when restri
ted to minor 
losed 
lasses.

Remark 5.1. (Chara
terization of proper minor 
losed 
lasses)

Let C be a a minor 
losed 
lass of graphs. The following statements are

equivalent

i: the a
y
li
 
hromati
 number �

a

(G) is bounded for G 2 C;

ii: the oriented 
hromati
 number ~�(G) is bounded for G 2 C, see [11℄;

iii: the star 
hromati
 number �

st

(G) is bounded for G 2 C, see [10℄;

iv: 
olored mixed graphs in C may be 
olored by a �xed number of 
olors

(in the sense of [1, 12℄);

v: the 
hromati
 number �(G) is bounded for all G 2 C;

vi: the 
lique number !(G) is bounded for all G 2 C;

vii: the edge density of all graphs G is bounded for all G 2 C.

vii: C is proper minor 
losed 
lass of graphs (i.e. C is not the 
lass of all

graphs).

viii: For any positive integer k the 
lass K \ Forb

h

(K

k

) is bounded by a

K

k

-free graph;

ix: There exists k � 3 su
h that the 
lass K \ Forb

h

(F) is bounded by a

K

k

-free graph.
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