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Abstra
t

We 
onsider the parameterized problem, whether for a given set D

of n disks (of bounded radius ratio) in the Eu
lidean plane there exists

a set of k non-interse
ting disks. We expose an algorithm running

in time n

O(

p

k)

, that is|to our knowledge|the �rst algorithm for

this problem with running time bounded by an exponential with a

sublinear exponent. For �-pre
ision disk graphs of bounded radius

ratio, we show that the problem is �xed parameter tra
table with

respe
t to parameter k.

The results are based on a new \geometri


p

�-separator theorem"

whi
h holds for all disk graphs of bounded radius ratio. The pre-

sented algorithm then performs, in a �rst step, a \geometri
 problem

kernelization" and, in a se
ond step, uses divide-and-
onquer based

on our geometri
 separator theorem.

Our te
hniques 
an be extended to various other graph problems,

su
h as dominating set, to obtain similar results for disk graphs of

bounded radius ratio.
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1 Introdu
tion

The problem and its motivation. In this paper, we study the parame-

terized independent set problem on disk graphs, whi
h takes as an input

a set D of disks in the plane and an integer k and the task is to determine

whether there are k mutually disjoint disks in D. The problem is motivated

by numerous appli
ations, among whi
h we want to highlight the area of

frequen
y assignment problems in 
ellular networks [22℄. Here, one 
onsid-

ers a set of antennas whi
h transmit data on a given frequen
y to their lo
al

environment. Assuming that this environment 
an be modeled by a disk


entered at the position of the antenna, the task to determine the maximum

number of antennas whi
h 
an operate simultaneously without any 
on
i
t

using the same frequen
y be
omes a maximum independent set problem

on a disk graph.

1

Previous work. It is known [7℄ that the problem is NP -hard even for unit

disk graphs. A way to 
ope with this hardness was proposed by approxi-

mation theory [15, 17℄. Very re
ently, Erleba
h et. al. [15℄ gave a PTAS for

independent set on disk graphs, whi
h is based on a sophisti
ated use of

so-
alled shifting te
hniques as they were introdu
ed in [4, 16℄. Note that

the running time of the given PTAS is far from being pra
ti
al, sin
e the

degree of the polynomial running time for obtaining an approximation ratio

(1 +

1

`�1

)

2

grows as `

2

n

O(`

4

)

.

In this paper, however, we are interested in exa
t solutions for the given

problem. Moreover, we take the viewpoint of parameterized 
omplexity

(see [12℄). Formally, a parameterized problem is a two-dimensional lan-

guage L � �

�

� N, where � is some alphabet. The input instan
es are

obje
ts of the form (I; k) and the integer k is 
alled the parameter. We ask

for an algorithm whi
h de
ides if (I; k) 2 L running in time 2

g(n;k)

, where

n = jI j. A parameterized problem is 
alled �xed parameter tra
table, if

there is an algorithm with g(n; k) = f(k) + h(n), where f is some arbitrary

fun
tion and h(n) 2 O(log n). The 
lass of �xed parameterized tra
table

problems is denoted by FPT .

We want to brie
y summarize various results on the parameterized

and 
lassi
al 
omplexity of the independent set problem for general

graphs and for planar graphs (the latter are equivalent to the 
lass of 
oin

1

Note that we always 
onsider disk graphs with given representation, i.e., with given

set of disks in the plane. This makes sense, sin
e most appli
ations whi
h are modeled

by disk graphs already provide this representation in a very natural way.
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graph 
lass (
lassi
al) 
omplexity parameterized 
omplexity

2

0:276 n

[25℄

general graphs

rel. lower bound: 2


(n)

[18℄

W[1℄-
omplete [11℄

open problem

disk graphs DG

�

2

O(

p

n log(n))

[Rem. 17℄

2

O(

p

k log(n))

[Thm. 16℄

disk graphs DG

�;�

FPT [Cor. 7℄

(with �-pre
ision)

2

O(

p

n)

[Rem. 13℄

2

O(

p

k log(k))+log(n)

[Cor. 7℄

2

O(

p

n)

[21℄[Rem. 11℄ FPT

planar graphs

rel. lower bound: 2


(

p

n)

[6℄ 2

O(

p

k)+log(n)

[2, 3℄

Table 1: Relating our results on independent set for disk graphs to known

results for general graphs and for planar graphs.

graphs [19℄, i.e., disk graphs where disks are not allowed to overlap); see

Table 1 for an overview.

In parameterized 
omplexity study, it is known [11℄ that independent

set is 
omplete for the 
lassW [1℄, whi
h 
aptures parameterized intra
table

problems (see [12℄ for details). However, restri
ted to planar graphs, inde-

pendent set is in FPT , and for the (asymptoti
ally) best known algorithm

we get h(n) = log(n) and f(k) = O(

p

k) being sublinear in k (see [2, 3℄).

Moreover, very re
ently, Cai and Juedes [6℄ showed that there is no �xed pa-

rameter algorithm with f(k) = o(

p

k) unless 3SAT2 DTIME(2

o(n)

), whi
h

is generally 
onsidered to be very unlikely.

In the 
lassi
al (one-dimensional) 
omplexity study, the best known algo-

rithm running in time 2

e(n)

with e(n) = 0:275n is due to Robson. Moreover,

e(n) 2 o(n) is impossible unless 3SAT2 DTIME(2

o(n)

) (see [18℄). If re-

stri
ted to planar graphs, Lipton and Tarjan applied their well-known planar

separator theorem [20℄ to get an algorithm with e(n) = O(

p

n). This is the

best possible asymptoti
 behavior for e (unless 3SAT2 DTIME(2

o(n)

)),

sin
e otherwise an algorithm with e(n) 2 o(

p

n) in 
ombination with a

known linear problem kernel would lead to an algorithm for the param-

eterized problem better than the relative lower bound shown by Cai and

Juedes.

Main results and methods used. It is an interesting phenomenon that,

for planar graphs, in both 
ases (parameterized and 
lassi
al 
omplexity)

the asymptoti
ally best algorithms were derived based on separator theo-

rems: in the 
ase of 
lassi
al 
omplexity, by a dire
t divide-and-
onquer

approa
h using the planar separator theorem [21℄, and in the 
ase of pa-
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rameterized 
omplexity, by a 
ombination of so-
alled \redu
tion to a linear

problem kernel" (see Se
tion 3 for details) and divide-and-
onquer [3℄. Due

to the large 
onstants involved, the algorithms are 
onsidered to be impra
-

ti
al, but relevant from a theoreti
al point of view, sin
e they mat
h the


orresponding relative lower bounds.

In this paper, for the 
ase of disk graphs, we pursue a similar strategy

of 
ombining a geometri
 version of redu
tion to problem kernel with a

divide-and-
onquer approa
h based on an appropriate separator theorem.

However, for disk graphs, so far su
h separator theorems are known only for

so-
alled interse
tion graphs of � -neighborhood systems [14, 23, 24℄, whi
h

are 
losely related to (unit) disk graphs with �-pre
ision, where all 
enters

are at mutual distan
e of at least � > 0. With respe
t to general disk

graphs, we quote from the introdu
tion of Hunt et. al. [17℄:

\The [...℄ drawba
k is that problems su
h as maximum indepen-

dent set and minimum dominating set [...℄ 
annot be solved at

all by the separator approa
h. This is be
ause an arbitrary (unit)

disk graph of n nodes 
an have a 
lique of size n."

The key result in this paper is to show a way out of this dilemma by proving

a new type of \geometri
 separator theorem" whi
h holds for disk graphs

with bounded radius ratio. Our geometri
 separator theorem 
an be seen

as a generalization of (
lassi
al) separator theorems, where the guarantee is

not on the size of the separator in terms of its number of verti
es, but in

terms of the spa
e o

upied by its disks.

This result is used to optimally solve the parameterized independent

set problem on disk graphs of bounded radius ratio in time 2

g(n;k)

with

g(n; k) = O(

p

k log(n)), whi
h is | to our knowledge | the �rst algorithm

for this problem with running time bounded by a fun
tion with an exponent

sublinear in k. In the worst 
ase (i.e., when k = n) this turns into an

algorithm of running time 2

e(n)

with the sublinear term e(n) =

p

n log(n);

a running time whi
h 
annot be a
hieved for general graphs (unless 3SAT

2 DTIME(2

o

(n))).

In addition, in the 
ase of disk graphs with �-pre
ision, we 
an show

that the independent set problem is in FPT with g(n; k) = f(k)+ log(n)

and f(k) = O(

p

k log(k)). The results are summarized in Table 1.
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2 Preliminaries and Notation

Our subje
t to explore are interse
tion graphs of geometri
 obje
ts in the

plane, namely of disks. We assume that ea
h point z of the plane is deter-

mined by its x any y 
oordinates and the plane is equipped by the standard

distan
e d(z; z

0

) =

p

(x � x

0

)

2

+ (y � y

0

)

2

.

If S = fS

1

; : : : ; S

n

g, S

i

� R

2

is a 
olle
tion of geometri
 obje
ts, we

denote by

S

S =

S

n

i=1

S

i

the union of S. For a 
olle
tion S, let G

S

=

(V

S

; E

S

) denote the interse
tion graph of S, i.e., V

S

= fv

1

; : : : ; v

n

g and

E

S

= f(v

i

; v

j

) j S

i

\ S

j

6= ;g. The 
olle
tion S is 
alled the representation

of G

S

. Moreover, for a subset S

0

� S, we denote by V

S

0

� V

S

the subset

of verti
es indu
ed by S

0

, i.e., V

S

0

= fv

i

j S

i

2 S

0

g. In this setting G

S

0

=

G

S

[V

S

0

℄ is the subgraph of G

S

indu
ed by the set of verti
es V

S

0

.

Disk graphs. A disk D � R

2

is spe
i�ed by a triple (r; x; y) 2 R

3

, where

(x; y) are 
oordinates of the 
enter of the disk in the Eu
lidean plane and

r is its radius. The graph 
lass of disk graphs, denoted by DG is the set of

all graphs G, for whi
h we �nd a 
olle
tion of disks D = fD

1

; : : : ; D

n

g su
h

that G = G

D

. Note that for given 
olle
tion D, the graph G

D

is given with

a natural embedding in the plane, where v

i

sits in the position of the 
enter

of D

i

.

The 
lass of disk graphs of bounded radius ratio � is the sub
lass DG

�

�

DG of all graphs G 2 DG whi
h admit a representation D = fD

1

; : : : ; D

n

g,

su
h that (max

i=1;:::n

r

i

)=(min

i=1;:::n

r

i

) � �; where r

i

denotes the radius of

disk D

i

. The parameter � is 
alled radius ratio. By a res
aling argument,

for a graphG 2 DG

�

with representationD, we 
an always a
hieve, that the

smallest disk in D has radius one and, hen
e, all radii being upper bounded

by �.

Finally, a 
olle
tion D is said to have �-pre
ision if all 
enters of disks

are pairwise at least � apart (see [17, De�nition 3.2℄). Again, by a res
aling

argument, all disk graphs have a representation with �-pre
ision, however

only some graphs of DG

�

, allow a representation with radii in [1; �℄ and

pre
ision �. We denote this 
lass of graphs by DG

�;�

.

Throughout the paper, we assume that a disk graph G is given together

with its representation witnessing its membership in DG, DG

�

or DG

�;�

,

respe
tively. This makes sense from an appli
ation point of view, sin
e the

graph is usually derived from the pla
ement or real obje
ts in the spa
e, and

it is natural that these obje
ts have bounded size as well as distinguishable

pla
ement.
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Grid graphs. Fix an arbitrary 
onstant Æ > 0, and 
onsider the in�nite

grid of span Æ as the planar graph H

Æ

= (W

Æ

; E

Æ

) with verti
es W

Æ

=

fw

i;j

j i; j 2 Zg and edges E

Æ

= f(w

i;j

; w

k;l

) j ji � jj + jk � lj = 1g. The


anoni
al (straight-line) embedding of H

Æ

is given by putting vertex w

i;j

at the 
oordinates (iÆ; jÆ). The set of fa
es F

Æ

of H

Æ


ontains all 
losed

squares F

Æ

i;j

= [iÆ; (i+ 1)Æ℄� [jÆ; (j + 1)Æ℄ � R

2

. For a grid vertex w 2W

Æ

,

we de�ne the fa
e neighborhood

^

N(w) := fF 2 F

Æ

j w 2 Fg. Similarly for

W

0

�W

Æ

,

^

N(W

0

) =

S

w2W

0

^

N(w).

De�nition 1 For a 
olle
tion of disks D = fD

1

; : : : ; D

n

g, we de�ne H

Æ

D

to

be the smallest subgraph of the in�nite grid H

Æ

indu
ed by a set of grid

points whi
h 
ompletely 
overs all disks in D. We 
all H

Æ

the 
overing grid

(of span Æ) for D. In other words, if we de�ne the set of fa
es hit by D as

F

Æ

D

= fF 2 F

Æ

j F \

S

D 6= ;g, and if W

Æ

D

is the set of all grid points of F

Æ

D

,

then the 
overing grid H

Æ

D

is the subgraph H

Æ

D

whi
h is indu
ed by W

Æ

D

.

An example whi
h illustrates the 
onstru
tion of H

Æ

D

is given in Fig. 4 in

the Appendix.

Finally, for a 
olle
tion D of disks and a set S � R

2

(e.g., a set of grid

verti
es or a set of fa
es), we 
all D[S℄ := fD 2 D j D \ S 6= ;g the set of

disks indu
ed by S.

Measures. We use the standard Lebesgue measure � in R

2

as follows: For a

Lebesgue measurable set S � R

2

, �(S) denotes the size of S, i.e. the spa
e in

R

2

o

upied by S. In parti
ular, for a 
olle
tion of disks D = fD

1

; : : : ; D

n

g

let �(D) = �(

S

D) be the spa
e 
overed by the union of disks D

1

; : : : ; D

n

.

De�nition 2 Let G be a graph 
lass 
losed on taking subgraphs. A fun
-

tion � : G ! R

+

, that is monotonous with respe
t to the subgraph ordering,

i.e., �(G) � �(G

0

) if G � G

0

, and for whi
h �((;; ;)) = 0, is 
alled a graph

measure.

Example 3 We spe
ify two graph measures whi
h play a de
isive role

throughout the paper.

1. The usual 
ounting measure j � j whi
h assigns to any graph G the size

of its vertex set jV

G

j 
learly is a graph measure.

2. The Lebesgue measure �(�) whi
h assigns to a disk graph G

D

with

representation D the value �(G

D

) = �(D) is a graph measure for DG,

when we restri
t the subgraph ordering to G

D

� G

D

0

, D � D

0

.
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3 A Geometri
 Problem Kernelization

A well known tool for the design of �xed parameter algorithms is redu
tion

to problem kernel.

De�nition 4 Let L be a parameterized problem, i.e., L 
onsists of pairs

(I; k), where problem instan
e I has a solution of size k (the parameter).

Redu
tion to problem kernel , then, means to repla
e problem (I; k) by a

\redu
ed" problem (I

0

; k

0

) (
alled problem kernel) su
h that

k

0

� 
 � k; jI

0

j � p(k); and (I; k) 2 L i� (I

0

; k

0

) 2 L; (1)

where 
 is a 
onstant,

2

and the fun
tion p, 
alled the size of the problem

kernel, depends only on k. Furthermore, we require that the redu
tion from

(I; k) to (I

0

; k

0

) is 
omputable in time T

K

(jI j; k), whi
h is a polynomial.

It is well-known that a parameterized problem is �xed parameter

tra
table if and only if it admits a redu
tion to a problem kernel (see [13℄).

As an example, we mention that, due to the 4-
olor theorem it is easy to

derive a problem kernel of size 4k for independent set on planar graphs.

For disk graphs, we 
an prove a geometri
 version of a problem kernel.

By this, we mean that the size of the redu
ed instan
e is upper bounded

by O(k), when measured by the (Lebesgue) measure �(�) instead of the


ounting measure j � j (see Example 3).

Proposition 5 For the parameterized independent set (IS) problem on

DG

�

there exists a \geometri
" problem kernel, i.e., there is a pro
edure

(whi
h is 
omputable in linear time), that transforms an instan
e (G

D

; k)

to an instan
e (G

D

0

; k), su
h that (G

D

; k) 2 IS i� (G

D

0

; k) 2 IS and

�k � �(G

D

0

) � 9��

2

k:

Proof. Re
all that for a given instan
e (G

D

; k) with the representation

D|due to our assumptions|all disks have radius in the range [1; �℄ and

G

D

is naturally embedded in the plane with respe
t to D.

2

Usually, 
 � 1. In general, however, it would even be allowed that k

0

= g(k) for some

fun
tion g. For our purposes, however, we need that k and k

0

are linearly related. We

are not aware of a 
on
rete, natural parameterized problem with problem kernel where

this is not the 
ase.
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kernelize(disk graph G

D

, integer k)

// Answers either that G

D

has an independent set of size k,

// or that no su
h set exists, or returns "geometri
 problem kernel" (G

D

0

; k).

1. s
ale D su
h that the smallest disk has unit radius.

// Sin
e G

D

2 DG

�

, the largest radius of a disk in D is �.

2. set F

�

= F

�

= ;, Æ =

1

20

// to be 
ompatible with Theorem 14, however any �xed Æ > 0 would suÆ
e

3. for ea
h D 2 D do

F

�

:= F

�

[ fF 2 F

Æ

j F � Dg

F

�

:= F

�

[ fF 2 F

Æ

j F \D 6= ;g

4. if jF

�

jÆ

2

> 9��

2

k then return "YES"

// i.e., �nd greedily a set of k independent disks D

I

and return (G

D

I

; k),

respe
tively.

else if jF

�

jÆ

2

< �k then return "NO"

// i.e., return (;; k).

else return (G

D

; k))

Figure 1: Geometri
 problem kernel redu
tion.

Observe �rst, that �(G

D

) > 9��

2

k implies that (G

D

; k) 2 IS . We use

the fa
t that �(D[N(v)℄) � (3�)

2

� for any vertex v 2 V , i.e., that the

neighborhood of any vertex may o

upy the spa
e at most 9��

2

.

And, se
ondly, if �(G

D

) < �k, then (G

D

; k) =2 IS , sin
e the representa-

tion of any independent set of k verti
es needs spa
e at least �k. 2

The pro
edure whi
h in linear time transforms (G

D

; k) to (G

D

0

; k) with

�(G

D

0

) � 
�

2

k is given in Fig. 1. (Observe that 
& 9� as Æ ! 0.)

Note that this is not a problem kernel a

ording to De�nition 4, sin
e the

size of G

D

is measured by the (Lebesgue) measure �(�), whi
h, in general, is

not related to the (input) size of G. For disk graphs with �-pre
ision, how-

ever, we 
an upper bound the 
ounting measure by the Lebesgue measure.

Lemma 6 Let G

D

= (V;E) 2 DG

�;�

be a graph with and representation D.

Then,

jV j �

4

�

�

�2

�(G

D

)

Proof. The proof is deferred to the Appendix.
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Corollary 7 The parameterized independent set problem on disk graphs

DG

�;�

(with �-pre
ision) admits a problem kernel of size 
k with 
onstant


 = 36(

�

�

)

2

, whi
h 
an be 
omputed in linear time,

Moreover, the problem 
an be solved in time O(k

O(k)

+ n), hen
e, it is

�xed parameter tra
table.

Proof. The 
laimed problem kernel redu
tion follows immediately by

Proposition 5 and Lemma 6.

In order to solve the problem, we perform the problem kernel redu
tion

in time O(n) and then, on the redu
ed instan
e of size 
k, we may 
he
k all

�


k




�

= O(k

k

) subsets of k disks for their independen
e. This results in the


laimed total running time. 2

4 A Geometri
 Separator Theorem

In the following, we prove our key result|a new geometri


p

�-separator

theorem|that makes our divide-and-
onquer strategy work. For this pur-

pose, in a �rst subse
tion, we brie
y introdu
e the notion of vertex separa-

tors and give a short overview on known

p

�-separator theorems for planar

graphs and unit disk graphs with �-pre
ision. In a se
ond subse
tion, we

prove our key result, a geometri


p

�-separator theorem for general disk

graphs of bounded radius ratio.

4.1 Classi
al

p

�-separator theorems

We start with a somewhat generalized notion of separator theorems.

De�nition 8 Let G = (V;E) be an undire
ted graph. A separator V

S

� V

of G partitions V into two parts V

A

and V

B

su
h that

� V

A

_

[V

S

_

[ V

B

= V , and

� no edge joins a vertex of V

A

to V

B

.

The triple (V

A

; V

S

; V

B

) is also 
alled a separation of G.

In order to provide a quantitative approa
h to separators, we need the

notion of \measure" as introdu
ed in Se
tion 2.

9



De�nition 9 Let � be a graph measure. An f(�)-separator theorem for the

measure � (and 
onstants � < 1, � > 0) on a 
lass of graphs G whi
h is


losed under taking subgraphs is a theorem of the following form:

For any G 2 G there exists a separation (V

A

; V

S

; V

B

) of G su
h that

1. �(G[V

S

℄) � � f(�(G))

2. �(G[V

A

℄); �(G[V

B

℄) � � �(G)

p

�-separator theorems on planar graphs. Stated in this framework,

the planar separator theorem due to Lipton and Tarjan [20℄ 
an be formu-

lated as follows.

Theorem 10 On the 
lass of planar graphs, there exists a

p

�-separator

theorem for the 
ounting measure j � j with 
onstants � = 2=3 and � = 2

p

2.

Moreover, the 
orresponding separation 
an be found in linear time.

Later, Djidjev [8℄ improved the 
onstants to � = 2=3 and � =

p

6. The


urrent re
ord for � = 2=3 is � � 1:97 [10℄. Djidjev has also shown a

lower bound of � � 1:55 for � = 2=3 [8℄. Similar

p

�-separator theorems are

also known for other graph 
lasses, e.g., for the 
lass of graphs of bounded

genus, see [9℄.

Remark 11 Note that Theorem 10 
an dire
tly be used to obtain a 2

O(

p

n)

-

algorithm for independent set on planar graphs (see [21℄, or [3, 
onferen
e

version, Prop.1℄).

p

�-separator theorems on disk graphs with �-pre
ision. In terms

of geometri
 graphs, a

p

�-separator theorem for the 
ounting measure

was proven on the 
lass of interse
tion graphs of so-
alled � -neighborhood

systems (see [17℄). Here, a � -neighborhood system is a 
olle
tion B =

fB

1

; : : : ; B

n

g of balls in a spa
e of arbitrary �xed dimension, su
h that

the interse
tion of any (� +1) distin
t balls in B is empty. It 
an be veri�ed

that every unit disk graph with �-pre
ision is an interse
tion graph of a

� -neighborhood system (� depending on �) and, vi
e versa, every interse
-

tion graph of a � -neighborhood system in R

2

is �-pre
ision disk graph (�

being the minimum distan
e between the 
enters of any two disks), see [17℄.

In the two-dimensional 
ase the 
orresponding separator theorem reads as

follows (see [23, Theorem 2.5℄ and [14, Theorem 5.1℄):

10



Theorem 12 On the 
lass of interse
tion graphs of �-neighborhood sys-

tems, there exists a

p

�-separator theorem for the measure j � j with 
onstants

� = 3=4 and � = O(

p

�). Moreover, the 
orresponding separation 
an be

found in linear time.

Remark 13 As exhibited, e.g., in [3, 
onferen
e version, Se
tion 4.1℄, a

divide-and-
onquer approa
h yields that independent set on interse
tion

graphs of � -neighborhood systems, and hen
e, on unit disk graphs with

�-pre
ision as well as for graphs from DG

�;�

, 
an be solved in time 2

O(

p

n)

.

4.2 A new geometri


p

�-separator theorem

In this subse
tion, we prove an analogue to the 
lassi
al

p

�-separator the-

orems for the 
lass DG

�

of disk graphs with bounded radius ratio. Note

that graphs in DG

�

may 
ontain arbitrary large 
liques, whi
h means that

a

p

�-separator theorem does not hold for the 
ounting measure j � j. How-

ever, if we use the (Lebesgue) measure �(�) (see Example 3), we obtain the

following geometri


p

�-separator theorem. Re
all the notion from Se
tion 2.

Theorem 14 On the 
lass DG

�

of disk graphs with bounded radius ratio,

there exists a

p

�-separator theorem for the Lebesgue graph measure �(�).

More pre
isely there exist 
onstants � < 1 and � su
h that, for every

graph G

D

2 DG

�

with representation D, we �nd three sets D

A

;D

S

;D

B

� D,

su
h that (V

D

A

; V

D

S

; V

D

B

) is a separation for G

D

, satisfying

1. �(D

S

) � �

2

�

p

�(D),

2. �(D

A

); �(D

B

) � ��(D).

Moreover, this separation 
an be found in time linear in jDj.

The idea for the proof of Theorem 14 is to 
onstru
t the 
overing gridH

Æ

D

(of suitable span) for a given 
olle
tion D of disks (see De�nition 2). Then,

in a se
ond step, one applies a planar

p

�-separator theorem on H

Æ

D

from

whi
h, in a suitable manner, the three sets D

A

;D

S

;D

B

� D will be 
on-

stru
ted. In order to prove the Theorem we need the following key result

whi
h interrelates the spa
e 
overed by D with the size of the 
overing grid.

Proposition 15 For any " there exists a Æ su
h that for any set D of disks

of radius at least one:

jW

D

j �

1 + "

Æ

2

�(D):

11



geometri
 separator(disk graph G

D

)

// Returns sets D

S

, D

A

and D

B


orresponding to a separation (V

D

A

; V

D

S

; V

D

B

)

// of G

D

with respe
t to the measure �(G

D

).

1. s
ale D su
h that the smallest disk has unit radius.

2. fix arbitrary " <

1

2

and sele
t Æ a

ording to Proposition 15

// E.g. " =

1

4

; Æ =

1

20

and 
onstru
t the graph H

Æ

D

3. run the algorithm of Lipton and Tarjan (see Theorem 10) on the


overing grid H

Æ

D

for D to obtain a separation (W

A

;W

S

;W

B

)

with

a) jW

S

j � �

0

p

jW

Æ

D

j; and

b) jW

A

j; jW

B

j � �

0

jW

Æ

D

j;

for the 
onstants �

0

=

p

8 and �

0

=

2

3

.

4. return the three sets

D

S

:= D[

^

N(W

S

)℄; //

^

N(W

S

) is de�ned in Se
tion 2.

D

A

:= D[W

A

℄ n D

S

;

D

B

:= D[W

B

℄ n D

S

:

Figure 2: Separator algorithm 
orresponding to Theorem 14.

Proof. The proof is deferred to the Appendix. 2

Proof. (of Theorem 14) The sets D

S

, D

A

and D

B

will be determined

a

ording to the pro
edure given in Fig. 2. We now prove that, indeed

(V

D

A

; V

D

S

; V

D

B

) is a separation of G and that properties (1.) and (2.) of

the theorem hold for the 
omputed sets D

S

;D

A

, and D

B

:

(V

D

A

; V

D

S

; V

D

B

) is a separation of G: Showing that (V

D

A

; V

D

S

; V

D

B

) is a

separation of G

D

is equivalent to proving that

S

D

A

\

S

D

B

= ;. Re
all

that (W

A

;W

S

;W

B

) is the separation of the 
overing grid H

Æ

D

obtained by

the algorithm of Lipton and Tarjan. First of all we 
laim that

[

D

A

\W

Æ

D

� W

A

; and

[

D

B

\W

Æ

D

� W

B

: (2)

To see this, note that

S

D

A

\W

S

= ;, sin
e if there is a disk D 2 D

A


ontaining a point w 2 W

S

|by 
onstru
tion of D

S

|we had D 2 D

S

.

Suppose now that there is a vertex w

B

2 W

B

whi
h lies in a disk D 2 D

A

.

By de�nition of the set D

A

, we �nd a vertex w

A

2 W

A

inside D as well.

Then, there exists a path P in H

Æ

D

whi
h 
onne
ts w

A

and w

B

and is

12




ompletely pla
ed inside the disk D. Sin
e (W

A

;W

S

;W

B

) is a separation

of H

Æ

D

then there exists a vertex of W

S

on P 
ontradi
ting

S

D

A

\W

S

= ;.

This also implies that

S

D

A

\W

B

= ;. Sin
e W

Æ

D

= W

A

[W

S

[W

B

, we

get

S

D

A

\W

Æ

D

�W

A

. The property

S

D

B

\W

Æ

D

� W

B

follows similarly.

Assume now, for 
ontradi
tion that verti
es v

A

2 V

D

A

and v

B

2 V

D

B

form an edge of E

D

, that means there exists some point z in D

A

\D

B

. Let

F

z

2 F

Æ

be any of the (at most four) squares 
ontaining z, and let W

z

be

the four grid verti
es adja
ent to F

z

in H

Æ

D

.

We �rst 
onsider the 
ase when D

B

does not interse
t W

z

. Then it

interse
ts one side of F

z

, and sin
e Æ � 1 it 
ontains two grid points of

the square sharing this side (see the last 
ase depi
ted in Fig. 5 in the

Appendix). Note that we use equation (2) in the sense that all grid points

interse
ted by D

B

belong to W

B

. Then as D

A

must 
ontain at least one

point of W

z

(if not, either there is no possible pla
e for z orW

A

\W

B

6= ;).

In this 
ase, or when we symmetri
ally ex
hange subs
ripts A and B,

and also when both D

A

and D

B

interse
t W

z

, there are two grid points

w

A

2 D

A

, w

B

2 D

B

, that are in H

Æ

D

at distan
e at most two. (All essential


onstellations are s
hemati
ally depi
ted in Fig. 5.) Sin
e w

A

and w

B

must

be separated by W

S

, and at the same time they belong to

^

N(W

S

), that is

in 
ontradi
tion with the de�nition of sets D

A

and D

B

.

ad property (1.): Consider a vertex w 2 W

S

and the neighborhood

^

N(w).

As shown in Fig. 6 in the Appendix, all disks in D whi
h interse
t

^

N(w)

must lie inside a 
y
le of radius (2� +

p

2Æ) 
entered at w. This is 
lear,

sin
e disks in D have radius bounded by � and sin
e the grid has span Æ.

More formally, we get

�(D[

^

N(w)℄) � (2� +

p

2Æ)

2

�:

Moreover, this implies that

�(D

S

) = �(D[

^

N(W

S

)℄) = �

�

[

w2W

S

D[

^

N(w)℄

�

�

X

w2W

S

�(D[

^

N (w)℄) �

�

(2� +

p

2Æ)

2

�

�

jW

S

j � 5�

2

�jW

S

j:(3)

Sin
e, by our 
hoi
e, " <

1

2

we may use in the last step

p

2Æ <

1

6

�

�

6

. Using

property (a) of step (3.) of the algorithm in Fig. 2 and Proposition 15, we

have jW

S

j � �

0

p

jW

D

j � �

0

q

1+"

Æ

2

�(D) whi
h together with the estimate (3)

13



establishes

�(D

S

) � �

2

�

p

�(D) for � =

5��

0

Æ

p

(1 + "): (4)

ad property (2.): First of all, observe that the set

S

D

A

is 
ompletely 
overed

by the square fa
es of the subgraph H

Æ

D

[W

A

℄, indu
ed by the verti
es ofW

A

.

To see this, suppose there is a point z 2 D (for some D 2 D

A

) whi
h lies

in some square F

z

2 F

Æ

of H

Æ

D

but not of H

Æ

D

[W

A

℄. As above, if the four

verti
es adja
ent to F

z

host a vertex of W

B

or W

S

, we get D\

^

N(W

S

) 6= ;,

a 
ontradi
tion.

By this observation and by the fa
t that jW

A

j � �

0

jW

D

j, we get

�(D

A

) � �(H

Æ

D

[W

A

℄) � Æ

2

jW

A

j � Æ

2

�

0

jW

Æ

D

j � �

0

(1 + ")�(D);

where Proposition 15 was used in the last step.

Similarly, one proves �(D

B

) � �

0

(1 + ")�(D): 2

We note here that by our 
hoi
e of " =

1

4

, we get � = �

0

(1+ ") =

5

6

; but

� 
an be arbitrarily 
lose to �

0

by a suÆ
iently small 
hoi
e of ". However

then we have to 
onsider the tradeo� of getting a small � a

ording to

Equation (4), on the one hand, and enlarging jW

Æ

D

j, on the other hand.

5 The Algorithm and its Analysis

We use the geometri
 kernelization of Se
tion 3 and a divide-and-
onquer

approa
h based on the new geometri
 separator theorem from Se
tion 4.2

to derive an algorithm for the independent set problem on disk graphs

of bounded radius ratio.

Theorem 16 Let D be a 
olle
tion of n disks with G

D

2 DG

�

. Then,

there is an algorithm running in time n

O(

p

k)

whi
h de
ides if G

D

admits

an independent set of size at least k, and if the answer is \YES" it 
onstru
ts

one.

Proof. On input instan
e (G

D

; k), in a �rst step, perform the geometri
 ker-

nelization explained in Se
tion 3. After this step, without loss of generality,

we may assume that �(D) � 
k for the 
onstant 
 given in Proposition 5.

In a se
ond step, the divide-and-
onquer pro
edure indep set shown in

Fig. 3 is applied to the instan
e (D; 
k).
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disks indep set(disks D, spa
e s)

// Returns an optimal independent set of G

D

,

// where s gives an upper bound on the spa
e �(D) o

upied by D.

� if (D = ;) then return indep set(disks D, spa
e s)=;; else

� 
ompute D

S

, D

A

, and D

B

// A

ording to the geometri
 separator theorem (Theorem 14).

� for all independent sets V

IS

of G

D

S

do

� 
onstru
t the sets

D

0

A

:= D

A

n fD 2 D

A

j 9D

0

2 D[V

IS

℄ : D \D

0

6= ;g

D

0

B

:= D

B

n fD 2 D

B

j 9D

0

2 D[V

IS

℄ : D \D

0

6= ;g

� 
ompute result

V

IS

:= V

IS

[ indep set(D

0

A

,�s) [

indep set(D

0

B

,�s)

� return result

V

IS

0

, for the independent set V

IS

0

with

j result

V

IS

0

j = minfj result

V

IS

j where V

IS

is independent set of G

D

S

g

Figure 3: Divide-and-
onquer algorithm for independent set for disk

graphs of bounded radius ratio based on the new geometri
 separator the-

orem.

Denote by T (n; s) the time needed to exe
ute indep set(D,s) on a


olle
tion of n disks D with �(D) � s. Let p(jDj) be the polynomial time

needed to 
ompute the sets D

S

;D

A

, and D

B

a

ording to Theorem 14, and

q(jDj) be the polynomial time needed to perform 
onstru
tions of D

0

A

and

D

0

B

. Note that in D

S

at most b

�

p

s

�


 many disks 
an be independent, sin
e

�(D

S

) � �

p

s and every disk has radius at least one. Hen
e, the total

number of independent sets in G

D

S

is upper bounded by

b

�

p

s

�




X

i=0

�

n

i

�

� n

b

�

p

s

;

where

b

� is some 
onstant. Then, the re
ursion we have to solve in order to


ompute an upper bound on T (n; s) reads as follows:

T (n; s) � p(n) + n

b

�

p

s

� q(n) � 2T (n; �s):
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Hen
e, for n large enough, and a suitable 
onstant

e

� we have

T (n; s) � n

e

�

p

s

� T (n; �s) �

log

1

�

(s)

Y

i=0

n

e

�

p

�

i

s

� T (n; 1)

� n

e

�

p

s(

P

1

i=0

(

p

�)

i

)

� T (n; 1) = n

e

�

p

s

1�

p

�

� T (n; 1):

Note that T (n; 1) is 
onstant, sin
e �(D) � 1 implies D = ;, be
ause for

every disk D we have �(D) � �. By plugging in the values n = jDj and

s = 
k, we obtain the running time as we have 
laimed. 2

Remark 17 Note that in the worst 
ase we have k = n, whi
h means that

in the sense of 
lassi
al 
omplexity theory we have an algorithm running in

time O(2

p

n log(n)

). As already mentioned in the introdu
tion, su
h a run-

ning time with a sublinear exponent 
annot be a
hieved for general graphs

(unless 3SAT2 DTIME(2

o(n)

)).

Remark 18 We want to mention that the methods whi
h yield the n

O(

p

k)

time algorithm 
an be 
arried over to all problems whi
h, on the one hand,

admit a geometri
 problem kernel and whi
h, on the other hand, 
an be

solved by a divide-and-
onquer approa
h based on a separator theorem.

This latter property was 
hara
terized in [3℄ using the notion of \weak

glueability." However, things get more involved here and, due to the la
k of

spa
e, we want to refer to [3℄ and the long version for details. As an example,

we mention the weakly glueable dominating set problem, for whi
h a

(linear) geometri
 problem kernel 
an be proven similarly to Proposition 5.

6 Con
lusion and Open Problems

In this paper, we prove a geometri
 separator theorem whi
h in some sense

extends the idea of 
ommon separator theorems for planar graphs and (unit)

disk graphs of �-pre
ision to arbitrary disk graphs of bounded radius ratio.

The geometri
 separator theorem together with a geometri
 problem

kernelization is applied to design an algorithm for the independent set

problem for disk graphs of bounded radius ratio. The running time of this

algorithm is n

O(

p

k)

.

In terms of the methods used in this paper, it is an interesting question,

whether a similar geometri
 separation theorem also holds for for disk graphs
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with arbitrary radius ratio or for interse
tion graphs of other geometri


obje
ts.

As to parameterized 
omplexity, we leave it as an open problem, whether

independent set and dominating set, respe
tively, on disk graphs (of

bounded radius ratio) are in FPT or 
omplete for the 
lasses W [1℄ and

W [2℄, respe
tively. We want to emphasize, that we are not aware of a (non-

arti�
ial) W [1℄-
omplete problem whi
h allows for an algorithm of running

time n

o(k)

, i.e., with running time bounded by an exponential with a sub-

linear exponent.
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Appendix

Figure 4: A

ording to De�nition 1: Constru
ting the 
overing grid H

Æ

D

for a


olle
tion of disks D.
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Figure 5: For the proof of Theorem 14: The interse
tion of disks sele
ts two

verti
es w

A

and w

B

from the grid whi
h are at distan
e at most two.
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Figure 6: For the proof of Theorem 14: �(D

S

) � (2� +

p

2Æ)
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�jW

S

j.

Proof of Lemma 6:

Observe that, for given set of n disks D with radius at least one and 
en-

ters of mutual distan
e at least �, the smallest value �(D) is obtained by

optimally pla
ing all 
enters in the interior of a disk. However, su
h a disk

must have radius at least

�

p

n

2

. Sin
e every disk has diameter at least two,

we have

�(D) �

�

�

p

n

2

+ 2

�

2

� �

�

4

�

2

n:

2

Proof of Proposition 15:

We use the theorem of Bern and Sahai [5℄ stating that if any set of disks is

shifted in the plane by a 
ontinuous motion, su
h that the 
enter-to-
enter

distan
e does not in
rease at any time, then the total area of the union of

disks is also non-in
reasing.

In parti
ular, if we multiply all radii of disks in D by an arbitrary fa
tor

� � 1, the total area of the new set is at most �

2

�(D). To see this, �rst

multiply the 
oordinates of 
enters as well as the radii by �. Consider this

transformation of disks as a 
ontinuous mapping �. These disks now 
over

the spa
e �

2

�(D). We shift all disk 
enters to the original position by the


ontinuous mapping �

�1

. Applying the Bern and Sahai's theorem to �

�1

yields the 
laim.

3

Fix arbitrary positive Æ �

1

3

(

p

2(1 + ")�

p

2) and 
onsider the set W

D

.

Ea
h point w ofW

D

, 
ould be represented as a unique square of side length Æ

with w pla
ed at the 
enter. (These squares 
orrespond to the grid squares

3

We thank Ji�r�� Matou�sek for pointing us to the result of Bern and Sahai.
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shifted by

Æ

2

in both 
oordinates.) All these new squares 
ould be 
overed

by the original disks if we enlarge all radii by the fa
tor (1 +

3

p

2

2

Æ). Then,

due to the 
hoi
e of Æ,

jW

D

j �

�

1 +

3

p

2

2

Æ

�

2

�(D)

Æ

2

�

1 + "

Æ

2

�(D):

2
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