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Abstra
t. In this paper we 
onsider that a 
ommuni
ation net-

work is given by a 2-dimensional square torus with independently

faulty links that is modelled by a random graph. We prove the lower

bound on 
ompa
tness of shortest-path interval routing for a ran-

dom 2-dimensional torus of the order N in the form 
(

p

logN)

with probability of at least 1 � o(1). This is the �rst non-
onstant


ompa
tness lower bound for random tori. The trivial upper bound

is O(N).
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1 Introdu
tion

In re
ent years, massive exploition of information te
hnologies based on


ommuni
ation networks and multipro
essor ar
hite
tures has 
aused the

area of distributed (
omputing) systems to be
ame of great interest by

many resear
hers. One of the primary obje
ts of study is the problem of

reliable fun
tion of distributed systems. Many unreliable and fault mod-

els of distributed systems were examined: there are various types of faults

in 
ombination with several di�erent models of their distribution. Many of

them are dis
ussed e.g. in [1℄, [4℄, [5℄, [7℄, [13℄, [15℄ and [23℄. In this paper we

adopt the model of inter
onne
tion networks with 
rash-fault 
ommuni
a-

tion links satisfying probabilisti
 distribution. This model is more realisti


in pra
ti
e than a so 
alled worst-
ase one in whi
h a bounded number of

?
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adverse distributed faults o

ur. The model used in our paper was formally

des
ribed in [15℄ by a generalization of the standard Erd�os-R�enyi random

graph model. More pre
isely, if H be an undire
ted graph then a random

graph of type-H is obtained by sele
ting edges of H independently and with

probability p. This way a 
ommuni
ation network H , in whi
h the link fails

independently and with the probability f = 1� p, 
an be represented.

In this paper, we fo
us on the shortest-path interval routing on a random

graph of type-H , where H is a torus n � n. Interval routing is a popular

spa
e-eÆ
ient routing method for point-to-point 
ommuni
ation networks.

It was introdu
ed in [22℄ and generalized in [24℄. Interval routing is attra
tive

be
ause it needs to keep only a small amount of information in ea
h node to

route massages 
orre
tly through the network. That is why it has been used

in industrial appli
ations in the INMOS T9000 Transputer design su
h as

the C 104 Router Chip [14℄. It was also exploited in fault-tolerant parallel

networks [25℄.

Interval routing is based on a suitable labeling s
heme for the verti
es and

edges in a given graph. A vertex label is an integer and ar
 label 
onsists of

at most k 
onse
utive 
y
li
 intervals. If the routing strategy guarantees that

the messages always arrive at their destination and always via the shortest

path, then the s
heme is 
alled shortest path k-interval routing s
heme and

denoted as k-IRS. To measure the spa
e eÆ
ien
y of the given k-IRS, we

use the 
ompa
tness measure de�ned as the smallest k su
h that a given

graph supports a shortest path k-IRS.

The 
ompa
tness of many graph 
lasses has been studied intensively

during re
ent years. In parti
ular, its value is 1 for 
omplete graphs, rings

[22℄, trees [22℄, hyper
ubes [3℄, and d-dimensional grids [3℄, and it is 2 for tori

[24℄ (see also surveys in [9℄, [21℄ and [23℄, Chapter 4). The problem of 
om-

pa
tness lower bounds for IRS and initial proving te
hniques were opened

in [19℄ and [20℄. Mat
hing upper and lower bounds on the 
ompa
tness of

general graphs of the orderN have been proved in [11℄ in the following form:

N=4� o(N) < 
ompa
tness(G) < N=4 + o(N) :

Also, other types of networks require more than a 
onstant number of inter-

vals for shortest path k-IRS; namely they are shu�e-ex
hanges, De Bruijn

graphs, 
ube 
onne
ted 
y
les, butter
ies, star graphs, 
f. [12℄, [21℄. Prov-

ing related nontrivial upper bounds for these graphs is still open. The lower

bound proving te
hnique, whi
h is used in our paper, was developed in [12℄.

The interval routing on random graphs (in a sense of the standard Erd�os-

R�enyi model) was 
onsidered in [8℄ and [10℄. In these papers, the random
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graph 
an be viewed as a model of "average-
ase" network topology and

su
h an approa
h avoids the use of proving te
hniques based on the proba-

bility theory. The following results were shown:

(1) There exist 
lasses of random graphs G

N;p

for all N suÆ
iently large

su
h that with high probability a shortest-path IRS for a graph G 2 G

N;p

requires the 
ompa
tness 
(N

1�"

), 0 < " < 1, if p = N

�1+1=s

for an integer

s > 0, [8℄.

(2) Almost all graphs support a shortest-path interval routing with at most

3 intervals per outgoing edge [10℄. More pre
isely, there were distinguished

three models of node labelling in G

N;p

[10℄: adversary (A), random (R) and

designer (D) and a

ordingly three models of interval routing were de�ned,

namely IRS

A

, IRS

R

and IRS. It was shown, in parti
ular, that for a fra
tion

at least 1�o(1) of all graphs G 2 G

N;p

it holds: 1 � IRS(G) � IRS

R

(G) = 2

and IRS

A

(G) � 3. The question of whether IRS(G) = 1 or IRS(G) = 2

remains open.

A

ording to [6℄ and [15℄, the probability spa
e G

N;p

is de�ned as a 
omplete

graph K

N

with randomly deleted edges. Note that it is a random graph of

type-K

N

and it 
an be also written as G(H; p), where H = K

N

.

As mentioned above, interval routing is popular for its good spa
e-

eÆ
ient properties for several types of graphs. The main disadvantage of

this routing strategy arises in its poor robustness. In order to preserve a

good 
ompa
tness measurement of a network, it may be ne
essary to re-


ompute ar
 interval labels 
ompletely, in
luding the assignment of new

labels to ea
h vertex, in the 
ase of removing/adding only one 
ommuni-


ation link in the network. (In 
ontrast, universal routing strategy based

on Tajibnapis' Net
hange algorithm does not require the rearrangement of

vertex labels in su
h a 
ase, 
f. [23℄, Chapter 4.) A

ording to weak fault-

tolerant properties of interval routing, it is of a great interest to measure the


ompa
tness also for other random graph of type-H , where H represents a


ommuni
ation network with randomly failed/overloaded links. In this pa-

per we fo
us on the probability spa
e G(T

n�n

; p), whi
h is a random graph

of type-H , where H is a 2-dimensional square torus n � n. We show that

the lower bound on the 
ompa
tness of shortest-path interval routing for

a random graph of type-H , where H is a 2-dimensional torus of the order

N = n

2

, is 
(

p

logN) with the probability at least 1� o(1). This result is

shown in the following table with respe
t to the previous works.
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Random graph 
ompa
tness

p - 
onstant

G 2 G

N;p

� 2 [10℄

T 2 G(T

n�n

; p) 
(

p

logn) [Thm. 1℄

Tab. 1. Results for random graphs

This table 
an be understand in su
h a way that if the 
ompa
tness of

random graphs from G

N;p

is at most 2 with high probability, then the 
om-

pa
tness of random tori T 2 G(T

n�n

; p) is 
(

p

logn) with high probability

for 
onstant p.

Other fault-tolerant properties of the random graph of type-T

n�n

have been

studied e.g. in [16℄.

The organization of the paper is as follows. We will introdu
e useful

notions in Se
tion 2. The lower bound proving te
hnique based on the results

from [12℄ is des
ribed in Se
tion 3. Our main result is proved in Se
tion 4.

2 Preliminaries and Terminology

2.1 Graph Theory

For graphs G = (V (G); E(G)) and H = (V (H); E(G)) we will denote by

H � G if H is a subgraph of G. A subgraph H � G is itself a graph whose

vertex set V (H) is a subset of V (G) and E(H) is subset of E(G). If every

pair of verti
es u; v 2 V (H) are adja
ent in H i� they are adja
ent in G,

then H is said to be an indu
ed subgraph of G.

Let n be positive integer, su
h that n > 2. Let us denote the set of n

integers f0; 1; : : : ; n � 1g by [n℄. A two-dimensional ve
tor over [n℄ is the

pair x = (x

1

; x

2

) su
h that x

1

; x

2

2 [n℄. We 
an also write x 2 [n℄� [n℄. For

two ve
tors x; y 2 [n℄� [n℄, their Hamming distan
e is de�ned as �(x; y) =

P

2

i=1

jx

i

� y

i

j.

For n as above, a two-dimensional torus is the undire
ted graph T

n�n

=

(V;E), where V (T

n�n

) = [n℄�[n℄ (ea
h vertex is labelled by a two-dimensional

ve
tor x 2 [n℄ � [n℄) and E(T

n�n

) is de�ned as follows. Verti
es x; y 2

V (T

n�n

) are adja
ent i�

(i) �(x; y) = 1, or

(ii) �(x; y) = n� 1 and x; y di�er only in one number.
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The degree of ea
h vertex of T

n�n

is equal to 4. The order (number of

verti
es) of the torus T

n�n

is given by jV (T

n�n

)j = n

2

and its number of

edges is jE(T

n�n

)j = 2n

2

.

For two integers r; s � 1, a two-dimensional re
tangular grid is the undi-

re
ted graph G

r�s

= (V;E), where V (G

r�s

) = [r℄ � [s℄ and E(G

r�s

) =

f(x; y) j x; y 2 [r℄� [s℄; �(x; y) = 1g. If r = s, then the parameter r is 
alled

the size of the grid G

r�r

.

The order of the grid G

r�s

is jV (G

r�s

)j = r:s and its number of edges is

given by jE(G

r�s

)j = s(r � 1) + r(s � 1).

For integers r; s � 2 let us de�ne graph RG

r�s

as a grid G

r�s

in whi
h

all internal and horizontal edges have been removed. Espe
ially, if r = s,

then jV (RG

r�r

)j = r

2

and jE(RG

r�r

)j = (r + 2)(r � 1). Analogously,

let RG

T

r�s

be a graph obtained from a grid G

r�s

by removing of all in-

ternal verti
al edges. It is easy to see that the graph RG

T

s�r

is the graph

RG

r�s

orthogonally rotated. Thus, it holds: jV (RG

r�s

)j = jV (RG

T

s�r

)j and

jE(RG

r�s

)j = jE(RG

T

s�r

)j.

2.2 Random Graph Model

Let p 2 R be a 
onstant su
h that 0 < p < 1 and let H be a graph

with N verti
es and M edges. Graph H is said to be the sample graph. Let

us de�ne random graph G obtained from graph H by randomly removed

edges as follows. Put V (G) = V (H). Consider that for a random graph G

ea
h edge exists independently and with the probability p. It means that

Pr[e 2 E(G)℄ = p for all edges e 2 E(H). The 
onstant p is 
alled the

probability of an edge. We introdu
e the 
orresponding probability spa
e.

De�nition 1. Let (
;F; P r) be a probability spa
e, where the 
lass 
 
on-

sists of all (labelled) graphs G on N verti
es su
h that V (G) = V (H) and

E(G) � E(H). If G has q edges, 0 � q �M , then the probability of obtain-

ing G as a result of random edge generation is given by:

Pr[G℄ = p

q

(1� p)

M�q

: (1)

The graph G will be 
alled random graph indu
ed by graph H. The probability

spa
e (
;F; P r) will be denoted by G(H; p) and it is 
alled probability spa
e

indu
ed by the graph H.

Equality Pr[
℄ = 1 in the probability spa
e G(H; p) follows dire
tly from

Binomial equation.
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We will use the probability spa
e G(T

n�n

; p) - probability spa
e of random

tori. A graph T 2 G(T

n�n

; p) is said to be random torus.

In order to des
ribe a property of random graphs we will use the notions

from probability theory, e. g. random variables, expe
tations, varian
es, et
.

(Cf. [2℄.) We will use only dis
rete random variables in this paper. We will

also use the following bounds of the random variables.

Proposition 1. (Markov's inequality) Let X be a nonnegative random

variable with expe
tation E(X) and let � > 0. Then the following inequality

holds:

Pr[X � �℄ � E(X) � �

�1

: (2)

Proposition 2. (Chebyshev's inequality) Let X be a nonnegative (dis-


rete) random variable with expe
tation E(X) and varian
e V ar(X). Then

the following inequality holds:

Pr[X > 0℄ � 1�

V ar(X)

E

2

(X)

: (3)

The proof te
hnique based on the Chebyshev's inequality is said to be a

se
ond moment method. For more details see [2℄.

2.3 Interval Routing S
heme

We assume a point-to-point asyn
hronous 
ommuni
ation network. The net-

work topology is modelled by a simple graph G = (V;E), where V is a set

of verti
es (or pro
essors) and E is a set od edges (or bidire
tional 
ommu-

ni
ation links) in G. Assume jV j = N .

A routing in G is a set R = fP

uv

j (u; v) 2 V �V; u 6= vg of jV j(jV j � 1)

paths in G, where ea
h individual path P

uv

has initial vertex u and terminal

vertex v. (Note that the paths P

uv

and P

vu

may be di�erent.) If G

0

is an

indu
ed subgraph of G, then we say that routing R

0

� R is the routing in

G

0

if all P 2 R

0

are paths in G

0

.

Interval routing is based on a suitable labeling s
heme for the verti
es

and edges in G. A vertex label is an element of the set f1; : : : ; Ng and ar


label is a 
y
li
 interval [a; b℄ with a; b 2 f1; : : : ; Ng. (Note that [a; b℄ =

fa; a + 1; : : : ; N; 1; : : : ; bg for a > b.) Given a vertex v 2 V , by I(v) we

denote the set of ar
s outgoing from v. An interval labeling s
heme (for

short denoted by ILS) of G is a s
heme, where
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{ a vertex labeling is an assignment of unique labels to verti
es of V and

{ for ea
h vertex v 2 V , an edge labeling is an assignment of disjoint

intervals to ar
s e 2 I(v).

Given an ILS on G, messages to a destination vertex having a label w are

routed via the ar
 labeled by the interval [a; b℄ su
h that w 2 [a; b℄.

If the edge labeling assigns at most k intervals per ar
, the s
heme is


alled k interval labeling s
heme (shortly k-ILS). If the routing strategy

guarantees that the messages always arrive at their destination and always

via the shortest path, then k-ILS is said to be shortest path (or optimal) k

interval routing s
heme (shortly optimal k-IRS). (For more pre
ise formu-

lations and other details see [9℄ and [12℄.) In this paper we 
onsider shortest

path interval routing s
hemes only.

The 
ompa
tness of a graph G, denoted as 
ompa
tness(G), is the smallest

integer k su
h that G supports a k-IRS that provides only one shortest path

between any pairs of nodes.

3 Lower Bound on Compa
tness

In order to prove our lower bound we use the 
ombination of two proving

te
hniques. The �rst one is the se
ond moment method, 
f. [2℄. The se
ond

one is based on so 
alled "wq-property" and it is taken from [12℄, derived

from [8℄. We will des
ribe it in this se
tion.

The following notation is proposed. Let an arbitrary optimal k-IRS of the

graph G be given. For a vertex v 2 V and ar
 e 2 I(v) let us denote S(v; e)

be the subset of verti
es w 2 V whi
h 
an be rea
hed optimally from v over

its outgoing ar
 e and Z(v; e) be the subset of verti
es w 2 V su
h that

every optimal path from v to w follows the outgoing ar
 e.

Proposition 3. ([12℄) Let G be a graph with maximum degree � and �

be an optimal k-IRS of G. Let Q and W be disjoint vertex subsets of G

satisfying that for w

i

; w

j

2 W , w

i

6= w

j

, there is v 2 Q su
h that for ea
h

e 2 I(v) it holds w

i

=2 S(v; e) or w

j

=2 S(v; e). Then it holds

k �

jW j

� � jQj

: (4)

Using this proposition we obtain the lower bound on the 
ompa
tness of the

graphs RG

r�s

. (The 
ompa
tness of RG

(s+3)�s

was proved in [12℄.)
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Lemma 1. ([12℄) It holds that 
ompa
tness(RG

r�s

) �

(r�1)(s�1)

6(r+s�1)

. More-

over, the asymptoti
 maximum is a
quired for r = s and it holds:


ompa
tness(RG

r�r

) = 
(r) :

Proof. Our idea of the proof is based on the previous proposition but it is

a little bit di�erent from the one in [12℄. It is suÆ
ient to 
hoose the sets

W and Q as it is shown on the following �gure. The set Q 
ontains all the

verti
es whi
h lie on the leftmost verti
al path and on the top horizontal

path of RG

r�s

. The set W 
ontains all the verti
es whi
h lie on the ea
h

horizontal row ex
ept the verti
es from Q with the odd verti
al index from

the top. (Re
all that the labeling starts from 0.) Note that sets Q and W

are disjoint. It 
an be easy to 
he
k that the property of the proposition 3

holds.

(1) If verti
es w

i

; w

j

2 W , w

i

6= w

j

, are from the same verti
al path of

RG

r�s

, then the 
orresponding vertex q 2 Q lies on the leftmost verti
al

path of RG

r�s

. (For example, for w

1

and w

4

it is q

3

.)

(2) If verti
es w

i

; w

j

2 W are from the di�erent verti
al paths, then the


orresponding vertex q 2 Q lies on the top horizontal paths of RG

r�s

.

Thus, for the sets Q and W as above, for all the pairs w

i

; w

j

2W , w

i

6= w

j

,

there is q 2 Q su
h that for ea
h ar
 e outgoing from q, both w

i

, w

j


annot

be rea
hed optimally from q over its outgoing ar
 e.

It holds that jQj = r+s�1 and jW j = d(r�1)=2e(s�1) � (r�1)(s�1)=2.

Putting r = s we obtain 
ompa
tness(RG

r�r

) � (r�1)

2

=6(2r�1). It yields

that the asymptoti
 maximum for the 
ompa
tness is a
quired for r = s,

and then 
ompa
tness(RG

r�r

) = 
(r). ut
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Fig. 1. The sets W and Q in the graph RG
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For the reason presented above, we 
onsider only the square (sub)graphs

RG

r�r

.

Lemma 2. Let T 2 G(T

n�n

; p) be a random torus. If RG

r�r

is an indu
ed

subgraph of the random torus T and r < n=2 then it holds:


ompa
tness(T ) � 
ompa
tness(RG

r�r

) : (5)

Proof. If the set of all shortest paths in T between all pairs of verti
es

u; v 2 V (RG

r�r

) is entirely 
ontained in the indu
ed subgraph RG

r�r

,

then the inequality (5) follows dire
tly from the Lemma 1.

A graph RG

r�r


onsists of two horizontal paths - rows and r verti
al paths

- 
olumns. Let u; v 2 V (RG

r�r

) be arbitrary di�erent verti
es. We 
an

distinguish three 
ases.

(1) If u and v lie in the same 
olumns, then the length of the shortest u-v

path in the graph RG

r�r

is equal to their Hamming distan
e. Hen
e there

exists exa
tly one optimal routing path P

uv

= P

vu

in the graph RG

r�r

.

(2) If at least one vertex of u and v lies in a row, then this situation is the

same as the previous one. Also in this 
ase there exists exa
tly one optimal

routing path P

uv

= P

vu

in the graph RG

r�r

.

(3) If both verti
es u and v lie in di�erent 
olumns as internal verti
es, then

the length of the shortest u-v path in RG

r�r

is greater then their Hamming

distan
e. We 
onstru
t a routing path P

uv

in su
h a way that from u it

tends towards the nearest row along the u-
olumn and it 
ontinues to the

v-
olumn (along the 
hosen row) and to the vertex v. The optimal routing

9



path P

vu

is 
onstru
ted in the same manner, however P

uv

and P

vu

may be

di�erent.

Sin
e RG

r�r

is the indu
ed subgraph of T , then ea
h optimal routing

s
heme for RG

r�r

is also optimal in T for all v 2 V (RG

r�r

). Moreover,

there is no u; v 2 V (RG

r�r

) su
h that any optimal routing path P

uv

or

P

vu

in T is not also an optimal routing path in RG

r�r

. It implies that all

optimal interval routing s
hemes that are 
onstru
ted for the graph RG

r�r

are also exa
tly the same optimal IRS for the indu
ed subgraph RG

r�r

� T

and vi
e versa. It follows that the inequality (5) holds. ut

Remark 1. The same property holds also for the graph RG

T

r�r

.

4 Result

The main result of the paper is the following.

Theorem 1. Let p be a �xed 
onstant su
h that 0 < p < 1 and let 0 < 
 <

1. Then for a random torus T 2 G(T

n�n

; p) it holds


ompa
tness(T ) = 
(

p

logn)

with probability at least 1�O(n

�2


).

Our proof of this theorem is based on the following idea. We show that "al-

most all" random torus 
ontains a graph RG

r�r

as an indu
ed subgraph.

By probabilisti
 arguments we 
al
ulate the size r of su
h subgraphs.

For more pre
ise 
al
ulation, it is ne
essary to 
onsider that random torus


ontains not only the indu
ed subgraphs RG

r�r

but also the indu
ed sub-

graphs RG

T

r�r

. As we will see later (remark 2) this assumption is not im-

portant and therefore it is suÆ
ient to fo
us only on one type of indu
ed

subgraphs.

For r 2 N let X

r

be an indi
ator random variable de�ned on G(T

n�n

; p) as

follows:

{ X

r

(T ) = 1, if T 
ontains an indu
ed subgraph RG

r�r

and

{ X

r

(T ) = 0, otherwise

for all T 2 G(T

n�n

; p).

The expe
tation of the random variable X

r

is expressed in the following

lemma.
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Lemma 3. Let r � 2. For the random variable X

r

it holds

E(X

r

) = n

2

p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

;

and

n

2

� g(p; r) � E(X

r

) � n

2

� f(p; r) ; (6)

where

g(p; r) = p

(r+2)

2

(1� p)

(r+2)

2

;

f(p; r) = p

(r�2)

2

(1� p)

(r�2)

2

:

Proof. If RG

r�r

is an indu
ed subgraph of a graph T 2 G(T

n�n

; p), then

there are n

2

possibilities how to 
hoose the pla
ement of RG

r�r

in T . Graph

RG

r�r

has (r + 2)(r � 1) edges and (r � 1)(r � 2) free slots. Thus, the

probability of a pla
ement is p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

.

The following inequality holds:

p

(r�2)

2

(1� p)

(r�2)

2

� p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

;

sin
e 0 < p < 1. This gives the lower bound of E(X

r

).

The upper bound follows from the fa
t that for 0 < p < 1 it holds:

p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

� p

(r�2)

2

(1� p)

(r�2)

2

:

ut

As a 
onsequen
e we obtain the following upper bound. The proof follows

from the Markov's inequality, for its details see [16℄.

Lemma 4. Let T 2 G(T

n�n

; p) be a random torus. Then for the size of the

largest indu
ed subgraph RG

r�r

� T holds that r � r

0

with the probability

tending to 1 as n!1, where

r

0

=

q

2 log

1=p(1�p)

n+ 2 : (7)

Proof. By 
ontradi
tion. By substituting r =

q

2 log

1=p(1�p)

n + 2 into the

upper bound of E(X

r

) (6) we obtain

E(X

r

) � n

2

[p(1� p)℄

2 log

1=p(1�p)

n

= n

2

� n

�2

= 1 : (8)

11



>From the Markov's inequality (2) for � = 1 and from (8) it follows that

Pr[X

t

> 1℄ � E(X

t

) < 1 (9)

for arbitrary t >

q

2 log

1=p(1�p)

n+ 2. The random variable X

r


ounts the

number of indu
ed subgraphs RG

r�r

in the random torus T . The inequality

(9) yields that there is no su
h a graph RG

r�r

� T with the size r >

q

2 log

1=p(1�p)

n+ 2 with the probability tending to 1 as n ! 1. Hen
e a


ontradi
tion. ut

Remark 2. If we 
onsider that a random torus T 2 G(T

n�n

; p) may 
ontain

indu
ed subgraphsRG

r�r

orRG

T

r�r

, then this value is r

0

0

=

p

1=2 + 2 log

4

n+

2 for an arbitrary 
onstant p. It is very 
lose to r

0

and therefore it is not

ne
essary to assume the 
ase when also RG

T

r�r

is an indu
ed subgraph of

T . (For other details see the appendix.)

We will express the varian
e of the random variable X

r

.

Lemma 5. Let r � 2. For the random variable X

r

it holds the following

equation:

V ar(X

r

) = E(X

r

)[1 + 2


1

+ 4


2

+ 8


3

� 	(r; p)℄;

where




1

=

p

r+1

(1� p)

r�2

� p

(r+1)(r�1)

(1� p)

(r�1)(r�2)

1� p

r+1

(1� p)

r�2

;




2

= p

(r+1)(r�1)

(1� p)

(r�1)(r�2)

,




3

= p

r

2

(1� p)

(r�1)(r�2)

[1� p

r�2

℄=(1� p),

	(r; p) = (2r � 3)(2r + 1)p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

.

Proof. The varian
e of X

r

we will enumerate by the following equation, [18℄:

V ar(X

r

) = E(X

2

r

)�E

2

(X

r

) : (10)

In order to enumerate the value E(X

2

r

) we will use indi
ator method, 
f.

[17℄.

Let A and B are two graphs RG

r�r

and let us de�ne the indi
ator random

variable �

A;B

on G(T

n�n

; p) as follows:

12



{ �

A;B

(T ) = 1, if A and B are formed in su
h pla
ement that T 
ontains

at least one indu
ed subgraph RG

r�r

and

{ �

A;B

(T ) = 0, if T 
ontains no RG

r�r

for all T 2 G(T

n�n

; p).

It is easy to see that X

2

r

=

P

�

A;B

, where the summation ranges over all

ordered pairs A and B. The sum

P

�

A;B


an be divided into three parts

a

ording to the following three 
onditions:

1. graphs A and B are disjoint,

2. graphs A and B are the same,

3. graphs A and B are di�erent and have a nonempty interse
tion.

Thus, by the linearity of expe
tation it holds:

E(X

2

r

) =

X

A;B

E(�

A;B

) =

=

X

P (A;B)

E(�

A;B

) +

X

A=B

E(�

A;B

) +

X

Q(A;B)

E(�

A;B

) ; (11)

where P (A;B) � (A \ B = ;) and Q(A;B) � (A \ B 6= ;) ^ (A 6= B).

We express these three sums separately.

X

P (A;B)

E(�

A;B

) = n

2

[n

2

� (2r � 1)

2

℄ p

2(r+2)(r�1)

(1� p)

2(r�1)(r�2)

(12)

X

A=B

E(�

A;B

) = n

2

p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

(13)

X

Q(A;B)

E(�

A;B

) = 2n

2

r�2

X

i=1

p

(r+2)(r�1)+i(r+1)

(1� p)

(r�1)(r�2)+i(r�2)

+

+8n

2

r�2

X

i=1

p

2(r+2)(r�1)�i

(1� p)

2(r�1)(r�2)

+

+4n

2

p

2(r+2)(r�1)

(1� p)

2(r�1)(r�2)

+

+4n

2

p

2(r+2)(r�1)�r+1

(1� p)

2(r�1)(r�2)

: (14)

We enumerate the summation expressions as follows.

r�2

X

i=1

p

(r+2)(r�1)+i(r+1)

(1� p)

(r�1)(r�2)+i(r�2)

=

13



= p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

�

�

p

r+1

(1� p)

r�2

� p

(r+1)(r�1)

(1� p)

(r�1)(r�2)

1� p

r+1

(1� p)

r�2

(15)

r�2

X

i=1

p

2(r+2)(r�1)�i

(1� p)

2(r�1)(r�2)

=

= p

(r+2)(r�1)+r

2

(1� p)

2(r�1)(r�2)

�

1� p

r�2

1� p

(16)

After the substitution of equations (11), (12), (13), (14), (15) and (16) into

(10) we obtain the resulting equation. ut

Our lower bound proof is based on the se
ond moment method, 
f. [2℄,

[6℄: If V ar(X) = o(E

2

(X)), then X � E(X). Therefore, we will 
onsider

parameters r and r

0

as fun
tions of n and we will write r = r(n) and

r

0

= r

0

(n).

Lemma 6. Let p, 0 < p < 1 be a 
onstant. Let r be a fun
tion given by

r(n) = " � r

0

(n) + 2(1 � ") for a �xed 
onstant " su
h that 0 < " < 1.

Then for n suÆ
iently large, a random torus T 2 G(T

n�n

; p) 
ontains at

least one graph RG

r�r

as an indu
ed subgraph with the probability at least

1�O(n

2(Æ

2

�1)

), where Æ = "+ 4=[r

0

(n)� 2℄ and 0 < " < 1� 4=[r

0

(n)� 2℄.

Proof. For the fun
tion r(n) it holds

r(n) = " � r

0

(n) + 2(1� ") = " �

q

2 log

1=p(1�p)

n+ 2 < r

0

(n) (17)

for all " < 1.

We estimate the varian
e of the random variable X

r

for r(n) given as

above and relative to n. We use the equality from the Lemma 5. It is easy

to see that parameters 


1

, 


2

and 


3

are at most positive 
onstants and it is

suÆ
ient to estimate the expression

(2r � 3)(2r + 1)p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

. The inequality (17) yields that

for " as above it holds:

(2r � 3)(2r + 1) = O(log n) : (18)

On the other hand, from the lemma 3 it holds that p

(r+2)(r�1)

(1�p)

(r�1)(r�2)

�

f(p; r) and

f(p; r(n)) = n

�2"

2

: (19)

14



>From (18) and (19) it follows that:

(2r � 3)(2r + 1)p

(r+2)(r�1)

(1� p)

(r�1)(r�2)

! 0 as n!1

for �xed " > 0. It means that for all 
 > 0 there exists n

0

2 N su
h that

for all n > n

0

it holds (2r � 3)(2r + 1)p

(r+2)(r�1)

(1 � p)

(r�1)(r�2)

< 
. In

parti
ular, this expression is less than 1 for a suÆ
iently large n. It yields

that there exists a 
onstant t > 0 su
h that

V ar(X

r

) = t � E(X

r

)

for suÆ
iently large n.

Let us estimate the fra
tion V ar(X

r

)=E

2

(X

r

) a

ording to the previous


onditions and Lemma 3.

V ar(X

r

)

E

2

(X

r

)

=

t

E(X

r

)

�

t

n

2

g(p; r)

(20)

Let n

1

be a 
onstant su
h that 4=[r

0

(n

1

) � 2℄ < 1. Let us �x " su
h that

0 < " < 1� 4=[r

0

(n)� 2℄ for n suÆ
iently large. (It means that it holds for

all n > n

1

.) Putting Æ = "+ 4=[r

0

(n)� 2℄ it holds:

r(n) = " � r

0

(n) + 2(1� ") =

=

�

Æ �

4

r

0

(n)� 2

�

� r

0

(n) + 2

�

1� Æ +

4

r

0

(n)� 2

�

=

= Æ �

q

2 log

1=p(1�p)

n� 2 : (21)

Note that Æ ! " as n!1. By substituting of (21) to (20) we have:

V ar(X

r

)

E

2

(X

r

)

�

t

n

2

� n

�Æ

2

= t � n

2(Æ

2

�1)

:

Now we use the Chebyshev's inequality.

Pr[X

r

> 0℄ � 1�

V ar(X)

E

2

(X)

� 1�O

�

n

2(Æ

2

�1)

�

;

sin
e the previous 
onditions hold.

It means that a random torus T 2 G(T

n�n

; p) 
ontains at least one graph

RG

r�r

as an indu
ed subgraph with the probability at least 1�O(n

2(Æ

2

�1)

).

ut

Thus, the Theorem 1 follows dire
tly from the Lemmas 1, 2 and 6 for 
 =

1� Æ

2

.
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5 Con
luding Remarks

We have proved the lower bound on 
ompa
tness of shortest-path inter-

val routing for a random 2-dimensional torus representing a 
ommuni
ation

network in whi
h the link fails independently and with the 
onstant prob-

ability f = 1 � p. This is the �rst non-
onstant 
ompa
tness lower bound

for random tori. The determination of related nontrivial upper bound is

still open. A future resear
h may also 
on
ern other topologies (as hyper-


ubes). Also it is not 
lear whether our te
hnique 
an be extend to random

d-dimensional torus for d > 2.

Our proving te
hnique is based on the 
ombination of two methods: the


ompa
tness lower bound property for the graph RG

r�r

(
f. [12℄) and the

se
ond moment method. The idea of using the se
ond moment method in

this paper is similar to the famous and 
elebrated proof of the 
lique number

estimation on the random graphs from G

N;p

, 
f. [6℄, [18℄. However, the main

di�eren
e is as follows: The probability distribution of the random variable

for 
liques attains a binomial-like distribution, but the distribution of the

random variable X

r

(a

ording to variable r) in 
ase of random tori is 
lose

to the geometri
 distribution. In spite of this reason it was ne
essary to use

di�erent 
ombinatorial and asymptoti
al approximations.
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Appendix

The following lemma is the formal reasoning of the property in the remark

2.

Lemma 7. Let T 2 G(T

n�n

; p) be a random torus. Then for the size of the

largest indu
ed subgraphs RG

r�r

� T or RG

T

r�r

� T the following inequality

holds

r �

r

1

2

+ 2 log

4

n+ 2 : (22)

with the probability tending to 1 as n!1.

Proof. It is analogous as in the previous lemma. Let us de�ne the indi
ator

random variable X

T

r

on the probability spa
e G(T

n�n

; p) as follows:

{ X

T

r

(T ) = 1, if T 
ontains an indu
ed subgraph RG

T

r�r

and

{ X

T

r

(T ) = 0 otherwise,

for all T 2 G(T

n�n

; p).

It is easy to see that E(X

T

r

) = E(X

r

) for all r. Next we de�ne random

variable Z

r

on G(T

n�n

; p) su
h that:

Z

r

= X

r

+X

T

r

:

This random variable 
ounts the number of indu
ed subgraphs RG

k�k

or

RG

T

r�r

; it is Z

r

(T ) = 1 i� T 2 G(T

n�n

; p) 
ontains the indu
ed subgraph

RG

r�r

or RG

T

r�r

. Let us express the expe
tation of the random variable

Z

r

. By linearity of expe
tation it holds:

E(Z

r

) = E(X

r

+X

T

r

) = E(X

r

) +E(X

T

r

) = 2E(X

r

) :

Thus, by the inequality (6), it holds:

E(Z

r

) � 2n

2

[p(1� p)℄

(r�2)

2

� 2n

2

4

�(r�2)

2

:

By the substitution r =

p

1=2 + 2 log

4

n+ 2 we have

E(Z

r

) � 2n

2

4

�1=2�2 log

4

n

= 2n

2

� 4

�1=2

n

�2

= 1 :

The rest follows from the Markov's inequality. ut
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