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Abstra
t. A small modi�
ation of Vi
kers' de�nition of 
ontinu-

ous information systems allows for a representation of the 
ategory

of 
ontinuous domains (
ontinuous DCPOs) and several other 
ate-

gories (S
ott domains, 
ontinuous S
ott domains, 
ontinuous latti
es,

algebrai
 latti
es, and others) as Kleisli 
ategories of suitable monads.

In his arti
le [11℄, Vi
kers presented a very general approa
h to infor-

mation systems (following the de�nition of S
ott, [10℄). The (
ontinuous)

information systems were de�ned as sets with transitive interpolative rela-

tions (here we should also mention the paper of Hoofman [6℄ in whi
h the

same approa
h had been 
hosen, and the papers od Ern�e { e.g. [4℄ { in whi
h

the importan
e of the interpolativity had been obseved); the approximable

maps were de�ned as in the original paper of S
ott [10℄, just modi�ed for not

ne
essarily re
exive relations. In among many other results, Vi
kers shows

that the obtained 
ategory is equivalent to that of 
ontinuous domains (in

his terminology, 
ontinuous posets).

In this paper we work with the obje
ts slightly restri
ted. Basi
ally, the

requirement of interpolativity (a � b ) 9a

0

; a � a

0

� b) is repla
ed by

a simultaneous one for 
ouples (a

i

� b; i = 1; 2 ) 9a

0

; a

i

� a

0

� b); the

approximable maps are the same as before. With this modi�
ation, and a

very natural de�nition of morphisms (ld-maps, see 2.3 below) we obtain a


ategory LDir su
h that

� the 
ategory CDom of 
ontinuous DCPOs is its full sub
ategory,

and
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� the ideal fun
tor yields a monad I on LDir su
h that the original

approximable maps 
oin
ide with the Kleisli morphisms.

Thus, the 
ategory of information systems be
omes the Kleisli 
ategory

LDir

I

and the ideal fun
tor yields a re
e
tion of LDir onto CDom that,

lifted to LDir

I

be
omes an equivalen
e of 
ategories.

Further, we show that LDir

I

�

=

LDir

I

(thus, our representation is unre-

lated to another Kleisli representation, of a smaller 
ategory of domains, in

[2℄), and that in many 
ases the monad 
an be restri
ted to naturally 
har-

a
terized sub
ategories of LDir to obtain Kleisli representations of several

important sub
ategories of CDom (algebrai
 domains, S
ott domains, 
on-

tinuous S
ott domains, 
ontinuous latti
es, algebrai
 latti
es, and others).

1. Preliminaries

1.1. A binary relation R is interpolative if for any aRb there is a 
 su
h

that aR
Rb.

If (X;R) is a set with a transitive relation (not ne
essarily a partial

order), a subset D � X is said to be dire
ted if it is non-void and if for any

a; b 2 D there is a 
 2 D su
h that aR
 and bR
.

1.2. A supremum of a subset M , if it exists, will be denoted by

W

M

and if the set M is dire
ted the fa
t will be indi
ated by writing

�

M . In

a poset (X;�) we write a � b and say that a is way below b if, for every

dire
ted D � X , b �

�

D implies that a � d for some d 2 D.

1.3. A poset (X;�) is said to be a 
ontinuous domain (often re�erred

to as 
ontinuous DCPO, or 
ontinuous poset in [11℄) if ea
h dire
ted subset

has a supremum and if for ea
h a 2 X , a =

�

fx j x � ag. An important

fa
t is that

1.3.1. In a 
ontinuous domain, ea
h fx j x � ag is dire
ted also in �

(that is, if x

1

; x

2

� a then there is an x su
h that x

1

; x

2

� x � a.) In

parti
ular, � is interpolative.

(Indeed, using the property of 
ontinuous domains for the x� a we see

that a =

�

fy j 9x; y � x� ag. Thus, if x

i

� a we have x

i

� x

0

i

� a and,

sin
e fx j x� ag is dire
ted in �, x

i

� x

0

i

� x� a for some x.)

Using the interpolativity one immediately dedu
es that

1.3.2. In a 
ontinuous domain, if a �

�

D then there is a d 2 D su
h

that a� d.
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1.4. Let (X;�); (Y;�) be 
ontinuous domains. A domain map f : (X;�

) ! (Y;�) is a map f : X ! Y preserving the suprema of dire
ted sets.

Note that

1.4.1. f : X ! Y is a domain map i� for ea
h a 2 X, f(a) =

�

ff(x) j x� ag.

Indeed, let D be dire
ted in X . We have

�

D =

�

fx j x �

�

Dg and

hen
e f(

�

D) =

�

ff(x) j x � d 2 Dg �

�

ff(d) j d 2 Dg.)

The 
ategory of 
ontinuous domains and domain maps will be denoted

by

CDom:

1.5. The following de�nition is a slight modi�
ation of the Vi
kers'

de�nition of a 
ontinuous information system (or infosys { see [11℄).

A lo
ally dire
ted set (brie
y, ld-set) (X;�) is a set with a transitive

relation su
h that

(ld1) for every a 2 X there is a b su
h that b � a, and

(ld2) if b

1

; b

2

� a then there is a b su
h that b

1

; b

2

� b � a.

(In other words, ea
h �a = fx j x � ag is dire
ted.)

An approximable map f : (X;�)( (Y;�) is a relation f � Y �X su
h

that

(am1) for every a 2 X there is a b 2 Y su
h that bfa,

(am2) if bfa

0

� a then bfa,

(am3) if bfa then bfa

0

� a for some a

0

,

(am4) if b � b

0

fa then bfa, and

(am5) if b

1

; b

2

fa then b

1

; b

2

� bfa for some b

(if the obje
ts are ld-sets, this is equivalent with the de�nition in [11℄.) The

resulting 
ategory (in whi
h the relations are 
omposed in the order usual

for maps, and the identities are the relations �) will be denoted by

Infos:

1.6. Notes. The 
ategory Infosys in [11℄ is larger: the obje
ts are all

the (X;�) with transitive interpolative �.

The main motivation for the restri
tion has been to get 
loser to the

S
ott's information systems ([10℄ { the generalization of whi
h the 
ontin-

uous information systems in [11℄ are) by introdu
ing a 
ounterpart of the

S
ott's axiom

\if u ` v

1

and u ` v

2

then u ` (v

1

[ v

2

)"
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whi
h the (ld2), in the absen
e of unions and re
exivity, does. Other fa
ts

that speak for the modi�
ation are, e.g., that

(a) the way-below relation in 
ontinuous domains has this stronger

property,

(b) the ld-sets are exaxtly the infosyses for whi
h the pre-topology from

[11℄, 2.2, is a topology,

(
) in the resulting representation there is in fa
t no restri
tion (we will

show that Infos

�

=

CDom, and hen
e, after all, Infos

�

=

Infosys),

(d) and, last but not least, it makes everything te
hni
ally easier.

2. Our notation is reversed as 
ompared to that of [11℄ or [10℄. This is

done just for 
onvenien
e: when representing an approximable map f as

a multimap, as we will do later, we have the opti
ally 
omfortable transit

from bfa to b 2 f(a). Also, this way we are seldom for
ed to reverse the

symbol of the basi
 relation (� to �, < to >, et
.).

2. The 
ategory LDir and 
ontinuous domains

2.1. Let (X;�) be an ld-set. On X de�ne a relation - by setting

a - b i� (x � a ) x � b):

Then obviously

2.1.1. - is a preorder and it is a partial order i� �a =�b ) a = b.

2.1.2. a � b ) a - b.

2.1.3. a � b - 
 ) a � b.

Also the following is easy (interpolate x � y � a).

2.1.4. if (x � a ) x - b) then a - b.

2.2. Proposition. Let (X;�) be a 
ontinuous domain. Then (X;�)

is an ld-set and the resulting - 
oin
ides with the original �.

Proof. For the �rst statement re
all 1.3.1. Now if a � b then trivially

x� a implies x � b, and if the impli
ation holds we have a =

�

fx j x �

ag �

�

fx j x� bg = b �

Convention. From now on, we will view a 
ontinuous domain (X;�) as

the ld-set (X;�). By the Proposition, this 
auses no loss of information.

2.3. An ld-map f : (X;�)! (Y;�) is a mapping f : X ! Y su
h that

(a) a - b ) f(a) - f(b), and
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(b) y � f(a) ) 9a

0

� a su
h that y � f(a

0

).

The 
ategory of ld-sets and ld-maps will be denoted by

LDir:

Note. The ld-maps are easily shown to be exa
tly the 
ontinuous maps

in the Vi
kers' topology from [11℄, 2.2 (also re
all (b) in 1.6.1 above).

2.3.1. Proposition. 1. The 
ondition (a) 
an be repla
ed by the for-

mally weaker

(a') a � b ) f(a) - f(b).

2. If (Y;�) is a 
ontinuous domain then the 
ondition (b) 
an be repla
ed

by

(b') for every a 2 X, f(a) =

�

ff(a

0

) j a

0

� ag.

Consequently (re
all 1.4.1), if both (X;�) and (Y;�) are 
ontinuous do-

mains then the domain maps (X;�) ! (Y;�) are exa
tly the ld-maps

(X;�) ! (Y;�). Thus, in the sense of the Convention in 2.2, CDom

is a full sub
ategory of LDir.

Proof. 1. Let a - b and y � f(a). We have an a

0

� a with y � f(a

0

).

Now a

0

� b and hen
e y � f(a

0

) - f(b).

2. If we have (b) then f(a) =

�

fy j y � f(a)g =

�

fy j 9a

0

� a; y �

f(a

0

)g =

�

ff(a

0

) j a

0

� ag. If (b') holds and y � f(a) =

�

ff(a

0

) j a

0

� ag

then y � f(a

0

) for an a

0

� a. �

2.4. An ideal in an ld-set (X;�) is a subset J � X su
h that

(J1) a 2 J & b � a ) b 2 J , and

(J2) J is dire
ted in �

(
f. [11℄). Thus in parti
ular,

ea
h �a = fx j x � ag is an ideal in (X;�).

The set of all ideals in (X;�), ordered by in
lusion, will be denoted by

I(X;�):

2.4.1. Lemma. 1. A union of a dire
ted system of ideals is an ideal.

2. Ea
h J 2 I(X;�) is the dire
ted union

	

f�a j a 2 Jg:

3. In I(X;�), K � J i� there is an a 2 J su
h that K ��a.

Proof. 1 is obvious. 2: If x 2 J take (by (J2)) an a 2 J su
h that x � a.

The union is dire
ted by (J2) again.
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3. ) follows immediately from 2; on the other hand, if K ��a, a 2 J

and J �

�

J

i

then a 2 J

i

for some i, and K ��a � J

i

. �

2.4.2. Corollary. I(X;�) is a 
ontinuous domain.

2.4.3. From 2 in 2.4.1 we immediately obtain

Observation. Let (Y;�) be an ld-set and let f : I(X;�) ! (Y;�) be

an ld-map. Then if y � f(J) there is an a 2 J su
h that y � f(�a).

3. The ideal monad I

3.1. Re
all that a monad T = (T; �; �) on a 
ategory A 
onsists of a

fun
tor T : A ! A and transformations � : T � T ! T and � : Id ! T

satisfying � � T� = � � �T and � � T� = � � �T = id, and that adjoint

situations F a U : B ! A 
reate monads with T = UF ; in among those

one has the extremal 
ases:

� the \largest one" with B = A

T

, the 
ategory of Eilenberg-Moore

algebras; the obje
ts are 
ouples (A;�) where � : TA! A satis�es

� � T� = � � �

A

and � � �

A

= id

A

; the morphisms (homomorphisms

of the algebras) (A;�) ! (B; �) are the f : A ! B su
h that

f � � = � � Tf ,

� and the \smallest one" with B = A

T

, the Kleisli 
ategory of T,

with obje
ts same as in A, morphisms f : A ( B the original

f : A ! TB, and the 
omposition de�ned by g Æ f = �

C

� Tg � f .

Note that in A

T

, �

A

is the identity A( A.

For more details see, for instan
e, Ma
 Lane [7℄.

3.2. The Manes des
ription of a monad. In [8℄, Manes presented

a very useful equivalent des
ription of a monad. For every A 2 A one

has an obje
t TA 2 A and a morphism �

A

: A ! TA, and with every

f : A! TB one has asso
iated an f

�

;TA! TB; these data are subje
ted

to the 
onditions

� �

�

A

= id

TA

,

� f

�

�

A

= f , and

� g

�

f

�

= (g

�

f)

�

.
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The monad in the standard sense is obtained by de�ning T (f) = (�

B

f)

�

for

f : A! B, thus making T to a fun
tor and � to a transformation � : Id! T ,

and de�ning �

A

= (id

TA

)

�

. (This 
onstitutes a one-one 
orresponden
e with

the monads as above, the inverse given by setting f

�

= �

B

� Tf .)

3.3. The 
onstru
tion I from 2.4 
an be extended to a monad I= (I; �;

�

)

by de�ning

�

(X;�)

= (a 7!�a) : (X;�)! I(X;�)

and setting

f

�

(J) =

	

ff(a) j a 2 Jg for f : (X;�)! I(Y;�):

Indeed we have

Proposition. 1. � and f

�

are morphisms in LDir.

2. �

�

(X;�)

= id

I(X;�)

, and f

�

� � = f .

3. g

�

f

�

= (g

�

f)

�

.

Proof. 1 follows immediately from 2.3.1 and 2.4.1.

2: �

�

= id by 2.4.1.2, and f

�

(�(a)) =

�

ff(a) j a

0

� ag = f(a) by 2.3.1

(b').

3: (g

�

f)

�

(J) =

�

fg

�

f(a) j a 2 Jg =

�

f

�

fg(b) j b 2 f(a)g j a 2 Jg =

�

fg(b) j 9a 2 J; b 2 f(a)g = g

�

(

�

ff(a) j a 2 Jg) = g

�

f

�

(J). �

3.3.1. Lemma. If (X;�) is a 
ontinuous domain then � : (X;�) !

I(X;�) is an isomorphism.

Proof. Set ' = (J 7!

�

J) : I(X;�) ! X . Obviously, ' is monotone,

'(�(a)) = a and, by (J2), J � �'(J). Now let x 2 �('(J)) = fx j x �

�

Jg. Then x � a for some a 2 J and hen
e x 2 J , and we see that

�('(J)) = J . Thus, ' is the inverse of �. �

3.3.2. Re
all 1.3. Let us view the approximable map f , instead of as a

relation, as a map asso
iating with the a 2 X the sets f(a) = fb j bfag.

Doing this we obtain

Proposition. The 
ategory Infos 
oin
ides with the Kleisli 
ategory

LDir

I

.

Proof. Re
all 1.5. By (1), (4) and (5), ea
h f(a) = fb j bfag is an ideal.

By (2), a

0

� a implies f(a

0

) � f(a) and by (3), f(a) =

�

ff(a

0

) j a

0

�

ag. Thus, by 2.3.1, f is an ld-map (X;�) ! I(Y;�) and hen
e a Kleisli

morphism (X;�) ( (Y;�). On the other hand, obviously, an ld-map ' :

(X;�)! I(Y;�) viewed as the relation b'a � b 2 '(a) is an approximable

map. It remains to be shown that the Kleisli 
omposition 
oin
ides with the


omposition of relations. Indeed, we have g Æ f = � � Tg � f = (id)

�

(�g)

�

f =
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(id

�

�g)

�

f = g

�

f and hen
e 
 2 (g Æ f)(a) = g

�

(f(a)) =

�

fg(b) j b 2 f(a)g

i� there is a b su
h that 
gbfa. �

3.4. De�ne a fun
tor LDir

I

! CDom by setting F (X;�) = I(X;�),

F (f) = f

�

(sin
e g Æ f = � � Tg � f = g

�

f we have (g Æ f)

�

= g

�

� f

�

; also

re
all 2.3.1).

Proposition. The fun
tor F 
onstitutes an equivalen
e of the 
ategories

Infos (� LDir

I

) and CDom.

Proof. There is only one domain map g : I(X;�) ! I(Y;�) su
h that

g � � = f , namely f

�

(indeed, g(J) = g(

�

f�a j a 2 Jg) =

�

fg(�a) =

f(a) j a 2 Jg) and hen
e F is a full embedding. By 3.2.1, it 
onstitutes an

equivalen
e if 
ategories. �

3.4.1. Note. In the standard adjun
ion L a R : LDir

I

! LDir asso-


iated with the monad, the fun
tor F is the right adjoint R with the range

restri
ted to CDom. Also note that CDom is a re
e
tive sub
ategory of

LDir with the re
e
tion � : Id ! FL (FL is, of 
ourse, I with the range

restri
ted { also re
all 3.3.1).

3.5. Proposition. The Eilenberg-Moore 
ategory LDir

I


oin
ides with

CDom. More pre
isely, for an Eilenberg-Moore algebra ((X;�); �), (X;-)

is a 
ontinuous domain, � is uniquely determined, and the 
orresponding

(X;�) is isomorphi
 to (X;�) in LDir; on the other hand, ea
h 
ontinuous

domain admits (exa
tly one) operation.

Proof. An operation � : I(X;�) ! (X;�) has to satisfy �� = id and

�I(�) = ��, and has to be an ld-map. That is, we should have

(a) �(�a) = a,

(b) �(

�

f��(J) j j 2 J g) = �(

�

fJ j J 2 J g) for ideals J in I(X;�),

and

(
) � monotone, and for ea
h x � �(J) an a 2 J su
h that x � a (use

(a) and 2.3.4).

First, from (a) and 2.1.1 we immediately see that (X;-) is a poset. Let D

be dire
ted in (X;-). Set J = fa j a � d 2 Dg. If d 2 D and b � d we have

a b 2 J , �b � J and b = �(�b) � �(J). Thus, by 2.1.4, d - �(J). If for

ea
h d 2 D, d - 
 and if b � �(J) then by (
) b 2 J and, for some d 2 D,

x � d - 
; hen
e �(J) - 
. Thus, �(J) is the supremum of D in (X;-).

Denote by � the way below relation asso
iated with -. We will show

that the identity is an isomorphism (X;�)! (X;�). First, we see that

x � a ) x� a:
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(Indeed, let x � a -

�

D. Take the J = f
 j 
 � d 2 Dg; thus x � �(J) and

hen
e, sin
e � is an ld-map, there is a 
 � d 2 D su
h that x � �(�
) = 
,

and hen
e x - d.) Thus, if x � a, interpolate x � a

0

� a, and we have

a

0

� a. For the inverse, if x� a =

�

(� a), then x� a

0

for some a

0

� a.

If (X;-), (Y;-) are 
ontinuous domains, any ld-map f : (X;�)! (Y;�)

preserves dire
ted joins and we do not have to 
he
k the homomorphism

property.

Now if (X;�) is a 
ontinuous domain set �(J) =

�

J . We have

�

(�

a) = a and if b�

�

J there is an a 2 J su
h that b� a (re
all 1.3.2). The


ondition (
) holds sin
e obviously

�

(

�

f�

�

J j J 2 J g) =

�

f

�

J j J 2

J g =

�

(

�

fJ j J 2 J g). Finally, if f : (X;�) ! (Y;�) is a domain

map we have �(I(f)(J)) =

�

((�f)

�

(J)) =

�

(

�

f� f(a) j a 2 Jg) =

�

ff(a) j a 2 Jg = f(

�

fa j a 2 Jg) = f�(J). �

3.5.1. Note. In the general monad setting, the 
ouples (TA; �

A

) are

obviously obje
ts of A

T

. They play the role of free algebras, and the 
orre-

sponden
e A 7! (TA; �

A

), f 7! f

�

= �

B

� Tf represents A

T

as the free part

of A

T

.

In our parti
ular 
ase, this 
orresponden
e 
oin
ides with the fun
tor

from 3.4. Thus, the equivalen
e Infos

�

=

CDom from 3.4 yields, by 3.5, an

equivalen
e LDir

I

�

=

LDir

I

. Thus in parti
ular

� all the algebras in LDir

I

are free, and

� there is, up to equivalen
e, only one adjun
tion L a R : B ! LDir

su
h that RL

�

=

I.

4. Some 
ategories of spe
ial obje
ts

4.1. In this se
tion we will 
onsider Kleisli representations of several

(full) sub
ategories of CDom.

Re
all that a domain is said to be algebrai
 if for ea
h a 2 L, a =

�

fx j x� x � ag. The 
ategory of algebrai
 domains will be denoted by

ADom:

Further,

BCDom resp. BADom

will be the sub
ategory of CDom resp. ADom generated by the domains

in whi
h any bounded 
ouple of elements has a supremum, and

CLat resp. ALat

9



will be the 
ategories of 
ontinuous resp. algebrai
 latti
es. In any of

the 
ategories, if it is not automati
, the subs
ript 0 or 1 will indi
ate the

existen
e of a least or greatest element. Thus e.g. BADom

0

is the 
ategory

of S
ott domains ([10℄, [1℄).

4.2. An ld-set (X;�) is strongly interpolative if for every a � b we 
an

interpolate a � 
 � 
 � b.

4.2.1. Lemma. 1. In I(X;�), J � J i� J =�a for some a � a.

2. If K � J in I(X;�) then we 
an 
hoose a � b 2 J su
h that

K ��a��b� J .

Proof. 1. If a 2 J ��a then a � a. 2: K ��
 for some 
 2 J . Choose

a; b su
h that 
 � a � b 2 J . �

4.2.2. Proposition. The following statements are equivalent.

(1) (X;�) is strongly interpolative.

(2) I(X;�) is strongly interpolative.

(3) I(X;�) is algebrai
.

Proof. (1))(2): Take the a; b from 4.2.1.2 and interpolate a � 
 � 
 � b.

(2))(3) is trivial.

(3))(1): Let a � b. By 4.2.1, a 2�b =

�

f�
 j �
 ��b; 
 � 
g. Thus,

a � 
 � 
 � b for some 
. �

4.2.3. Proposition. An ld-set (X;�) is strongly interpolative i� it is,

in Infos, isomorphi
 to a re
exive one.

Proof. Let (X;�) be strongly interpolative. Set Y = fx j x � xg and

de�ne f : (X;�)( (Y;�), g : (Y;�)( (X;�) (� in Y as in X) by seting

yfx i� y � x, and xgy i� x � y. It is easy to 
he
k that f and g are

approximable maps and, interpolating, that g Æ f =� and f Æ g =�.

Now let (Y;�) be re
exive and f : (X;�)( (Y;�), g : (Y;�)( (X;�)

mutually inverse. Let x � x

0

. then xgyfx

0

for some y and as y � y we have

a z su
h that yfzgy. Then xgyfzgyfzgyfx

0

, that is, x � z � z � x

0

. �

4.3. Lemma. (X;�) is isomorphi
 to I(X;�) in Infos.

Proof. De�ne f : (X;�)( I(X;�) and g : I(X;�)( (X;�) by setting

Jfx � J ��x and xgJ � x 2 J:

Che
king that f and g are approximable maps is straightforward. Obviously

g Æ f �� and f Æ g ��. Now if x � y interpolate x � z � y to obtain

xg(�z)fy, and if K � J 
hoose x; y 2 J su
h that K ��x and y � x to

obtain KfygJ . �

10



4.4. An ld-set is said to have 
onditional joins if there is a partial asso-


iative and 
ommutative operation xt y de�ned whenever there is a z su
h

that x; y � z, satisfying the 
ondition

x

1

t x

2

� x i� x

i

� x for both i = 1; 2:

Note. If we assume the axiom of 
hoi
e we 
an easily see that it suÆ
es

to assume that for any two x

1

; x

2

su
h that there is a z with x

1

; x

2

� z

there is an x su
h that x � x i� x

i

� x for both i = 1; 2.

4.4.1. Proposition. The following statements are equivalent.

(1) (X;�) is isomorphi
 in Infos to an ld-set with 
onditional joins.

(2) I(X;�) has 
onditional joins.

(3) I(X;�) is in BCDom.

Proof. (1))(2). We 
an assume that (X;�) itself has 
onditional joins.

Obviously, if J is an ideal and x

i

2 J then x

i

t x

2

exists and is in J . Let

J

1

; J

2

� K. Set J = fx j x � x

1

tx

2

for some x

i

2 J

i

g. Then J is an ideal

(if x

i

� x

i

1

tx

i

2

; x

i

j

2 J

j

, we have x

1

; x

2

� (x

1

1

tx

2

1

)t (x

1

2

tx

2

2

)). Obviously

J

1

; J

2

� J , and if J

1

; J

2

� J

0

then J � J

0

.

(2))(3) is trivial.

(3))(1) follows from 4.3. �

4.5. For an ld-set (X;�) set X

�

= fx 2 X j x � y for some y 2 Xg.

Then

(X

�

;�) is isomorphi
 in Infos with (X;�).

(Indeed, the restri
tions of � to X

�

� X and X � X

�

provide mutually

inverse approximable maps.)

An ld-set (X;�) is said to be dire
ted if X

�

is dire
ted in �.

Proposition. The following statements are equivalent.

(1) (X;�) is isomorphi
 in Infos to a dire
ted ld-set.

(2) I(X;�) is dire
ted.

(3) I(X;�) has a largest element.

Proof. (1))(3). If (X;�) is dire
ted then X

�

is the largest element in

I(X;�).

(3))(2). Let J

1

; J

2

be in I(X;�)

�

, J

i

� J

0

i

. then we have J

0

i

�M , the

largest ideal, hen
e J

i

�M and hen
e there is a J su
h that J

i

� J �M .

(2))(1) follows from 4.3. �

11



4.6. Proposition. I(X;�) has a least element i� (X;�) is isomorphi


in Infos to an ld-set with a least element.

Proof. If a is least in (X;�) then �a is least in I(X;�). Use 4.3. �

4.7. Full sub
ategories of Infos resp LDir determined by the 
onditions

above will be indi
ated by putting 
orresponding symbols into bra
kets, as

follows:

� t for 
onditional joins,

� SI for strong interpolation,

� R for re
exivity,

� D for dire
tedness, and

� O for the existen
e of the least element.

(Thus, for instan
e LDir(t,D) is generated by the dire
ted ld-sets admit-

ting 
onditional joins.)

Summarizing the results above we obtain the following identities and

equivalen
es.

Infos(O) � LDir(O)

I

�

=

CDom

0

;

Infos(D) � LDir(D)

I

�

=

CDom

1

;

Infos(O,D) � LDir(O,D)

I

�

=

CDom

01

;

Infos(SI) � LDir(SI)

I

�

=

ADom;

Infos(t) � LDir(t)

I

�

=

BCDom;

Infos(SI,t) � LDir(SI,t)

I

�

=

BADom;

Infos(SI,t,O) � LDir(SI,t,O)

I

�

=

BADom

0

(the S
ott domains);

Infos(t,D,O) � LDir(t,D,O)

I

�

=

CLat (
f. [3℄);

Infos(t,D,SI,O) � LDir(t,D,SI,O)

I

�

=

ALat;

and similarly for a few other 
ombinations. Repla
ing SI by R we obtain

Infos(R,. . . )

�

=

Infos(SI,. . . ) (re
all 4.2.3) but Infos(R,. . . ) is not any

more a Kleisli 
ategory under a restri
tion of I.

4.7.1. The proof of 3.5 works under any of the restri
tions given by the

properties t, SI, D or O. Consequently we have

Observation. For any 
ombination � of t, SI, D or O,

LDir(�)

I

�

=

LDir(�)

I

:

4.7.2. If (X;�) is a 
ontinuous domain then

12



� (X;�) has a least element i� (X;�) has one,

� (X;�) is dire
ted i� (X;�) has a greatest element,

� (X;�) is strongly interpolative i� (X;�) is algebrai
, and

� (X;�) has 
onditional joins i� (X;�) has suprema of bounded


ouples.

All these statements are obvious (as for the last one, ( is trivial and for)


onstru
t a

1

_ a

2

as

�

fx

1

t x

2

j x

i

� a

i

g).

Thus, we 
an add to the summary above also the identities

CDom

0

� LDir(O)

I

; CDom

1

� LDir(D)

I

;

ADom � LDir(SI)

I

; BCDom � LDir(t)

I

;

BADom � LDir(SI,t)

I

; BADom

0

� LDir(SI,t,O)

I

;

CLat � LDir(t,D,O)

I

; ALat � LDir(t,D,SI,O)

I

;

et
.

4.7.3 Note. In [2℄, the 
ategory of S
ott domainBADom

0

has been rep-

resented as another Kleisli 
ategory, namely that of the down-set monad D

on the 
ategory SLat of bounded semilatti
es. This is, however, an entirely

di�erent situation; the 
orresponding Eilenberg-Moore 
ategory SLat

D

is

the 
ategory of frames and not every frame is free.

Referen
es

[1℄ S. Abramsky and A. Jung, Domain Theory, in: Handbook of Logi
 in Computer

S
ien
e, Vol.3, Clarendon Press, Oxford (1994), 1-168.

[2℄ B. Banas
hewski and A. Pultr, S
ott Information Systems, Frames and Domains,

in: H. Herrli
h, H.-E. Porst (Eds), CatMAT 2000, Pro
. Conf. Categori
al Methods

in Algebra and Topology, Mathematik-Arbeitspapiere Nr.54, Bremen 2000, 35-46.

[3℄ F. Cagliari and A. Pultr, A Note on Inje
tive Spa
es, to appear in Pro
eedings of

the IV. Iberoameri
an Conferen
e on Topology and its Appli
ations.

[4℄ M. Ern�e, The ABC of order and topology, in: H. Herrli
h and H.-E. Porst (eds.),

Category Theory at Work, Heldermann Verlag, Berlin 1991, 57-83.

[5℄ G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove and D.S. S
ott, A

Compendium of Continuous Latti
es, Springer-Verlag, Berlin Heidelberg New York

1980.

[6℄ R. Hoofman, Continuous information systems, Inform. and Computation 105

(1993), 42-71.

[7℄ S. Ma
 Lane, Categories for the Working Mathemati
ian, Graduate Texts in Math-

emati
s 5, Springer-Verlag, New York Heidelberg Berlin 1971.

13



[8℄ E. Manes, Algebrai
 Theories, Graduate Texts in Mathemati
s 26, Springer-Verlag,

New York Heidelberg Berlin 1976.

[9℄ D.S. S
ott, Continuous Latti
es, Springer Le
ture notes in Math. 274 (1972), 97-136.

[10℄ D.S. S
ott, Domains for denotational semanti
s, Springer Le
ture Notes in Comp.

S
i. 140 (1982), 579-613.

[11℄ S. Vi
kers, Information systems for denotational semanti
s, Theor. Comp. S
i. 114

(1993), 201-229.

Department of Applied Mathemati
s and ITI, MFF, Charles University, CZ

11800 Praha 1, Malostransk

�

e n

�

am. 25

E-mail address: pultr�kam.ms.mff.
uni.
z

Dipartimento di Matemati
a Pura ed Appli
ata, Universit

�

a degli Studi di

L'Aquila, I 67100 L'Aquila, Via Vetoio, Lo
. Coppito

E-mail address: tozzi�univaq.it

14


