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Abstra
t

Many low-dis
repan
y sets are suitable for quasi-Monte Carlo inte-

gration. Skriganov showed that the interse
tions of suitable latti
es

with unit 
ube have low dis
repan
y. We introdu
e adaptive algo-

rithm based on linear programming whi
h s
ales any given latti
e ap-

proprietly and 
omputes its interse
tion with unit 
ube. We 
ompare

the quality of numeri
al integration using these low-dis
repan
y lat-

ti
e sets with approximations using other known (quasi-)Monte Carlo

methods. The 
omparison is based on several numeri
al experiments,

where we 
onsider both the pre
ision of the approximation and the

speed of generating of the sets. We 
on
lude that up to dimensions

about 15, low-dis
repan
y latti
es yield fairly good results. In higher

dimensions, the 
omputation of the interse
tion takes too long and


eases to be feasible.

Keywords: QMC integration, latti
es, dis
repan
y
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1 Introdu
tion

Higher-dimensional integrals are often numeri
ally approximated using Monte

Carlo or quasi-Monte Carlo methods; the exa
t value

1

Z

I

d

f(x) dx:

is approximated by the average

1

N

X

~x2M

f (~x);

where M is a suitable N -point set. In the Monte Carlo method, this set

is generated independently and uniformly at random, while in quasi-Monte

Carlo methods it is 
onstru
ted using some semi-random or even purely

determinisi
 rule. Well known examples are the Faure set, (t;m; d)-nets and

randomly s
rambled modi�
ations of these sets. (For more information, see

[9℄, [12℄, [10℄, [11℄ or [8℄). These 
onstru
tions were found as examples of sets

with low dis
repan
y. Some known error estimates, su
h as the Koksma-

Hlawka inequality, and many numeri
al tests ([5℄, [10℄, [11℄, [15℄) show that

in many 
ases, the quasi-Monte Carlo methods using su
h sets outperform

the Monte-Carlo method signi�
antly.

Skriganov in [14℄ proved very strong upper bounds on the dis
repan
y of

sets generated as the interse
tion of suitable latti
es with I

d

. We are aware

of no tests of these sets 
on
erning numeri
al integration. In parti
ular, it is

not obvious whether they 
an be generated eÆ
iently, sin
e 
omputational

1

In this paper, we 
onsider integration only over the unit 
ube, that is over the set

I

d

= [0; 1℄

d

. Integration over this region is one of the most important and most 
ommon.
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problems with latti
es in higher dimensions are often known to be hard (see

e. g. Lov�asz [6℄). Here we suggest one method of generating su
h sets and

we test its pra
ti
al eÆ
ien
y as well as the a

ura
y of quasi-Monte Carlo

integration using these sets: in the dimensions where the generation proved

feasible, we test the error of numeri
al integration for some test fun
tions

and we 
ompare the results with some more traditional quasi-Monte Carlo

methods.

We found that our method 
eases to be feasible in the dimension about

20. We 
onstru
ted the sets up to the size N = 10

5

, but redu
ing the size

speeds up the 
onstru
tion only slightly, and one 
an expe
t that the number

of generated points N doesn't a�e
t the total 
omputing time too mu
h. As

for the quality of the approximation, our latti
e sets are about twi
e as good

as the 
rude Monte-Carlo method (in lower dimensions even better). In our

experiments, however, they 
annot 
ompete with some others, espe
ially

linear s
rambled Faure sets. Still, there are some spe
ial 
lasses of fun
tions

(e. g. periodi
 fun
tions, whi
h we have not tested), where our latti
es may

have far better behavior.

2

2 Latti
es

As was mentioned in the introdu
tion, we will generate point sets using lat-

ti
es, parti
ularly latti
es with low dis
repan
y. Dis
repan
y 
an be shortly


hara
terized as the measure of non-uniformity of distribution. It has proved

2

This 
onje
ture is motivated by the results (presented by Niederreiter) on good latti
e

points, whi
h are in many aspe
ts similar to our latti
es.
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to be a good measure of sutability of a set for numeri
al integration. Here we

brie
y re
all the di
repan
y for axis-parallel boxes, whi
h we use throughout

this paper.

First, let us 
onsider an axis-parallel box R = [a

1

; b

1

) � [a

2

; b

2

) � : : : �

[a

d

; b

d

) � I

d

. We denote its volume by vol(R). If all the N points of the

set M are uniformly distributed in the unit 
ube, one 
an expe
t that the

interse
tion M \R 
ontains about N � vol(R) points. The dis
repan
y of R

is therefore de�ned as

D(M;R) = N � vol(R)� jM \Rj:

Let R denote the set of all axis-parallel boxes in the unit 
ube I

d

. Then

the number

D(M) = sup

R2R

jD(M;R)j

is 
alled the dis
repan
y of M for axis-parallel boxes.

A latti
e L in R

d

is the set of all integer linear 
ombinations of a basis

of the spa
e R

d

:

L = L(B) = L

�

~

b

1

;

~

b

2

; : : : ;

~

b

d

�

=

8

<

:

d

X

j=1

i

j

~

b

j

: i

1

; : : : ; i

d

2 Z

9

=

;

:

The set of linearly independent ve
tors B =

n

~

b

1

;

~

b

2

; : : : ;

~

b

d

2 R

d

o

is 
alled

a basis of the latti
e L. One latti
e has many di�erent bases.

The norm of a latti
e L is de�ned as

Nm(L) = inf

~x2Lnf0g

jx

1

x

2

: : : x

d

j ;

5



Figure 1: Three di�erent bases of one latti
e (d = 2).
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where ~x = (x

1

; x

2

; : : : ; x

d

). The determinant det(L) of a latti
e L is the

absolute value of the determinant of the d� d matrix having basis ve
tors

as rows. Skriganov in [14℄ proved the following result:

Theorem 1 If Nm(L) > 0 and det(L) = 1, then the latti
e

1

t

L (where t > 0

is any real number) has dis
repan
y

3

D(

1

t

L) = O(log

d�1

t). (If det(L) 6= 1,

we 
an res
ale L suitably.)

Skriganov also proposes one 
lass of latti
es with positive norm. They

have the basis ve
tors of the form

~

b

1

= (1; 1; : : : ; 1);

~

b

2

= (�

1

; �

2

; : : : ; �

d

);

~

b

3

= (�

2

1

; �

2

2

; : : : ; �

2

d

); : : : ;

: : : ;

~

b

i

= (�

i�1

1

; �

i�1

2

; : : : ; �

i�1

d

); : : : ;

~

b

d

= (�

d�1

1

; �

d�1

2

; : : : ; �

d�1

d

);

where �

1

; �

2

; : : : ; �

d

are mutually di�erent roots of a moni
 polynomial

p(x) of degree d whi
h is irredu
ible over the rationals and has integer


oeÆ
ients. One known approa
h from theory of numbers that produ
es

su
h polynomials is des
ribed e. g. in the book [7℄:

Theorem 2 Let p = 2md + 1 � 5 be prime for an integer m, let ! =

e

2�i=p

, and let r be a primitive element modulo p; that is, that all the

powers r

0

; r

1

; : : : ; r

p�2

are mutually di�erent modulo p (in other words, r

is a generator of the multipli
ative group of the �eld Z=pZ). Then �

j

=

P

2m�1

k=0

!

r

kd+j

for j = 1; : : : ; d are all distin
t real roots of the polynomial

q(x) =

Q

d

j=1

(x� �

j

) and this polynomial is irredu
ible over rationals, has

integer 
oeÆ
ients, and is (obviously) moni
.

3

If we talk about the dis
repan
y of a latti
e L, we always mean the disrepan
y of its

interse
tion with unit 
ube.
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In our work, we tested the latti
es with exa
tly these bases (suitably

res
aled). To 
he
k the theoreti
al results of suitability of these low-dis
repan
y

latti
es for numeri
al integration, we 
ompared them with the latti
es with

following bases:

Random ve
tors from unit ball B

d

=

n

~

b 2 R

d

:










~

b










� 1

o

.

4

We 
an ob-

tain a ve
tor of the basis if we generate random point

~

b 2 [�1; 1℄

d

over and

over again, until it is an element of unit ball, ie. until










~

b










� 1. Thus we

ensure that the basis ve
tors have uniform random distribution in the ball

B

d

as desired. Some troubles 
an arise in higher dimensions where most

ve
tors do not ful�l the 
ondition










~

b










� 1. But for the small dimensions we

work with (up to d = 20) the generation of the basis still does not take too

mu
h time and we 
an be satis�ed with this algorithm.

Random unit ve
tors, i. e.










~

b

1










=










~

b

2










= : : : =










~

b

d










= 1.

4

Obviously,

we 
an pro
eed in the same way as we did in the pre
eding 
ase with the

only di�eren
e that we normalize all the ve
tors that met our 
ondition.

Our task is to �nd, as eÆ
iently as possible, a latti
e whose interse
tion

M with unit 
ube 
onsists of (almost exa
tly) n points, ie. N = jM j � n,

where n is a given number.

2.1 S
aling of the Basis

Suppose we already have some basis (denoted by B

0

), given by d ve
tors

~

b

1

;

~

b

2

; : : : ;

~

b

d

2 R

d

. Our goal is, by some s
aling of these ve
tors, to make

4

Of 
ourse, we 
annot take arbitrary random ve
tors. To form a basis, they must

ful�l the 
ondition of linear independen
y. But if we use a good pseudo-random number

generator, the resulting ve
tors are independent with probability near 1.
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the interse
tion M of the unit 
ube and the latti
e generated by this new

basis 
ontain (nearly) n points. If the interse
tion of a latti
e L with unit


ube should 
ontain about n points, then we expe
t that det(L) �

1

n

. (The

determinant of a latti
e is the volume of the parellelepiped spanned by its

basis ve
tors.) Thus, if one of the approa
hes des
ribed above yielded the

basis B

0

, we �rst take the basis

B

1

= B

0

d

s

1

n det(L

0

)

:

Pra
ti
al experiments have shown that the latti
e with the basis s
aled in

this way has almost always the desired number of n� 1 points in the unit


ube. However, due to the dis
rete nature of the latti
e, in some s
ar
e


ases the �rst s
aling is not so pre
ise and we are for
ed to res
ale it again

5

:

B

i

= B

i�1

d

r

N

i�1

n

;where N

i�1

= jL(B

i�1

) \ I

d

j:

In our 
omputations, we never needed more than three s
alings.

2.2 The Algorithm

As soon as we have the (possibly s
aled) basis B, we want to �nd and 
ount

the points of the interse
tion L(B) \ I

d

. We have developed an re
ursive

algorithm, based on 
utting the 
ube. Our task is to �nd all the points of

5

This was ne
essary in our work only, be
ause we wanted to 
ompare some methods

and thus the number of points had to be always the same; in pra
ti
al situations the �rst

s
aling is a

urate enough.
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the latti
e within the unit 
ube, formally

~

0 �

d

X

k=1

x

k

~

b

k

�

~

1;

where every x

i

is an integer.

The algorithm uses linear programming to estimate the limit values of

x

1

of these points. Then it takes the lowest integer between these bounds,

�xes x

1

to this value and �nds the limits for x

2

with respe
t to this �xed

value. It 
ontinues re
ursively with �xing x

2

and so on, till we have all

the 
oeÆ
ients �xed. (In this 
ase, we have found a point

P

d

k=1

x

k

~

b

k

of

the latti
e within the unit 
ube.) If there are no more 
oeÆ
ient to �x, or

there is no integer within the spe
i�ed range, we simply relax the last �xed


oeÆ
ient and in
rease it by one. If this new value is still within the allowed

range, we 
an 
ontinue the same way as above with �xing the in
reased value

and looking for the limits of the �rst not �xed 
oeÆ
ient. If the new value

is above the allowed range, we go on with relaxing the remaining 
oeÆ
ients

until we �nd an a

eptable number. If there are no more integers within the

range for x

1

, the algorithm ends. This way we test all the possible integer


ombinations of basis ve
tors, whi
h may produ
e a point within the unit


ube. Be
ause the range for any 
oeÆ
ient is bounded, the number of tested


ombinations is �nite and the algorithm always terminates.

To be more pre
ise, we des
ribe the algorithm formally:

Input: The dimension d and a basis B = (

~

b

1

;

~

b

2

; : : : ;

~

b

d

).

Output: The set M = L(B) \ I

d

.

10



Step 1 (Init):

The number of �xed 
oeÆ
ients: f = 0

The integer 
ombination (given by the �xed 
oeÆ
ients) of �rst f

ve
tors: ~p

0

=

~

0

Step 2 (Find limits): Solve the linear programming problem given by the

inequalities

~

0 � ~p

f

+

d

X

k=f+1

a

k

~

b

k

�

~

1

(where a

f+1

; a

f+2

; : : : ; a

d

are the unknown variables) and the obje
-

tive fun
tion g(a

f+1

; a

f+2

; : : : ; a

d

) = a

f+1

. Denote its minimum by

g

min

and maximum by g

max

.

Put x

min

f+1

= dg

min

e and x

max

f+1

= bg

max


. These are the limits for

integer 
oeÆ
ient x

f+1

in the unit 
ube 
ut by the subspa
e

S

f

=

8

<

:

~p

f

+

d

X

k=f+1

a

k

~

b

k

: a

f+1

; : : : ; a

d

2 R

9

=

;

:

If x

min

f+1

> x

max

f+1

, then go to Update (in this 
ase, the interse
tion of

the subspa
e S

f

with unit 
ube 
ontains no integer 
ombination of

basis ve
tors, in parti
ular the 
oeÆ
ient a

f+1


annot be an integer);

else

Step 3 (In
rease re
ursion depth): Add one to f and put x

f

= x

min

f

,

whi
h means we have set and �xed the 
oeÆ
ient x

f

. Set ~p

f

= ~p

f�1

+

x

f

~

b

f

and go to Test.

Step 4 (Update): While x

f

= x

max

f

(the last 
oeÆ
ient �xed 
annot be

in
remented any more) de
rease f by one. If f = 0, then the 
on-

11



stru
tion of the set M is done and we 
an end the algorithm; else

add one to x

f

, update ~p

f

=

P

f

k=1

x

k

~

b

k

by adding

~

b

f

and perform the

following

Step 5 (Test): If f = d, then the point ~p

f

= ~p

d

=

P

d

k=1

x

k

~

b

k

is a point

in the unit 
ube as well as a point of the latti
e L(B). Thus, add p

f

to M and go to Update; else go to Find limits.

2.2.1 Integer versus linear programming

It is obvious that if we use linear programming, the spa
e we explore still

is not the smallest possible. It 
an happen that the interse
tion of the 
at

S

f

with the unit 
ube does not 
ontain any latti
e points (i. e. any integer


ombination of the basis ve
tors) but 
ontains linear 
ombinations of the

basis with �rst f

0

integer 
oeÆ
ients (d > f

0

> f). We 
ut this 
at S

f

with some others 
ats and we never �nd any latti
e point, for after �xing

f

0

< d 
oeÆ
ients we reveal the non-integer one (that is the 
ase when

x

min

f

0

+1

> x

max

f

0

+1

), and thus all the 
utting of S

f

is unne
essary.

We 
ould improve this by using integer programming whi
h would dete
t

this situation immediately. But the linear programming problem 
an be

solved in polynomial time while the integer programming is NP-hard and

there are no eÆ
ient algorithms known for solving it. Moreover, in our

experiments we met this situation in only about ten to twenty per
ent of

all 
ases and the di�eren
e f

0

� f was almost always equal to one. Thus,

even if we had some eÆ
ient integer programming algorithm it would not

bring any signi�
ant speedup.
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2.2.2 Some small improvements

If we analyse the behavior of our algorithm, we soon �nd out that it is

preferable to have the basis ve
tors sorted des
endingly by their length.

Figure 2 illustrates that using the basis B = (

~

b

1

;

~

b

2

) we explore only �ve


ats, in this 
ase �ve lines parallel to

~

b

2

. On the other hand, if we take the

basis B

0

= (

~

b

2

;

~

b

1

), then there are ten lines parallel to

~

b

1

we must explore.

The same is true in higher dimensions: the longer the i-th basis ve
tor is,

Figure 2: The advantage of de
reasing basis.

the less (d � i)-
ats we explore at the i-th level of re
ursion. Be
ause it is

obviously easier to explore 
ats of lower dimension, it is now 
lear why the

de
reasing basis is the preferable one.
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The se
ond improvement is just at the level of implementation, though it

speeds up the algorithm even more signi�
antly than the pre
eding sorting

of the basis. It suÆ
es to realize that �nding the extremes for x

d

has by no

means to be done with linear programming; it is mu
h easier just to 
ut the

line S

d�1

a

ording to the unit 
ube. We get the same result in 
onstant

time!

The last amendment does not a�e
t the speed of the 
omputation but

allows us to gain better both approximation and stability of the integration.

The latti
e de�ned so far always 
ontained the origin. Be
ause this is a sig-

ni�
ant point for many 
ommon fun
tions and the behavior of the fun
tion

in its neighborhood 
an be very di�erent from the 
ourse in the other parts

of the unit 
ube, it tends to in
uen
e the approximation adversely. It is

better not to put it in the set M . (But we 
annot just to omit it; this

would 
orrupt the regularity of the latti
e, whi
h would result in a worse

approximation.)

We do this by a little tri
k: we translate the whole latti
e by some ve
tor

~

t. We reformulate the latti
e de�nition so that it is given not only by its

basis, but with the lo
ation of its origin as well:

L = L(B;

~

t) =

8

<

:

~

t+

d

X

j=1

i

j

~

b

j

: i

1

; i

2

; : : : ; i

d

2 Z

9

=

;

;

~

t 2 R

d

;

where B =

~

b

1

;

~

b

2

; : : : ;

~

b

d

2 R

d

is the basis of R

d

. The original latti
e 
an

be expressed as L(B;

~

0).

6

If we take for

~

t some random quantity (in our

6

Note that this tri
k has the same both motivation and nature as omitting the begin-

ning of Halton's sequen
e in the next paragraph.
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implementation it was a pseudorandom ve
tor from the unit 
ube), we bring

some indeterminism even to the latti
es whi
h were �xed so far, namely to

the latti
es with the basis given deterministi
ally. Thus, we 
an generate

more mutually independent sets M given by one basis, and for the �nal

value of the approximation of the integral we take for example the median

of results on these sets, whi
h improves the stability of our 
omputations.

2.3 Some known methods

In this se
tion, we mention some known methods of generating the set M ,

whi
h we will use later for 
omparison.

7

Monte Carlo: The points of the set M are generated purely at random.

To make this method more stable, we use more (about 30) independently

generated sets and the �nal value is taken as the median of the results

obtained using these sets.

8

Halton's sequen
e: Let 2 = p

1

< p

2

< : : : < p

d

be the d smallest primes.

For an integer i and some index k 2 1; : : : ; d, let i = (


m




m�1

: : : 


1

)

p

k

be

the representation of i in the radix p

k

:

i =

m

X

j=1




j

p

j�1

k

:

Then the k-th 
omponent of the i-th element of Halton's sequen
e is

x

i;k

= (0:


1




2

: : : 


m

)

p

k

=

m

X

j=1




j

p

�j

k

:

7

More 
an be found, for example, in the study [8℄.

8

In fa
t, this would prefer the sto
hasti
 methods to the stri
tly deterministi
 ones.

To see how reliable the results are, one should look rather at the standard deviation than

at the median.
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It is known that if the set M is 
reated by the �rst N elements of Halton's

sequen
e, then it has low dis
repan
y and thus is suitable for numeri
al

integration. The �rst several points 
an 
ause some distortion due to their

spe
ial pla
ement (for example, the element ~x

1

lies near the origin). This


an be su

esfully avoided by omitting several (say 100) of the �rst elements

of the sequen
e:

M = ~x

101

; ~x

102

; : : : ; ~x

100+N

:

Ri
htmyer's sequen
e: Again, let 2 = p

1

< p

2

< : : : < p

d

be the d

smallest primes. Then the k-th 
omponent of i-th element of Ri
htmyer's

sequen
e is

x

i;k

= (i

p

p

k

)mod 1:

It is not known whether it has low dis
repan
y. Nevertheless, it is very

popular due to its really easy implementation. Moreover, it proves to be

quite a good 
hoi
e, in the dimensions about 15 often even better than some

other more sophisti
ated 
onstru
tions.

The fourth and the last method des
ribed here is 
alled Linear S
rambled

Faure. This method is based on the ideas of Owen [12℄ and Tezuka [16℄,

and it is des
ribed more thoroughly in [8℄. It takes Faure's sequen
e (see

[3℄, [1℄) to whi
h it applies linear s
rambling. Both Faure's and s
rambled

Faure's sequen
es have low dis
repan
y.
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3 The Experiments

3.1 The Integrands

For the purpose of testing the numeri
al integration using latti
es, we have


hosen following �ve fun
tions with various properties (
ontinuous and dis-


ontinuous, smooth and non-smooth et
.):

GenzCont: Continuous fun
tion with dis
ontinuous derivation a

ording

to Genz's set of testing fun
tions [4℄:

f

1

(~x) = f

1

(x

1

; : : : ; x

d

) = e

�

P

d

k=1




k

jx

k

�w

k

j

:

We have 
hosen the 
onstants in exponent as follows: 


k

=

2

d

and

w

k

= 0:4 + 0:4222

k

d

for every k.

GenzDis
ont: Dis
ontinuous fun
tion from the same Genz's set:

f

2

(~x) = f

2

(x

1

; : : : ; x

d

) = e

�

P

d

k=1




k

x

k

for x

1

� �

1

or x

2

� �

2

:

This fun
tion is zero anywhere else (for x

1

< �

1

and x

2

< �

2

). Again,

we have 
hosen 


k

=

2

d

for every k, and �

1

= 0:7 and �

2

= 0:3.

L2NormTru: Let us 
onsider the d-dimensional ball with radius r =

q

d

6

and 
enter in ~w = (w

1

; : : : ; w

d

). Inside this ball, the fun
tion value is

r. Outside, the fun
tion value is the distan
e of the argument from

the 
enter of the ball:

f

3

(~x) = f

3

(x

1

; : : : ; x

d

) = max(r;

p

s);
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and s =

P

d

k=1

(x

k

�w

k

)

2

, where w

k

= 0:4+0:4222

k

d

for every k, again.

The radius is 
hosen so that the volume of the ball is 
omparable to

the volume of the unit 
ube.

This fun
tion is dire
tionally homogeneous, ie. it is not related to the


oordinate system in any way.

RandPoly: As a representative of smooth fun
tions, we have 
hosen sparse

polynomial in d variables with 5d random terms of degree 10 with

random fa
tors:

f

4

(~x) = f

4

(x

1

; : : : ; x

d

) =

5d

X

i=1

a

i

10

Y

k=1

x

p

i;k

;

where a

i

is a random number from (0; 1) for every i, and ea
h p

i;k

is

a random integer between 1 and d.

NiedAbs: It is a simple 
ontinuous non-smooth fun
tion from an example

of Davis and Rabinowitz [2℄, whi
h was originally published by Roos

and Arnold [13℄:

f

5

(~x) = f

5

(x

1

; : : : ; x

d

) =

d

Y

k=1

j4x

i

� 2j:

3.2 Other Parameters of the Tests

All the experiments with latti
es des
ribed in the following were exe
uted

with de
reasing basis and with the origin of the latti
e randomly shifted

within the unit 
ube. We used the adaptive algorithm with linear program-

ming.

We 
ompared our latti
e-based method with the traditional Monte Carlo

method and with the easy methods a

ording to Ri
htmyer and to Halton.

18



Among the more sophisti
ated methods, we used for 
omparison the method

Linear S
rambled Faure whi
h produ
ed very good and stable results. All

the �nal values are medians of thirty attempts (ex
ept for Halton's and

Ri
htmyer's methods, of 
ourse: they are stri
tly deterministi
 and thus

done only on
e). To ensure some stability of the 
omputations, we approxi-

mated using the set M 
ontaining 10

5

points. For 
omparison, we have also

the results for 10

4

and 3�10

4

points. Note that the sets generated by the lat-

ti
es did not have exa
tly these numbers of points. We allowed the number

varying at most 0:1% of these values. For our purposes, this measurement

a�e
ts the resutls negligibly, but it speeds up the 
omputation 
osiderably,

be
ause the �rst approximation when s
aling the basis was always within

this toleran
e.

Be
ause very good numeri
al integration methods are known for small

dimensions, whi
h our latti
es 
annot 
ompete with, we were interested in

results in higher dimensions. As the representatives, we have 
hosen the

dimensions 6, 9, 11, 14 and 18.

3.3 Implementation Notes

The experiments ran on several 
omputers under Unix and Linux, respe
-

tively. The programwas written in C++. We have taken the 
ode used in [8℄

to whi
h we have added the algorithms des
ribed above, namely generating

of the basis, its s
aling, and 
onstru
ting the set for numeri
al integration

using latti
es. As the pseudo-random number generator we used the algo-

rithm CombLS2 published in Tezuka's book [16℄.
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Linear programming was done using the simplex algorithm, namely its

implementation LPsimp 2.6 (slightly rewritten to our needs), whi
h was de-

veloped at the Operations Resear
h Laboratory at the Seoul National Uni-

versity. (Detailed information about this software 
an be found at the web

pages of the laboratory: http://orlab.snu.a
.kr/software/or1.html.)

3.4 The Results

The following �gures summarize the results of the experiments. We have

de
ided for representation similar to the one in [8℄. On every page, there

are diagrams 
on
erning one of the �ve integrands mentioned above. Five

rows 
orrespond to �ve dimensions and three 
olumns 
orrespond to three

various desired 
ardinalities of the set M . Ea
h of these diagrams 
ontains

of seven 
olumns 
orresponding to the seven approximating methods used:

L: latti
es with low dis
repan
y a

ording to Skriganov (the basis was gen-

erated as in Theorem 2)

B: latti
es with basis 
onsisting of random ve
tors from the unit ball

S: latti
es with basis 
onsisting of random unit ve
tors

F: Linear S
rambled Faure (a

ording to [8℄)

M: the traditional Monte Carlo method

H: the set given by Halton's sequen
e with omitting the �rst 100 elements

R: the set given by Ri
htmyer's sequen
e
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The long horizontal line shows the exa
t value of the integral. On the

verti
al axis, two other values are marked to illustrate the s
ale. The longer

horizontal line in every 
olumn shows the value approximated by the 
or-

responding method. In the �rst �ve 
ases, it is the median from thirty

attempts, whi
h are marked by the short horizontal lines. Be
ause they are

often too 
lose to ea
h other, they 
an be hard to distinguish. It is the 
ost

for retaining the s
ale the same in the whole row. Nevertheless, one 
an

make a suÆ
ient idea about their distribution. Finally, the verti
al line to

the left of every one of the �ve non-deterministi
 method marks the stan-

dard deviation �. More pre
isely, the line stret
hes from � � � to � + �,

where � is the average.

The �gures 
learly illustrate two main trends: the quality of the approx-

imation of the integral using latti
es grows with the number of points in

the set M and de
reases with growing dimension. (The only signi�
ant ex-


eption is the fun
tion f

3

where the approximation improves with growing

dimension. This abnormality 
an be easily explained by the fa
t that the

position of the ball 
hanges with growing dimension so that the numeri
al

integration be
omes easier.) Naturally, this 
ould be expe
ted and the other

methods behave similarly.

If we 
ompare the latti
e-based methods with the other methods, we

observe several more interesting and not so obvious fa
ts. First, latti
es


annot 
ompete with Linear S
rambled Faure method, be
ause this one

beats the other methods almost everytime. But as for the traditional Monte

Carlo method, the situation is di�erent here. We 
an see that latti
es are
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N = 10000 N = 30000 N = 100000

d = 6

0:582313

�0:001

+0:001

L B S F M H R L B S F M H R L B S F M H R

d = 9

0:586103

�0:001

+0:001

L B S F M H R L B S F M H R L B S F M H R

d = 11

0:587549

�0:001

+0:001

L B S F M H R L B S F M H R L B S F M H R

d = 14

0:588978

�0:001

+0:001

L B S F M H R L B S F M H R L B S F M H R

d = 18

0:590169

�0:0007

+0:0007

L B S F M H R L B S F M H R L B S F M H R

Figure 3: Numeri
al integration of the fun
tion f

1

(GenzCont).
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N = 10000 N = 30000 N = 100000

d = 6

2:30123

�0:015

+0:015

L B S F M H R L B S F M H R L B S F M H R

d = 9

2:25024

�0:015

+0:015

L B S F M H R L B S F M H R L B S F M H R

d = 11

2:23162

�0:02

+0:02

L B S F M H R L B S F M H R L B S F M H R

d = 14

2:21364

�0:015

+0:015

L B S F M H R L B S F M H R L B S F M H R

d = 18

2:19896

�0:015

+0:015

L B S F M H R L B S F M H R L B S F M H R

Figure 4: Numeri
al integration of the fun
tion f

2

(GenzDis
ont).
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N = 10000 N = 30000 N = 100000

d = 6

1:01032

�0:0004

+0:0004

L B S F M H R L B S F M H R L B S F M H R

d = 9

1:22836

�0:0002

+0:0002

L B S F M H R L B S F M H R L B S F M H R

d = 11

1:35587

�0:0002

+0:0002

L B S F M H R L B S F M H R L B S F M H R

d = 14

1:52825

�0:0001

+0:0001

L B S F M H R L B S F M H R L B S F M H R

d = 18

1:73226

�0:0001

+0:0001

L B S F M H R L B S F M H R L B S F M H R

Figure 5: Numeri
al integration of the fun
tion f

3

(L2NormTru).
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N = 10000 N = 30000 N = 100000

d = 6

0:101257

�0:004

+0:004

L B S F M H R L B S F M H R L B S F M H R

d = 9

0:085696

�0:002

+0:002

L B S F M H R L B S F M H R L B S F M H R

d = 11

0:087158

�0:002

+0:002

L B S F M H R L B S F M H R L B S F M H R

d = 14

0:095081

�0:002

+0:002

L B S F M H R L B S F M H R L B S F M H R

d = 18

0:101558

�0:003

+0:003

L B S F M H R L B S F M H R L B S F M H R

Figure 6: Numeri
al integration of the fun
tion f

4

(RandPoly).
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N = 10000 N = 30000 N = 100000

d = 6

1

�0:025

+0:025

L B S F M H R L B S F M H R L B S F M H R

d = 9

1

�0:05

+0:05

L B S F M H R L B S F M H R L B S F M H R

d = 11

1

�0:05

+0:05

L B S F M H R L B S F M H R L B S F M H R

d = 14

1

�0:1

+0:1

L B S F M H R L B S F M H R L B S F M H R

d = 18

1

�0:15

+0:15

L B S F M H R L B S F M H R L B S F M H R

Figure 7: Numeri
al integration of the fun
tion f

5

(NiedAbs).
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very often superior to this method. Moreover, it seems (at least for lower

dimensions), that this dominan
e be
omes more 
lear with growing number

of testing points, although this is less apparent in higher dimensions. The

fun
tion f

5

was the hardest to integrate for all the methods. On the other

hand, we obtained the best results when integrating f

3

.

If we try to 
ompare the latti
es generated by various types of basis,

we easily �nd that the low-dis
repan
y bases really give the best results.

Random bases from unit ball and bases 
onsisting of random unit ve
tors

are not so good and they both have approximately the same behavior. It

seems that the former prevails somewhat, although the situation is exa
tly

reversed for the fun
tion f

3

.

All these observations 
an be quantitatively expressed in the following

way. In lower dimensions, the Linear S
rambled Faure method is twi
e as

good as the low-dis
repan
y latti
es, whi
h are twi
e as good as the latti
es

with random bases, whi
h are twi
e as good as traditional Monte Carlo

method. In higher dimensions, this ratio 
hanges to 5 : 1:5 : 1 : 1, save for

f

3

as well as f

5

, where all the methods behave more or less the same.

As for varian
e of the attempts attained by the randomized methods,

we 
an say almost exa
tly the same as we just did for the �nal results (the

medians). The worst performan
e of the Monte Carlo method is still more

signi�
ant here. If we 
ompare the standard deviations of these �rst �ve

methods with the error of the last two deterministi
 methods, we 
an say

that for f

1

and f

2

are Halton and Ri
htmyer usually better than latti
es

but worse than Linear S
rambled Faure. They are approximately as good as
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low-dis
repan
y latti
es for f

3

and sometimes even worse for the polynomial

f

4

. When integrating f

5

, the deterministi
 methods stand out for small n

in higher dimensions, primarily.

At last, let us say few words about the time requirements of the methods.

Be
ause all the 
omputations were done on di�erently e�e
tive 
omputers,

and often ran as pro
esses with low priority, we were not able to do an exa
t

timing, whi
h 
ould help us to make some really obje
tive 
on
lusions. But

some referen
e attempts on a standalone ma
hine suggested that in lower

dimensions the latti
es 
ould be faster than the su

esful Linear S
rambled

Faure method, but with growing d they slow down rapidly, for d = 10 they


onsume more or less the same time, and the higher dimension, the slower

they are. The Monte Carlo, Halton and Ri
htmyer methods are always very

fast, naturally.

The 
hoi
e of 18 as the highest dimension 
onsidered was determined by

the pra
ti
al limitations given by numeri
al integration using latti
es. For

example, for n = 10

5

and d = 15 more than one million linear programming

tasks need to be 
omputed to obtain one result, for d = 20 even more than

5�10

6

whi
h on the 
omputer used took about one day. In dimension 18, one


omputation took, on the average, about two hours for n = 10

5

and about

thirty minutes for n = 10

4

. (Note that these timings are only approximate

be
ause of the te
hni
al limitations mentioned above.) It follows that it

does not help too mu
h to speed up the integration by redu
ing the set M

(and so lose pre
ision).
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4 Con
lusion

Based on the known theory of latti
es, we have developed the adaptive

algorithm whi
h generates low-dis
repan
y sets. We have used these sets for

numeri
al integration with quasi-Monte Carlo method. We have found from

the results of the pra
ti
al experiments that our latti
e-based method is a

reasonable alternative to the other methods, espe
ially in lower dimensions.

The following two topi
s deserve further examination.

First, we 
an try to integrate using latti
es with bases di�erent from

those des
ribed here. Suitable and interesting 
andidates might surely be

e. g. random orthogonal bases from the unit ball or randomly rotated

orthonormal bases.

As for the speed of the 
omputations performed, linear programming is

the most time-
onsumpting. We have used a very simple implementation of

the simplex algorithm. The appli
ation of some more sophisti
ated method

would bring some speedup surely. We 
an, for example, take advantage

of the fa
t that the linear programming tasks are often very similar: the

boundary 
onditions are always given by the unit 
ube and we often explore

parallel subspa
es, whi
h means that we solve the same problem as before,

di�ering only in the right-hand side et
.

A
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the design of the work and with preparation of this paper.
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